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ON THE ENRIGHT-VARADARAJAN MODULES :
A CONSTRUCTION OF THE DISCRETE SERIES

BY NOLAN R. WALLACH

1. Introduction

Let 9 be a semi-simple Lie algebra over C. Let 90 be a real form of 9 with Cartan
decomposition 9o = Io © Po- Let I be the complexification of lo. We assume that there
is a Cartan subalgebra 1) of 9 so that I) <= I. Fix P a system of positive roots for (9.1)).
Let Pfe c: P be the corresponding positive roots for (f, t)). Let < , > denote the dual of
the killing form of 9 restricted t). If X e t)* call K, P^-dominant integral if

^ A , a ^ + (e\ ^ „ t2———eZ == {0, 1, . . . , n, ...}
< a , a >

for a e P^.
In Enright, Varadarajan [4], a construction was given of a 9-module Wp^ for each

Pfe-dominant integral form Xel)*. These modules have several important properties:
(1) As a (-module, Wp^ = ^©^(^V^, where the sum is over all P^-dominant

integral forms, V^ is the irreducible finite dimensional f-module with highest weight \i
and 0 ^ m^ (\i) < oo, m^ (yi) an integer.

(2) mJX)= 1.
(3) If m^ (\i) ^ 0 then p, = ^ + 8, where 5 is a sum of (not necessarily distinct) elements

of P.
(4) Let U = U (9) be the universal enveloping algebra of 9. Then U (9) V^ = Wp^

(here we look at V^ as being imbedded in Wp^).
(5) Let U1 be the centralizer of I in U. Then U1 acts by scalars on V^ and the corres-

ponding homomorphism T|̂  : U1 -> C is computed (see Theorem 2.4 for the formula).
By (2) and (4), Wp ^ contains a unique maximal submodule Zp^ not containing V^.

Set Wp JZp ^ = Dp ^. There Dp ̂  is clearly irreducible and inherits the multiplicity
properties and T^.
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82 N. R. WALLACH

Let now G be the connected, simply connected Lie group with Lie algebra 9. Let
Go c: G be the connected subgroup with Lie algebra go. If K e t)* we call X integral if

^->,z, ^
<a, a>

A the root system of (9,1)). We call X G I)* regular if < X, a > ^ 0 for all a e A.
To each regular, integral X e I)*, Harish-Chandra [6] has constructed a central, eigen-

distribution for the center 3 of U, 9^, on Go with the following properties :

(0 ^ = ^ if and only if there is s e Wj, [the Weyl group of (I, I))] so that s K = n.
(ii) Each 9^ is the character of an irreducible, square integrable representation of Go.
(iii) The 9^ exhaust the characters of the irreducible, square integrable representations

of Go.
Let X e t)* be integral and regular. Let P = { a e A [ < ^ , a > > 0 } .
One of our results is

THEOREM 1.1. - If X e I)* is integral and regular and ifP== { a e A [ < X , a > > 0 } .
Then Dp^_p^+p^ is infinitesimally equivalent with the irreducible representation of Go
with character 9^ (see Theorem 4.5).

Note. - Schmid [14] has also proved this result. Many of the ideas in the proof are
due to Schmid and Zuckerman.

In light of this result, the Enright, Varadarajan module becomes very important. A
purpose of this paper is to give a more canonical construction of Wp ^ We actually do
a bit more than this. In the Enright, Varadarajan construction there is really no use
of the fact that f comes from a symmetric pair (go, ^o)- Thus let 9 be as before a semi-
simple Lie algebra over C. Let I c: 9 be a reductive subalgebra so that there is a Cartan
sulbalgebra of 9, I), so that I) c: f. Let P be a system of positive roots for (9, t)) and let
us use the same terminology as the first part of the introduction. That is, P^-dominant
integral, etc. We construct for each K, P^-dominant integral a g-module, Wp ^ satisfying 1,
2, 3, 4, 5 above. The construction is quite analogous to the Verma module construction
of the irreducible finite dimensional representations of 9. In fact, if 9 = I then Wp ^
is just the irreducible finite dimensional representation of 9 with highest weight X. If
p = I © r is a parabolic subalgebra of 9 (r the unipotent radical) and P is system of
positive roots for (9, I)) contained in the roots ofp and ifV^ is the irreducible representation
of t with highest weight K then Wp^ = U (g) © V^, where p == I © r, the opposite para-

U(p)
bolic, and V^ is a r module by making r act trivially (U (p) is the universal enveloping
algebra of p).

Also in this paper we study tensor products of the modules Wp ^ with finite dimen-
sional 9-modules. We strengthen results of Enright [3]. These results are related to
results of Schmid [14]. In section 3 we derive explicit formulae for the tensor products
of Dp ̂  and Wp^ with finite dimensional 9-modules. We note that Lemma 3.10 contains
as a special case a result of Nicole Conze (see Rossi, Vergne [11]).
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We would like to thank W. Schmid for many helpful and stimulating conversations
about the discrete series and the role of tensoring with finite dimensional representations.
Many of the ideas in § 4 are due to W. Schmid. We feel that the modules Wp^ are an
important discovery and we heartily congratulate Enright and Varadarajan for their
discovery.

2. The Enright, Varadarajan construction

Let g be a semi-simple Lie algebra over C the complex numbers. Let t c: 9 be a reductive
subalgebra so that there is a Cartan subalgebra, 1), of g, t) c t Let A be the root system
of (9, t)), Afc <= A the root system of (f, I)).

Let P be a system of positive roots for A and set Pj^ = P n A^. Let W^ denote the Weyl
group of (1,1)). Let W^ be ordered as in Dixmier [2]. Chapter 7, Section 7. That is
if w^, M?2 e Wfc then we say w^-^w^ if a e Pj, ^d

(a) 1̂ 1 = ^ ^2-
(b) l(w^) = /(w2)+l [/(w) is the number of terms in the minimal expression of w as

a product of P^-simple reflections],
If w, w' eWfc then w ^ w' if there exist WQ, ..., t^eW^ and Pi, .. . ,P»ePfc so that

M^ = w', w = WQ and
pn Pi

^->^-i—>...-^Wo.

Relative to this order s ^ 1 for all s e W^ and 5- ^ ?o (^o e W^ the unique element so
that toPk = -^ for a11 •yeWfc.

If \t e I)* let V^ denote the I-Verma module with highest weight |A relative to P^. V^ is
defined as follows: let n^" = ^ Qa»

aePk

9,={Xe9|[h,x]=a(fo)X for fte^}.

Set bfc = t)+nfc+. Let C^ be the bfe-module C with (A+Z). 1 = ^ (A) 1 for h e I), Z e <.
Then V^ = U (I) © C,,, where U (I) and U (6^) are respectively the universal enveloping

u(bfc)
algebras of I and 6^.

The theory of Verma modules (due to Verma, Bernstein, Gelfand and Gelfand, cf.
Dixmier [2], Chapter 7) implies the following results

(1) If ^i, ^el)* then dim Hom^ (V^, V^2) ^ 1 [Hom^C., .) denotes the space of
(-module homomorphisms]. If A e Hom^ (V^, V»12) and A ^0 then A is injective.

(2) Let Hfe" = ^ 9_, if X e n̂ " and v e V^ then X v = 0 implies X = 0 or v = 0.
aePk

(3) If Honii (V^, V^) ^ 0 we say V^ <= V^2. If ^ is Pfe-dominant integral (see the
introduction), if p, = (1/2) ^ a and if ^, r e W ^ then V5^^-^ c V^^^-^ if and

aePk

only if s ^ T.
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The theory ofVerma modules is much richer than the results described above. However,
we will only need the above three properties.

We begin the construction of a family of g-modules one for each s eWj^; Fix X e t)*,
Pjfc-dominant integral. Then if s, reWj^, 5-^ T we clearly have

(I) U(g) ® V^'^^cUfe) ® v^^"^.
u (i) u (i)

Let W^ ̂  denote the Verma module for 9 with highest weight IQ (^+Pk)'^Pk relative
to -to P Oo Pk = -Pk, ^o e WO. That i s i f b = t ) + ^ 9, and C^+p^.p,is the b-mo-

a e — toP
dule C with I) acting by the linear form to (^ + Pfe)—Pk then

W^=Ufe) ®C^p,)_p,.
v(b)

Let w,^ = 1 ® 1 in W,^. Then U(l)w^ is t-isomorphic with V^'1'^"^. We
therefore have a surjective g-module homomorphism

u(9) ^r^^^-^-^w,,^.
U(l)

Let 1̂  denote the kernel of this g-homomorphism.
Then ^ <= U (9) ® V^-^-^ for all ^ e W^.

U(l)

(II) If ^eWfc define M^ = U(g) ® v^^^-^.
U(l)

Clearly M,,, = W^,,. M^ c= M^, if ̂  T.
Let ?s ^ : U (9) ® v5^4'^"^ -^ M^ be the natural map. Let v^ be the fundamental

U(()
generator of V^'1'^"^ (1 ® 1). Then

(III) (1,,,: U(l).(l®^)^M^

is injective. Set w,^ = (1̂  (1 ® ̂ 0 then M,^ = U(g).w,^.
(Ill) is clear from the definitions.
We now come to the "strange" part of the Enright, Varadarajan construction. We

phrase it as a lemma.

LEMMA 2.1. — Let M be a ^-module. Suppose that M = U(g)w and that the map
U (rife") -> M, x\-> x.m is infective. Then there exists a Q-submodule Mi of M so that
U (n^).w n Mi = (0) and

(1) 7/' i^ e M/MI , if X e Hfe" andifXv=0 then X = 0 or v = 0.
(2) I f \ J i s a ^-module such that if X e n^", M e U W ifXu=0 then X = 0 or u = 0

then if v(/ : M -> U f51 a ^-module homomorphism, Ker \|/ => M^.

Proof.-Let for each Xen^", X ^ 0,

Jx,o := { ^ e M J X ^ = 0 for some fe}.
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If Y e 9 and F e Jx o then Xk Y v = ^ (^ (ad Xy.Y X^^v. Hence if (adX^.Y = 0,
j=0\J/

Xr.v=0 then X^^Y.i;)^. Thus Q.Jx.o ^ Jx,o- Define Jo = S ^.o- Suppose
x^o
Xeitfc

that J, has been defined. J, a g-submodule of M. Let for Xen^, X ^ 0,

Jx,i+i = {i^M |X".i;eJ, for some n}.

Then as above Jx ,»+i is a g-submodule of M. Set

Ji+i = ^ Jx,»+i-
Xeitfc-
X9&0

00

Clearly Jo <= Ji < = . . . . Let J = (J Jf. Then J is a g-submodule of M. Set M^ = J
j=o

We assert that U (n^ ) w n M^ = (0). Indeed, if v e U (n^) w n Mi, u =^ 0 then v e J,
for some i. Hence there are elements X^, . . . , X^ en^ so that, Xy 9^ 0 and ^/eJx^i

fe
so that v = ^ .̂. Now there is fei ^ 0, k^ e Z so that X\1 v^ eJ;-i. Hence

j= i
X'l^+J.-i^ EX^i;,+J._i.

7=2

There is k^ ^ 0, ^ e Z so that

X^X^+J,_i = ^ X^X^^.+J^i.
7=3

Continuing in this way we have 0 ^ v ' e U (n^) w n Jf-r. Thus by recursion we find
U (n^") m n Jo ^0. But this is impossible by hypothesis. Hence U (n^) m n M^ = (0).

Let U and \|/ be as in (2). Then if v e M and X + 0, X e n,T and X^.v = 0 then if
A; > 0, X.X^1 u = 0. Thus \|/ (X^-1 u) = 0. But then X.\|/ (X^-2 u) = 0 hence
^(Xk~2v)=0.

Continuing in this way we see \|/ (v) = 0. Hence Ker \|/ =) Jo. Suppose that we have
shown that ker\|/ =) J^. Then the above argument shows that kervj/ =) J f+ i . Hence
ker\|/ =» Mi. The last assertion is also clear.

Q. E. D.

Now the pair M, ^ and m^ ̂  satisfy the hypothesis of lemma 2.1. Hence there is a minimal
submodule J^ c M, ̂  so that U(n^").m^ n J,^ = (0) and if veM^^ Xen^,
X 7^ 0 if then X v e J,^, ^ e J^. We note that U (n^) w,^ = U (I) m,^.

Set W, ^ = M^^/J,^. We note that J^ ^ = (0). Thus the notation is consistent.
(IV) I f r ^ ^ then J,̂  n M^ = J,^. Clearly, lemma 2.1 implies that J,^ c J,^ n M^^.

(a) J, ^ =3 (J^ ^)o n M, ^. This is clear from the definition [here we use the notation
(JT ?i)i ^or the Jf for M, J. Suppose that we have shown that J^ =3 (J, ^)i n M^ ^. If
v e (J^f+i n M^ then there exists Xi, . . . , X^ e n^, X^ 7^ 0 and l^, . . . , 4 e Z, /,. ^ 0
so that X^ . . . X^.v e (J,^), n M,^.
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Hence X^ . . . X^.i; e J^. But then arguing as above we can "peel off" the X; 's to
find v e J, ^.

We therefore have
(V) If s, T e Wfc and s ^ T then W^ c: W,^.

Let jl^ : M^ -^ W^ be the canonical g-module-homomorphism. Set w^ = jl^ (^s.x)-
(VI) U(t)w^ is isomorphic as a t-module with y^4'^"^ and if T ^ s then
w^eU(f)i^.

This is clear from Lemma 2.1 and the preceding constructions.

YLEMMA 2.2. — If s—>^ and y e P^ f5' P^-simple then

2<s(^+pfe), y>/<y, Y> = n > 0 neZ

a^rf ?/X e g_y, X ^ 0, X" w^ = cw^ with c ^ 0.
Proof. — It is easily checked that ^z > 0 (c/. Dixmier [2], Chapter 7, Section 7) and

if Ye<, VX^^ = 0 and if A e t ) then

^X"l^=(T(^+P,)-Pfc)(W^.

Since u\ ̂  e U (I) w, ^ by (3) above and w^ ^0 by construction the result follows from (1)
above.

Q. E. D.

LEMMA 2.3. - Lets -^ T, Y e P^, y .yw^fc r6?ton^? ̂  P^. L^ X e g_^, X + 0. T/'i; e W^ 3,
^A^ ^^r^ is k ^0, k e Z so that Xkv(=W^^ If v e W^ and h.v = p, (A) i?, n^ .1; = 0
o^ if v^W^ then 2 < n, y >/< Y, Y > = k ̂  0 <3^ X^1' i; eW^, Ufe4- .X^1 y = 0 and
h.^l.v=(s,^^-^(h)Xk+l^ he^

Proof. - By lemma 2.2, if n = 2 < s (^+pfc), y >/< y, y > then X".^ = cw^ c ^ 0.
Hence if U = W^/W^ and u denotes the projection of i; e W^ onto Uthen X" w^ = 0.
But then by the arguments proving Lemma 2.1 if v e U then there is / ^ 0 so that X1 v = 0.
This follows since U = U (9) w^ ̂

Let Y e ̂  and H e 1) be so that [Y, X] = H, [H, Y] = 2 Y, [H, X] = -2 X. Suppose
that v e W, ^ satisfies the hypothesis of the second assertion of the lemma. Then
H v = kv with k = 2 < \i, y >/< y, y >. Hence H v = kv. Also Y v = 0. Hence if
Xlv=0 for some /. Then we would have dim U(r ) i ;<oo , r = R X + R H + R Y .
Thus k ^ 0. But then X^1 v == 0. The rest of the lemma is even more standard.

Q. E. D.

THEOREM 2.4. - Define Wp^ = W^/^ W,^. 77^ Wp^ ^ 0 W
S<1

(1) As a t-module, Wp^ = ̂  © ̂  (ji) V^ r/^? ^MW ra^TZ over |xet)*, (J-, f^dominani
integral and 0 ̂  w^ (p) < oo ^ a/z integer, V^ ̂  r/?^ irreducible, finite dimensional ̂ -module
with highest weight n.

4° SERIE — TOME 9 — 1976 — N° 1
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(2) Set Wp ^ equal to the image of Wp ̂  in Wp^. Then U (I) Wp^ is equivalent with \\
as a t-module. Furthermore, m^(K) = 1.

(3) If m^ (|i) ^ 0 then \JL = ̂  + 6, 5 a sum of elements of P.

(4) Let U^ be the centralizer of 1) in U. Let n4' = ^ 9.. Ifze^ then
„ _ _ *_nae-foP

z^ZomodUn' 1 ' , ZoeU(t)).

If z, z' e U^ ^/^ zz' = ZQ z'o mod U n'^. Define

^p.^)=Oo(^+Pfc)-Pfc)(^o) /^ ^U1.

77^ y z e U ^ n U ^ W v e U (1) ^p^ ^̂  z.v = r|p^(z).u.
The proof of this theorem rests on the following lemma of Enright, Varadarajan [4]

which we prove for the sake of completeness.

LEMMA 2.5. — Let M be a ^-module such that if m e M then dim U (b^). m < oo
(bfe=t)+n^") and such that M splits into a direct sum of weight spaces relative to \).

Let N <= M be a t-submodule. Suppose that v e M/N and n^ .v = 0, h.v = \i (h) v,
h e t) with \JL, ̂ ^dommant integral. Then there is v e M so that n^ v = 0 and h .u = n(/i)^
for A el) 5-0 ^^ y+N = v.

Proof. - Since for every m e M, m = ^ m^ h.m^== S,(h) m^ he^we see that if 3^
^6b*

is the center of U (f) and if for % : ̂  —> c a homomorphism of 3^,

MK = { w e M | (z-'?c (^ w = 0, z e 3fc for some k]

then M = ^ C M^. Now if z e 3^ then z.v = ̂  (z) v with / = ̂  defined by

z = ZQ mod U (f) n^, ZQ e U (t)) and Xp (z) = I1 (zo)•

Now ̂  = XH' if and only if ^/ = s (|^+ p^)- pfc for some ^ e W^ (cf. Dixmier [2], Chap-
ter 7). Now M/N == ^ © (M/N\ and let P^ : M/N ̂  (M/N)^ be the f-invariant pro-
jection. Then Pjr)=0 if X ^ X^ Thus there is ^ e M so that z.v^ = ̂  (z) 1:1
for z e 3 f c and u ^ + N = i^. Arguing similarly for the action of t), we may assume
h.v^ = \i(h)v^ for h el).

Now dim U (n^) i;i < oo. The weights of U (n^) t;i are of the form n+S with 8 a
sum of elements of P^. Let 5 be maximal such that there is v ^ 0, v e U (n^) u^ and
A.t; = (n+S) (/O.u. Then n^ .1^ = 0. Hence if z e 3^, z.v = Xp+s (z)l;- But

UCn^^crCM^.
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Hence ^+5 = ̂ . But then there is seW^ so that ^(n+pfe) = u+8+p^. But this is
possible (\i is P^-dominant integral) only if 8 = 0 and s = 1. Thus v = v^

Q. E. D.

Proof of Theorem 2.4. - (i) w^,^ ^ W,^. Indeed, i f M = ^ © W^ let M -^ W^
S<1 * s<l

under ^Qw,->^w,. Let N = ker \|/. If w^ e \|/ (M) then since ^ is P^-dominant
S<1 *

integral we see that w^ = v|/ (^ © w,) with h.w,='k(h) w,, n^ .w, = 0. We show
S<1

that this is impossible. Suppose that s < 1 and there is w, e W,^ so that n^ w, = 0
and h.w, = ̂  (h) w,, A e I). Let

^ Y2 fps=So—>Si—>...^Sp==to with y,ePfe,

y, simple (this is always possible, cf. Dixmier [2], Chapter 7). Defining

KO=^ Vi=2<^+pfc,Yi>/<Yi,7i>,

^=S^(X+pfe)-p,, V2=2<^+Pfe ,Y2>/<Y2,Y2>,

and applying Lemma 2.3 we find that if X,eg_^, X, ^ 0 then

u^X^.X^eW^
and

(a) h.w = ((^o^"1) (^+Pfe)-Pfc)(A)ui and < w = 0. If 5- ^ 1 then ^•s'"1 > to-
But then

(foS^K^+p^-pfc^o^+pO-pfc+a,

5 a sum of elements of P^. But W^^ is the g-Verma module with highest weight
IQ (^-+pfc)—pfc relative to —IQ P. Hence we have a contradiction.

We have shown that Wp ^ ^ 0.
(b) U (f) Wp ̂  is equivalent with V^. In fact, we have a map

U(I)t^.JE U(I)w^^U(f)wp.,.
S<1

Using Lemma 7.2.4 (p. 224) of Dixmier [2] we find U (f) Wp^ is irreducible and finite
dimensional.

Since Wp^ = U(Q).Wp^ we see that if ueWp^, d imU(f)u < oo. Let for jiel)*,

W^={^W^| f t .y=H( /Oi? ,he t ) and nfe+.l;=0}.

Define Wp ^ in the same way. Of course, Wp ^ ^ 0 implies ^ is P^-dominant integral.
Now Lemma 2.5 implies that if e : W^ ^ -^ Wp ^ is the canonical map then

s(W^)=W^,
p, Pfc-dominant integral.
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Let Yi, ..., y, be simple in P^ so that

Yl Y2 Y3 Yn
1-^->S^-^. . .-̂ . . .5^ = to.

Define [IQ = ji,

^ = (s^.. .^)(H+pfc)-pfc and v, = 2<H, , i+pfe , y»>/<Yi , T(>-

Let X,eg_^, X; ^ 0. Then Lemma 2.3 implies that

X^.X^(W^)c=W^.

In particular if d^ (y) = X^ . . . X^ then d^ (n) : W^-^ w^4-^-^. Now ^ 00
is injective by the construction of the W^. Hence we see

(c) dimWg^ ^ dim W^4'^"^ < oo, This implies (1) since m^ (yi) = dim Wg^
by the theorem of the highest weight.

To see (2) we note dim W^^^"^ = 1 since W^ ^ is a Verma module with highest
weight to (^+pfc)-pfc. To prove (3) we note that if Wg^ + 0 then w^^"^ ^ 0.
But then

^+Pk)-Pk=^+Pfe)-Pfc+^o8

with 8 a sum of elements of P. (Every weight of W^ is of the form to (^+pfc)-pfc-5
with 8 a sum of elements in —^P-) Hence H+pj^ = X+pj^+S. Thus \i = ^+8.

Finally let zeU1. Then z.Wp^ = %(z)w^^ by (2). By the proof above

s : W^^Cwp,,

is bijective. Since ^(z.w^^ = %(z)Wp^, we have ^.^1.3, = X (z) ̂ i.x- But if ^o (x)
is as above then

d^)zw^ = zd^)w^ (zeU1, ^(^)eU(!)).

But ̂  ()i) Wi^ = c u^, c ^ 0. Now z.w,,^ = ̂  (z) M;,,̂  for z e U1.
Q. E. D.

The next result expresses the essential uniqueness of the family W,^. We note that
it is clear from the above results that if Zy = W,^ then the conditions of Theorem 2.6
are satisfied.

THEOREM 2.6. — Suppose that to each s e Wj^ we have assigned a Q-module Z, so that :

(1) Z^ is the Verma module for 9, —to^ with highest weight to (^+Pfe)—Pfe.

(2) fft^s, t,seW^ Z,c:Z,.

(3) If X e n^ W v e Z^ satisfies X . v = 0 rA^ v = 0 or X == 0.

(4) Z, = U(g)z, H^A n^.z, = 0, A.z, = (^(^+pfc)-Pk) (A)z,.

ANNALES SC1ENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE
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(5) Ifs -^ ̂  J, ;/y is simple relative to P^ and ifn = 2 < s (^+ p^), y >/< y, y > ̂  ^z > 0
fl^rf

z^ = cE\z,, c ̂  0(E_,e9_,-{0})1

Then there exists for each seWj, a bijective ^-module isomorphism ^ : W, ^ —> Z,
commuting with the inclusions. Furthermore if^ is another family of ̂ -module isomorphisms
commuting with the inclusions of the W, ^ and the Z, s then ̂  = c ̂  with c independent ofs.

Proof. - (1), (3), (4), (5), imply that U(l).z, is isomorphic with the Verma module
for I, Pfc with highest weight sCk-^-p^-Pk' (4) also implies that if U, = U(t)z, then
Z, = U(g).U,. Hence we have

^,: U^^V5^^-^^^
U(l)

a surjective g-module homomorphism. Now Z^ = W^ 3^. Thus ker ̂  = 1̂ .
(^) If s e Wfc and ^ > IQ there is a collection of elements y^, . . . , jp simple so that

s-^s->s^5^s->...-^...s^s= to.

This is easily proved by induction on the order and Lemmas 7.7.2, 7.7.5 of
Dixmier [2].

(b) In particular implies that

U(Q) ® v^'^^^UCl)) ® v5^^-^
U(() U(l)

5o &^ •̂

Z.o———————————————^4

commutes. Thus Ker ̂  => 1̂  for each s e Wj^.
This implies that ^ induces ^ : M,^—»Z, a surjective g-module homomorphism.

(3) Implies that ker ^ =) J^x.o (Js,x,» ^d ^5.1 are ^e Jx,f and J, of the proof of
Lemma 2.5 for M, ^) for X e r^ , X 7^ 0 hence ker ^ =) J^ o for s e W^. But is is also

^ /\. /s /\.

clear that if ker tyy =) J,^, then ker ̂  =3 Js^+i. Hence ker ^ => J,. We therefore have ̂
induces ^s : W, ^ -^ Z^ a surjective g-module homomorphism.

Clearly ^ is injective. Suppose that we have shown ^ is injective for to ^ t < s.
Let y be simple in P^ so that s—> s^ s. Then W^ ,,/W^ ,̂  is V finite (f = 9y + 9 -y + [9^, g -J).
If v e W,^, ^ (v) = 0 then since

W^-W^,

1̂  l^s

__^ 7
Sy S ' -̂ S

commutes v^W,^, ^. There is therefore p > 0 so that E^-yVeW^^. But then

^(E^^E^v)^.

Hence ̂  (E^ v) = 0. Thus E^ v = 0. But then v = 0 by (3).
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If ^ : W, ̂ —> Zy is another such family of homomorphisms. Then clearly ̂  = c !̂
for some c. Suppose we have shown '̂ = c ̂  for IQ ^ ? < 5'. Then again supposing y
is simple in P^ and ^ > s^ s then if v e W^ ^ there is /? ^ 0 so that E^y v e W, 5 3^. Hence
^ (E^ v) = c ̂  (E^ v). Hence E^ ̂  (v) = c ̂ , (E^ v). But'then

E^O^-c^v^O.
Hence ^(v)=c^(v).

Q. E. D.

3. Tensor products of Wp ^ with finite dimensional ^-modules

In Enright [3] the tensor product of the module Dp^ with finite dimensional repre-
sentations was studied. We give a proof of a sharpening of the main result on tensor
products in Enright [3] our techniques are, of course, quite similar to Enright's.

Let F be an irreducible finite dimensional representation of 9. We use the notation
of Section 2. Let X e t)* be P^-dominant integral. Then we have the inclusions
W^ ® F (= W,^ ® F if s ^ T.

LEMMA 3 . 1 . — T/'T —» s and y e P^ is simple for P^, ;/X e g^y and ifv e W,^ ® F then
there is k ^ 0, k e Z w ̂  X^.i; e W,^ ® F.

Proof, — It is enough to prove the result for v of the form w ®/, w e W, ̂ , / e F.
Now there is / so that X^./^ 0. There is A: so that X^.w e W^. Now

xk+l(w®/)=EY fe+^x fc+f-Jw®xv=EY fe+^xk+i-^®xv.
7=0 \ J ) j=0\ J )

But if j^ /-I, k+l-j^k.
Hence the lemma.

LEMMA 3.2. - If X e n^", X ^ 0 W w e W,^ (g) F, X w = 0, ^?n w = 0.

Proof. - Let F == F^ => F^_i = » . . . = > Fi => (0) be such that dim F; = f and

<F.c:F._i.

i
Let /i, .. .,/d be a basis of F so that F, = ^ C/,. Then w = ̂  u^ ® /., w^ e W, ^,

7=1

0 = Xw = EXW. ®/<+EW, ®X/(.

Since X/< e F,_i for aU f = 1, . . . , rf. We see that X w^ = 0. But then u^ = 0. But
then X/,eFj^2 if w, 9^ 0 hence w^_i = 0, etc.

LEMMA 3.3. — If v e W^ ^ ® F and 3 is the center of the universal enveloping algebra
of 9 then dim ^.v < oo.
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Proo/. - By Lemma 3.1 there exist Xi, ..., X^ e n^-, X, ^ 0 so that X\1 . . . X^,
y e w^ ® F- set M = X^ ... X^. Then

M : 3.u-^3M.vcW^.x®F.

By lemma 3.2, dim 3 u.v = dim 3.r. Thus it is enough to prove the result for s = to.
But ^0,31is a Verma module relative to -to P hence W,^ ® F has a finite composition
series by Verma modules. Hence the result is true for W^ ® F and therefore for
W,^ ® F for any s e W^.

Let for Xel)*, ^ be the infinitesimal character of the g-Verma module M^0'^2^
with highest weight to (X+2 pj^) relative to -ro P.

LEMMA 3.4. - Let i;i, ..., ̂  A^ ̂  distinct weights ofF. Let for % : 3 ~> C a Aowo-
morphism

(Wp^ ®F) = {i^eWp^ ®F| ̂ re 15 fe > 0, feeZ so f^r (2-7(2))^ = 0/or 263}.

Then Wp^ ® F = ̂  (Wp^ ® F)^^.

Proo/. - It is enough to prove the statement for W^ ^ ® F. The argument of
Lemma 3.3 reduces this to proving the result for W^ ® F. To prove the result for
W^ ® F we note that Lemma 7.6.14 of Dixmier [2] implies

W^, ®F = M, => M,_i ̂  . . . =3 Mi :D Mo = (0)

with M» a 9-submodule and M,/M(_I is g-isomorphic with M^*^4'2^4'^ here the weights
of F are ^i, ..., ̂  counting multiplicity in a prescribed order. But now the result follows
for W,^ ® F.

Q. E. D.

LEMMA 3.5. - Let ^ e I)* ^ ^-dominant (that is < X, a > ^ 0, a e P). If seW (y)
fl^rf .y X ^ P-dominant then s ' k == K.

Proof. — Let a^, ..., a, be the simple roots in P. Let Xi, ..., Xj in t)* be defined
by 2<^ , a , > / < a y , a, > = 8y. The hypotheses imply that X = ^ r; X,, r ,eR,
r< ^ 0. Now

i
s^ = Xf-Q.^, Q^, = ^ n^^j^j, n,.^yeZ, n,̂ . ̂  0.

Hence
<

S ' k = K - ^ ri^s^^j=^-T.mjaJ'f

Set X — ^ X = M. Then since ^» = ^ ry, ay, .̂, ^ 0 we see

<X, ^> = (SK+U, S^+M> = <5X, SX>+2<SX, M>+<M, M>.

Since s X is P-dominant < s ^-, M > ^ 0. But < ^ ^, ^ ^ > = < X, X >. Hence

< 5 ^ , M > = < M , M > = 0 .

But then M = 0. Q. g. D.
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The following result (and its corollary) are useful in the problem of imbedding discrete
series into (non-unitary) principal series.

THEOREM 3 . 6 . — Let 'k e t)* be P^-dominant integral and suppose that X + pj^ — pn is P-domi-
nant and regular (that is <( ?i+ pj^— ?„, a ^ > 0 for a e P). Let F be the finite dimensional
irreducible representation ofQ with the highest weight \i relative to P. Then (Wp^ ® F)xK+
is c^-isomorphic mth Wp^+ .

Proof. — As we have observed in the proof of Lemma 3 .4 :

W,^ ®F = M, =D M,.i =D . . . =3 M^ Mo = (0)

with M,/M,_i = ]^o.(^i+2pk) and ^i, . . . , ^ are the weights of F in a "certain order".
Let us describe the order. It is any labeling of the ̂  so that if IQ ^j = to ̂  — IQ Q, Q 7^ 0
(Q a sum of not necessarily distinct elements of P) then ; > j. Hence

^-d _ ^o0+n+2pfc)
M,-i

(1) If ^+^ = X?t+n t^n ^ = ^i. Indeed if .̂̂  = ^+^ then there is seW (A)
so that

sOo(5i+p+2pfc)-foP)=^(^+^+2pfe)-^P.
That is

foS~ lfo(^+Pfc-Pn)+^S- l^==^+Pfc--P„+^l.

If II = { 04, ..., a^ } are the simple roots injP. Then
i

foS~ l^(^+Pfc-Pn)=^+Pfc-P„- ̂  ̂ ^
i=l

r, ^ 0, r^ e R (^^ the proof of Lemma 3.5).
i

toS~lto^i= H- E ̂ »a,, m^O, m,eZ
1=1

(?o •y"1 ^o ^i ls a weight of F).
i

But then ^ (^+w»)a, = 0. This implies r^m^ = 0. Since r, ^ 0, w; ^ 0 we
1=1

see r; = 0 and w, = 0. Thus

^"^o^+Pfc-P^^+Pk-Pn-

But ^ + p f e — p n is P-dominant and regular. Hence ^ = 1 . Since IQ s~1 to ̂  = n.
This proves (1).

Using (1) it is easy to see that
0\ (W (9) F^ = M^0'^4'^4'2^ — WW Y^to ,^ Q9 r^+^ ~ 1VA ~ ^ro .^+M*
Let P : W^ ^ (g) F—>(W^^ ® F)^^ be the corresponding projection.
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Let 3fc be the center of the universal enveloping algebra of I. Let for ^ e I)*, T|̂  be the
infinitesimal character of V\ the f-Verma module with highest ^weight X relative to P^.

U(i)u ,̂ ®F = V, =3 V,_i =>.. .V^ Vo = (0)

with V,/Vf_i = V^-^2^ (^, ..., ̂  ordered as above). Arguing as above we find

(3) (U(I) w,^ (x) F)^ = V^^2^.

(4) P,(V,-0=0.
First of all we show P^ Vi = 0. Indeed if P^ Vi ^ 0 then P^ (W,̂  ® F) must have the
weight ^o(^+^i+2pjt) with positive multiplicity. Since ^ ^ p., ^ = p,-5, 8 a sum
of elements of P. Hence

^+^i+2pfc)=^+H+2p,)-fo8.j

But every weight of M'0^^2^ is of the form to d+^+2 p^+^o 8', 8' a sum of posi-
tive roots. Hence P^Vi = 0. Suppose P^V, = 0, and ; ̂  rf-2. Then, arguing as
above, we find P^V,+i = 0. This proves (4).

We note that P^ (U (I) w^ , ® F) ^ 0 since P^ (W,,,, 0 F) = U (9). P^ (U (1) w^ , ® F).
We therefore have

(5) P^ (U (1)̂ , ® F) = V^0^4-^2^.
We extend P^ to W^^ ® F by noting that

W^®F=(W^®F)^+ I; (Wi.,®F),
X5^X^+n

(6) If w e (W^, ® F)^^ then ZM; = ̂  (z) u? for all z e 3.
This follows since there exist Xi, . . . , X, e n^, X, + 0 so that if u = Xi . . . X^ then

"•^^o^®17- Hence in u•we(^ta^ ® F)x,^- But then z .u .w = ^+^(z)M.w,
ze3. Hence M.(z-^+^. (z)) w = 0. This implies z.w = ^+^ (z) M;»

(7) P^(U(^)W,^®F)=V5<x +^•+ p k)-^. To prove this we note that if ^ ^ ̂ ^
then P^ ((U (t) w,^ ® F\) = 0. Indeed if v e (U (I) w,^ ® F)^ then there are
Xi . . . , X^ e Hfe- - { 0 } so that if Xi ... X^ = M then u.v e (U (1) w,^ ® F\. But
T| 9^ T|^+^ Hence P^ (M.I;) = 0. Hence P^ i? = 0.

Since P^ (W,,, ® F) = U (9) P^ (U (1) w,^ ® F) we see P^ (U (A;) w^, ® F) ^ 0.
Hence (7). Using these observations we see that if Z, = P^ (W^ ® F).

(8) Z,, .y e Wfc satisfy (1)-(5) of Theorem 2.6.

Let s : Wi^ ̂  Wp^ be the natural projection. Then (e ® I) (W^ ^ ® F) = Wp „ ® F.
Hence (c ® I) (Z^) = (Wp,, ® F),,̂ . But

Kei(e®I)| =(EW^,®F)nZi= ^ Z,.
Zi s<l s<l
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Hence Z^/^ Z, is 9-isomorphic with (Wp ^ ® F)^^. Theorem 2.6 now implies our
S<1

theorem.
Q. E. D.

COROLLARY 3.7. — Let the hypotheses be as in Theorem 3.6. Let Dp , be the non-zero
irreducible quotient of Wp ,. TT î (Dp , (x) F)^^ •= Dp^+^.

Proo/. - Let Horn; (U (9), V,) denote the space of all / : U (9) -> V,, such that
^(kg) = k. (/^)), k e U (i), g e U (9). Define fe./) (x) = /(^), g e U (9), x e U (9)
Then Hom^ (U (9), V,) is a 9-module.

Let A : Wp^ -> V, be a non-zero I-module homomorphism. We note that since
m^ (K) = 1, A is unique up to scalar multiple. Let

Y ^ P . X : Wp,,-.Hom,(U(9),V,)

be defined as follows: \^ (w) (g) = A(g.w). Clearly \|/p^ (Wp^) c: Homi(U(9),VO
If ;ceU (9) then

^p, x (^ • ̂ ) fe) = A (gx. w) = v|/p^ (w) (gx) = (x. \|/p^ (w)) (g).

Hence \|/p ^ : Wp ^ -» Hom^ (U (9), V,) is a 9-module homomorphism.
(1) Let Qp ^ c: Wp ^ be the 9-module so that Wp^/Qp^ = Dp ^. Then ker v|/p^ = Qp^.
In fact, let T| : Wp ^ -> Dp ^ be the 9-module projection. Let A : Dp ^ -> V^ be a non-

zero I-module homomorphism (again A is unique up to scalar multiple and A exists).
By the above observations about A, A = c A o n, c i=- 0. (1) is now clear.

Let now
h : Horn, (U (9), V,) ® F -^ Horn, (U (9), V, ® F)

be defined by h (/® v) (g) = (5 ® I) (g. (/® v)), where 5 (/)=/(!). Then h is
clearly a 9-module homomorphism.

(2) h is injective.
Let v^ ..., Vd be a basis of F. Suppose h (^f, (g) v,) =0. If /z (^/, ® v,) == 0

then clearly h (^/, ® i;,) (1) = ^/, (1) ® ^ = 0. Thus /, (1) = 0, i = 1, . . . , d. Let
IF (9) <= UJ+1(9) be the standard filtration of U(9). Suppose that we have shown
that /, (g) = 0 for g e IF (9). If g e U^1 (9) then

0=h(E/.®^)(g)=Z/.(g)®^
i

by the inductive hypothesis. Thus /, (g) = 0, i = 1, ..., d. (2) is now proved.
Now (V^®F)^^V^+p. Let Q be the projection of V^ ® F into V^ Set

v)/ = /z o (x|/p , ® I). Define for /e Hom^ (U (9), V, ® F), (Q/) (g) = Q (/fe)). Then
Q o vl/ : Wp,, ® F -> Homi (U (9), V^)

Now Wp^ ® F = Wp^+^ © H, H a 9-submodule with (H)^^ = 0
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(3) ((I-Q)°v|/) (Wp^+j) = 0. Indeed, Wp^+j contains only I-types of the
form V^+^+g, 8 a sum of elements of P. On the other hand (I—Q) (V^ ® F) contains
only t-types of the form V^+^g,, 8' a non zero sum elements of P.

(3) Implies that v|/ (Wp.,^ = Q (x|/ (Wp^J)). Now \w ̂  (Q o v|,) (u;) (l) maps Wp,,^
to V^. Hence (1) impUes \|/ (Wp^+^ = Dp^+^. Now

^(Wp., ®F) = A°(vl/p^ ®I)(Wp.,®F) = A(Dp^ ®F).
Thus

(Dp,, ®F)^ = vK(Wp., ®F)^ = Dp,^,.
Q. E. D.

Actually Theorem 3.6 is not especially useful in applications to the realization of dis-
crete series. We actually need.

THEOREM 3.8. — Suppose that K is P^-dominant integral. Let p, be P-dominant integral
and let F be the irreducible (^-module with lowest weight — |A. Then:

(1) Wp^+^ ® F contains the l-submodule V^ with multiplicity 1.
(2) There is a surjective ^-module homomorphism of Wp ^ onto the cyclic space for

V, c= Wp^, ® F.
Proof. — We note that—^o I1 ls Ae highest weight of F relative to—/o P- Hence the

highest weight of W ^ ^ + ^ ® F relative to—toP is ^0(^+2?^). Further more, this
weight space is one dimensional. Let VQ be a non-zero element of the IQ (X+2 p^) weight
space of W^.^ ® F.

It is easily proved that V^+^ ® F contains the I-type V^ withjmultiplicity 1 and that
every I-type of V^+^ ® F is of the form V^+Q with Q a sum of elements of P. Also,
if ^ 7^ X+p- and if Vp occurs in Wp^+^ then every I-type in V^ ® F is of the form V^+Q,
Q ^ 0, Q a sum of elements of P. This proves (1).

Let v be a non-zero highest weight vector for V^ c: Wp^+^ ® F. Let

^eWi.^OF

be so that h.Vy, = K(h) v^ h e I), n^ .v^ = 0 and if e : W^ ^+^ ̂  Wp^+^ is the natural
map the e(^i) = v (this is possible by lemma 2.5). Let seWj^ and suppose

Yl Y2 Yl _
1 —> 5^ —> 5^ S^ ^-. . . —> 5^ . . . S^ = S,

with Y, simple in P^. Let X; e 9-^,— { 0 }. Set

^——^Yi-l——U^+Pfc)^)

< Y ^ Y » >

Let Vs = X^1 ... X^ i;i. Then t;, e W^ ,,+^ ® F. Furthermore

A.I;, = (5(l+pfe)-pfe)(70^ and n^ .v, = 0.

In particular, v^ e C VQ.

4' SERIE — TOME 9 — 1976 — N° 1



ON THE ENRIGHT-VARADARAJAN MODULES 97

Set Z, = U (9) v^ Then { Z^ },g^ satisfies the conditions of theorem 2.6. Clearly,
(e ® I) (Z^) is the cyclic space for V^ in Wp^+^ ® F. Furthermore,

Ker(8®I)|z^SZ,.
P^> y ^<i

Thus theorem 2.6 implies that (s ® I) |zi induces a g-module surjection of Wp ̂  onto
(e ® I) (ZO.

Q. E. D.

COROLLARY 3.9. — Z^ ^. p and F 6^ or w theorem 3.8. Then Dp^+^ ® F
contains Dp ^ as a subquotient.

Proof, - Let T| : Wp^+^ -> Dp^^ be the natural map. Then (11 ® I) (V^) ^ (0)
with V^ c: Wp ^+ ® F as in (1) of theorem 3.8. Using the notation of the proof of
theorem 3.8 we see that U = ('n ® I) (e ® I) (ZQ + (0).

Since U is a non-zero homomorphic image of Wp^. U has Dp ^ as a quotient.

Q. E. D.

CONJECTURE 3.10. — If \ is Pfc-dominant integral and if ^ + Pk — Pn is P-dominant
then Wp ̂  is irreducible.

We look at the special case that there is a parabolic p of g, p = I © r = I © ^ ^.
aePn

Under these hypotheses we have

LEMMA 3.11. - If 2 < ?i+pk-pn, P >/ < P, P > ^ -1, -2, ... /or any peP»
^w Wp ^ is irreducible,

Proof. — In this case the simple roots of Pj, are actually simple in P. Thus it is not hard
to show that W^ = M5^4-^-^ = M^-^4-^" and hence W p ^ = U ( g ) ® V,

U(p)

(p the opposite parabolic to p), where V^ is made into a p-module by taking x V^ = 0, x e r.
If Wp ^ is reducible then there is M c Wp^ a submodule. Let M be the inverse image

of M in Wi^. If M = W^ then M = Wp^. Now the weights ofM are bounded
above relative to -to P. Using 7.6.23 Dixmier [2] there is 0 ^veM so that
?+ . v = 0, h. v = \i (h) v (?4" = ^ (^) and |̂  is P^-dominant integral. Since M •=/=• W^,

a e — to P
1̂  < X relative to -^o P. Now arguing as usual d^ (\i) v e W^^. If d^ (p) v e C w^
then v e C w^. But M ^ M. Hence ̂  (^i) v i C w^. Now the Bernstein, Gelfand,
Gelfand theorem (see Dixmier [2], Chapter 7) implies there is pe-^P so that

2«o^P> ^

<P,P>
IfpePfcthen

2<foX-p ,P>^^

<M>
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Thus Pe-roP^. But P = -?oP', P 'ePn- Hence

^2QoX-p, ̂ pp^ _ 20-fop, p->

<P',P'> <P',P'>
Now

-^oP=-Pn+Pfc.

We therefore have a contradiction, that implies the lemma.
Q. E. D.

4. Applications to the discrete series

Let G be a simply connected, complex semi-simple Lie group with Lie algebra 9.
^t go c 9 be a real form. Let Go <= G be the connected subgroup with Lie algebra go-
Let go = ^o © Io toe a Cartan decomposition of go- Let I be the complexification of Io.
We assume that there is a Cartan subalgebra of 9, t), t) c f.

Let A be the root system of (9,1)) and let A^ be the roots of (I, I)), A^ c A. Set A^ = A - Aj^.
Let A e t)* be integral that is 2 < A, a >/< a, a > e Z, a e A and regular « A, a > ̂  0
for a e A). Fix P <= A the system of positive roots for A so that < A, a > > for a e P.

Let Ho = exp (1) n go)? HI» • • . , H^ be a complete set of non-conjugate Cartan sub-
groups of Go. Let

det (Ad (x) - (K +1) I) = ̂  D, (x) + ̂  V D, (x).
j > ^

Set D(x)=D,00. Let Go = { xe Go | D, (x) ^ 0 }. Let H; = Go n H,. Then
Go = (J^C^)^. ^(g)x = g(S)g~1. Let for each f, 1), be the complexified

f=0

Lie algebra of H;. Let c, : l)o -> I),, c, e Ad (G). Then c, is uniquely determined up
to multiplication by an element of the Weyl group of t). on the left (equivalently up to
multiplication on the right by an element of the Weyl group of t)o = t)). Let 3 be the
center of U (9). Then to A there is associated a homomorphism in ^ : 3 -> C (denoted
y^ in Warner [15], Section 10.1).

We recall the following theorem of Harish-Chandra [6] (see also Warner [15], p. 391.
Theorem 10.1.1.1, p. 407, Theorem 10.2.4.1).

THEOREM 4 . 1 . — There exists one and only one central eigendistribution 9^ on Go so that
Wz^=^(z)Q^.
(2) sup \D(x)\l/2\^(x)\ < oo.

xeG'o

(3) 9^ = A^ ^ det (s) e^ on HQ \_here A^ = ep Y[ (1 -e-^ = ^ det (s) 6^].
seWk aeP seW(A)

Also there exists n^ an irreducible square integrable representation of Go with
character (-I^GO/KO)^ g^ ^ ^ defined as above exhaust the irreducible square
integrable representations of Go.
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Fix for each ^, P; a system of positive roots for 1);, Po = P. Let for X : 3 -^ C
a homomorphism A,et)* be defined by ^ == XA,' where XAi+p< the infinitessimal
character of the Verma module with highest weight A( relative to P, (p, = (1/2) ^ a).

aePi
A^ is determined up to an element of the Weyl group of W (A^).

THEOREM 4.2 (Harish-Chandra, see Warner [15], p. 136, Theorem 8.3.3.3). - Let T
be a central eigen-distribution on Go with z.T = ^ (z) T for z e 3. Let F-r 6^ rt^ locally
summable function on Go that gives T. Let X == XA, » ? == 0, 1, . . . , fc. Let heH[.
Then there is a neighborhood U^ of 0 in t)^ n go ^^ polynomial functions psW,
s e W (A,) w ̂  ?/ H e U^,, then

F^expH^lD^expH)!-172 S ^(H)^^^).
seW(A()

If A( f5' regular then py (H) ^ a scalar. Here ^ f^ ̂  character of the complexified
Carton corresponding to t);.

THEOREM 4.3 (Harish-Chandra [6]). - Let F^ be the locally integrable function on Go
that gives 9^. 77^ in the expression of Theorem 4.2 the constants ps = ps (0) depend
only on P = { a € A'] < A, a > > 0 } if A^'AVcr1.

THEOREM 4.4 (Schmid [12], Enright, Varadarajan [4]). — There is a constant Cp > 0
so that if < A, a > > Cp for all a e P and if A is integral then Dp ̂ +p^-^is equivalent
with n^.

Let now A e I)* be regular and dominant integral relative to P. Let |A e I)* be domi-
nant integral relative to P so that A+p. satisfies the hypothesis of Theorem 4.4. Let T|
be the character of the irreducible finite dimensional representation, F, of G with
lowest weight —p. Then Corollary 3.9 implies that ( ^ A + P ® ^ ) X A contains
Dp ^+p^_p^ as a subquotient. But now the character of TC^+^ ® F is T|G^+^.
T| = ^ m^ ̂ , n (F) the weights of F. Let now h e H^. Let ps be as above

^(F)
(ps independent of A). Then

O^.^exp^^lD^expH)!-172 ^ ^^^^(A.+^W.
seW(A»)

Thus

Ol9^)(^expH)
=|D(hexpH)|-1/2 S m, S P^^^-^^^^^W.^^,,,^,

yeni(F) seW(Ai)
u

Tif (F) the weights of F on I),. Now 9^+^ = 9+T with z.9 = 7^ (z) 9, T = ^ T; with

(z-^, (z))1 T, = 0, i = 1, . . . , M, z e 3, %, + ̂ . Now y e 71, (F) is of the form -|^+§,
§ a sum of elements of P,. Hence of the form —5'|i,+5'8, 5'eW (A;) and 5 as above.

Using the arguments of the proof of Theorem 3.8 we find

9(AexpH) = iD^expH))-172 ^ ^^^^^^^^W^^^^^h).
Y e m (F) s 6 W (A<)

s(Ai+nO+Y=s'(Af)
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But now y = —s ^i+s 8 as above if s(^+[ii)—s ^-^-s 5 = s ' A, then s (A,+8) = ^' A,.
Hence s~1 s ' A; = A,+8. But A, is P,-dominant integral thus 8 = 0 and s~1 s ' A, = A,.
But A, is regular hence s = s\ We therefore have

9 (h exp H) = | D (h exp H) | -1/2 ^ p, e5^ w ̂  (h).
S€W(A()

But then 9 = 9^. We have proved

THEOREM 4.5. — If A e I)* is integral and regular and ;/ P == { aeA | < A, a > > 0 }
then Dp ^+p _p is infinitesimally equivalent with n^.

The preceeding argument to prove Theorem 4.5 is due to Zuckerman. It has also
been used by W. Schmid in the course of his proof of Blattner's conjecture.

We note that Corollary 3.7 now says how discrete series tensored with finite dimensional
representations decompose. This result has been proved by Hecht and Schmid by diffe-
rent methods.

5. Application to the realization of the discrete series

We retain the notation of Section 4. In Hotta [16] a realization of "most" of the
discrete series for Go is given as follows. Let X e t)* be regular and integral.

Let P be the system of positive roots for A so that < X,, a > > 0, a e P. Let T^ be
the representation of Go on the space §^, of all /: Go -> V^+p_2p^ so that

(i) f(gk) =k-1 .f(g) for k e Ko, g e Go.

(ii) f \f(g)\2dg<^.
JGo

W \JW\ ag < oo.
JGo

(iii) Q / = « ? i , X > - < p , p » / .
Q the Casimir operator for 90- T\ 00/(x) =/fe~1 x)'

We prove

THEOREM 5.1. — Let K e 1)* be regular and integral and let (T^, §^) be defined as above.
Then T^ is irreducible and has character 9^.

Proof. — The Plancherel theorem for Go implies that (T^, § )̂ is a finite sum of discrete
series representations (c/. Hotta [16]). Frobenus reciprocity for multiplicites of
discrete series in representations induced from Ko to Go is true. Hence T^ = ̂  w, n^
with w, less than or equal to the multiplicity of \\+p_^ in TT^. ^ ca^|̂ e t^ien I\-
dominant.

Hence if m^ -^ 0 and s e W is such that s P =) P^ and X-, = s n, n, P-dominant integral,
then since V^+p.^p^ appears in n^ we must have X + p — 2 p ^ = = . y H + 5 ' p — 2 p f c + . s ' Q ,
Q a sum of elements of P. But then ^+p = 5'(ji+p+Q).

Now the action of the Casimir operator Q [(iii) above] implies < H, \i > = < X, K >.
Hence

<5(|Li+p+Q)-p, 50i+p+Q)-p> = <^i, H>.
But then

<^+p-5 - lp+Q,^+p-s"" lp+Q>=<^l,^l>.
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This implies that

0=2<^i, p-s-'p+C^^^p-s-'p+Q, p-s-'p+Q).

Now p - s ~ 1 p is a sum of elements of P. Since \x is P-dominant integral and regular
this implies that p — s ~ 1 p+Q = 0. But then p = •s'"1 p and Q = 0. Hence s = 1
and X, = X. To complete the proof we need only show that ̂  ^ 0.

Let (TT^, H) be a realization of n^. Let P : -> HV^+p.^ be a Ko-intertwining
operator. Let c e H be Ko-finite and define f^(g) = P(^(g)~1 tQ. Then /„ satisfies
(i) and (ii).

Q/ ,=X_p^p(Q)/ ,=«^>-<p,p»/ , by the results of Section 4. Hence
if i; ^0, /,e§,.

Q. E. D.
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