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ZARISKI’S CONJECTURE AND RELATED PROBLEMS

.

By MabpuAv V. NORI

The Lefschetz hyperplane section theorem gives an understanding of the topology of a
smooth projective variety X, given the topology of a general hyperplane section Y and the
monodromy in a Lefschetz pencil. When X is a surface and R is a curve in X, Zariski [Z]
showed how to compute m, (X—R), given m, (Y —R) and the monodromy, where Y is a
smooth hyperplane section moving in a generic pencil. Ignoring the monodromy, we may
conclude from his results that &, (Y —R) — m, (X—R)is a surjection, for a general hyperplane
section Y of X.

Now let C be any ample curve on X and let U be a neighbourhood of C in the usual
topology. The linear system |m C| gives a projective embedding of X, for m sufficiently
large. If H, is the hyperplane whose intersection with X is mC, then for hyperplanes H
sufficiently close to Hy, X n H=Y is contained in U, and because ; (Y —R) = n, (X—R) s
a surjection, so is m, (U—R) - n,;(X—R). Thus a corollary of the Lefschetz-Zariski
method (for arbitrary dimension) is:

L. m; (U=R) -ty (X—R) is a surjection for any neighbourhood U of an ample divisor H
on X, and for any Zariski-closed subset R of X.

The above statement easily implies (see 2.5) that the kernel of n, (X—D) - =, (X) is a
central subgroup, where X is a surface, D is a nodal curve on X and each irreducible curve C
contained in D is assumed to be smooth and ample. In particular, if X is simply connected,
n, (X—D) is abelian.

We generalise the statement I above to the following Weak Lefschetz Theorem (WLT for
short).

WLT. LetH be a connected compact complex-analytic subspace (not necessarily reduced)
of a connected complex manifold U, defined by a locally principal sheaf of ideals. ~Assume that
Oy (H)|H is ample and dim U = 2.

Let q : U— X be a holomorphic, locally invertible, map, with X a smooth projective
variety. Let R<X be an arbitrary Zariski-closed subset. Put h=gqoi, where i : H—- U
denotes the inclusion. Finally let G be the image of 1, (U—q~'(R)) > n; (X—R). Then:

A : G is a subgroup of finite index.
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306 MADHAV V. NORI

B:If qH)NR =0, then the image of m, (H) —» n; (X—R) is a subgroup of finite index.

C: IfdimX=dim U=2, then [n,(X—R) : G] is bounded above by (Div h)*/H?>.

See paragraph 3.16 for the definition of Div #4; it is the first Chern class of A, ().

Applying WLT to the m; of complements of nodal curves in surfaces, we get (see 3.27).

II. Let D and E be curves on a smooth projective surface X, that intersect
transversally. Assume that D isnodal. Denote the number of singular points of a curve C by
r(C). Assume that C*>>2r(C) for every irreducible curve C contained in D. Then, if N
denotes the kernel of 1, (X —D U E) » 1, (X—E), N is a finitely generated abelian group and
the centraliser of N is a subgroup of finite index.

For any irreducible curve C in P? of degree d, C*=d*>(d—1)(d—2)=2r(C). Putting
E=0 in II above, we get Zariski’s Conjecture: ©, (P> — D) is abelian for any nodal curve D
in P2. This was first proved by Fulton [F] and Deligne [D] by somewhat different
techniques, for the algebraic and topological cases respectively. The proof of WLT relies
heavily on deformations. When X =P? however, these are supplied by the automorphisms
of P2, and this gives a short proof of Zariski’s Conjecture (see § 4).

To prove II for tame fundamental groups (see § 5), by Abhyankar’s lemma (see [F]), it has
to be shown that any two curves in ¢~ ! (D) intersect each other, where ¢ : Y — X is a finite
covering, unramified outside D U E, with X, D and E asin II. And this is so because such
curves support effective Cartier divisors of positive self-intersection (see 5.2). This
observation and WLT combine to complete the proof of II.

The deformations required to prove WLT also show (see 3.18).

III. Let A(m) be the maximum number of singular points on any irreducible nodal curve
linearly equivalent to m C, where C is an ample curve on a surface X. Then:

lim A (m)/m*=C?/2.

Applying WLT (B) to curves on surfaces, putting R=0, we get (see 3.26 and 6.3).

IV. Let C be the non-singular model of an irreducible nodal curve C on a surface X.

A : If C2>27(C), then [r, (X): Image m, (C)]<C?/C*—2r(C).

B:IfC*>>max(0,2r(C)—2), then the normal subgroup generated by the image of =, (6) isa
subgroup of finite index in m, (X).

The normal bundle of C — X is a line bundle of degree C*> —2r(C), for an irreducible nodal
curve C with r(C) singular points. Thus if U is a *“‘tubular neighbourhood” of C — X

(see 1.11), then the self-intersection of C in U is C*—2r(C)>0, and so IVA follows
immediately from WLT.

Note that by Lefschetz, if C2>>0, then =n,(C)—>mr,(X) is surjective. But
7, (C)=m,(C)y¢F where F is a free group on r(C) generators. Thus Lefschetz allows the
image of 1, (C) -, (X) to be quite small (see 6.2 where C>=2r(C)>0 and the image has
infinite index). However we are assuming more than does Lefschetz: C2>2r(C) and not
merely that C? >0, and this allows us to conclude that ; (E) — 1, (X) is almost surjective.
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ZARISKI'S CONJECTURE AND RELATED PROBLEMS 307

Question. — Let D be an effective divisor on a surface X with D*>0. Let N be the normal
subgroup of m, (X) generated by the images of the fundamental group of the non singular models
of all the curves in D. Is [n,(X): N] finite ?

If the answer is yes, then any surface possessing a (possibly singular) rational curve of
positive self-intersection would have finite fundamental group !

IV B. answers the above question in a very special case.

Incidentally, the conclusion of IT allows 7, (X — D U E) to be identified to =, (T) where Tis
a certain torus-bundle on X—E, by 1.6 and 1.7. This has a nice corollary (see 2.9):

V. The complement of the theta-divisor in a general principally polarised abelian variety has
the “‘integer-valued Heisenberg group” for its fundamental group.

The next section contains a sketch of the Lefschetz method and its adaptation to the proof
of WLT. Section 1 contains the preliminaries, especially the definitions 1.1 and 1.8 and
the Lemma 1.5 which are used throughout. The next section includes many corollaries of
the Lefschetz-Zariski method, some perhapsnew. Section 3 is devoted to deformations and
the proof of WLT. Homogeneous spaces are dealt with in paragraph 4, and tame
fundamental groups in paragraph 5. The examples in paragraph 6 illustrate to what extent
the corollaries of WLT are best possible. Curves with other singularities are also dealt with
briefly.

Acknowledgements

The report ““Connectivity and its applications in Algebraic Geometry” by Fulton and
Lazarsfeld [FL] shows that some of the results of paragraphs 2 and paragraphs 6 are not
new. '

A stronger version of the statement I of the introduction and Proposition 2.1, which even
allows X to be singular, is due to Deligne (see 1.1 of FL). Hansen has results analogous
to 4.3. Abhyankar and Prill have versions of 2.5and 6. 5for the algebraic and topological
fundamental groups respectively (see § 8, FL). Note, however, that their results imply that

n, (P2 —C) is abelian for an irreducible curve C whose only singularities are a nodes and b
cusps of C2>6b+4a, while an application of 3.27 to the blow-up of P? at the cusps of C

(see 6.5) gives the same conclusion if C>>6b+2a. Thus special statement does not appear
to be deducible from the connectedness theorems of Fulton-Hansen either.

0. Sketch of the main proofs

The first step (see Lemma 1.5 C) is to show:
(A) If f: X>Y is a dominant morphism with X and Y both smooth and connected,
satisfying some further mild restrictions, then for all pe U, U some non-empty Zariski-open ‘

subset of Y, there is an exact sequence:

(TN p) = (X) >y (Y) > 1
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To apply this to the Lefschetz-Zariski situation, let R be a Zariski-closed subset of a
smooth projective variety X, and let P* be the dual projective space of hyperplanes in P
where X — P is the given projective embedding. Let:

Z={(x, H)e(X—R)xP*|xeH}.

Then Z—»X-—R is a fibre-bundle with projective spaces as fibres and therefore
m; (Z) = m; (X—R)issurjective. Also Z — P* satisfies the restrictions of Lemma 1.5C,and
P* being simply connected, by (A) above, n, (F) — n, (Z) is a surjection for a general fibre F
of Z—P*. Ofcourse Fissimply Y —R,for a general hyperplane section Y of X. Thusthe
composite ©, (Y —R) - n, (Z) - n; (X—R) is surjective, and this proves statement I of the
introduction.

Next we adapt this argument to the proof of WLT. Part Cfollows from the Hodge Index
Theorem (see Lemma 5.1 and 3.24). Note that WLT(B) is an immediate consequence
of WLT(A). Simply replace U by a neighbourhood V of H such that:

(@) ¢(V)nR=0 and,

(b) H is a strong deformation retract of V.

Next we observe that it suffices to prove WLT(A) for dimX=2. Indeed if dimX>2
and Y is a general hyper plane section of X, we have just noted that, (Y —R) - n; (X—R)is
surjective. Put U=¢"1(Y), H=h"! (Y), where g, i, h are as in the statement
of WLT. Then ¢5(H)|H =0, (H)|H and is therefore ample. By induction, [r, (Y —R):
Image =n, (ﬁ—q" "(R))] is flf;ite and therefore [r; (X —R): Image =, (U—g~? (R))] is itself
finite.

So we only need to prove WLT(A) for surfaces X. To apply (A) above, we need
deformations of the morphism mH — X, where mH is a m-fold thlckenmg of Hin U.

We first need:

(B) Let V be the Douady space (see [D2]) of U. This is the parameter-space of all
compact complex-analytic subspaces of U. The m-fold thickening mH of Hc=U gives a
point p(mH) of V. For m sufficiently large (see 3.10) we have:

(a) V is smooth at p(mH),

(b) for z sufficiently close to p (m H), the corresponding complex-analytic subspace A=U
is a (connected) compact Riemann surface and g|A : A — g(A)=B is birational with B a

‘nodal curve (see 3.5).

The proofs of these facts depend on the notion of b-excellence of deformations (see 3.1-
3.10) and the excellence of the Douady space V is checked in Appendix 1. Next we check
that (3.12-3.15):

(C) the deformations of the closed immersion A, — U are infinitesmally the same as
deformations of the algebraic morphism A, — U — X, for a compact complex-analytic
subspace A, of U. ’

This enables one to construct for suitable A, = U;

(D) a morphism A — L x X of smooth algebraic varieties such that A — L is proper and
flat, A - X is dominant, and also there is a point p of L such that if A, is the fibre over p
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in A— L, then A, - X can be identified with the given A, — X. Abplying (A) to this
situation, we get (see 3.23):

(E) 1y (A") —— 1, (X)

(E) oo

(L) — > 1, (X')/G = Image 7, (U')

Here X'=X—R, U'=¢~!(X—R), and similarly A’ is got from A by deleting the inverse
image of R in A - X.

Proof. — Applying (A) to A’ —» L, we get:

n (F)->mn (A")->m (L)- 1, :
isexact, where F is a general fibre of A" - L. However there are plenty of such general fibres
““containedin U”,i.e. F — Xfactors through F —» U — X, and therefore n, (A") - n, (X')/G
factors via (L):m, (L) - n, (X")/G. '

(F) The image of m,(A’) - m, (X') is a subgroup of finite index because A’ — X' is
dominant (see 1.5B). '

In view of (F), (G) below implies WLT (A).

(G) 6(L) vanishes on a subgroup of finite index.

Indeed if T is the inverse image of the identity coset in m; (A") - =, (X')/G, then by (G),
[r,(A"): Tlisfinite. LetS be theimage of Tinm, (X'). By (F), we have[rn, (X"):S]isfinite,
and S<G, showing that [r, (X"): G] is finite, thus proving WLT (A).

In the Lefschetz situation, L is the dual projective space P*, so (G) is immediate.

To prove (G), we choose another compact Riemannian surface Bo—U and let
Co=A,UB,<=U. Asin (D) we construct morphisms B - M x X and C —» N x X which
have as special fibres the morphisms B, - X and C, — X respectively. We take the disjoint
union T of A x M and BxL. Thereis T — L xM x X and the fibres of T — L x M are the
disjoint unions of the fibres of A—>L and B— M, which we denote by A; and B,
respectively.

Now C,=A, U B, is got from the disjoint union of A, and B, by identifying the points of
intersection. We identify the A, and B,, at some points to get a family of curves (see 3.22)
parameterized by an etale covering Z of L x M, and for a suitable ze Z, the corresponding
curve is simply C,. This gives a morphism Z — N because N is a “‘universal” family of
deformations of the morphism C, — X (see 3.14). Asin (E), putting S=n, (X")/G, we get
functions 6(M) : ;M) —» S and O6(N):w;(N) > S. Now Z parametrises two families of
curves, Zx;, A and ZxyB, and these give 0,(Z) and 0,(Z) fromrn,;(Z) toS
respectively. And essentially from the definition of these 6, we have (see 3.23):

(L)
S<——— m (L)

il

n,(N) «— 1, (Z) — 7, (L xM)
\lezm l
I 1))
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310 MADHAV V. NORI

The left side shows that 6, (Z)=6,(Z) and then the right side shows that 6(L)x=6(M)y
for all (x, y)in the image of ©, (Z) » n; (L x M). ButZ — L x M is dominant and therefore
this image contains T, xT, where [n,(L):T,] and [r;(M):T,] are both finite. In
particular, 6(L) x=0(M)1=1 for all xeT, and this completes the proof of (G) and that
of WLT(A).

Remark 1. — The above proof shows that even in the Lefschetz-Zariski method, the fact

that P* is simply connected need not be used; instead one can add linear systems to prove the
result.

Remark 2. — The existence of the Douady space simplifies the writing of the proof
of WLT. Asamatter offact, it can be avoided altogether, and one can work with the formal
scheme of H along U, which is a purely algebraic object.

1. Preliminaries

Let M be a connected complex manifold, N a closed subvariety, and S<=N an irreducible
component of codimension one in M.

Put U={zeP||z|<2}. Letf: U — M be holomorphic with:

(@) [T (N)={0};

(b) f(0)=p is a smooth point of N lying on S,

(c) f'(0)¢ TN (p)=the tangent-space of N at p.

Then the free-homotopy class of f|S* : S' > M —N does not depend on the choice of f
and thus gives a conjugacy class of elements of m; (M —N, ¢) with any base-point gq.

DeFiNiTION 1. — This subset of m; (M—N, g) will be denoted by y(M, N, S), or more
simply by y(S) when the context is clear. Base points will rarely be mentioned:
n; (M—N, g) will be abbreviated to n; (M—N). We have:

Fact1.2. — m, (M) is the quotient of n, (M —N) by the subgroup generated by the
subsetsy(S) for all S as above.

Fact 1.3. — Leth : M’ —» M be holomorphic with M’ a complex manifold and M, N, S as
above. Ifh(p)=geSand gisasmooth point of N, and 4 is transverse-regular to N at p, let
S’ be the unique irreducible component of N'=h"'(N) such that peS’. Then
7y (M'—N’) -, (M—N) takes y(S’) intoy (S).

Fact 1.4A. — If Pisa principal G-bundle on a path-connected space X and G is also path-
conected, the nt, (P) is a central extension of m (X).

In fact, we will only use G=S', (S')", and also an oriented punctured-disc bundle as
follows:

Fact 1.4B. — With M, N, S as above, assume that S is smooth and that N is a divisor
with normal crossings in a neighbourhood of S. Then for a suitable tubular
neighbourhood U of S, y(S)=m, (U—N) is central, and is therefore a singleton.

With M, N, Sasin1.1,let B={pe N|Nisnot smooth of codimension1atp}. ThenBis
closed and n; (M)=n, (M—B). Replacing M by M—B, we may assume that N is the
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disjoint union of closed submanifolds of codimension one. Applying Van ‘Kampen"s
theorem, taking tubular neighbourhoods of the components of N one at a time, we get 1.2.
The following lemma is used frequently:

LemMa 1.5. — Let X and Y be smooth connected varieties over C and:
f: X =Y an arbitrary morphism. Then:

A : there is a non-empty Zariski-open U <Y such that f ' (U) - U is a fibre-bundle in the
usual topology.

B : if f is dominant, the image of . (X) has finite index inm, (Y).
C :if the generalfibre ¥ of fis connected and there is a codimension two subset S of Y outside

which all the fibres of f have at least one smooth point (i.e. f ' (p) is generically reduced on at
least one irreducible component of f ~'(p), Vp¢S), then:

T, (F)»n, (X) >, (Y)—>1

is exact.

Proof of A. — By Hironaka’s resolution of singularities, we may assume that there is a
properf : X > Y with X smooth, an open immersion i : X — X such that f =foi and
D=X —i(X) is a divisor with normal crossings. Let D, be the irreucible components of D
for 1<i<r and for each S={1,2, ...,r} letD(S) be the intersection of the D, for
allieS. Theneach D(S)is smooth by assumption and by Sard’s theorem there is a Zariski-
open U — Y such that]_‘ |f! (U) nD(S)induces a surjection on all tangent-spaces, and this
is enough to give local triviality in the usual topology.

Proof of B. — Let F=f""(p) for any peU. Then:
ny (F) — m, (f 1 (U)) = 7, (U) - 7o (F),
isexact and 7, (F) is finite because F is an algebraic variety. Furthermore, , (U) — &, (Y)is
surjective, and this proves B.

Proof of C. — In view of the above exact sequence, we have to show that o (ker b)=ker ¢ in:

T, (f "1 (U)) — 1, (X)

| l

n, (U) —— m, (Y)

T={geY|dimf~'(g)>dimF } has codimension =2 inY, and we put L=S U T with S as
in the statement of the lemma.

Let R be any irreducible component of Y —U of codimension one in Y and let r be a
smooth point of R lying outside L. By assumption f ~*(r) has a smooth point m and
because dim f ~!(r)=dimF, it follows that f induces a surjection on tangent-spaces at m.
Let M be the unique irreducible component of f ~*(R) to which m belongs. By 1.3, the
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312 . MADHAV V. NORI

image of y(X,X—f"!(U), M)=yM)cn,(f~*(U)) undera 1is contained in
Y(Y, Y=-U, R)=y(R)=n,(U). The surjectivity of a shows that a(y(M))=7y(R).
The y(R) generate ker ¢ by 1.2, thus showing that a (ker b)=kerc.

Remark 1. — Hironaka’s resolution and Sard’s theorem also give the conclusion of 1.5 A
without the smoothness assumptions on X and Y.

Remark 2. — In quite a few applications, the i : X — X,f:X->Y asin the proof of 1.5 A
are already given, so an appeal to the resolution of singularities is unnecessary here.

Next, with M a connected complex manifold and N a closed complex-analytic subset, put
I'=n,M), G=m, (M N), H=ker(G - T') and:

n"" (M, N)=G/[H, H] and (M, N)=G/[G, H].

In the lemmas below we identify (M, N) and n"" (M, N) with the fundamental groups of
certain torus- bundles on M. Since the main results of this paper pr0v1de sufficient
condmons for H to be central (resp. abelian), when these conditions are satisfied m, (M — N)
can be 1denﬁxﬁed with © (M N) [resp. n"" (M, N)].

Let p : M —> M be the universal cover and put N=p~!(N). Then H=n,(M—N) and
H/[H, H]=H, M-N).

I1:0-H/[H, H - G/[H, H - G/H -1 and:

II: n,M)=H,(M)>H, M, M-N)->H, (M-N)—-0 combine to give the exact
sequence.

I :n,(M)>H,(M, M=N) > 2" (M, N)> T - 1.

Note that II is an exact sequence of I'-modules. By definition practically,
H,(I', H/[H, H])=H/[G, H], and by Hochschild-Serre (or directly by the Thom-Gysin
sequence) we see that H, (I', H,(M, M—N))=H, (M, M—N). ThusII yields.

IV : Hy (T, n,) » H, (M, M—N) - H/[G, H] - 0 is exact, from which we get the exact
sequence:

V : Hy(T, m,(M)) - Hy (M, M—N) - '(M, N) > T > L.

For each irreducible codimension one subset S< N, let L (S) — M be the holomorphic line
bundle whose sheaf of sections is Oy (S). Put E=@ L(S). Let p(S): E— L(S) be the
S

projection and let C(S) be the kernel of p (S) and finally let F be the complement of the union
of all the C(S) in E.

The above F could equally well have been described as the fibre-product of the principal
C*-bundles on M associated to the divisors S.  We have:

Lemma 1.6. — n'(M, N)=mx, (F).

Proof. — Put T=0 C(S). Then F=E—T and n'(E, T) makes sense. By 1.4 however,
. S
the kernel of m,(F) > n, (E)~n, (M) is central, and therefore n, (F)=n'(E, T).

4° SERIE — TOME 16 — 1983 — N°2



ZARISKI'S CONJECTURE AND RELATED PROBLEMS - 313

The canonical sections e(S) of L (S) induced by 1 €0y, (S) give a section e= @ e(S) of E, and
e: M- Eclearly takes M —Ninto F. This inducese, : n'(M, N) —» n'(E, T), and in fact
einduces a commutative dlagram of the exact sequences in V for the pairs (M, N) and (E, T)

The homomorphism H, (M, M —N) — H, (E, F)is easily seen to an isomorphism because
e is transverse-regular to each C(S) = E, once the bad subset B of N is deleted as in the proof
of 1.2. By the 5-lemma it follows that n'(M, N) —» ' (E, T)=m, (F) is an isomorphism.

In the above, it has tacitly been assumed that the irreducible components of N of
codlmensmn one in M are finite. To deal with n""(M, N) it will be assumed that the
irreducible components of N of codimension one in M are finite in number

Now let E be the holomorphic vector bundle on M whose sheaf of sections is @ O (S),
S

SN, codimS=1. The covering transformations I act on E and the quotient is a vector-
bundleon M. Let F = E be the set of vectors all of whose projections are non-zero, and let F
be the quotient of FbyI'. Then:

Lemma 1.7. — n” (M, N)=x, (F).
The proof is similar to that of 1.6; the exact sequence III is used instead.

What follows is a formal method of separating neighbourhoods of the different branches of
subvarieties that are not analytically irreducible.

DeFiniTiON 1.8. — Let 2 : H — X be a holomorphic map of compact complex spaces (not
necessarily reduced) inducing injections on Zariski-tangent-spaces everywhere. A
neighbourhood of % is a triple (U, i, ¢q) with U a Hausdorff topological space, g : U—>X a
local homeomorphism, i : H — U is injective and goi=#h.

Note that:

1.9. For any neighbourhood (U, i, q) of 4, U acquires the structure of a complex-space
such that g : U — Xis a local isomorphism of complex-spaces. Furthermore,i: H—- Uisa
closed immersion of complex-spaces.

1.10. If (U, 7, q’') and (U",i", q"") are neighbourhoods of 4, so is (U, i, g) with
U=U'x,U", i=i xi".

In particular, the formal scheme of U along H does not depend on the choice of (U, i, g).

1.11. If H and X are smooth, we have tubular neighbourhoods: Choose a Riemannian
metrlc on X and let U be the set of vectors in the normal bundle of 4 of length <e. Deﬁne

:H— U by the zero section and ¢g : U —» X by the exponentlal map. For sufﬁmently
smalla q is a local dlffeomorphlsm

1.12. Neighbourhood of /# do exist. The hypothesis on Zariski tangent-spaces implies
that F= { (a, b)|h(a)=h(b),a ;éb} is closedin H xH. Choose metrics dand 6 on H and X
respectively. Put3 A=inf {d(a, b)|(a, b)eF}. Then there is a positive B such that if
a, beH and 3(h(a), h(b))<2B, then d(a, b)<A or d(a, b)>2A.

Let R(B)={(a, x)eH xX |8 (h(a), x)<B}. Note thatif (a;, x)eR(B)fori=1, 2, 3and
d(a,, a;)<Aand d(a,, a;)<A,thend(a,, a;)<2Aand §(h(a,), h(a;)) <2 B, implying that
d(a,, a3)<A.
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Identifying (a;, x) and (a,, x)eR(B) if d(a;,a,)<A, we get a topological
space U(A, B). Denote the equivalence class of (a, x) by [a, x] and define i : H— U(A, B)
and g : U(A, B) —» X by i(a)=[a, h(a)] and q([a, x])=x.

That (U (A, B)), i, ) has the required properties in straightforward.

2. General hyperplane sections

X always denotes a smooth complete variety over C and R is an arbitrary Zariski closed
subset of X throughout this section.

ProposiTiON 2.1. — For any morphism ¢ : X —» PN,

(@) ¢ (L) is smooth and connected;

) n (@ ' (L)-R) >, (X— R) is a surjection for the general linear subspace L of PN with
codim L <dim ¢ (X).

We shall prove this later and deduce first the following consequences :
DEFINITION 2.2. — An effective divisor D on X is not composed of a pencil if for some m, the

rational morphism ¢ : X — P" induced by the complete linear system |m D | satisfies: dim
o(X)=2.

CoRroLLARY 2.3. — For any neighbourhood U (in the usual topology) of the support of an
effective divisor D not composed of a pencil, n; (U—R) — nt, (X—R) is surjective.

Proof. — Let ¢ :X—>PN be the rational map induced by |mD]| with dim
@ (X)=2. Desingularising the closure of the graph of @, we get a commutative diagram:

with:

(a) ¥ and © are morphisms;

(b) X is smooth and V is birational.

In addition, there is a hyperplane H, = PN with m contained in the support of D,
and consequently, ¢ '(Hy)<={y *(U). The set V of hyperplanes H for which
¢! (H)={y~'(U) is a neighbourhood (in the usual topology) of H,, in the dual projective
space P*.

The collection of H satisfying 2.1 (a) and 2.1 (b) is a Zariski-open subset W of P* and
therefore its intersection with V is non-empty. Taking He VW, we get a commutative
diagram:

(@ (H)— Y~ (R) S 7, (b~ (U=R)) > 7, (X— ¥~ (R))

lj

7, (U=R) ——1,(X—R)
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with B oo a surjection, y a surjection by Hopf’s theorem, and therefore we conclude that §is a
surjection.

A special case of 2.3 is:

CoroLLARY. — 2.4. — If C is an irreducible curve on a surface X with C?>0, for any
neighbourhood U of C, n; (U—R) - 1, (X—R) is surjective.

CoRroLLARY 2.4 B. — WithCand X asin2.4,if Cintersects R transversally (in par ticular, if
R=0), then n,(C—C nR) - rn,(X—R) is surjective.

Proof. — 3 suitable neighbourhoods U of C such that C—C n R — U —R is a homotopy
equivalence.

CoROLLARY 2.5. — If D and E are curves intersecting transversally on a surface X, and:

(a) D is nodal;

(b) every irreducible C contained in D is smooth with C>>0, then the kernel of
1, (X—DUE) - n,(X—E) is central.

Proof. — By taking a tubular neighbourhood U of an irreducible curve C contained in
D,y(C)cn,(U—-D UE) is central by 1.4B, and because n; (U-DUE) » n,(X—DUE)
is surjective by 2.4 y(C) is central in m; (X—D U E). The kernel in question is generated
by such y(C), by 1.2, and this finishes the proof.

Remark. — 2.4 for algebraic fundamental groups is equivalent to the assertion: ¢ ~* (C)is
connected for every finite covering ¢ : Y — X unramified outside R, which follows from
Zariski’s connectedness theorem. It follows that 2.5 for algebraic m; is immediately
deducible from this fact, Abhyankar [A] proved this in the special case E= @ and n, (X)=0,
though the proof in the general case is no different. That the right condition is “‘D not
composed of a pencil” is suggested by Abhyankar [A].

COROLLARY 2.6. — With X, D as in 2.5, if ¢ : Y = X is a desingularisation of a finite
morphism unramified outside D, then @, : m, (Y) - n, (X) has finite kernel and cokernel, and
the kernel is central.

CoROLLARY 2.7. — If L is an ample line bundle on X and se H® (X, L") is a section whose
vanishing defines a smooth subscheme, and ¢ : Y — X is the variety got from adjoining the n-th
root of s, then @, : ny(Y)— mn, (X) is an isomorphism, if dim X =2.

We omit the proofs of 2.6 and 2.7 which are easy consequences of 2.5. However 2.7
admits a generalisation to : m;(Y)=mn;(X) for iSn—1 when dim X=n (see [N2]).

The following is due to Le Trang and Saito.

COROLLARY 2.8. — Let D be a divisor in PN whose only singularities outside a codimension 3
subset of PN are normal crossings. Then 1, (PN—D) is abelian.

Proof. — For a general linear subspace L= PN with dim L=2;

(a) my (L—D) - n, (PN —D) is surjective by 2.1;

(b)) LN D is a nodal curve in L, |
so the result follows from Zariski’s conjecture.
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CoRrOLLARY 2.9. — For a principally polarized abelian variety X such that the singular
support S of the theta divisor D is of codimension 23 in X, 1, (X —D) is the ‘‘integer-valued
Heisenberg group”.

Proof. — Embed X in PN and let Y be the intersection of X and a general linear subspace L
with 24+codim L=dim X. Then C=D Y is smooth in Y and its normal bundle in Y is
precisely Oy (D) | C and is therefore ample. Thus 2.1, 2.5 and Lefshetz hyperplane section
theorem together show that 1 (X—D) is a central extension of m; (X). Also D is clearly
irreducible, and the result follows from 1.6, beca_use the fundamen}tal group of the principal
C*-bundle on X associated to the principal polarisation is the integer-valued Heisenberg
group. ' | ‘

The above is a special case of:

CoROLLARY 2.10. — If X is projective and Z=\_) Z, with each Z, irreducible of codimension 1
and not composed of a pencil, and outside a codimension three subset S of X each Z; is smooth
and Z is itself a divisor with normal crossings, then 1, (X —Z) is a central extension of ©,(X),
and is in fact isomorphic to n,(F), F > X as in 1.6.

Proof. — Embed X in projective space and let Y =X n L with L a genral linear subspace, so
thatdim Y=2. ThenY nZ;=C;issmooth, Y N Zis a divisor with normal crossings on Y,
and Oy (C;)=0x(Z,)| Y and therefore C; is not composed of a pencil, i.e. C}>0. As above,
the result follows from 2.1, 2.5 and the Lefschetz theorem.

We finally prove Proposition 2.1. The methods are the conventional ones: applying
Lemma 1.5C after showing that the bad sets have codimension =2.

Let f:X—>Z, g:Z—> PN with og=gof be the Stein factorisation of the given
¢ :X—->PN. Letdim Z=k22,and let G be the Grassmaman of all 11near subspaces of PN
of codimension /, where 1 </<k. By Zariski’s connectedness theorem g~ (L)is connected
for any LeG, and because the fibres of f are connected, it follows that ¢~ ' (L) is also
connected.

Let U be a Zariski-open subset of Z such that:

(a) f1f*(U) is a smooth morphism;

(b) g1U induces an injection on Zariski tangent spaces everywhere;

(¢) U is itself smooth, and:

(d) for all xe U, /! (x)£R;

(¢) Z—U is of pure codimension one in Z.

By the remark following the lemma below, F={LeG|Ung '(L)=0Q} has
codimension =?2.

Let S and S’ be the subvarieties of X x G and U x G defined by:
S={(x,L)|o(x)eL}

and:
={(x,L)|g(x)eL and g|U is not transverse regular to LcPN at er}. Then the
projections S —» X and S’ — U are Zariski-locally-trivial fibre bundles with irreducible fibres
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A and A’ respectlvely where A is the Grassmaman of cod1mens1on I subspaces of PN~! and
dim A’=dim G— —(k+1). Itfollows that S smooth and connected of codimension /in X x G
and S'isirreducible with 1 + dim S’ = dim G. In parucular S’ — G hasfinite fibres outside a
codlmenxsmn, two subset H of G.

Putting T=F UH, for all LeG—T, Ung~ " (L) is non-empty of dimension 2k —/ and
has only finitely many singular points, and by assumptions (a) and (d) on U, it follows that
¢~ '(L)n f~*(U)—R has plenty of smooth points.

Summing up, S—(R xG) — G satisfies all the conditions of 1.5C, and because G is
simply connected, we conclude that there is a Zariski-open W =G such that for all Le W,
my (@~ '(L)— R) - n,(S—(R xG)) is surjective. The projection S—(R xG)—X—R is
smooth and proper with connected fibres and therefore 7, (S—(R x G)) - m; (X—R) is itself
surjective. Thus nl((p‘l(L) R)—»Tcl(X R) is surjective for all Le W. The proof is
complete modulo:

LemMA. — If M is irreducible, diim M #(/—1), and  : M — PN is a finite morphism, define
A (M) by:
AM)={LeG|dim y~*'(L)>dim M-/} if dim M>(/—1),
AM)={LeG|y '(L)#O} if dim M<(-1).

Then codim A(M)=2. (If dim M=/—1, codim A(M)=1 and A(M) is the Chow point.)

Remark. — Denoting by M,, M,, ..., M,, the irreducible components of Z—U, dim
M;=k—12/, and y;=g|M,, for 1<j<h, clearly F={LeG|Ung '(L)=0} is
contained in the union of the A(M;) and therefore codim F=2.

Proof of Lemma. — J={(x,L)eM xG|y(x)eL} is irreducible of codimension / in
M xG. Assume the lemma is false. Let B(M) be the inverse image of A(M) in
J—> G. Then:

dim B(M)=dim M xG)—/ if dim M>(/-1);
dim B(M)=dim G—-1 if dim M<(/—1).
In the second case, dim B(M)>dim J, which is impossible.

In the first case, dim B(M) 2 dim J and therefore J=B (M) because J is irreducible. But
this contradicts the surjectivity of J - G. Therefore the lemma is true.

3. Deformations of morphisms
All spaces considered here are complex analytic spaces (not necessarily reduced) and all
morphisms are assumed to be holomorphic.

3.1. We are given f, : P, —» Q with f; inducing injections on all Zariski-spaces, Q
smooth, P, compact, and-1+dim P,=Q.

3.2. A deformation of f, with parameter-space (S, s,) is:
I. A morphism f: P - S xQ such that p, ofis flat and proper;
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II. A point 'soeS, an isomorphism j : Py — (p, o /) 7! 5, such that p, o f oj=f,.
For seS, we put P;=(p, of)”'s and define f, : P,»> Q by f,=p,of|P,. Clearly the
given f defines a deformation of f; with parameter-space (S, s).

3.3. With P> S as above denote the k-fold fibre-product of P over S by P& and let
i P¢ — S be the projection. Let T (k)= {(xy,%,,. .., x,) €4y ' (so) with all the x; distinct }.

For any =0, the given deformation is said be b-excellent at s, if :

(a) S is smooth at s;;

(b) if 1 =k <b, then P§is smooth at every point of its subset T (k) with dimension =(dim S
at 5o)+k(dim Py).

(c) P¥— Q* is a smooth morphism at every point of T (k) for all £ such that 1<k =<b.

This rather technical definition is justified by 3.5 below.

In what follows, Remmert’s Theorem:

“The image of a proper holomorphic mapping is a complex-analytic subvariety”

is used freely without explicit mention.

LemMa 3.4. — If f: P — S x Q is a b-excellent deformation of f, : P, — Q and as before P,
denotes the fibre of P over s € S, B (k) denotes the k-fold fibre-product of P over Q with allk co-
ordinates distinct, then for all s in the complement of a proper analytic subset F of S, B, (k) is
smooth and proper of dimension=(dim Q)—k, for k<b.

Moreover if the structure-sheaf of Py has no non-constant global sections, then P is smooth
and connected.

Proof. — So as not to make the notation too cumbersome, the complement of an analytic
- subvariety of S not containing the base-point s, € S will be denoted by Sitself. In particular we
shall assume that S is smooth and connected.

Because f, : P, — Q induces an injection on Zariski tangent-spaces, we may assume that
f: P—> S xQ has the same property. This implies that if G (k) is the k-fold fibre-product of
P over S x Q, the open subset F (k) of G (k) consisting of points with all distinct entries is also
closed.

Now G (k) is the “‘scheme-theoretic” inverse image of the diagonal of Q in the projection
3 P§ — Q* which is smooth for all k < b at all points of F (k) lying over s, € S, by the assumption
- of b-excellence. Consequently we may assume that F(k) is itself smooth and has
dimension=(dim Q)+ (dim S)—k, and noting that the fibres of F (k) — S are precisely the
B, (k), the result follows from Sard’s theorem. The second assertion follows from semi-
continuity of I' (P, 0).

Den;otin,g P,—> Q by f,, VseS—F, we have:

(a) by 1-excellence, P is smooth and f; : P; — Q induces injections on all tangent-spaces;

(b) 2-excellence guarantees that dim P;=1+dim B,(2), where B,(2)=P x,P,—AP,,
and therefore f| is generically injective;

4° SERIE — TOME 16 — 1983 — N°2



ZARISKI’S CONJECTURE AND RELATED PROBLEMS 319

(¢) b-excellence for b=1+(dim Q) implies that B, (b)= @ and therefore, for any 7€ Q, the
number r of points in P, lying over Qis<dim Q. Denote these points by x;, | <i<r. The
Js-images of neighbourhoods of x; in P give smooth branches ;=0 in a neighbourhood of
t€Q, and the smoothness of B (r) at (xy, x,, ..., x,) is equivalent to the transversal
intersection of these branches. Thus we have: '

CoroLLARY 3.5. — Ifb=1+dim Q, then f,(P,) is a divisor with normal crossings and P is
its normalisation, Y seS—F.

We record for later use:

LemMMA 3.6. — Let fo: Po > Q,fo: Py —>Q be as in 3.1 and let f: P—>SxQ, f":
P’ > S xQ be l-excellent deformations of f,, fo respectively. Let f,:P;—Q and
fi: Py —> Q denote the general members of these deformations. Let R be any proper analytic
subset of Q. Then:

A : For general seS, f,(P,)4R.

B : For general (s, s')eSxS', Pyxo P, is smooth of dimension=(dimQ)—2, and if
hy: Pyx o P, — Q is the given morphism, then dimh; ' (R)<(dim Q)—3.

C:Iffandf’ are 2-excellent and dim Q =2, the projections of P;x o P, to P and P, are
injective, for general (s, s')€S xS’

The proofs are straightforward. As a sample, we do B: denote indiscriminately by D the
set of points in any space lying over (so, 55)€So xSo. Thenf x f': PxP'>QxQ is
smooth at D and therefore h:Px,P'->Q is smooth at D with
dimension=dimS+dimS’'+dim Q—2. Therefore /4~ '(R) is a proper analytic
subvariety. The result follows from Sard’s theorem and dimension counting.

The following are also obvious:

Lemma 3.7. — Let f: P — S x Q be a deformation of f, : Po > Q andlet g : Q>R be a
local isomorphism of complex manifolds. ~ Then fis b-excellent if and only if g o fis a b-excellent
deformation of g o f,,.

Lemma 3.8. — Iff: P —» S x Q is a b-excellent deformation of f, with base-point s, €S and
A : 8" > Sisasmooth morphism at s, €S’ with M(sy) =S,, then S’ X s P — §' x Q is b-excellent
at s,eS’.

Remark. — The definition of b-excellence has been chosen to accommodate both 3.5 and
3.7; to conclude 3.5for f: P — S x Q one needs the assumption 3.3 not on all of T (k) but
on its subset:

D(k)={(x1, Xoy o nes Xk)GP’(‘)|f0(x1)=f0(x2)= cee =f0(xk),
and all the x; are distinct }.

For instance, if f : P, — Q is a closed immersion, 1-excellence of f guarantees that P is
smooth and f; : P, - Q is an embedding, for all se S—F.

Remark. — The definition of b-excellence and all the lemmas proved are valid for algebraic
deformations too and the proofs are the same.
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3.9. From now on U is a Hausdorff complex manifold of dimension /. By Dodady [D2]
there is the structure of a complex analytic space on the set V' of all compact complex-
subspaces of U. For every such HcU, the corresponding point of V' will be denoted
. by p(H). The compact analytic subschemes defined by a shaaf of locally principal ideals
corresponds to an open subset V of V. Let W<V x U be the universal family; the sheaf of
ideals J defining W in V x U is locally principal.

Denoting by p (i, 3)fori=1, 2, the projectionsfrom V x V x U to V x U, the product of the
idealsp(1, 3)* Jand p (2, 3)* J defines a closed immersion Y — V x V x U which is proper and
flat over VxV and by the universal property of V, this defines o : VxV — V which is
commutative and associative.

Let I be the locally principal sheaf of ideals defining i : H— U. The closed immersion
defined by I™ for m2=1 will be denoted by i, : mH — U. Appendix 1 contains a proof of:

PRrOPOSITION 3.10. — With the above notation, if (1/1?)* is ample on H, thenfor all b, there is
amyg (b) such that m>mg, (b) =W — V x U is a b-excellent deformation of i,, : mH — U, with
base-point p(m H).

Thus, by 3.4, for m sufficiently large, m H deforms into compact submanifolds of U. To
know that these submanifolds are connected, we would need. '

LemMA 3.11. — Assume that H is connected and that i : H — U satisfies the requirements of
3.10. Then I'(mH, O,)=C for all sufficiently large m.

Proof. — Choose a sequence of effective divisors H=D,>D,;>...>D,=0 so thatv
D;—D;,;=B; is irreducible. Then F;=0y(—-D,,;)/0y(—D;) is an invertible sheaf
on B, Thus there is a filtration on Oy/1, where I=0y (—H), whose assoc1ated graded

equals @ F;, and by tensoring withI™, there is a filtration on Im/m*1 whose associated
i

graded equals @ F;®I". ButI' (B, F;®I")=0for all m>m,, and for all i, because I~ 1B,

is ample. It follows that I'(U, I"/I"™*1)=0 for allm>my,.
PuttingI',,=T"(mH, (9,,,H) we see therefore thatT", ; — I',, is injective for allm>m,.

Butl'= hm I, embedsin || Oy _» which is a ring with no non-zero nilpotents. ~ Also I has
peH
no non- tr1v1al idempotents by the connectedness of H. By the previous paragraph, I" is a

finite-dimensional vector-space over C. Thus I'=C, and I',,=C for allm>m,,.
Question. — With Hasin 3.11,is I',,=C for all m=1?
This is so if H is further assumed to be reduced.

LemMa 3.12. — Let q: U— X be a local isomorphism of complex manifolds. With
i:H->Uasin3.9,puth=qoi. The composite W —>V xU — V xX defines a deformation
of h parameterised by (V, p(H)). Conversely, given a deformation of h parameterised by
(S, o), then there is a neighbourhood G of s, and a holomorphic g : (G, so) — (V, p(H)) such
that the deformation of h : H — X induced by g coincides with the restriction of the given
deformation to (G, s,). The germ of g is uniquely defined.
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Proof. — Letf:P—S8xX be the given deformation. Then P x U — P is a local
1somorphlsm of complex-analytic spaces, equipped with a section on the closed subspace
(p1of)~ sy of P. It is a property of local homeomorphisms that this section extends to a
continuous section on a nelghbourhood Bof (pyof) 'soin P;by the properness of f, we may
assume B=(p, o f )" LG for a neighbourhood G of 5, in S. In other words, we have:

H——U

171

B——X
paofIB

with ¢ contlnuous andj H-(p,of) ts,asin 3.2.

Because qisa local 1somorphlsm and p,of is holomorphic, so is . And because

:H-Uisa closed i immersion whose 1dea1 sheaf is invertible, the same holdsforB - G xU
1f Gis replaeed by a smaller nelghbourhood of s,.  The universal property of V now gives the
required g : G- V.

Given two commutative diagrams as above with ¢, and ¢, in place of 7, the set B" where
they coincide is an open-closed subset of B and therefore B’ contains (p, o f)™' G’ for a
smaller neighbourhood G of's,. Again, ¢, and ¢, coincide onB’ as holomorphic maps,
because ¢ is a local isomorphism. This proves the uniqueness-statement.

In the above situation, if X is a projective variety, then H is a projective scheme and
h : H - Xis a morphism of schemes: in fact, for any ample L on X, #* L is seen to ample on H,
from GAGA and the vanishing theorems of Serre’s FAC. The same argument shows that
any holomorphic deformation of # : H — X with parameter-space =Spec A, A an Artin-local
C-algebra, is also algebraic. Using 3.12 we conclude:

CoRrOLLARY 3.13. — In 3.12, if X is a projective variety, then the set of holomorphic
deformations of i : H— U is in bijective correspondence with algebraic deformations of
h: H - X, if the parameter-space=Spec A, A an Artin-local C-algebra.

In general, if f;, : P, — Q is a finite morphism of schemes with P, complete, the set of
algebraic deformations of f; : P, — Q parameterised by (S, s,) being denoted by F(S, s,),
F defines a functor from the category of schemes (over some fixed field k) with base-points to
the category of sets. This functor F is not representable always, even locally in the Zariski
topology. However the followmg will suffice for our needs.

PROPOSITION 3.14. — Assume that Py and Q are projective and that the only global sections
of the structure-sheaf of P, are scalars. Then there is a scheme T with base-point t, and
0eF (T, t,) with the following property: given so€S, and i : S, — S a closed immersion and
VeF(S, so)andg : (Sy, so) = (T, t,) such that F (i) = (g) 0, there exists an open subscheme
S, of S containing s, and g : (S,, so) = (T, t,) such that:

g1S;nS,=¢g[S;nS;  and  F(g)0=F()V,
where j : S, — Sis the inclusion morphism.
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CoRroLLARY 3.15. — Withi : H->U,q:U— X, h=gq.iasin3.12 and 3.13, assume that
I'(H, Oy)=C, and let © be an algebraic deformation of h parameterized by (T, t,) as in 3.14
above. Letg : (G, ty) = (V, p(H)) be the holomorphic map of 3.12, with G a neighbourhood
of to€T in the usual topology. Then g is smooth at t,.

Proof. — This follows immediately from Grothendieck’s criterion for formal smoothness
in view of 3.13 and 3.14 (see EGA, ChapterIV).

3.14. Is proved in Appendix 2 and it follows from the construction that both T and the
total-space of 0 are quasi-projectives schemes.

3.16. FirsT CHERN cLAsSEs. — For any proper holomorphic j : S — T with finite fibres
such thatj(S) contains no irreducible component of T and j, U5 has finite homological
dimension at all points of T, following Mumford (see Chapter 5, § 3, [M 1]), one may define
an effective Cartier divisor DivjonT. With this definition, we have:

3.16A : If j, S and T are algebraic and T is smooth, then:

Divj=} e(S; F)d(F)[j(F)],
F

where the F range through all irreducible components of S with 1+dim F=dim T, and
e(S; F) is the length of O at the generic point of F, and d(F) is the degree of F — j(F).

A base-change lemma proved by Mumford also shows:

3.16B : If f: P > SxQ is such that p, o f: P — S is proper and flat, and for each seS,
Div f| is defined for the morphismf; : P, — Q, then Div fis defined and its restriction to s x Q
is Div f,.

LemMma 3:17. — Let q : U — X be as in 3.12 with X a smooth projective surface.

A : Let A be a smooth compact complex submanifold of dimension one in U and assume that
q|A : A— q(A)=B is birational, with B a nodal curve. Then:

B2=A%+2r(B),

wherer(B) is, as usual, the number of singular points of B.

B:Leti: H-U,q:U— X be as in WLT with dimX=2 and let h=qoi. Then, for m
large, there are plenty of irreducible nodal curves B,, in X, algebraically equivalent to m(Div h),
with:

m? (Div h)* —m?* (H?)=2r(B,),).

Proof. — Note that g~ * (B)=A + R is a divisor on U with R intersecting A transversally in
precisely the 2r(B) points of A lying over the nodes of B. Note next that
¢~ '(B).A=B.4(A)=B.B because A — B is birational. Therefore:

B2=A2+(A.R)=A%+2r(B).

Proof of 3.17B. — With W - V xU asin 3.9,for ze V, let W, < U be the corresponding
closed immersion.
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By 3.7 and 3.10, the composite W —» V xX is 3-excellent at p(mH)eV for all m
large. For z in a neighbourhood of p(m H), put W, =A,, and ¢(W,)=B,,. By 3.5, for
general z, A, is smooth and is in fact the normalisation of the nodal curve B,,. By3.11,A,,
is also connected. In addition, A2 =(mH)*=m?H?, and by 3.16 B, Div(goi,)=mDivhis
algebraically equivalent to Divg|A,, which by 3.16A, is equal to B,,. The formula for
r(B,,) now follows from 3.17 A.

We apply the above remarks to the construction of nodal curves on surfaces.

ProrosiTioN 3.18. — Let C be an irreducible curve of positive self-intersection on a smooth
projective surface X. Let A (m) be the maximum number of singular points on any irreducible
nodal curve in the linear system|m C|. Then:

lim A(m)/m*=C?/2.

Proof. — The formula for the genus of a curve shows that:
2(A(m)—1)=m* C*+mC.ky,

and therefore the upper limit is <C?/2.

To prove the other inequality, C can be replaced by any curve in the linear system of any
multiple of C, and therefore we may assume that C is smooth and not rational.

Let H - C be any unramified d-fold covering and let 4 be the composite H - C — X.  Let
(U, i, g) be a tubular neighbourhood of # : H » X asin1.11. Clearly H> =d C?, so we may
apply 3.17B to get irreducible nodal curvesB, algebraically equivalent
to m(Div h)=md C with:

2r(B,)=m*d(d—1)C?.

Thus 2r(B,,)/(B2)=1—(1/d) and taking larger z‘iln’d larger d, we get the result, provided we
assume that algebraic equivalence =linear equivalence; in other words that Pic®X=0. This
restriction will be removed in the examples below.

Remark 3.18. — It can be shown that , (B,,) = n; (X) and n, (H) — =, (X) have the same
(conjugate) image.

Example 3.19A. — Let ¢ : Y — X be a d-fold etale covering, with X asin 3.18. With C
also as in 3.18, consider the linear system |m¢~'(C)| for m large. Denoting by A, its
general member, ¢ (A,)=B,, is an irreducible nodal curve with normalisation A,; and
B,e|mdC|. Applying 3.17A to ¢: Y- X in place of g: U—X, we see that
2r(B,)/(B%)=1—(1/d) again

Thus, if the algebraic fundamental group of X is infinite [in particular, if Alb (X)#0],3.18is
trivially proved.

3.19 B. — Assume further that ¢ : Y - X is Galois with Galois group G.

Then, for general De|me~'(C)|, ¢~ ' @(D) is the union of the o D (which intersect
transversally) for 5e G, and by 2.5, N=kern, (Y—¢~ ' (D)) - n, (Y)) is central. Thus
0 : Z[G] — N given by 0([c])=y(c D) for c€G is surjective and well-defined.
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Let I be the augmentation ideal of Z[G]. Then the composite Z[G]—> N —
H,(Y—¢ ™! ¢(D)) is injective when restricted to IcZ[G], as is seen from the homology-
-exact-sequence of the pair (Y, Y—¢ ! ¢(D)) noting that all the oD are linearly, and
therefore homologically, equivalent.

Now Niis also ker (1, (X — ¢ (D)) - m, (X)) and the conjugation-action of ©t, (X — ¢ (D) on
N factors through an action p of G such that p(c)y(tD)=y(ctD)for allc, 1€G. ‘

Thus, if d=deg=0(G)>1, N is not a central subgroup of =, X—o¢(D)).

Putting d=2, C=¢(D), C*=4r(C) and the kernel of =, (X=C)—>mn;(X) is not
central. In fact the subsety(C) of n, (X—C) consists of two distinct elements.

See also 6.5 and 6.6. T

The following lemma will be used for the proof- of WLT.

LeEmma 3.20. — If f : P — S x Q is algebraic (resp. holomorphic)andp, o f : P — Sis proper
and flat, then S, ={seS| [ is 1-excellent ats} is the complement of a Zariski-closed (resp.
complex-analytic) subset of S. Here Q is assumed to be smooth, and dim P,+1=dim Q.

Proof. — Recall that seS, if and only if:

(a) Sis smooth at s;

(b) P is smooth at each point of P,=(p, of)~'S;

(¢) pyof: P—Q induces a surjection on tengent-spaces at each point of P.

From this, it follows that S, is Zariski-open (resp. the complement of a complex-analytic
subvariety).

3.21. Wenow come to the proof of WLT. ThenotationR,H, U, X, 1, q, hwill be as in the
statement of WLT. '

It will be assumed henceforth that dim X=2.
For any j: A —> X, we put A’=A—j ' (R). In particular, X' =X —R, U'=¢q"'(X).
With W —» V xU as in 3.9, let:

V,={zeV|W >V xU is l-excellent at ze V }.

By 3.20, V,isopen. Furthermorep(mH)eV,andI'(mH, 0,y)=Cforallm>m, With
2 :Vx V.- Vasin 3.9, note that a is continuous (in fact holomorphic). Thusfor general z,
and z, in suitable neighbourhoods of p(mH)eV, for some fixed m>m,, we may assume:

1. zy, z,, and a(z,, z,) all belong to V,, and if z; and z, represent A,<U and B,<U
respectively, i.e. p(Ay)=z, and p(B,)=z, with p as in 3.9, then:

2. A, and B, are smooth, irreudible and compact, by 3.5.

3. A, xxByisfinite and reduced, and its image in X does not intersect R, by 3.6 Band 3.7.

If Co=A, U B,, then a(z;, z,)=p(C,).

Let AL xX, Bo>MxX, C—>NxX be algebraic deformations of the morphisms
A, — X, B, = X, C, — X given by the restrictions of g, with base-poin‘ts lyeL, myeM and
ny € N, satisfying the requirements of 3.14.
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In view of 3.15, 3.7 and 3.8, (1) above is equivalent to:

1. The three given algebraic deformations are 1-excellent at the base-points Iy, my, 1.

Because A, B, and C, are connected and reduced and their images in X are not contained
in R, replacing L, M and N by Zariski-neighbourhoods of /,, m, and n,, and denﬁotin‘g the
fibres of A>L,B—M and C- N by A, B, and C,, we may assume:

I: All the A;, B, and C, are reduced and connected, and none of their i 1mages in X is
contained in R.

II: A,B,C,L, M, N are smooth and connected. The morphisms A - X,B—X,C—»X
induce surjections on all tangent-spaces. '

IT is an application of Lemma 3.20: replace L by the connected component of /; in
{leL|A->LxXis 1- excellent at /}. That /, belongs to this subset is assured by-1'.

Because Cy=A, U B, is got from the disjoint union of A, and B, by making certain -
identifications, we identify the A; and B,, along certain points to get reduced curves which
are deformations of C,. In 3.22 below, we work this out precisely.

3.22. First note that (A,.B,)=m?(H?)>0 and that A, intersects B, transversally
in U." Indeed A, xyBycA,xxB, which is finite and reduced by assumption (2)
in 3.21. Let p and A be the cordinalities of A, N B, and A, xx B, respectively. Then
p=A

Let E(/, m)=A; xyxB,, for (I, m)eL x M. This is just the fibre of A xy B — L xM over
(I, m)eLxM. By II, A - X and B — X are smooth morphisms, from which it follows that
A x4 B is smooth with dimension=dim (A x B)—dim X=dim L +dim M.

Consequently Q={(/, m)| E(/, m) s finite and reduced } is the largest Zariski-open subset
of LxM such that if E denotes its inverse image in AxyB—LxM, then E—>Q is
etale. By the propern,ess of A— L, B— M,itfollows that E — Q is a finite etale morphism
of degree p.

Let F be the open-closed subscheme of the p-fold fibre-product of E — Q having all p co-
ordinates distinct and denote the quotient of F by the natural action of the permutation
group S, by 0. Then 0— Q is a finite etale morphism; in fact the fibre of 0 » Q over
(I, m)e Q is can‘on,lca_lly identified with the collectlon of all subsets of E (/, m) of cardinality p.

Denote by p; : F — E the i-th projection and let:
G,={(X, y)eEXQlezpl(y)}

and let G be the (disjoint) union of the G; in E x4 F. Denote the quotient of G by S,
by T. Then T is a closed subscheme of E x40 and the projection T — 0 is a finite etale
morphism of degree p. In fact with the above identification of 0, a point (o, §)€E x40
belongs to T if and only if a€&.

For £ €0 lying over (/, m)eQ, let:

g£={(ay, by), (a3, by), ..., (a,, b,)} <E(, m)=A xB,,.

Then the set of § € 0for which all the a; and the b, are distinct points of A, and B, respectively
form a Zariski-open subset 0, of 0.
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Note that E (/y, my) = A, x x By canonically.  The subset A, 0 By=Aq xy By < Ag xx Bgof
cardinality n gives a point z€0,.

For&={(ay, b,), ..., (a,, b,)} <E(l, m),£€0,, take the disjoint union of A, and B,, and
identify a; with b; for 1<i<p to get a curve D, and a morphism D, — X. We shall see
below that the D, fit together to give a flat family D — 0.

With TCEx,0 as before, let T=TnEx @0;. The inclusion EcAxyB gives
morphisms:

Py : :[:_’AXLOl:Db
@, T—->Bxy0,=D,,

such that p, o @, =p, o @, is the given finite etale morphism T —-0,. Itfollows that both @,
“and @, are proper and induce injections on tangent-spaces; because they are also set-
theoretically injective, they are closed immersions. Let T, and T, be their images and let
VT, > T be the inverse of @, for i=1,2. We want to take the disjoint union of D,
and D, and identify T, with T, via ¢, o ,.
We appeal to the following lemma (see [N3] for a proof) where all objects are schemes of
finite type over an algebraically closed field k.

LemMA. — Leti: P — Q be a closed immersion and let j : P — R be a finite morphism so that
Ox — . (Op) isinjective. ~Assume that anyfinite set of points of Q is contained in an affine open
subset.

Then there is a commutative diagram of schemes:

P——0Q
j l ) l;
R——S
with 7 a closed immersion, j a finite morphism, 05— j, (0,) a monomorphism, and
i, (jOp/Og) > J, (0q)/0s an isomorphism of sheaves on S.

Furthermore, given a commutative diagram:
i
—Q
f

_.._>S'

J

xe—

of schemes, there is a unique morphism a : S — S’ such that j'=aoj, i'=0lol.

In the reference cited, this universal property is not proved, but it is in any case an
immediate consequence of the first statement.

In oursituation, T, || T, isa closed subscheme of D, || D, (which is quasi-projective) and
Vil ¥, : T, || T, > T is a finite morphism inducing the exact sequence of ¢z-modules:

0-07 >V, ﬂ‘l’z).*(gT, 1T, =(‘I’1),* (QTl('D(\l’Z).* (OT, - 05 - 0.
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Applying the lemma, we get:
T,lT,—D,ID,

Vi, B l j=ilj,
i

' T——>D
and there are morphisms D — X and D — 0, by the universal property. Equivafeqtly, there
is a diagram:
T—>D,
L2} l ;2 l Ja

D,—>D—=0, xX

and 0 - Op - (j,), Op, ®(J)4 Up, = 1,07 — 0 is exact.

Because D, —» 0,,D, —» 0, and T-0, areflat morphisms, it follows that D — 0, isflatand
the above exact sequence remains exact after base-change.

For ze€0, as before, z=A, n By A, x¢ By, let D, be the fibre of D — 0, over z. Then:

Ay nBy— Ay
BO - Dz
is commutative, and:

0-0p, =0, @05, — 0, 5, 0 is exact.

From this D, is canonically identified with A, U B,=C, as C-schemes.
By the assumption on C — N x X (see 3. 14), there is a Zariski-neighbourhood Z of zin 0,
D=Zx, D, and a commutative diagram:

D——>C

I !

ZxX #»N x X

with f(z)=n,.

Putting E, =Z x, D,, E,;=Z x, D, and using the inclusions E; - D, we get:

&1 2
E,——=C E, —>C
L | j o | |
1 x1x R
ZxX —NxX - L xX —=NxX

and by the very construction, we have:

El —_—A EZ_—->B
1I. l l and l J
ZxX X LxX ZxX 2% M xX
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Choosing any point s, € A, N B, we get a consistent system of ba‘se-'poin‘ts e,€,,a4, by, Co
of Ej, B3, A’, B, C', lying over the base-points z, /,, my, ny of Z, L, M, N.

Put g(so)=x,€X.

3.23. We now apply this to ;.

The general fibre of A — L is smooth by Sard’s theorem, and is connected by 3.211.  Also
A}#Q for all /e L (recall that A; is the complement of the set of points of A, whose images
in X lie in R). Thus the hypothesis of lemma 1.5 C holds for A’ — L. The same is true
forB->M,C'>N,E| »>Z E, > Z

LemMa 3.23A. — There is a unique function 0 (L): n; (L, ;) = n, (X', x4)/G, where G is
the image of m, (U’, X,), such that the diagram below is commutative:

n, (A, ay) —7, (X', x,)

o(L) :

(L, ) ——mn, (X', x0)/G

Proof. — The uniqueness is clear because m,(A’, az) = 7, (L, /) is surjective by
lemma 1.5C.

Denote by 7 : A - L x X the given morphism. Let I be any connected neighbourhood of
(p1ot)™'l, in A. For any /eL such that Aj is a general fibre of A’ > L in the sense
of 1.5A, and A, <1, choose any aeA;. By 1.5C:

ker(n, (A’, a) - n, (L, p, t(a))=Image(n, (I', a) -, (A’, a)).

The truth of the above statement remains unaffected if a is replaced by any other point of
I'=1n A’ because I' is path-connected. In particular, a=a, will do.

By lemma 3.12, there is a s : I > U for I small enough such that gos=p, o ¢|I and the
restriction of sto(p, o 1)~ [y~ A, agrees with the given immersion of A, in U. From this,
it follows that 7, (A’, a,) = ©, (X', x,) takes ker(n; (A’, a5) = 7, (L, /,)) into G, and thus
defines O(L): =, (L, /,) = ©, (X, x,)/G with the above commutative diagram.

Remark. — The very same proof works for the remaining four situations: B’ - M, C' - N,
E} = Z, E; —» Z, thus defining functions 6(M), 6(N), 6, (Z) and 0, (Z) from =, (M, m,),
(N, ng), 7, (Z, z) and =, (Z, z) respectively to n, (X', x,)/G with the corresponding
commutative diagrams.

From the diagrams I and II of 3.22, we get:

LemMma 3.23B:
O(N)of,=0,(2) and O(N)of,=0,(Z);
O0(L)ou,=0,(2) and 0(M)ov,=0,(2).
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Proof. — For example, to prove 8(N)of, =0,(Z), put 6(N)of,=07(Z). The first ‘
commutative diagram of I in 3.22 and the defining property of 6(N) gives a commutative
diagram:

7, (B}, ) =7, (C)) ¢g) — 7 (X', Xg)

1 (2, 2) 2wy (N, 1g) 20y (X, x0)/G

which shows that 0 (Z) satisfies the required commutative diagram. By the uniqueness part
of 3.23 A, it follows that 8, (Z)=80} (Z).

The same proof works for all the four cases.

As a consequence, note that 6, (Z)=6,(Z) from the first row, and 6(L) j=6(M)3 for
all (j, 8) in the image of n, (Z, z) - m, (L xM, (I, m,)) from the second row of 3.23B.

But Z—> L xM is dominant (in fact etale by very construction) and by 1.5B the
above (j, 8)form a subgroup of finite index Sinm, (L, /;) xn; (M, m,). Intersecting S with
the first factor, we get a subgroup T of finite index in m,(L,/,) such that
0(L)j=06(M)1=identity coset of m (X, x,)/G for all jeT.

Let V be theinverseimage of Tinm, (A’,ay) = 7wy (L, [;). Thenp=[rn,(A’, a;): Vl]isfinite
and B(V)=G where B : nt, (A’, a5) = m; (X', x,) is the given homomorphism.

Because A’ — X is dominant (see 3.21, II), by 1.5B again:

g=[r; (X', xo): Br; (A', ao)]
is finite. It follows that:
[ry (X', x): G]=p.q
and this completes the proof of WLT (A) for surfaces.
As remarked in paragraph 0, this also proves WLT(A) and (B) in general.
3.24. The Upper Bound of WLT (C). _
LEMMA. — With the hypothesis of WLT, there is a commutative diagram:

(Y’ .VO)

L4

(U, so) — (X, xo)

with:

(@) Y is a normal projective variety and ¢ : Y — X is a finite morphism unramified outside
ReX;

(b) s is holomorphic and locally invertible;

(c) o is etale at every point of s(U); .

d) n (U, so) >y (Y, yo) is surjective where Y'=¢ ' (X') and U'=q"'(X') and
X'=X-—R as before.
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Proof. G=Image (rn, (U’, 55) = 7, (X', X,)) is a subgroup of finite index and thus gives a
connected finite-sheeted covering space ¢":(Y', y,) = (X', x,) such that ¢ 7, (Y', y,)=G,
and by the lifting theorem, thereis s’ : (U, s) = (Y’, y,) such that ¢’ o s’ is the restriction of ¢
to U’. See SGA 1.

It is well-known that ¢’: Y’ — X' extends to ¢ : Y — X satisfying (a) above.

Let Z be the connected component of U x x Y containing the graph of s, andletp : Z - U
denote the projection. Note that:

(a) Z'=p~'(U’) is connected because Z is connected and normal.

(b) pIZ':Z' - U’ is a covering space because ¢': Y’ — X' is a covering space.

(c¢) This covering space has a section, and therefore Z' — U’ is an isomorphism.

(d) In addition, p : Z — U is proper and has finite fibres. Therefore p:Z — U itself an
isomorphism by the analytic version of Zariski’s Main Theorem.

This gives the required s : U —» Y extending s': U’ > Y".

(b) and (c) in the lemma follow from the analytic irreducibility of Y, and part (d) follows
from the very construction of ¢’ : Y - X'.

Proof of WLT (C). — By lemma 3.17, there are smooth compact connected curves AcU
very close to mH< U such that:

(a) q(K)=B is nodal,

() A - g(A) is birational,

(c) (Div h)?/(H?)=(B2)/(A?).

By the above lemma, we get a commutative diagram:

Al

U—>X

and put s(A)=A. By the lemma, ¢ is etale at every point of A and by 3.17(a),
B2-2r(B)=(A2)>0. So lemma 5.1 can be applied to conclude that:

deg(9)<B?/B>—2r(B)=(Divh)*/(H?),
and because deg(¢) is precisely the index in question, WLT (C) follows.
Some applications of WLT follow. We still assume dim X =2.

DeFINITION 3.25. — If the curve C on X is defined in a neighbourhood of Pe C by f=0, let
f=f1fafs. . .f, be its prime factorisation in A=y , and let A(C; P)=2(}. [(A/(f;, f;)) and
B(C)=C2-Y A(C; P). =

P

ProrposiTiON 3.26. — If C is an irreducible curve with B(C)>0 and CnR =0, then the
image of 1, (C) > 1, (X—R) has index <C?/B(C), where C - C is the normalisation of C.
Remark. — For a nodal curve C, B(C)=C*-2r(C).
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Proof. — There is a unique diagram C - H - C such that C—His set-theoretically
injective and H — C induces an injection of Zariski tangent-spaces. In fact, if PeC, with
the notation of 3.25, there are exactly r points of H lying above P and the complete local
rings of H at these points are A/(f;), ISi<r.

Let (U, i, q) be a neighbourhood of #: H — X, where 4 is the composite H - C —» X and
consider the divisor ¢7'(C)=H+F. We see that (F.H)=C?>-B(C), and also
H.q ' (C)=C? because H— C is birational. It follows that H*=B(C)>0 and the
proposition is proved by appealing to WLT and noting that C-His a homeomorphism.

ProrositioN 3.27. — Let D and E be curves in X that intersect transversally. Assume
that D is nodal and C*>2r (C) for every irreducible curve Clying in D. Then the kernel N of
n, (X—=(D UE)) - n, (X—E) is abelian and its centraliser is a subgroup of finite index.

Proof. — Fix an irreducible curve C contained in D. Let H= C the normalisation of C
and let / be the composite H - C — X. For a sufficiently small tubular nelghbourhood
(U i,q)of h,let U'=¢g"'(X'), X'=X—-R, R= Du E, and then y(H) is ceqtra_l in , (U")
by 1.4 because H is smooth and intersects the closure of ¢~ ' (R)—H transversally.

The image of y(H) in n, (U’) - m, (X") is dey(C)=mn, (X’) and the centraliser C(3) of &
contains the image of n; (U’) and is therefore a subgroup of finite mdex by WLT. Therefore
v(C)isafiniteset. ButNis generated by they(C),C<=D, and is therefore finitely generated,
and its centrahser is a finite intersection of subgroups of f1mte index, and it has finite index
therefore i in mt; (X'). It remains to prove that N is abehan

Let U be a tubular neighbourhood of H=C — X as before.
From 3.24, there is a commutative diagram:

at

q

U—X

with Y a normal surface, ¢ a finite morphism unramified outside R (put Y'=¢'(X)),
n, (U") -, (Y') a surjection.

LetZ={yeY|pisnotetaleaty}. ThenZns(H)=0,and by Lemma 5.2, Z does not
contain any irreducible component of ¢ ! (D). In other words ¢ is unramified outside E
itself, and therefore N is contained in the image of m, (Y') = n; (X"). Becausey (H)is central
inn, (U’)and n, (U') > m, (Y') is onto, v (s(H)) is central in 7, (Y'). The image of y(s(H))
inm, (Y') - ny (X')is a member  of y(C) and therefore 6 commutes with N.  But N, being
normal, commutes with all the conjugates of §; in other words every element of y(C)
commutes with N. Finally N is generated by the y(C), C=D, and this shows that N is
abelian.

4. Homogeneous spaces and Zariski’s Conjecture

ProrosiTioN  4:1. —  With the notation of WLT, if X=P2, then
n; (U—g ' (R)) - m;, (X—R) is surjective.
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Remark. — This s stringer than WLT (C). Also there is no need to assume the ampleness of
Oy (H)|H.

Proof': Let D be the normalisation of any irreducible component of H and denote by d the
composite D> H — X. Put G=S8I(3).

0:GxD—X given by 0(g, a)=g.d(a) makes G xD a fibre-bundle on X. This is
elementary. Inany case, Lemma 1.5 A gives a Zariski-open V<X such that 8~ ! (V) - Vs
a fibre-bundle and the G-equivariance of 6 shows that 6 is locally trivial, in the usual
topology, everywhere. Because X is simply connected the fibres of 6 are all
connected. Putting X'=X—-R, S=60" 0.4 ), S—=X’ is a fibre-bundle with smooth
connected fibres and therefore nt, (S) — n; (X') is surjective.

Now the fibres of the projection S — G are of course all smooth, and they are non-empty
outside a finite union of cosets of the stabiliser of the curve d(D). However no subgroup of
G has codimension one, and therefore 1.5 C applied to S — G allows us to conclude that
7, (F) » n, (S) is surjective, for a general fibre F of S —» G, because G is simply connected.

The two surjectivities above show thatfor all 6 in a Zariski-open M <G, f': D — X defined
by f(a)=cd(a) 1nduces a surjection nl(D —f 1(R))—>n1(X) But¢g: U->X belng a
local homeomorph1sm as in 3.12, for o close to the identity, there is g : D — U such that
f=qo0g. Thus n,(U—g~'(R)) - =, (X—R) is surjective.

CoroLLARY (Zariski’s Conjecture). — nt, (P> —D) is abelian for a nodal curve D in P2.

Proof. — Let H be the nonsingular model of an irreducible curve C in D and let U be a
tubular neighbourhood, as in'1.11, of H - P2, PutR=D and apply 4.1 to conclude that
v(C) is central in 7, (P?>—D), and because n, (P*— D) is generated by the y(C), the result
follows.

This argument can be extended to prove the following:

PROPOSITION 4.3. — Assume that the connected component G of the group of automorphisms
of a projective variety X acts transitively. Let D<X be a divisor such that:

(a) outside a codimension 3 subset Z of X, each singular point of D has normal crossings:

(b) no irreducible component of D is the fibre of a G-equivariant morphism X — Y with
Y =P or Y=an elliptic curve.

Then n, (X —D) — x, (X) has abelian kernel.

We omit the proof. In any case, by taking the intersection with a general linear subspace,
it reduces to a special case of 3.27, the condition C*>>2r(C) being a consequence of (b).

5. Tame fundamental groups
We work exclusively with complete normal surfaces over an algebraically closed field k.
LemMA 5.1. — @ : Y — X is a finite mo'rphism with X smooth. OnY we have irreducible
curve A such that:

(@) A— @(A)=B is birational, and B is a nodal curve, with B? >2r(B),
(b) @ is etale at every point of A.

Then A*>>0 and deg ¢ <B?/B>—2r(B).

4° SERIE — TOME 16 — 1983 — N°2



ZARISKI’'S CONJECTURE AND RELATED PROBLEMS 333

Proof. — (b) assures us that Y is smooth at every point of A, and that the only singular
points of @' (B) lying on A are nodes.

Consequently if ¢ ™' (B)=A+R as divisors, A intersects R transversally in { PEA|A is
smooth at P and B is singular at ¢ (P)}. Therefore (A.R)=2r(B)—2r(A). Also A—>B
being birational, B>=B.p(A)=A.¢ '(B)=A?+A.R, so that A>—2r(A)=B*>—-2r(B),
showing finally that 0<B?—2r(B)< A%

By the Hodge Index Theorem on the intersection pairing, the matrix:

(A+R)> (A+R).A| [B?’dego B’
A.(A+R) A? B B2 A% )

has determinant <0. Thus:
deg ¢ <B?/A2<B?/B*-2r(B).

Remark. — The intersection number (D, . D,) of Cartier divisors D, and D, on a normal
surface Y is taken, by definition, to be f~'(D,).f” '(D,) for any desingularisation
fZ-Y.

Lemma 5.2. — If ¢ : Y - X is a finite tamely ramified morphism unramified outside D U E
where D and E are as in Proposition 3.217, then any two irreducible curves in ¢~ * (D) intersect
each other.

Proof. — Clearly we may assume that ¢ is Galois with Galois group G.

Let S be an irreducible curve in ¢~ (D). Let:

G(S)={geG|gS=S}, Z=Y/G(S), V:Z-X and A:Y->Z

the natural morphisms, and A(S)=S/G(S)=A and ¢(S)=B. We want to apply 5.1 to
¥ :Z—-X. By Field Theory A — B is birational and V is etale at the generic point of A.

For PeS, ¥ : Z— X is etale at A(P) if G(P)={geG|gP=P} is contained in G(S),
because Y/G (P) — Xis etale at the image of Pin Y/G(P). But it is well-known from local
considerations that:

(a) G(P) is abelian, and:

(b) if @ (P)=Q, the inverse image of any analytically irreducible branch of DU E at Q is
analytically irreducible at P (see [F]), showing that G(P)=G(S).

Applying 5.1, we see that A2>0, and therefore [S]= A" (A) is an effective Cartier divisor
on Y supported on S. If S;, S, =@~ (D), then by the Hodge Index Theorem:
(S1].[S:)7 Z[S:1 - [S.P2 =[G (Sy) : 11[G(S,] : 1].(AD)(A3)>0,

where A, is the image of S; in Y/G(S;).
Therefore S; NS, #(. This proves the lemma.
Appealing to 5.1 also shows that:

B?/B*—2r(B)=deg ¥ =[G : G(S)]=the number of irreducible curves in ¢ ! (B), where
S, G and G(S) are as before.
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Let I(S)= {geG|gx=xfor all xeS}. Then for any PeS, NS, with S;c¢~*(D) for
i=1,2, G(P)>I(S,;) and G(P)>I(S,), showing that I(S;) and I(S,) commute with each
other. Thus the group I(D) generated by all the I(S), Sc¢~'(D) is abelian. This is the
ramification subgroup along D.

With S as above, I(S)cp,=n-th roots of unity, for some n not divisible by the
characteristic, and in fact the action of I(S) on .#/.# 2 where . is the ideal-sheaf of S, is just
multiplication by the corresponding root of unity. It follows that G (S) is the centraliser of
I(S).

Therefore Z(I(D))=Z, the centraliser of (D), has index [G : Z]< [] (B%/B2—-2r(B)).

B<D B
Denoting by n, (X —R) the tame fundamental group of X —R, the above remarks show
(after taking inverse limits):

ProrosiTiON 5.3. — For a smooth surface X, and D and E as in 3.27, the kernel N of
7,(X—D U E) - n,(X— D) is abelian and has a finitely generated dense subgroup. Moreover
its centraliser has finite index in n1,(X—D U E).

This dense subgroup has not more than ) [k (B)] generators and the index of the
B<D

centraliser is < [ [F(B)], where F(B)=B?/B*>—2r(B).

Bc=D
Denoting algebraic fundamental groups simply by n; we also get:

PRrOPOSITION 5.4. — For any irreducible nodal curve C on X with C*>2r(C), the image of
my (E) — 1, (X) is a subgroup of index <C?/C*>—2r(C), where C is the normalisation of C.

Proof. — Any subgroup H of finite index in n, (X) containing the image of n, (E) gives a

commutative diagram:
|
9

Cc—X

with ¢ a finite etale morphism. Applying Lemma 5.1, deg ¢ <C?/C*—2r(C). But the
image of m, (C) is the intersection of all subgroups of m, (X) of finite index containing it,
because we are working with profinite groups. Therefore the image itself has finite index
<C?*/C*-2r(C).

6. Examples

We discuss to what extent the results of paragraph 2 and the WLT are best possible for
nodal curves and then discuss other singularities briefly.

Let C be an irreducible nodal curve on a surface X, C its normalisation, and 4 : C—Xis
the given morphism.

6.1. For the examplesin 3.19 (A), [r, (X) : h, m; (C)]=C?/C?—2r(C) which is the upper
bound imposed by WLT. Assuming Remark 3.18 however, there are C with
C?/C?-2r(C) very large and m, (X)=h, 7, (C).
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6.2. There exist C with C*=2r(C)>0 and [r, (X) : &, 7, (6)_] infinite, and non-abelian
kernel (m; (X —C) - n; (X)).

Let f; : C; > P! be a double-covering ramified at S;=P* for i=1,2. Let s and ¢ be the
cardinalities of S=S;nS, and T=S§;US,—S respectively. Put X=C, xC,,
f=fixf, : X>P'xP!, and let C=/"'(AP'). Then:

(a) Cis irreducible if and only if S; #8S,;

(b) Cis nodal and r(C)=s;

() £(C)—(g(C,)+2(C,))=(1/2)—1.

We shall show that s=4 and S, #S, imply:

(A) [r;(X) : h,m; (C)] is infinite.

Note that H, (C, Q) - H, (X, Q) is a surjection, and even an isomorphism if 7=2!

(B) ker(r; (X—C) - m, (X)) is non-abelian if in addition, S; =S,.

Case 1 :5,<8S,.

We see that C — C, is an unramified double-covering, and this makes Y =C x Cadouble-
cover of X=C, xC,,and & : C > X hasthena natural lift toh:C->Y withpZZ(x)=xfor
all xeC. It follows that m, (C,) acts simply transitively on , (Y) /H* T, (6)_, which is
contained in w(X)/h, 7, (C), and because n,(C,) 1is infinite, we deduce that
[r, (X) : h,m, (C))] is finite.

Now (Y, Y —/(C)) is a fibre-bundle pair with fibre (C,, C, — { P }) and base-space C, from
which ker (n, (Y —4(C)) — m, (Y)) is isomorphic to ker (n, (C, — {P}) - =, (C,)) which is
certainly non-abelian! This combined with the facts:

(@) n (Y-0"1(C) > m, (Y —Z(@))_ is onto, where 0 : Y — Xis the given double covering,
and:

(b) ker(n,(Y—6"1(C) - n,(Y))=ker(n, (X—C) - n, (X)) proves (B).

Case 2 : S, ¢S, and S, £S;. We sketch the proof of (A) briefly in this case. Put
G=1t1(6) and G/N;=n,(C;) for i=1,2. Then [n,(X): h*nl(a)]=[G : Ny N,
n, (Z)=G/N; N, where Z is the ‘‘double-mapping cylinder”’: the disjoint union of CxI,C,,
C, with (x, 0) and (x, 1) identified to q, (x) and g, (x), for xeC and p,oh=g¢q;fori=1, 2, and
the p, : X —» C, are the projections. -

There is a natural @ : Z—P' given by o(y, 1)=f;q;(x)=f,¢,(x) for xeC,
tel.  Analysing the fibres of @, we see that nt; (Z) is generated by x,, x,, ..., x, subject to
the relations x? =1for all i and x, x,...x,=1. Itis easy to see that for s=4, this group is
infinite; in fact for s> 5, it is a Fuchschian subgroup I of PSL, (R) such that #/I" = P! and the
elliptic fixed-points of I' correspond to the points of S=P*.

Remark. — In the above examples, the quotient of m; (X) by the normal subgroup
generated by h, n, (C)is (Z/2Z)*.

PrOPOSITION 6.3. — If C*>max (0, 2r(C)—2), then the normal subgroup generated by
hyn, (C) has finite index in 1, (X).
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Proof. — Case 1. If C2>2r(C), the result follows from WLT.

Case 2. If C? =2r(C)>0, choose a pair of points P and Q of C such that h(P)=h(Q)
and P#Q. Take Cx {0, 1} and identify (P, 0) with (Q, 1) to get a curve F and a
morphism f: F— X, and let (U, i, g) be a neighbourhood of f as in 1.8. Denoting
the irreducible components of F by F, and F,, F}=F2=0 and (F,.F,)=1, from which
it follows that Oy(F)|F is ample. Now WLT shows that
[, (X): fem; (F)]S2C? but ny (F)=n, (F,)*n,(F,) and the images of these subgroups are
conjugates of &, 7, (C). The result follows.

Case 3. If C2=(2r(C)—1)>0, take Cx {0, 1,2} and points P and Q as above and
identify (P, i) with (Q, i+ 1)for i=0,1, and call the resulting curve F and let /' : F — X be the
natural morphism. Let (U, i, ) be a neighbourhood of £, and denote the irreducible curves
in F by F,, for i=0, 1, 2. Then F}=—1 for i=0,1,2 and F,.F, =F,.F,=1 and
Fy.F,=0. From which R=2F;+3F, +2F, is ample restricted to each F;,. Applying
WLT to R = X, [n, (X) : f, m; (R)] is finite, and as above, f, m, (R) is generated by three
subgroups of n, (X) each of which is conjugate to &, m, (©), and the result follows.

The examples 6.2 raise the:

Question 6.4. — If D is an effective divisor on a surface X with D?>0, is the normal
subgroup generated by the fundamental groups of the nonsingular models of all the
irreducible curves in D a subgroup of finite index in m, (X)?

We now discuss other singularities. Let A=C|[[a, b]], T=Spec A, and f€ A is square-free
and in the square of the maximal ideal. By a sequence of blowing-up transformations we get
a proper birational { : S — T with div y* (f)=F + G where F is the proper transform of /=0
and F meets G, transversally. Let s=G.(G+2F).

For any irreducible curve C on X and for any singular point P of C, identity (ﬁx pwith A and

let =0 be the defining equation of C here. Put s=s(C; P). Let F(C)= ZS(C P).

PROPOSITION 6.5. — With the above notation, if C*>>F (C), then (X — C) -, (X) isa
central extension.

Proof. — After a series of blowing-ups, we get ¢ : Y » Xwith ¢~ (C)=C'+G, where C'is
the proper transform of C, C" meets G, transversally, and G.(G+2C')=F(C). Thus
(C')*>0. Puttmg (Y, C', G) in place of (X, D, E) in 2. 5, we see that y(C’) is central in
n, (Y —¢~*(C)) and therefore y(C) is central in m, (X—C).

Remark 6.6. — It is interesting to note that the s(C; P) are just right! For a node,
5(C; P)=2 and therefore if C> >4 r(C) for an irreducible nodal curve C, n, (X — C) - m, (X)
is a central extension. However example 3.19 (C) shows that this is false when C* =4r(C).

Example 6.7. — For an ordinary cusp (a*—5>=0), s(C; P)=6.

The general curve C in P? of degree 6 given by f* —g* =0, where f and g are homogeneous
of degrees 3 and 2 respectively, is smooth outside f'= g =0 where its singularities are ordinary

cusps. Therefore C*=F(C)=36in thiscase. Thisexample is due to Zariski [Z]. He shows
that n, (P*—C)=~Z/2)*Z/(3).
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In fact m, (P> —C) is canonically isomorphic to PSL, (Z).

In any case, G=m, (P?>—C) has G/[G, G]= Z/(6), and it is easy to show that [G, G], the
fundamental group of the six-fold cyclic covering Z of P2—C, is infinite ! The functions
@ /f*—g )3 and (f?/f*—g’)Y* on Z define a morphism Z—E where
E={(x, y)I yr=x3+ 1} with connected fibres. Therefore n; (Z) - n (E) is a surjection,
and E being the complement of a point on an elliptic curve, n, (E) is certainly infinite.

Example 6.8. — Let X be a smooth hypersurface in P? of degree d. Let C=H n X where
His a hyperplane in P.  Then X — C is simply connected. This is rather striking because:

(a) C need not be irreducible;

(b) C may have arbitrary singularities;

(c) even if C is irreducible nodal, 2r(C)<(d—1)(d—2) and equality can be attained,
whereas C*=d,

(&)X is a minimal model if d=4.

Suppose that X contains a line L, with L £ H, and also assume that Cisirreducible. Then
P=CnL is necessanly a smooth point of C and C and L intersect transversally at
P. Therefore the homomorphlsm n, (L—P)->mr, (X C) takes vy(P)intoy(C). ButL-— P
is the affine line and therefore y (P) and y (C) are both trivial. But n; (X) is the quotient of
n, (X—C) by the subgroup generated by y(C) and therefore n, (X—C)— =, (X) is an
isomorphism. Finally, X is simply connected by the Lefschetz hyperplane section theorem
and therefore the proof is complete under these additional assumptions.

For the general case, first observe that:

(a) any hyperplane section of X is reduced;

(b) if X, and X, are smooth hypersurfaces in P* of degree d containing C, there is a
diffeomorphism  : X; — X, such that y(x)=x for all xeC, and finally;

(c¢) if Lis any line in P? such that L& H and L n Cis a smooth point of C, then the general
hypersurface of degree d containing both C and L is smooth.

(@) is standard. and (b) and (c) are easy to check (though we omit to do so here).

By («). for every irreducible component F of C, there is a smooth point P of C lying on
F. Choose L as in (c) with P=L n C and let X' be a general hypersurface as in (¢). Then
the argument above shows that y(F) = n; (X' —C) is trivial, and by (b), v (F) is also trivial in
n; (X—C). This holds for all F and therefore n,(X—C)— n;(X) is an isomorphism,
proving the result.

Alan Howard, Annals of Math., 1966, has shown that X — X n His simply connected, if X is
asmooth hypersurface in P*,n =4, and H is any hyperplane. Thisfollowsfrom2.1and6.8.

APPENDIX 1

The b-excellence of the universal deformation.

We just prove Proposition 3.10 here. All the notation introduced in 3.9 is
retained. The major step is to prove 0-excellence, i. €. the smoothness of Vat p(mH)form
large
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We need some algebraic preliminaries:

For every complete local Noetherian C-algebra S with residue field =C, fix a surjection
B(S) : R(S)— S inducing an isomorphism of Zariski tangent-spaces, with R(S) a power-
series ring over C. Let #(S) be the maximal ideal of R (S) and let J(S) be the kernel of B(S),
and define D°(S) and D (S) to be the dual vector-spaces of 1(S)/1(S)* and J(S)/t(S)J(S)
respectively.

A homomorphism f: S" — S” lifts to a commutative diagram:

R(S') > R(S")

B(s) l l B(S")

S/ s S/r

inducing linear transformations D*(S”) » D(S’)for i=0, 1, which depend only on / and not
on the choice of g; these will be denoted by D'(f) for i=0,1. We have:

Fact A1 : D'(S)=1lim D¥(T) for i=0,1 where the T range over all finite-length quotients
—
T

of S.

Leti: H— U be asin 3.9 and let S be the complete local ring of V at p(H). Then we
have:

Fact A 2: There are d; : D'(S) > H' (U, 17! /0), where O =0y, and d, is an isomorphism
and d, is a monomorphism.

Replacmg i:H->Xbyi,:mH-XinA2, we get: d; : D'(S,,) > H (U, I ™/0), where

= 1s the complete local ring of V at p(m H).

Deﬁne z: V-V by z(x)=a(x, p(H)). Because z(p(mH))=p(m+1)H), we get

S :Spi1 =S, forallm=1. From the definitions of the d;, we see:

Fact A3: For all m>1 and i=0, 1, there are commutative diagrams:

Di(S,,) Hi(U, 1""/0)
D'(/f,.) l lﬁ(m'i)
Di(S,,,) —— Hi (U, """ 1/0)

where & (m, i) is induced by the inclusion of I"™"/0 in I"™~ /0.

In particular, D°(f,,) is an injection and therefore:
CoROLLARY A4. — f,. : S,.+1—S,, is a surjection for all m=1.
Denote the direct limit of V = V SV, byV and the point (p(H),p(2H),p(3H), .. .)

of Vbye. Then Visacommutative associative monoid with e as the identity and naturally
we expect that “V is smooth at e” with a suitable definition of smoothness, and this is done in
A7 below:
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DEFINITION AS. — S= 11m S,.. LetJ(m, k) be the inverse image of the k-th power of the

maximal ideal of S,, in the homomorphlsm S — §,,, and topologise S by taking the J(m, k) to
be a fundamental system of neighbourhoods of zero.

Now o : VxV -V induces S,,,,,— S,, ®S,, and passing to the inverse limit, we get a
continuous algebra homomorphism { : S S ® S where S ® S is the inverse limit of the
S/P ® S/Q where P and Q go through all open ideals in S.

A6 : Let B be the collection of continuous linear functional$ on S. Then S=B*=the
dual space of B and the open linear subspaces of S are precisely the anmhllators of the finite-
dimensional subspaces of B.

The above { and the algebra-structure on S induces the structure of a commutative
associative C- algebra with identity on B, and we also get an algebra homomorphlsm
B : B— B ® B such that p is co-associative, co-commutative and has a co-identity.

Now B is the union of its finitely generated subalgebras C such that p(C)cC® C. For
such a C, M= Spec C is a commutative affine monoid-scheme. The representations of M
are unipotent because S is a local ring. Therefore M is a unipotent commutative group-
scheme over C an_d so M =G/, (see Prop. 4.1, page 497, [DG])

More canonically,let P= { xe Bl|px=x®1+1®x}. ThenHom(M, G,)=P n Cand
S(Pn C)— Cisanisomorphism. It follows that S (P) — B is itself an isomorphism, where
S (P)=the symmetric algebra on P.

For any finite-dimensional F<P, S(F)cS(P)=B and p(S(F))=S(F)® S(F).
Therefore S(F)* =R (F) is an algebra; in fact it is canonically the completion of S(F*) at the
standard maximal ideal. The injection S(F) — B gives a surjection S —» R(F) and we see.

ProposiTioN A7. — (1) : S— lim R (F) is an isomorphism of C-algebras where the F go

F
through all finite-dimensional subspaces of R(F), and (2): the kernels of the composites
S - R(F) - R(F)/t(F)* form a fundamental system of neighbourhoods of zero in S, where t (F)
is the maximal ideal of R (F).

CoRrOLLARY A 8. — lim D' (Sm)=0.

Proof. — Applying Al, we see that:
lim D' (S,,)= @Dl (8/1)= lim D' (R(F)),
J F

m

where the J run through all open ideals in S. But D' (R(F)) =0 because R(F) is a power-
series ring!

ProposITION A9. — Put L=(1/1?)*:
I. If H'(H, L™) =0 for all large m, then V is smooth at p(mH) for all large m.

II. If in addition, H®(H, L™) has no base-points for all large m then W -V xU is
1-excellent at p(m H) for all large m.
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III. ¥ L is ample on H, then W — V x U is b-excellent for all large m.
Proof of I. — The cohomology sequence of:

01" 1/0 5T m/0 - i, (L™) -0,

where O =0, shows that §(m—1, 1) : H' (U, I""*!/0) -» H' (U, I ™/0) is surjective for m
large. Because these are finite-dimensional,  (m, 1) is in fact an isomorphism for m large
and consequently:

(IA): H°(U,I"™/0)—H°(H, L™) - 0 is exact for m large.

By A2, D'(f,) is injective for all large m and by A8, D'(S,,)=0 for all m large. This
shows that S,, is a power series ring over C, and therefore V is smooth at p(mH). Note that
D(S,,)=TV (p(mH))=the tangent-space of V at p(mH).

Proof of 1. — By the assumption and (IA) above, the invertible sheaf I™™ /¢ on m H has no
base-points.

For any xeH, choose a neighbourhood G of (p(mH), x) in Vx U and a holomorphic
function f on G such that f'=0 defines W n G as a complex-analytic subspace of G. The
projection W — U is smooth at (p(mH), x) e W if for some ve TV (p(m H)), the directional
derivative D, fis non-zero at (p(mH), x). Butd, : TV (p(mH)) - H°(I"™/0) s defined by
d, (v)=D,f /f,and because the complete linear system of I~ ™ /¢ has no base-points, the result
follows.

Remark. — Because the fibres of W — U are smooth at all points (p(m H), x), xe H, form
large, the tangent-spaces F, (x) to these fibres are hyperplanes in TV (p (m H)), we get a set-
function F,, : H 4 » P(TV (p(mH))*) and the above actually shows that:

F,=P,0.Q,  with Q, :H_, —P""™

the morphism given by the complete linear system of L™ | H,, and P, is a linear inclusion of
projective spaces.

Proof of IIl. — The b-excellence of W — V x U at p(mH) is equivalent, by the above
remarks, to the following:

The Q,,-images of any b distinct points of H span a (b — 1)-dimensional linear subspace, for
all m large.

Let B={(x,, x,, ..., x,)eH?|i#j =x;#x;}. Then:

Bm={(x1’ xza ] xb)eBlQm(xi)

span a linear subspace of dimension <b—2} is a closed subset of B. Note that:
(@) B,,nB,>B,,,, if L™ and L" have no base-points;
(b) N B,,=® by Serre’s FAC, by the ampleness of L, from which it follows that B,, = @ for

all m>m,,.
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Actually the smoothness of U was never used. All that matters is that I is an invertible sheaf
of ideals on U and (I/IZ)* is ample on H. The smoothness of V at p(mH) and the

smoothness of P§ — U* at all points of T (k) with the correct fibre-dimensions are proved
without assuming that U is a manifold.

APPENDIX 2

We prove Proposition 3.14 here. The main ingredients are semi-continuity, the
vanishing theorems of Serre’s FAC, and Grothendleck’s existence of the Hilbert-
scheme. We need first some notation and well-known lemmas.

Let p : X— S be a proper morphism and let F be a coherent sheaf on X. We put
X=X xsT for a morphism T — S and denote the projection by py : X; — T. The base-
change of F to X; is denoted by Fy and we put (pr), Fy=F (T).

LemMma 1. — Given:

X —Y

A
S

with p and q both proper, there is a unique open subscheme S' of S with the property:
A morphism T — S factors via T — S' — S if and only if X1 — Yq is a closed immersion.
Proof. — Let A=S—p (support Qy,y). Then Q A/¥, 18 zero and therefore

B=X, xy, X4 —AX,isclosed in the fibre-product. If Cistheimage of Bin A, then it is easy
to see that S'=A —C has the required property.

LemMma 2. — For a proper morphism p : X — S, O5 — p, Ox is an isomorphism if and only
P4 Oy is an invertible shedf.

Proof. — A=p, Oy is a coherent sheaf of algebras on S and therefore ¢)s/J — A/JA is non-
zero for every maximal ideal J such that A/JA is non-zero. In particular, when A is
invertible, this shows that Os — A is a surjection, and therefore an isomorphism.

LemMA 3. — Let F be a coherent sheaf on X, p : X — S is proper, and F is S-flat. The
geometric points s of S for which T (X, F,) is avector-space of rank r are the geometric points of
a locally closed subscheme S(r) of S. Moreover a morphism T — S factorsviaT — S(r) - Sif
and only if:

(a) F(T) is locally free of rank r and:

(b) for every g : M > T, g*F(T) - F(M) is an isomorphism.

Proof. — By the semi-continuity lemma (see Lemma 1, page 47, [M2]) there is an affine
open cover U,=Spec A, of S and a non-negative complex of free A ,-modules F, such that for
every T=Spec B — Spec A:

Ri(pr), Fr=2H' B® , F,).
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In view of this, put V, (¢) = the closed subscheme of U, given by the ideal generated by the
(¢ x t)-minors of the matrix F) — F},andlet S, (r) be the locally closed subscheme of U, given
by V,(m,—r+1)—V, (m,—r) where m, is the rank of Fy. Then S, (r) Ug=S4(r)nU,
and the union of the S, (r) is the desired locally closed subscheme S (r), as is checked from the
defining property of the complex F,.

LemMMA 4. — Let p : X — S be proper and flat. With F =0y in Lemma 3, S(1) is an open
subscheme of S.

Proof. — Because p (X) is an open subscheme of S by the flatness of p, we may replace S by
p(X) and assume that p is surjective.

Now 05 — p, O induces an augmentation:
A, >F°FL .,

with the notation of the proof of the previous lemma. Also for any closed point s of S given
by a maximal ideal J, the composite ( ¢/J — p (/) (p, ()= (p,),(x is injective by the
surjectivity of p, and therefore AQ‘/.IA'Qt — FY/JFY is injective for all maximal ideals J. Thus
thereis @ : F) —» A, such that ¢ .¢is theidentity. Thisshows thatall the (m, x m,)-minors of
F) — F, are indeed zero where m,=rk (F) and therefore S,(1)=U,—V,(m,—1) is open in
U, (see proof of the previous lemma), thus completing the proof of Lemma 4.

LemMMA 5. — Let L be an invertible sheaf on X, and p : X — S is proper and flat with no
geometric fibre of p having non-constant global sections of its structure sheaf.

Then the geometric points s of S for which L|X; is trivial are the geometric points of a
locally closed subscheme S’ of S.  Moreover a morphism T — Sfactorsvia T —» S’ — Sifand
only if pfL(T)— Ly is an isomorphism. Recall that L(T)=(pg), Lt

Proof. — The given hypothesis and Lemma 4 together imply that p, (Ox) is invertible. By
Lemma 2, Os — p, (Ox) is an isomorphism. The same situation prevails even after base-
change, i.e. 01 — (pr), Ox, is an isomorphism for any T — S.

For r=1and F=L in Lemma 3, put A=S(1).

Let T — S be such that pf L(T) — Ly is an isomorphism. Thus L(T) is invertible because
pr is flat and surjective. Given g : M - T, denote by 4 the morphism Xy — Xy. Then
Prig* L(T)=h*p*¥L(T) - h* Ly=Ly is an isomorphism. Taking py-direct images and
recalling that Oy — (py), Ox,, is an isomorphism, we get the isomorphism g* L(T) — L(M).
By the definition of A, there is a factoring T—>A — S. Also the image of X; — X, is
disjoint from G, the support of the cokernel of pF¥L(A) —» L,. Putting S'=A —p, (G),
thus we have T—> S’ - S.

The converse is clear, because by very construction, p& L (S") — Lg is an isomorphism, and
this holds even after a base-change by T — S'.

Remark. — Unlike the See-saw Theorem, page 54 of Mumford’s book [M2], S’ is not a
closed subscheme in general.
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For example, if S is the complete linear system of (1.1) curves in P'xP' and
L=p}0(1)® p50(—1), then S’ is open in S: the smooth curves are in S’ and the singular
ones (the pairs of lines) are not in S'. v

We now come to Proposition 3.14. Let f, : P, — Q be a finite morphism of projective
schemes and assume that I'(P,, O) is the base-field. Fix once and for all an ample line
bundle E on Q and a projective embedding 4, : P, - PN such that:

(@) h§O(1)= f%E and:

(b) H'(Py, f§E)=0.

Fix further a polarisation of Q x PN and denote by Hilb the Hilbert-scheme of all closed
subschemes of Q x PN having the same Hilbert polynomial as that of the closed immersion
Joxhy : Po—>QxPN. This gives a special k-rational point #, of Hilb. Letting X be the
universal closed subscheme of Hilb x Q x P and applying Lemmas 4 and 5 to X — Hilb, we
get a locally closed subscheme T of Hilb (containing #,) such that the geometric points of T
are precisely the closed subschemes A of QxPN such that I'(A, 0,)=Const. and
PY(E) ® pFO(—1) restricted to A 1s trivial. By the same lemmas we know exactly when a
S-valued point of Hilb is S-valued point of T.

Let Y - T x Q x PN be the universal closed subscheme. The projection Y —» T x Q gives
a deformation of f; : P, — Q with parameter-space =(T, t,)in the sense of 3.2 and gives rise
to a member 0 of F(T, ¢z,). Recall that F(S, s,) is the set of deformations of f; : P, = Q
parametrized by (S, s,).

LEmMMA 6. — Given s in F(S, so),there is an open subscheme U of S containing s, and a
morphism:

g (U, so) = (T, to) such that F(g)0="F(j)\V where:

Jj : U—> S is the inclusion morphism.

Proof. — Let f:P—->SxQ be the total-space of the deformation Y. Because
H!'(P,, f¥E)=0, by semi-continuity (see Theorem 3, page 53, [M2]), there is an
affine neighbourhood G of s, in S such that Z=(p, o f),, (p, o /)* E restricted to G is locally
free and commutes with base-change. Thus if J is the maximal ideal of s,
in S, Z/JZ=T(P,, fE). The embedding #h,:P,—>PY is determined by
Qo : KN > T(Py, f¥E), and @, can be extended to ¢ : 05" — Z|G. This in turn gives a
rational map (p; o ) ' G — G x P, but the base-locus does not intersect (p, o /) ' 5, and
therefore (replacing G by a smaller neighbourhood of s,) we may assume that it is
empty. Thus we get a morphism (p, o f)”' G — G xPN. By Lemma 1 (and replacing G
by...) we may assume that (p, o /) "' G > G x Q x P"is a closed immersion. By Lemma 4,
we may assume that I'(A,0,)=k(s) for all geometric points s of S with
A=(p,;of) 's. Alsowemay assume that G is connected so that the Hilbert polynomial is
constant. By the definition of T, we get required morphism (G, s,) — (T, #,). PutU=G.

ProrosITION 3.14. — With the notation of the previous lemma, assume further that there is a
closed subscheme S, of S containing s,, the inclusion being denoted by i :S, — S, and a
morphism g : (S, so) = (T, o) such that F(g)0= F@) .

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



344 MADHAV V. NORI

Then there is an open subscheme S, of S containing s,. the inclusion being denoted by
J:S;=>Sand g :(S,, s,) = (T, t,) such that g[S, NS, =¢[S; NS, and F(g)O=[F () .

The proof of this is a minor modification of the previous one. We may assume that S is
affine and that Z=(p, o f'),, (p, o f)* E is locally free and commutes with base-change. Now
g:S; - T gives an embedding (p,of)”'S; - S; xQxPN and the projection to PN is
determined by @, : O5*' —» Z[S,. This can be extended againto @ : Of*' — Z, and the rest
of the argument goes through, word for word.
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