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TWO NEW CLASSES OF TREES EMBEDDABLE
INTO HYPERCUBES

MOUNIRA NEKRI' AND ABDELHAFID BERRACHEDI?
Communicated by Brian Boffey

Abstract. The problem of embedding graphs into other graphs is
much studied in the graph theory. In fact, much effort has been devoted
to determining the conditions under which a graph G is a subgraph of
a graph H, having a particular structure. An important class to study
is the set of graphs which are embeddable into a hypercube. This
importance results from the remarkable properties of the hypercube
and its use in several domains, such as: the coding theory, transfer
of information, multicriteria rule, interconnection networks ... In this
paper we are interested in defining two new classes of embedding trees
into the hypercube for which the dimension is given.

1. INTRODUCTION

For a graph G, V(G) and E(G) denote the sets of vertices and edges of G
respectively. An embedding of the graph G into the graph H is an 1-1 mapping
of V(G) into V(H) that preserves adjacency of vertices. Our particular interest
concerns the case where G is a tree and H is a hypercube. A tree T is a connected
graph without circuits. A root of a tree is a particular vertex. A binary tree is a
tree with a maximum degree less than or equal to 3. A tree T is balanced if in
the 2-coloring of V(T), both color sets have the same cardinality. A hypercube

Received March 19, 2002.

1 Centre de Recherche en Information Scientifique et Technique CERIST, 3 rue des fréres
Aissou, Ben Aknoun Alger, Algeria; e-mail: m nekri@hotmail.com, mnekri@mail.cerist.dz
2 Faculté des Mathématiques, USTHB BP 32 El Alia, 16111 Bab Ezzouar, Alger, Algeria;
e-mail: abdelhafid_berrachedi@yahoo.fr

© EDP Sciences 2004



296 M. NEKRI AND A. BERRACHEDI

of dimension n (denoted by @) is the graph whose vertices are all vectors of
length n consisting of 0’s and 1’s such that two vertices are adjacent if and only if
they differ in exactly one coordinate. We note that

V(Qn)|=2" and  |B(Qn)]=n2""".

The dimension of a tree T, denoted by dim T, is the smallest n such that T is
embeddable into @,,. One of the results related to binary trees is given by Havel
and Liebl [4]: for binary tree T having 2™ vertices with n > 3, if T is balanced and
has 2 vertices of degree 3, then T is embeddable into @,,. Havel [3] and Nebeski [§]
analyze the embedding of trees D,,, #D,,, " D,, and D,, defined as follows:

Ifn=1then D = K (the complete bigraph), if n > 1 D, is the tree obtained
from two disjoint copies T and T’ of D,,_; and a new vertex v joined by one edge
to the only vertex of degree 2 of T and by another edge to the analogous vertex of
T’. Thus D,, has 2™ endvertices, one vertex of degree 2 called the root of D,, and
2™ — 2 vertices of degree 3.

#D,, is obtained from two disjoint copies of D,, such that their roots are joined
by a new edge, this edge will be referred to as the axial edge of #D,,. #D,, has
2"+2 _ 2 vertices. "D, and D,, are obtained from #D,, by inserting two new
vertices of degree 2 into the axial edge or into end-edge respectively. The trees
#D,,, "D, and D,, are embeddable into Q,,2 8]

B,, is obtained from D,_; by adding one edge to its root. B, has 2"~ ! +1
endvertices and 277! — 1 vertices of degree 3. In particular B; is the complete
bigraph K7 2. The cubical dimension of B,, is n + 1 [6].

A caterpillar is a tree with at least 3 vertices that becomes a path or single
vertex when its endvertices are all removed. Havel and Liebl [4] have proved that
any balanced caterpillar having 2™ vertices and maximum degree 3 is embeddable
into @,,. In the same way, Harrary, Lewinter and Widulski [2] provided identical
result for the caterpillar of maximum degree 4.

A star is a tree with exactly one non endvertex u. A quasistar is a star such that
its edges are subdivided. It is balanced if and only if it has just one odd ray. The
degree of a quasistar is the number of edges incident to u. A quasistar of degree k
having 2™ vertices is called k-quasistar. A double star is obtained from two stars
such that the junctions u and v are joined. A double quasistar is a subdivision
of a double star in which the edge joined u and v is not subdivided. A double
quasistar is balanced if the number of paths of odd order incident to u is equal to
the number of paths of odd order incident to v.

Let uv be an edge. We design by MD(ay, ..., a) the graph formed by the edge
uv and k (k > 1) distinct paths of orders respectively aq, ..., ar (a; is a positive
integer) where the extremities of each path are joined by an edge to u, the other
by an edge to v with a; + ... + ax = 2" — 2. MD(ay, ..., ax) is balanced if a; is even
for any 1.

Recently Kobeissi [1] has shown that quasistar and double quasistar are embed-
dable into @,,. The same Nebesky [9] has shown that any MD k balanced graph
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FiGURE 1. Complete binary tree Dg.

having 2" vertices with £k < n — 1 is embeddable into @,,. As a result: any k bal-
anced quasistar (respectively double quasistar) with 2" vertices such that k < n
(respectively k < n — 1) is embeddable into Q.

A tree T is said to be C), -valued, if the edges of T are labelled by integers from
{1,...,n} in such a way that for any path P of T there is k from {1,...,n} such
that an odd number of edges of P are assigned k [6].

Havel and Moravek [5] have used this notion in order to prove that a tree T is
embeddable into @, if and only if there is a C,, -valuation of T.

2. EMBEDDING OF TWO NEW TREES

In this section, we introduce two new trees, denoted D%k) and RD%Q) for which
the cubical dimensions are given.

2.1. FIRST TYPE OF TREE

D%k) is obtained from the complete binary tree D,, by the removal of k£ endver-
tices where k < 2™.

By removing only one vertex, the dimension of D%l) is equal to the dimension
of D,, for n > 2 as illustrated by the example given in Figure 1.

The tree Ty obtained by removing vertex 15 is not embeddable into Q4.

Proof. Let {z, No(z), Ni(z), Nao(x),....N,(2)} the decomposition of hypercube

Q. into levels from the vertex x then we have |N;(x) " ) Hence for Q4

=1
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FIGURE 2. A Cs—valuation for DéQ).

we have:

[No(2)] =1
N (2)] = 4
IN2(2)| = 6
IN3(2)| = 4
INa(2)] =1

Following to this propriety and the definition of embedding, a tree T is embeddable
into Q4 if for any x of T the decomposition of T into levels from x satisfied the
conditions cited below:

[No(z)] <1
N1 (2)] < 4
IN2(2)] <6
N3 ()] <4
INa(2)] <1

From these conditions, the tree T is not embeddable into Q4 (see Tab. 1 given in
Appendix).
Note that dim D$¥ = 3 and dim D$ = dim D{Y = 2. 0

Theorem 1. dim D,(f) =n+1forn>12<k<2™

Proof. Firstly we prove that dim D%Q) =n+1.

According to the proposition of HAVEL it is sufficient to determine a C),1-
valuation of D,(f). The proof is by induction on n. For n = 2, a Cs—valuation is
given in Figure 2. (|
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FI1GURE 3. A C),41valuation for Dg).

)

As the complete binary trees are defined inductively, it is valuable for Dg and

we can obtain Dg) from D,,_; and DT(IQ_)1 as shown in Figure 3.
If P belongs to D,,—1 then 3 k € {1,...,n+1} such that an odd number of edges
of P are assigned k because D,,_1 is Cp 11 -valued.
If P belongs to D,,—1 U ac, this tree is a B,, and then 3 k € {1,...,n+ 1} such
that an odd number of edges of P are assigned k.
If P =Py UabUacUbdU Py where Py € D!?, and Py C D,,_; then we
have the following (see Fig. 4):
— for the subpath Py : 3k € {1,...,n — 1} such that an odd number of
edges of Py are assigned kq ...(1);
— for the subpath Py :3 ko € {1,...,n+ 1} such that an odd number of edges
of P, are assigned k»...(2);
— ko # n + 1 otherwise the condition will not be satisfied for the tree B,
which is C, 1 valued...(3);
— hence from (1), (2) and (3) k may have the value n + 1.

n 1 n+1

P, —@© O O o— P,
d b a c

FIGURE 4. A subgraph of D%Q).

If P= P, Ueb U baU ac U Py where Py C D,,_5 and Py C D,,_; then we
obtain the following (see Fig. 5):

— for the subpath P1: 3 k; € {1,...,n} such that an odd number of edges
of P, are assigned ky...(1);
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— for the subpath P2 : 3 ky € {1,...,n + 1} such that an odd number of
edges of P, are assigned ks...(2);

— ko # n + 1 otherwise the condition will not be satisfied for the tree B,
which is C, 1 valued...(3);

— hence from (1), (2) and (3) k may have the value 1.

n+1 1 n+1
P, —@ @ @ @ P,

e b a C

FI1GURE 5. A subgraph of DSLQ).

Also, there exists a C),1- valuation for Dg) and consequently this tree is em-
beddable into Q41 for n > 1.
Secondly for 2 < k < 2™ we have
~ Dy_1=D® for k=27 so D, € DY for 2 < k < 27..(1);
— in other way D%k) C DSLQ) for 2 <k <2™..(2);
— from (1) and (2) we have D,,—1 C D%k) - DSLQ) then dim D,,_; < dim
DY < dim DY
— asdim DY) = dim D, ; =n+1;
- sodimDy(lk):n+1,n>2,k(2§k§2”).

2.2. THE SECOND NEW TYPE OF TREE

RD%Q) is obtained from the complete binary tree D,, by adding two edges to its
root.

Theorem 2. RDSE) is embeddable into Q42 and dim RD%Q) =n+2,n>2.
Note that dim RDY = 4.

Proof. By induction on n.
For n = 2.
A Cjy-valuation is given in Figure 6. |

A C}42- valuation of RDSLQ) can be constructed as follows, see Figure 7.
(2

n—

Remark 3. We keep the same valuation of RD

show that for any path of RDSIQ), there exists an integer k for which an odd number

of edges are assigned k.

; for the subgraphs D,,_; and

— If P belongs to the subgraph in Figure 8:
There exists an integer k € {1,...,n + 2} such that the propriety is
verified because this graph is a By, 11.
— If P belongs to the subgraph of Figure 9:
So P=P, UacUceUef or P, UbcUceUef with P;, P, € D,,_».
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FIGURE 6. A Cy-valuation of RD;Q).

Q o
n-1 n+1
n n+2

F1cURE 7. A C),42-valuation of RDg).

n+1

F1GURE 8. A subgraph of RD,(E).
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FIGURE 10. A C), 41 valuation of RDfi)l.

Note that the C,,i-valuation of RDS_)1 is defined as follows (see Fig. 10) then
only one case is posed:

If for the path P, U ac U ¢d or P, U bc U cd K = n — 1 so for the path
Py U ac U ce U ef or P,U bc U ce U ef the k£ may have the value n — 1.

Then for the path P of RD%Q) there always exists an odd number of edges
assigned k, so dim RDg) =n-+2n>2.

2.3. CONCLUSION

In this paper, we presented two types of tree that are embeddable in a hyper-
cube. The special characteristics are given and a analytical results provided.

The question we pose is how many edges can de added to the root of D,, such
that the graph obtained will be embeddable into Q427
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TABLE 1. The cardinality of levels of T;.

vertex a/level [No(@)| _[Ni(@)]_[Na(@)] [Ns(@)| [Na@)|_[Ns(@)] [No(@)]
1 1 2 4 7 0 0 0
2 1 3 5 2 3 0 0
3 1 3 4 2 4 0 0
4 1 3 2 3 2 3 0
5 1 3 2 3 2 3 0
6 1 3 2 2 2 4 0
7 1 2 3 2 2 4 0
8 1 1 1 2 3 2 3
9 1 1 1 2 3 2 3
10 1 1 1 2 3 2 3
11 1 1 1 2 3 2 1
12 1 1 2 2 2 2 4
13 1 1 2 2 2 2 4
14 1 1 1 2 3 2 4
APPENDIX

Ty is the tree obtained from D3 by removing one endvertex.
The cardinality of levels obtained from the decomposition of T; from the ver-

tex x such z € {1,2,3,...,14} is given in Table 1.
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