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We consider the gradient flow of a one-homogeneous functional, whose dual involves the
derivative of a constrained scalar function. We show in this case that the gradient flow is
related to a weak, generalized formulation of a Hele-Shaw flow. The equivalence follows
from a variational representation, which is a variant of well-known variational represen-
tations for the Hele-Shaw problem. As a consequence we get existence and uniqueness
of a weak solution to the Hele-Shaw flow. We also obtain an explicit representation for
the Total Variation flow in dimension 1, and easily deduce basic qualitative properties,

concerning in particular the “staircasing effect”.
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1. Introduction

This paper deals with the L2-gradient flow of the functional
:/ |dw|dz, ke{0,...,N—1}
A
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defined on differential forms w € L2(A4, QF(RY)), where A C R¥ is an open set. We
will focus on the particular case k = N —1: in that case, the dual variable is a scalar
and this yields very particular properties of the functional J, and the associated
flow.

Notice that, when k& = 0, the functional .Jy reduces to the usual total variation.
When k = N — 1 we can identify by duality w € L?(A, QV1(RY)) with a vector
field u € L2(A,RY), so that Jx_; is equivalent to the functional

D(u) ::/A|divu|da: (1.1)

that is, the total mass of divu as a measure.

The gradient flow of D has interesting properties: we show in particular that
it is equivalent to a constrained variational problem for a function w such that
Aw = div u. Moreover, under some regularity assumption on the initial datum uy,
such a variational problem allows to define a weak formulation of the Hele-Shaw
flow [11, 13] (see also [15] for a viscosity formulation). Therefore, it turns out that
the flow of (1.1) provides a (unique) global weak solution to the Hele-Shaw flow,
for a suitable initial datum wug. But our formulation allows us to consider quite
general initial data wug, for which for instance divwug may change sign, or be a
measure.

The plan of the paper is the following: in Sec. 2 we introduce the general func-
tional we are interested in, we write the Euler—Lagrange equation for its Moreau—
Yosida approximation and, in Sec. 2.1, we express it in a dual form that will be the
base of our analysis.

In Sec. 3, we focus on the case k = N — 1 which is analyzed in this paper. We
show many interesting properties of the flow: comparison, equivalence with a weak
Hele-Shaw flow if the initial datum is smooth enough, and qualitative behavior
when the initial datum is not smooth. In Sec. 4.1, we observe that, in dimension 2,
the case k = N — 1 also covers the flow of the L'-norm of the curl of a vector field,
which appears as a particular limit of the Ginzburg—Landau model (see [4, 20] and
references therein).

Another interesting consequence of our analysis is that it yields simple but
original qualitative results on the solutions of the Total Variation flow in dimension 1
(see also [5, 7]). We show in Sec. 4.2 that the denoising of a noisy signal with this
approach will, in general, almost surely produce a solution which is “flat” on a
dense set. This undesirable artifact is the well-known “staircasing” effect of the
Total Variation regularization and is the main drawback of this approach for signal
or image reconstruction.

2. Gradient Flow

Given an initial datum wy € L?(A4, QF(RY)), the general theory of [8] guarantees the
existence of a global weak solution w € L2([0, +-00), L2(A, Q¥(RY))) of the gradient
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flow equation of Jj:
wr € —0Ji(w), tE€0,+00), (2.1)

where 0J; denotes the subgradient of the convex functional Ji. Given € > 0 and
f € L%(A,QF(RY)), we consider the minimum problem

#@0+[¥%W—fﬁm. (2.2)

min
w: A= QF(RN)
The Euler-Lagrange equation corresponding to (2.2) is

f—w
€

S 8Jk(w),

that is there exists a (k + 1)-form v with |v| = 1 such that v = dw/|dw]| if dw # 0,
and

f—w

e

=d*v inA and (xv)r =0 on JA. (2.3)

2.1. Dual formulation

Equation (2.3) is equivalent to

w € 0Ty (f_Tw> (2.4)
where
* 0 ifnll =1,
Ji(n) == sup /n-wdx—Jk(w): '
w: A=RN JA +00 otherwise
and
Inl- =sup{/ b e i (w) < 1},
A
Note that

Qmm+ﬁwz/wmm
A

for all w,n. The equality holds if and only if fA n-wdr = Ji(w), and in such case
we have ||n|. < 1.
Letting w be a minimizer of (2.2) and n = (f —u)/e we get from (2.4)

fol,n
n—Z+ 205530 (2.5)

which shows that 7 is the unique minimizer of

e .
T = - min n
2 H’IH*Sl/A

2 2

- dx. (2.6)

f
n—=<
€

. « 3
min J(n) + = /
n 2 A
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This corresponds to the dual problem of (2.2), which can be interpreted as the L2-
projection of f on the convex set {||n]|. < €}. In particular, we deduce the following
(see also [17] for the same result in the case of the Total Variation).

Proposition 2.1. The function uw = 0 is a minimizer of (2.2) if and only if
e > eoi=||f (2.7)

Note that |||l < co implies that

/nsz
A

for all w such that dw = 0. By Hodge decomposition, this implies that n = d*g for
some (k + 1)-form g, with gy = 0 on JA. Tt follows that

Il = sup /&ywm
fA [dw|<1JA

= sup /godwdx—ﬁ—/ WwA*gy = sup /godwdm. (2.8)
[y ldwj<1/A aA [y ldwj<1/a
We then get
[l = inf lgllee(a:orr@yy)- (2.9)
d%g=n
gnloa=0

Indeed, it is immediate to show the < inequality. On the other hand, by Hahn—
Banach theorem, there exists a form g’ € L>(A; Q¥ (RY)), with d*¢’ = d*g =n
(in the distributional sense) such that

MW=Sw‘Aywwzsw‘A¢¢W=Whmmwww

[ ldw|<1 [a i<t
Fix now ¢ such that d*¢g = 7. We can write g = ¢o + d*1, so that (2.9) becomes
= min +d* o (A)- 2.10
(Il b (G0t 1 =0 [P0 V|l Lo (a) (2.10)

The Euler-Lagrange equation of (2.10) is a kind of generalization of the infinity
Laplacian equation

doo (o + d* ) = 0.
Indeed when k = N — 2, by duality problem (2.10) becomes
)||V¢+¢o||L°°(A), (2.11)

Iqin
YEW, ™ (A

whose corresponding Euler-Lagrange equation is

(V29 + Vo) (VY + o), (V) + ¢0)) = 0, (2.12)

which is a nonhomogeneous oo-Laplacian equation.
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3. The Case k=N —1

In this case, we recall that we are considering the gradient flow of the func-
tional (1.1), which is defined, for any u € L, (4;RY), as follows:

D(u) = Sup{/A —uVudziv € C2(A), |o(@)| <1 V¥z € A}. (3.1)

This is finite if and only if the distribution divu is a bounded Radon measure
in A. We now see it as a (convex, ls.c., with values in [0,4o00]) functional over
the Hilbert space L?(A;RY): it is then clear from (3.1) that it is the support
function of

K ={-Vov:ve€ H}(A;[-1,1])}

and in particular p € 9D(u), the subgradient of D at w, if and only if p € K and
Jup-ude=D(u) = [, |divul:

0D(u) = { Vv:v € Hy(A;[-1,1]) / —Vu - udx—/ |d1vu|}
We can define, for u € dom D, the Radon—Nikodym density

divu T fB(x,p) divu

9 ivu =TT - T EE)
divu(T) |div u] T fB(x ») |div u]

which exists |divul-a.e. (we consider that it is defined only when the limit exists
and is in {—1,1}), and is such that divu = 6qiy |div u|. We can also introduce the
Borel sets

EF={r € A:bgyu(z) = +1}.
Then, we have the following lemma.

Lemma 3.1.

OD(u) = {~Vv:v € H}(A;[-1,1]),v = £1 |divul-a.e. on EE}.

Proof. Consider v € H}(A;[—1,1]). Then we know [1] that it is the limit of smooth
functions v, € C(A4;[—1,1]) with compact support which converge to v quasi-
everywhere (that is, up to a set of H'-capacity zero).

We recall that when u € L%(A;RY), the measure divu € H~1(A) must vanish
on sets of H!-capacity 0 [1, §7.6.1]: it follows that v,, — v |divul|-a.e. in A. Hence,
by Lebesgue’s convergence theorem,

/Vv x)dr = lUm [ v,(2)0diy o ()]|divul(z) z/v(a:)divu(x).
A A

n—oo

It easily follows that if v = £1 |divu|-a.e. on £F, —Vv € 9D(u), and conversely.
O
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We now define, provided u € dom 9D (i.e. 9D(u) # 0),

09D (u) = argmin{ /A p|? da:p € 8D(u)}:

it corresponds to the element p = —Vov € 9D(u) of minimal L?norm. Using
Lemma 3.1, equivalently, v is the function which minimizes [ A |Vo|? dor among all
v € H}A) with v > Xe+ and v < —xg-, |div u|-a.e.: in particular, we deduce that

it is harmonic in A \ EFUESL.
Let us now return to the flow (2.1). In this setting, it becomes

{ut = Vv, (3.2)
u(0) = ug, .

where v satisfies |v| < 1 and

D(u)—!—/Au-Vv:O.

It is well known, in fact, that the solution of (3.2) is unique and that —Vo(t) =
9°D(u(t)) is the right-derivative of u(t) at any ¢t > 0 [8]. Given the solution
(u(t),v(t)) of (3.2), we let

¢
w(t) = / v(s) ds,
0
which takes its values in [—¢,t]. We have
u(t) = uo + Vuw(t).
Theorem 3.1. Assume uy € L?(A;RY). The function w(t) solves the following
obstacle problem

1
min{i/ luop + Vw|* do:w € Hi(A), |w| <t a.e.}. (3.3)
A

Observe that in case we additionally have divug > « > 0, this obstacle prob-
lem is well known for being an equivalent formulation of the Hele-Shaw problem,
see [11, 13].

Proof. Given ug € L?(A;RY), we can recursively define u, 1 € L*(A;RY) as the
unique solution of the minimum problem

min  D.(u,u,
wEL2(A,RN) (u,n),

where

1
D.(u,v) = D(u) + /A 2—6|u —v|? du.
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Then, there exists —Vu, 11 € 0D(u,41) such that
Upt1 — Uy — EVUL41 = 0. (3.4)

It follows that v,41 € H{(A) minimizes the functional
/ i + eV da (3.5)
A
under the constraint v € H}(A), [v| < 1. Indeed, for such a v, —Vv € K and one has

/|un+va|2de:/ tnt1 4+ V(0 = vnp1)|* dx
A A
:/ |un+1|2 dl“"/un—&-l(_vvn-i-l)dx
A A
- [t (-Voydo + [ 190 = o)
A A

2/|un+1|2dm:/ [ty + VU1 |? dr
A A

(and strictly larger if Vv # Vu,41), since fA Unt1(—VUpt1) dz = D(upy1) and
J4 tny1(=Vv) de < D(upy1) whenever —Vu € K. Equation (3.5) is the particular
form, for k = N — 1, of the dual problem (2.6).

Let now

n
Wy =€ E V.
i=1

Then from (3.4) we get
Uy = U + Vwy, (3.6)

and w,, minimizes the functional
/ lup + Vwl|? dx (3.7)
A

under the constraint |w —w,_1| < e. Notice that |w,, —w,_1| < € for all n implies
|wy| < ne. (3.8)

We now show that w, minimizes (3.7) also under the weaker constraint (3.8).
Indeed, letting w, be for each n the minimizer of (3.7) under the constraint (3.8),
we can show for all n > 1 that

Wy — € < Wy < Wp_1+e. (39)

The left-hand side is shown by adding the energy of min{w,_1,%, + €} (which
satisfies the constraint for w,_1) to the energy of max{w,_1 —e,w,} (which sat-
isfies the same constraint as ,) and checking that this is the sum of the energies
of w,—1 and of w,: by uniqueness it follows that min{w,_1,w, + ¢} = w,_1 and
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max{,_1 — &,%W,} = wWy; the proof of the right-hand side inequality in (3.9) is
identical (sec also (3.12) for a similar statement). By induction, we get w, = W,
for all n > 0.

By standard semigroup theory [8], we know that w(t) is the limit of w, as
n — 00,e — 0 and ne — t, which yields the desired result. Observe however that
we have shown, here, that

(I +e0D)" (ug) = u(ne), (3.10)

for all n > 1 and ¢ > 0, without even having to pass to the limit. O

Remark 3.1. In other words, for any initial ug € L?(A;RY), u(t) = ug + Vw(t)
is the unique minimizer of

1
/A|divu| + §|u—uo|2 dx. (3.11)

We recall that obviously, such property does not hold for general semigroups gener-
ated by the gradient flow of a convex function. It is shown in [3] to be the case for
the Total Variation flow, in any dimension, when the initial function is the charac-
teristic of a convex set. It is also obviously true for the flow of the L'-norm. It is not
true, though, for the Total Variation flow starting from an arbitrary datum (such
as the characteristics of two touching squares, see, for instance, [2]). An interest-
ing question is whether the one-homogeneity of the convex function is a necessary
condition for this behavior.

3.1. Some properties of the solution

A first observation is that ¢ — w(t) is continuous (in H}(A), strong), as follows
both from the study of the varying problems (3.3) and from the fact that the flow
u(t) = ug + Vw(t) is both continuous at zero and L?(A)-Lipschitz continuous away
from ¢ =0 (and up to ¢t = 0 if ug € dom9ID).

In fact, one can check that w is also L*°-Lipschitz continuous in time: indeed,
it follows from the comparison principle that for any s < ¢,

w(s) —t+s<w(t) <w(s)+t—s (3.12)

a.e. in A, hence ||w(t) —w(s)| L4y < [t — s|. The comparison (3.12) is obtained by
adding the energy in (3.3) of min{w(t),w(s) +t — s} (which is admissible at time
t and hence should have an energy larger than the energy of w(t)) to the energy of
max{w(t) —t+s,w(s)} (which is admissible at time s), and checking that this sum
is equal to the energy at time ¢ plus the energy at time s. This is quite standard,
see [9, 15].

In particular, we can define for any ¢ the sets

E*(t) = {w(t) =t} and E~(t) = {@(t) = —t}, (3.13)
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where w(t) is the precise representative of w(t) € H'(A), defined quasi-
everywhere by

1
w(t,z) = lim
=0 WNP

v [ witw (3.14)
B(x,p)

(wy is the volume of the unit ball). It follows from (3.12) and (3.14) that if w(¢, z) =
t, then for any s < t,z is also a point where (s, z) is well defined, and its value
is s; similarly if (¢, z) = —t then w(s,xz) = —s. Hence, the functions ¢t — E7(t),
t — E~(t) are nonincreasing.

Also, if s < t, one has from (3.12)

1
N/ w(s,y)dy —t+s
WNPTJB(x.p)

1 1
< 5 / w(t,y)dy < 5 / w(s,y)dy —s+1
WNPY JB(z,p) WNP JB(z,p)

so that if z € ET(s),

1 1
25 —t < liminf ~ / w(t,y)dy < limsup ~ / w(t,y)dy <t
=0 WNPY JB(z,p) p—0  WNP JB(x,p)

and sending s to t, we find that if x € (,_, ET(s), w(t,x) =t and z € E*(t):
hence these sets (as well as E~(+)) are left-continuous.
We define

=|JET(s) CEY(t) and E (t)=|JE" ~(t), (3.15)
s>t s>t
as well as E(t) = ET(t) U E~(t), E.(t) = E}f(t) U E (t). Then, there holds the
following lemma.

Lemma 3.2. Ifs <t, then
E-(t)CE (s) and E*(t) C ET(s),

E (t) CE. (s) and E(t)C Ef(s).

r =

Moreover, for t > 0,v(t) = £1 quasi-everywhere on EX(t) and Sj(t) C EX(t), up

to a set |divu(t)|-negligible. In particular

divu(t) L (E - (t))c >0, divu(t)L (Ef(t))° <0,

divu(t) L (Ef(t)UE - (t))°=0.
Here, for a Radon measure p and a Borel set E, pul_ E denotes the measure

defined by pul E(B) := u(E N B).

Proof of Lemma 3.2. The first two assertions, as already observed, follow
from (3.12) and the definition of Ef. We know that the solution of Eq. (3.2)
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satisfies 9;fu = —3°D(u(t)) = Vo(t) for any ¢ > 0, but the right-derivative of
u = uo + Vw(t) is nothing else as limp_,o V[w(t + h) — w(t)]/h. We easily deduce
that v(t) = limp—o[w(t + h) — w(t)]/h (which converges in H}-strong). Since when
z € Ef(t), w(t,z) =t and w(t + h,xz) =t + h for h small enough, we deduce that
v(x) = 1 on that set, in the same way v =1 on E (¢).

Observe that the Euler-Lagrange equation for (3.3) is the variational inequality

/ (o + V(b)) - (EV0 — Vawo(t)) da: > 0,

for any v € Hg(A;[—1,1]). In other words since u(t) = ug + Vw(t),

_/Au(t).v@>—/Au(t)«Vv

for any |v| < 1, and we recover that —Vw(t)/t € 0D(u(t)).

Hence (using Lemma 3.1), Sui(t) C E*(t). Now, if o € H(A;[~1,1]) with & = 41

on EF, one deduces that for any s > t,

—/ Vo - u(s)dr = D(u(s)).
A

Sending s — t, it follows
—/ Vo - u(t) de > D(u(t)),
A

hence @ € OD(u(t)). We deduce that £%

() S EX(t), invoking Lemma 3.1. O

Remark 3.2. We might find situations where |v(t)] = 1 outside of the contact
set. For instance, assume the problem is radial, divug is positive in a crown and
negative in the center. Then one may have that E1 is a crown (w should be less
than t at the center) and E~ is empty. In that case, v should be equal to one also
in the domain surrounded by the set E+.

We show now another simple comparison lemma.
Lemma 3.3. Let ug and ujy in L*(A;RY) such that
divug < divug

in H=1(A). Then for anyt > 0,w'(t) < w(t), where w'(t) and w(t) are the solutions
of the contact problem (3.3), the first with uy replaced with .

Proof. Let t > 0,e > 0, and w® be the minimizer of

1
min —/ |Vw|2da:—/ w(divug — )
A A

lw|<t 2
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which of course is unique. We now show that w® < w(t) a.e., and since w® — w’(t)
as € — 0 the thesis will follow.
We have by minimality

szdx—ﬁw(t)(divuo)

/ |V )| dm—/A(w(t)\/wE)(diV“O)’
Vw / “(divugy — )
/ [V (w(t) Aw?)|? dx—/A(w(t) Aw®)(divul — €),
where we denote w(t) V w® = max{w(t),w®} and w(t) A w® := min{w(t),w}.

Summing both inequalities we obtain
/ (w(t) V wf — w(t))divug < / (wF — w(t) A w®)(div i — £,
A A

from which it follows e [, (w® — w(t))*dx < 0, which is our claim. m|

Corollary 3.1. Under the assumptions of Lemma 3.3,
E-(t)CE " (t) and E'"(t) CET(t), (3.16)

and it follows that v'(t) < wv(t), for each t > 0.

Proof. Equation (3.16) follows at once from the inequality w'(t) < w(t)
(Lemma 3.3). We deduce, of course, that also E (t) C E', (t), and E'}F (t) C Ef(t).
Consider the function v = v/(t) A v(t) = min{v'(¢),v(t)}. As it is £1 on E’Ti(t)7
it follows from Lemmas 3.2 and 3.1 that —Vv € 9D(v/(t)). In the same way,
v =v'(t) Vu(t) = max{v'(¢),v(t)} is such that —Vv’' € 9D (u(t)). Since

/|Vv|2dx+/ |Vv’|2dx:/ |Vv(t)|2dx+/ Vo' (1) da,

either [, [Vo|[*dz < [, [Vu(t)]* dz or [, [VV'[*dx < fA |V'(t)|? do. By minimality
(as —=Vo(t) = 0°D(u(t))) it follows that v = v(t) and v' = v/(t). O

3.2. The support of the measure divu

Throughout this section we will assume that divug is a bounded Radon measure
on A.

Lemma 3.4. Let ug € L*(A;RY)NdomD,§ > 0 and u = (I + §0D) " (ug).
Then for a positive Radon measure € H—1(A), the Radon—Nikodym derivatives
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of divu and divug with respect to p satisfy (divu/p)(x) < (divue/p)(z) for p-
a.e. v € EF, and (divu/p)(x) > (divue/p)(x) for p-a.e. x € &, . In particular,
divu < divug and (divu)® < (divug)®.

Remark 3.3. It follows from the lemma that divu = 6divug L (€ U &, ) for some
weight 0(x) € [0, 1]. We can build explicit examples where 0 < 6 < 1 at some point.
Consider for instance, in dimension 1, A = (0,1) and the function ug(z) =0 if x <
1/3 and & > 2/3, and 2—3x if 1/3 < & < 2/3. Then, one shows that u(t) is given by

3t if z < !
ifx < -,
3

1 1
1-2V3t  if-<z<a(t):=-+ =,
u(t,x) = ’ 3 V8

2 —3x ifa(t) <ax<b(t):=1-

VIF6L—1 ifa>b(t)

until t = 1 — 2¢/2/3. We have divu(t) = u(t), = (1 — 2v/3t — 3t)81/3 — 3X(a(t).6(t))
for such ¢: E:[( By = {1/3} stays constant for a while (and disappears suddenly right

after t = 1 — 2/2/3), while the density of the measure divu(t) goes down mono-
tonically until it reaches zero (notice that v(t) will jump right after 1 — 21/2/3),
while E ) = (a(t), B(t)) shrinks in a continuous way, and carries the constant
continuous part of the initial divergence (—3).

Proof of Lemma 3.4. We have u = ug + Vv with —Vv € 9D(u). Let = € &
Recall that the precise representative of v is defined by

e V() dy
m IB( ,P) :

o(x) =1 =

p~>0 (,L)Np

where wy = |B(0, 1)|, and that this limit exists quasi-everywhere in A. We assume
also that v(z) = 1.
Then, for a.e. p > 0, one may write

/ divu = / w-vdH!
B(z,p) 0B(z,p)

:/ ug - vdH + 6 Vo - vdH?
0B (x,p) 0B (z,p)

= / divug + Vou-vdH'. (3.17)
B(z,p) 0B(z,p)
Now, let f(p) = (1/pN"1) JoB(a,p vdH' (which is well defined for any p). Then,
since 0(z) =1 and v < 1 a.e.,

limsup f(p) = Nwy.
p—0
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One can also show that for a.e. p > 0, f'(p) = (1/pV 1) faB(m o VU vdH?!, in fact

f is locally H! in some small interval (0, po).
Since v < 1 a.e., f(p) < Nwy a.e., so that

|
liminf/ ﬁ/ Vo -vdH! dr—hmmf/ fr
e—0 e T OB(x,r)

= lim inf f(p) = f(¢) <0

for any p. If follows that for any p small, the set I/ = {r € [0, p]: faB(x VU

vdH' < 0} has positive Lebesgue measure, and for any r € I+, we deduce
from (3.17) that [p, . divu <[5, . divue.
Now consider p a positive Radon measure: p-a.e., we know that the limits

divu . fB(x ry divu divug : fB(x ry divuo
—(z) = lim ——=+—— —(z) = lim ————
v = B ) 2 (B, 1)
exist. If moreover, as before, z € & and 0(z) = 1 (which holds p-a.e., since
€ H™(A)), we can find a subsequence ,, such that fB(m Py dive < fB(m oy div
for each n, and it follows (divu/p)(z) < (divuo/p)(x). m|

The following corollaries follow.

Corollary 3.2. Lett > s > 0; then (divu(t))* < (divu(s))®. In particular, Sf(t) -
535(5), |divu(s)|-a.e. in A.

Proof. Indeed, if t > s, then u(t) =
quasi-every x € Su (1) 1 = Odgivug)(®

+ (t — s)0D) " (u(s)). We deduce that for
(z) < (
(divu(t))™ < (divu(s)/(divu(t))*)(d

(1
) < (divu(s)/(divu(t))T)(z), and it follows
ivu(t))t < (divu(s))™. O
Corollary 3.3. We have that (divu(t))® = (divug)* as t — 0, weakly-+ in the

sense of measures. Moreover, EE C EX(0) (up to a |divug|-negligible set), and
divug L (EF(0)) > 0,divug L (E,(0)) <O0.

Proof. We know that as t — 0, u(t) — ug in L?*(A;RY), and thanks to the
boundedness of divu(t) it follows that divu(t) = divug in the sense of measures.
Now consider a subsequence (t3) such that (divu(ty))t = p, (divu(ty))” = v.
Since p — v = divug, it follows that pu > (divug)t and v > (divug)~. The reverse
inequalities follow from Lemma 3.4 and the first part of the thesis follows.

From the previous results we obtain that for each ¢, one can write

(divu(t))™ = 0 (z)(div u) .

The function 0;(x) = liminf, o fB(m ) divu(t fB(m ) (divaug)™) is well defined
on the set £ which supports the measure (dlv up)", and we find that 6;(x) < 1
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is nonincreasing in ¢. Hence there exists for all z € Sjo the limit lim;_0 0;(z) =
Sup,~( 0¢(z), and this limit must be 1 (divug) " -a.e., otherwise this would contradict
that (divu(t))™ = (divug) ™. It follows that up to a (divug)*-negligible set, £ C
Uisofz € &F :0:(x) > 0}

Now, if z € £f and 6;(z) > 0, then x € Slj'(t): indeed,

Jpap BV ult) _ (diva()*(Blz, p))  (divu(t)~(B(z.p) oo |
Tata 1@V u@] ~ ([@va()* (Ble.p) + [@va(®) (Ble.p)

(divu(t))” (B(z,p)) < (divug )(B(z,p))
= o((divug )(B(x, p))) < o((divu(t))* (B(z, p)))

(the equality is because = € &,

up?

the last inequality because 6;(x) > 0). It follows

that
+
guo < U gfj(t)
>0
and the conclusion follows from Lemma 3.2. O

3.3. The regular case

Let us now assume that divug = g € LP(A), p > 1. The obstacle problem which is
solved by w(t) can be written

min %/A|Vw(x)|2dx—/Ag(x)w(x)dx.

weH} : |lw|<t

Standard results show that w(t) € W2P(A) (see [12, Theorem 9.9]). In particu-
lar, we have that in the L? sense,

—Aw(t) = gX{jw(t)<t}
and, since u(t) = ug + Vw(t), we deduce that in this case
divu(t) = divuox g (3.18)

for any ¢ > 0. In particular, formally, we deduce from (3.2) that

div ug e _ Av(t), (3.19)
ot
and since Av(t) is the jump of the normal derivative of v(¢) on OE*(t), we find
that these sets shrink with a normal speed |Vo(t)|/|div ug|.
This can be written rigorously in the sense of distributions: (E*, E~,v) are
such that v € L'([0,T); H}(A;[-1,1])), v = £1 on E* for a.e. t and z, and for any
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¢ € C=([0,T) x A),

/dlvuo( (0,2 dm—l—/ /le'LLO (2)xEw (@ )?)¢(x t)dxdt

- /T/ Vo(t,z) - Vo(t,x) dzdt = 0. (3.20)
0Ja

We observe that the evolution equation (3.20) is reminiscent of the enthalpy for-
mulation of the one-phase Stefan problem [19].

We expect that with either the additional information that divug is a.e. non-
negative on £1 and nonpositive on £~, or that the maps E*(t) are nonincreasing,
then (3.20) characterizes the unique evolution (3.2). On the other hand, without
this additional assumption, then a time-reversed evolution will satisfy the same
weak equation, with ug replaced with —ug. With both assumptions we can actually
show the following result.

Proposition 3.1. Let ET, E~ be measurable subsets of A x [0,T], and v €
LY([0,7); Hi(A)) with [v] < 1 a.e., v = £1 a.e. on EF, and satisfying (3.20).
Assume in addition that £divug > 0 a.e. on Ei, and

Ei( t) C E%(s) for a.e. t>s. (3.21)
Then u(t,x) := )+ Vfo s,x)ds is the unique solution of (3.2).

Proof. Let w(t) = fot v(s)ds. Thanks to (3.21), we have that |w(t,x)| < t for
ae. v € A, and w(t,z) = £t for a.e. z € E*(t), for all . We can approach test
functions of the form o 4é(), ¢ € H}(A), with smooth functions and pass to the
limit to check that

/ divuggp de — divugp dx = / Vuw(t) - Vodz,
A A

B(t)

for almost all ¢ (up to a negligible set, which we can actually choose independently
of ¢, as H}(A) is separable).
If we choose ¢ — w(t,-) as the test function in this equation, we find

/Adiv uo(z)o(x) de — /Adiv up(z)w(z, t) de —/ divug(x)(od(z) — w(z,t)) dx

B(t)

:/ Vw(t,x)ngi)(m)dm—/ |Vw(t, )| dx
A A

__1 _ 2 1 2 _l 2
_ 2/A|Vw(t,x) Vo(z)| dx+2/A|V¢(x)| do 2/A|Vw(t,x)| da.

If |¢| < t, we have that —divug(x)(¢(x) —w(x,t)) > 0 for a.e. x € E(t), so that
w(t) is the minimizer of (3.3) and the thesis follows. m|

Remark 3.4. As mentioned above, it is a natural question whether assump-
tion (3.21) is necessary to prove this result. For instance, in case E* and E~ are
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closed sets in [0,7) x A with E*(¢t) N E~(¢t) = 0 for any ¢ > 0, and {divug = 0}
is a negligible set, then one can actually deduce (3.21) from (3.20). Indeed, using
localized test functions ¢(z)x[s,, one shows first that v is harmonic in A\ E(t) for
a.e. t, and then that fE(S) divugg dr — fE(t) divugg dz > 0, and (3.21) follows.

Remark 3.5. When p > N/2, we can deduce some further properties of w from the
regularity theory for the obstacle problem [9]. Indeed, letting ¥ € H}(A)NW?2P(A)
such that —AW = g, we have that @ = w— ¥ € H}(A) solves the obstacle problem

/|Vw )|? da.
—t— \Il<w<t w2

Since p > N/2, we have w(t) € C*(A), with a = 2— N/p, so that E(t) = {Jw(t)| =
t} is a closed set. In this case, v(t) can be defined as the harmonic function in
A\ E(t) with Dirichlet boundary condition v(t) = 0 on 9A and v(t) = +1 on E*(t).
Moreover, it is easy to check that —Vu(t) € 9°D(u(t)), and v(¢) is continuous out
of the singular points of 0A U JE(t).

Remark 3.6. If A = RY one can easily show by a translation argument that
ug € HY(A;RY) = u(t) € HY(4; RN) with same norm, so that the H'-norm of

+

u(t) is nonincreasing. In this case, £, is a.e.-~equivalent to the support of (div )

u(t)
and since from the equation it follows u = ug a.e. on E* (since v = +1 a.e. on
E*, so that Vv = 0 a.e., the problem being in general that this will not be true
quasi-everywhere), we deduce that divu = divug a.e. on ET U E~ = spt(divu).

4. Examples
4.1. The antiplane case in dimension 2

Let N =2 and k£ = 1. We have
J(¢) = [rot|(A) = sup{/ vVt oyive C(A;[-1, 1])}7
A

where roty = 0119 — Oo9p; and V+ = (0y, —0;). Then, we check easily that in
L?(A;R?) the functional J is the support function of the closed convex set

K ={V*tvive Hj(A[-1,1])}.

As we mentioned in Sec. 1, this functional appears as limit of the Ginzburg—Landau
model in a suitable energy regime [20].

Letting 1 = (19, —t1), we get J() = J 4 |div Y1, so that the flow can be
described as above.

Proposition 4.1. Let ug € L?*(A;R?) with rotug = g € LP(A),p > 1. Then
for t > 0 there exist nonincreasing left-continuous closed (and disjoint) sets
E*(t) C {£g > 0}, such that rotu(t) = rotuo(Xp-(yur+@)). Moreover, letting
E* = Uiso{t} x E£(t), there ezists a function v(t,z) with v = +1 a.e. on E*
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such that (ET, E~,v) are the unique closed sets and function solution of the weak
Hele-Shaw flow (3.20).

4.2. The one-dimensional Total Variation flow

Let now N = 1,k = 0: the previous analysis also provides interesting qualitative
information on the behavior of the flow of the Total Variation, in dimension 1.

We consider ug € L?((a,b)),a < b, and the flow u(t) of the total variation
J(u) = sup{fab w'dt:v € C*(a,b;[—1,1])}. Notice that in this situation, the
function w which minimizes (3.3), being in H}(a,b), is also in C/2([a,b]) with
w(a) = w(b) = 0. In particular, the sets E*(t) defined in (3.13) are closed, disjoint
sets compactly contained in (a, b).

We can state the following result.

Proposition 4.2. The function u(t) is the unique minimizer of

mmJ 2t/ lu — uo|? d. (4.1)

Moreover there exist nonincreasing, disjoint closed sets E*(t) C (a,b) such that
u(t) = ug a.e. on EFX(t),ug is nondecreasing on any interval contained in E7(t),
nonincreasing on any interval contained in E~(t), and u(t) is constant on each
connected component of (a,b)\(ET(t) U E~(t)).

If ug is smooth enough, one can also characterize the speed of the boundary
points of E*(t) in term of ug and the size of the intervals of (a,b)\ (ET(t)UE~(t)).

Proof of Proposition 4.2. The first part of the thesis is a consequence of
Remark 3.1. Then, if ug € BV(a,b), the thesis is a consequence of Lemma 3.2.
Indeed, for a.e. * on E*(t), we have d,w(t,z) = 0 and u(t,z) = ug(z) +
dpw(t,x) = ug(z). If I C ET(t) is an interval, since the measure Du(t)l I must
be non-negative, u(t) is non-decreasing on I, but as u(t) = ug a.e. on I it follows
that ug is non-decreasing on I.

If up ¢ BV(a,b), we use the fact that for all € > 0,u(¢) € BV(a,b). Then
the proposition holds for t > ¢, and we have u(t) = u(e) a.e. on ET(t),u(e) is
nondecreasing on any interval contained in E¥(f), nonincreasing on any inter-
val contained in E~(¢), and wu(t) is constant on each connected component of
(a,b)\(E*(t) U E~(t)). The sets do not depend on ¢, as they are defined as the
contact sets in (3.3). Sending then ¢ — 0 we deduce the result. O

We can deduce the following, quite interesting result — see also [18, 7, 14] for
other results on the one-dimensional Total Variation flow and in particular [18,
Proposition 4] for a similar statement.

Corollary 4.1. Let ug = o + n where @y € BV(a,b) and n is a stochastic process
(a,b) withn € L?(a,b) a.s. and such that |Dn|(I) = +o0 for any interval I C (a,b),
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almost surely. Let u(t) be the total variation flow starting from ug. Then almost
surely, at t > 0, there is “staircasing” everywhere in the interval (a,b):u(t) is
constant on each connected component of an open set A(t) which is dense in (a,b).

Remark 4.1. The property that |[Dn|(I) = +oo for any interval I, almost surely,
is satisfied for instance by the Wiener process (as its quadratic variation is positive
a.s.). For a Gaussian stationary process, it will depend on the behavior of the auto-
correlation function and can be characterized by conditions on the power spectrum
of the process, see, for instance, [6] for (nonsharp) conditions.

Proof of Corollary 4.1. We let A(t) = (a,b)\(E*(t) UE~(t)), and from the pre-
vious result we know that w(t) is constant on each connected component of A(t)
while u = ug on (a,b)\A(t). Now assume there is an interval I with I N A(t) = 0:
without loss of generality we may assume that I C E*(¢). Then ug must be non-
decreasing on I, in particular there exists I’ C I with |Dug|(I") < +o0. But this
yields that |Dn|(I') < 400, which is a.s. impossible. m|
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