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CONVERGENCE OF PROX-REGULARIZATION
METHODS FOR GENERALIZED FRACTIONAL
PROGRAMMING
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Abstract. We analyze the convergence of the prox-regularization al-
gorithms introduced in [1], to solve generalized fractional programs,
without assuming that the optimal solutions set of the considered
problem is nonempty, and since the objective functions are variable
with respect to the iterations in the auxiliary problems generated by
Dinkelbach-type algorithms DT1 and DT2, we consider that the reg-
ularizing parameter is also variable. On the other hand we study the
convergence when the iterates are only n-minimizers of the auxiliary
problems. This situation is more general than the one considered in [1].
We also give some results concerning the rate of convergence of these
algorithms, and show that it is linear and some times superlinear for
some classes of functions. Illustrations by numerical examples are given
in [1].

Keywords: Generalized fractional programs, Dinkelbach-type algo-
rithms, proximal point algorithm, rate of convergence.

1. INTRODUCTION

The prox-regularization algorithms for generalized fractional programming stud-
ied in [1] are two methods based on Dinkelbach-type algorithms introduced in [2,3].
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These algorithms are for solving problems of the form

Py inf{ @)/ gi(@)} }
() int {max{fi(x)/g:(2)}
where I = {1,...,m}, m > 1, and X a nonempty, closed subset of R, and the
functions f; and g; are defined on X, continuous and satisfy g;(z) > 0 for allz € X
and ¢ € I. Next we will use the notation

F(@) = max{ fi(2)/gs(2)}

The Dinkelbach-type algorithms DT1 and DT2 [2, 3] generalize Dinkelbach algo-
rithm [4] to the case m > 1. In these algorithms, at each iteration an auxiliary
problem that has in some situations simpler structure than the original problem
is solved. The algorithms DT1 and DT2 are based on the same principle but DT2
is generally faster than DT1 (see [2,3,5]).

The algorithms DTR1 and DTR2 introduced in [1] combine the last algorithms
with the proximal point algorithm [6-9]. These algorithms are useful in some
situations and particularly when the auxiliary problems generated by DT1 and
DT2 has no solutions. On the other hand, DTR1 and DTR2 extend the proximal
point algorithm to a class of nonconvex problems, but under the assumption that
the optimal solutions set of (P) is nonempty and with a constant regularizing
parameter.

Since regularization is useful in the case of ill-conditioned problems (see for
example [10]), and since the objective functions in DT1 and DT?2 are variable with
respect to the iterations, it is natural to consider a variable regularizing parameter
in DTR1 and DTR2. In this paper we analyze the convergence of these algorithms
with a variable parameter of regularization, and without the assumption that
optimal solutions set is nonempty used in [1].

On the other hand, by refining Lemma 3.5 given in [1], we establish the con-
vergence of these algorithms under other conditions on the approximate solutions
of the intermediate problems, and that are weaker in some cases than those used
in [1]. We will also analyze the rate of convergence of these algorithms and show
that it is linear and superlinear in some cases.

2. CONVERGENCE AND RATE OF CONVERGENCE
OF ALGORITHM DTRI1

We will denote by A the optimal value of (P), and by X* its optimal solutions
set and we will assume in all what follows that:

1) there exists v > 0, such that for all z € X and i € I, 0 < g;(x) <;

2) X is convex, and for all A\ > A, and i € I, the functions f; — \g; are convex.
The last hypothesis is fulfilled for example when the functions f; and —g; are
convex and X\ > 0, or when the functions f; are convex and the functions g; are
affine.
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For x € X and X € R, we define the function

J(\z) = Teﬁx{fi(f) — Agi(z)}-

Also, for « € R, A € R and = € X, we define the function
Ga(N @) = inf {T(\y) + ally — «|*}-
yeX

In the following we describe DTR1; the algorithm DTR2 will be described later.

Algorithm 2.1. Let {nx} be a given sequence of nonnegative reals.

0. Choose 2° € X and set A\g = f(2°).
1. At Step k we have z* and \,. Then, find z*t' € X satisfying

DOk @) > T, 2F ) + a2t — 2P|

set Apr1 = f(z*Y), k — k +1 and go back to 1.
It is shown in [1], Theorem 3.1, with

(A, 2, i) = min{0, Go (g, 2%) + 1.} and Z\/n_k < +o0,
k=0

that if the optimal solutions set of (P) is nonempty, then the sequence {\;} con-
verges to A and {z*} converges towards a solution of (P). When the function
J(),.) is strongly convex, it is also shown that the rate of convergence is linear.

Next, we will consider Algorithm 2.1 with a regularizing parameter «y, at each
iteration k, and with the following choices of :

(i) Ak, 2%, mr) = min{0, Gr(Ak, %) + mi };
(i) ¥ (e, ¥, ) = Ge(Ak, %) + s
where G, denotes G, , so that 2+l € X satisfies

YAk, 2" ne) = T (A, 2T + |2t — $k||2- (1)

Notice that only the choice (i) with a, = «, which corresponds to the algorithm
DTRI is considered in [1], and that in (ii), z**! is an n-minimizer of J(\,.)
tag. — 2. i

In what follows we will show that the sequence {\} converges towards A even if
the optimal solutions set of (P) is empty. The convergence is established, with (i)
or (ii), under the usual assumption, Y ;- ,1/ar = 400, made for the proximal
algorithm (see for example [8]). Then we will show that the rate of convergence is
linear for other classes of functions which include the strongly convex case (studied
in [1]) and the polyhedral case. Similar results as for the proximal point algorithm
are given in Proposition 2.2 and Proposition 2.3.
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Now let us consider the following interesting lemma that refine Lemma 3.5 given
in [1]. This lemma may be used in different situations and under different forms
in this paper, in particular with p; = 0.

Lemma 2.1. Let {ur} and {Bk} be sequences of nonnegative reals such that

Z,uk<+oo, Zﬁk<+oo,

k>0 k>0
and let {ux} be a sequence of reals such that
upt1 < (14 pg)ug + B
Then the sequence {ux} converges to some u € RU {—o0}.

Proof. For al ke Nand p=£k+ 2,k +3,..., we can show that

p—1 p—2 p—1
up < [T+ m)ur+> T O+ )8 + Bp-1.
i=k i=k j=i+1

Since 1+ p; > 1, for all j € N, then H?;ilﬂ(l + uy) < Hf;;(l + ;) for all
it=k,k+1,..., and thus we get

p—1 p—1 p—1
» < H(l + g )ug + H(l +Mj)Zﬁi-
i=k

j=k i=k

It follows that

lim sup u, < H(l + pi)ug + H(1 + 15) Zﬂz"
p—o0 =k =k i—k

Since > ;50 Bk < 00 and Y, 4k < 00, then we have H(;ik(l + u;) — 1 and
ook Bi — 0 as k — oo, which implies that

lim sup v, < liminf uy,
p—oo k—oo

and that the sequence {uy} converges to some u € RU {—o0}. O

Lemma 2.2 is derived from Lemma 2.1; and Lemmas 2.3, 2.4 are based on results
in [1], but we reformulate here some proofs since the parameter « is variable in
our case. However, these proofs remain close to the ones given in [1]. To facilitate
reading of the two papers, we will often use notations used in [1].

In what follows we will denote for A € R and =z € X,

I\ a) ={iel| A= fi(x)/g:(x)}
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and
K\ z)={iel|J\ )= fi(r) = Agi(x)}-
Next we will set

A= inf f(z), X*= al;gen)l(inf(x), v= inf ming;(z) and 7= inf ming,(z)

2.1. CONVERGENCE OF ALGORITHM DTR1

For the proof of the main results, we will use Lemmas 2.2-2.5 below.
Lemma 2.2. (a) The sequence {\;} converges to some A € RU {—oco} if one
of the two following cases is realized:
(1) w(Aka xka nk) = min{oa Gk(Aka zk) + ﬂk};’
(i) (A 2 k) = Gr(Nes &) + 11, Dogso e < +00 and v > 0.
(b) If A > —oo, then J( A\, ") — 0 and ay||zFT! — 2%|| — 0 as k — oco.
Proof. (a) From (1) we have
Y, k) > T, @)+ | — P > T, 2.
On the other hand,
Ty @) > (™) = Ngi(a™H)
for all i € I. For i € I(A\py1,2"1), we have f;(xF+1) = \py19:(2*t1) and then
PNy 2, m1) > TNk, 1) > gi (@) (A — M) (2)
In the case (i) we have ¥(\, 2%, ;) < 0, which implies that Ay < Ay for all
k € N, and the conclusion follows.
Now with (ii) we have ¥(\g, 2%, mx) < ni. since Gr(Ag, %) < 0. On the other
hand let sg(A) =1 if A > 0 and sg(\) = —1 if A <0 and let
O = max{vsg(Ag+1 — k), —75g(Akt1 — Ag)}-

Notice that if A\g11 — A < 0, then 0 = 7, and 6 = v if A\g11 — A\, > 0, implying
that

M > J (A, ) > 1 (Aegr — An). (3)
Then it follows that

M/ 0k + N > Ay (4)
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Remarking that ; > v, the result follows by using Lemma 2.1 with uy = Ag,
pr =0 and By = ng /0y

(b) If X > —oo0, then the sequence {\} converges to some A > X. Following (3),
J (A, xFt1) — 0 as k — oo, and since

2
M 2 J (e, 2 + ap |2 — 287 > 6 (k1 — M), (5)

k+1

then ag||z**1 — 2%|| — 0 as k — oco. O

Lemma 2.3. For all k € N, let 2" = argmin, ¢« {J (A, ) + aglz — xk||2} and
o8 L be defined by (1). Then we have

nk/ak > ||Q_L‘k+1 o ﬂ?k+1||2.

Proof. From the definition of Z**! we have
TN, ) = J( A, T + 20y, (2F — 281 2 — 2FH)
for all z € X (see for example [11], Prop. 2.2, p. 37). Using the equality
9 <xk gkl g fk+1> = ||zF+! - :Ek”Q + - g—ck+1”2 —lz — :Ek”Q’
we obtain
T @) = T, )+ ag (754 = ) 4 = 24 = o = 2*%). (6)

On the other hand, relation (1) implies that

J Ak, x) + aglz — :ck||2 + e > T, 28 + a2 — :L'k||2,

for all z € X. For x = 2"+, we get

_ 2 _ 2
TN, ) = T, ) + |2 — 8|7 — |25 — 87— e

Considering relation (6) we obtain

2 2 2
T, @) = IO, 2 + an (254 = 28I + o = 2 — o = 2*F) e,
(7)
for all z € X. Thus, remplacing = by 2*! in the last inequality we obtain

nk/ak > ||l‘k+1 o Q_L‘k+1||2.
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Lemma 2.4. Forall k=1,2,..., and for all x € R™, we have
k 2 _k 2
o= a*1* < (14 2v/mr/ancs ) o = 41 + 2v/mos o+ me /oo

Proof. For every k =1,2,..., and for every x € R"™ we have
2 2 2
o —a*” = [l — 2*|” + ||z% — 2*|” + 2 (z — 2", 2% —a*).

Since (z —zF, 28 —2F) < ||z — z¥||||z* — 2*| and ||z —2*|| < /me—1/ow—1

(from Lem. 2.3), then we obtain

2 k2 _
lz = 2" < flo = 2¥(” + 2/ me—r /el — 2| + ey /i1

Remarking that ||z — z%|| <1+ ||z — a‘ck|\2 we deduce the result. O
Lemma 2.5. If A\ > X is such that J(\,xz) > 0 for all z € X, then A = \.

Proof. For x € X, we have J(A,z) > 0, if and only if, there exists ¢ € I such that
fi(z) — Agi(x) > 0. It follows that fi(x)/gi(x) > A\. But f(x) > fi(x)/gi(r) and

thus, f(z) > A. This is true for all z € X and so, A > A. Therefore, equality
holds. O

Theorem 2.1. Suppose that

Z 1/ay = +o0 and that Z Ve ak < 400,

k>0 k>0

and consider Algorithm 2.1 with one of the two following choices:

(1) w(Akaxka nk) = min{oa Gk(Aka zk) + ﬂk};’
(i) YA, 2%, ) = G, %) + i, Zkzo M < +oo and v > 0.

Then the sequence {\,} converges to the optimal value X of (P).

Proof. Following Lemma 2.2(a), the sequence {\;} converges to A € RU {—oo}.

Then, Az > A > X since zF € X. If A = —oo, then A = X. So, suppose that
A > —oo. From (7), for all k¥ € N, and for all z € X we have

2 2
(ks ) = TNy ) 4+ ol — 27 + i > oflw — 257
Using Lemma 2.4 in this inequality we obtain

_ 2 k2
o =2 * < (14 2v/moafon )l = 281+ 20/m 1ot + et fares

/e + (T @) = T, b)) e (®)
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Let us show that for all x € X,

lim (J()\k,x) - J(Ak,xk“)) > 0. 9)

k—o0

For this, assume the contrary. So, there exists ¢ > 0, £ € X and [ such that
T, ) — J(\g, 2" < —¢
for all k > I. Thus, substituting & to z in (8) yields
18 =20 < (14 2V s fon ) 7 = 217 + 2/ fowt
+np—1/ak—1 + /o — €/ . (10)

From the assumptions of the theorem,

> Vmk1/ak—1 < +ooand Y (\/nk_1/ak—1 + Nk—1/0k-1 + nk/ak) < +o0,

E>1 k>1
(11)

and thus Lemma 2.1 implies that the sequence {Z*} converges. Consequently,

- _ 2
S Vi lE - 2 < +oc. (12)

k>1

Summing in (10) over k =, ... ,n, we obtain

n n

~ _ 2 ~ 2 - _ 2

12— 2" = (12 = 2'” < 2) Vi fonalE = 2T+ 2D Vi1 /ae
K=l P

3

+ (Uk—l/ak—1 +77k/04k) —sznjl/ak. (13)

k=l k=l

But since >.;_; 1/ — 400 as n — oo, the inequality (13) cannot hold. It
follows that (9) must hold. Consequently, J(\,2) > 0 for all 2 € X. Since A > A,
Lemma 2.5 implies that A = \. (|

Proposition 2.1. Assume that the sequence {ay} is such that o, > & > 0 for
all k € N, that the assumptions of Theorem 2.1 are fulfilled, and that the optimal
solutions set of (P) is nonempty. If Algorithm 2.1 is considered in one of the
following situations:

(i) ¥\, 2*, me) = min{0, Gr(\y, %) + mi};

(i) YOk, 2% m) = G, 2%) + 1k, Dpsg e < 400, ¥ >0, v < v+ 7, and

Qpt1 > oy for all k € N,

then the sequence {x*} converges to some solution of (P). O
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Proof. Observe that under these assumptions the sequence {\,} converges to .
Assume that (i) occurs. For & € X*, J(A;,Z) < 0. On the other hand, since
YAk, ¥, m;) < 0 then from (2), Agy1 — A < 0 and thus from (3) we have
J (A, 2"F1) > y(Ars1 — Ag). Using this and (8) with z = #, we obtain

2 2
|z — 2" < (1+2\/77k—1/0ék—1>|\50—fk|| + 2v/Nk—1/ k-1 + Nk—1/ k1

+nk/ak + (A — A1)/ @

Following Lemma 2.1, the sequence {Z*} converges. Let # € X be its limit. Since f
is continuous, then A = f(#) and from Theorem 2.1, & is a solution of (P). From
Lemma 2.3 and the fact that n,/ar — 0 as k — 0o, we deduce that {z*} also
converges to .

Suppose now that (ii) occurs. For # € X* we have J(\g,Z) < 7(A — A\¢), and
on the other hand

T @) > 0p (N1 — M) > v(Aegr — A) +v(A = Ap).

Considering (8) with these inequalities we get

2 2
|z — 2" < (1 + 2\/7]1@71/0%71) 1Z — 25" 4+ 2v/1mh—1/ck—1 + N1/ th—1
i/ + (v = T) Ak = N/ — v(Aky1 — A) /o
2
< (1 + 2\/7]1@71/0%71) 17 — 2%|" + 2/ mh—1/k—1 + N1 /1

+n/ak + (A — N)/ar — v(Akp1 — A)/arga

+rv(l/aks1 — 1/ ag) Akt — ).

Notice that we used in the last inequality the assumption v < v + 7. Then from
the assumption that a1 > ag, it follows that

_ 2 N _ _kn2
& =& + v = Ve < (14+2v/m1 /o ) 12 - 2
24/ Mp—1/ =1 + M—1/ k-1

+"7k/04k + V()\k — X)/ak
2 —
< (14 2v/merfan) (I = I + v - V)
+2v/ -1/ k-1 + Ne—1/ 01 + M/ ;.

Applying Lemma 2.1 with u = ||z — :TckH2 +v(Ap — ), pp = 2v/Mk_1/ax_1 and

Br = 2v/Mk—1/k—1 + Me—1/x_1 + M/ax, we deduce that the sequence {z*}
converges. The rest is as in the previous case. (|
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2.2. RATE OF CONVERGENCE OF ALGORITHM DTR1

The rate of convergence of DTR1 was analyzed in [1] when the function J(A,.)
is strongly convex. Next, we will see that the results about the rate of convergence
remain still valid for other classes of functions which include the strongly convex
case and the polyhedral case.

Next, we will denote by (H) the following assumption:

(H) 36 > 0,3k >0 such that J(\ x) > rd(z, X*)? for all x € B(X*,5) N X,

where B(X*,6) = Uzcx- B(Z,9), B(z,0) = {2 € R" | |z — 2| < 0} and d(z, X*)
= infjex* ||I' — ﬂ_f”

Remark 2.1. 1) Assumption (H) is satisfied when the function J(},.) is polyhe-
dral (for example when the functions f; are polyhedral and the functions g; are

affine) and X is polyhedral. Indeed, following ([12], Th. 3.5 and Cor. 3.6), J(X,.)
satisfies the property

(H") 3k >0, suchthat J(\ z)> kd(z,X*), for all x € X,

since X* = argmin, .y J(A,x) and J(\,Z) = 0 (see also [13] and some references
therein for some characterizations of such functions). Therefore, for 0 < § < 1,
and z € B(X*,§) N X, we have d(z, X*) < 1 and thus d(x, X*) > d(z, X*)%. It
follows that J(\,z) > kd(z, X*)? for all z € B(X*,§) N X and the assumption
(H) is satisfied.

2) If the function J(},.) is strongly convex, the assumption (H) is also satisfied.
Indeed, the strong convexity assumption implies that there exists x > 0 such that

J(}\,Z’) Z J(j‘ai’) + <j*a1' 7j> +’i”‘fﬂii'”Qa

for all z,7 € X and z* € 8.J(X,Z) where J(X, ) is the subdifferential of J(A, .)
at z. For z € X* = {Z}, we have 0 € 0J(\, %) and J(\,Z) = 0. It follows that

IO x) = (e, X*)? = e — &

for all z € X, and the assumption (H) is fulfilled.

Theorem 2.2. Suppose that the optimal solutions set X* of (P) is nonempty and
that the function J(\,.) satisfies the assumption (H) above. Assume on the other
hand, that ng/(A — A) — 0 as k — oo, that T > 0 (this condition is fulfilled for
ezample when X* is compact), and that the sequence {x*} converges to a minimizer
of (P) (this is the case for example when the conditions of Prop. 2.1 are fulfilled).
If Algorithm 2.1 is considered in one of the two following situations:

(i) ¥\, 2* me) = min{0, Gr(\y, %) + mi };

(i) YA, 2%, ) = G, o) + ;v > 0 and v < v + 75

then for oy, sufficiently small, the sequence {\} converges linearly to .
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Proof. From the definition of **! we have for all z € X,
2
Tk, ) 4+ agl|lz — 2®||” + e > T, 2. (14)

Since {x*} converges to a solution of (P), then z* € B(X*,6) N X for k large
enough. Let #¥ € X* be such that ||z* — 7¥|| = d(z*, X*). Then we have

T\ %) >kl — &))",
For i € K(\, z%) we have J(X, z¥) = fi(z*) — Agi(z¥), and then
JA2%) < gi(@®) (A = A) < v = N).
For i € K(\i, #%) we get J( Ak, %) = f;(2¥) — \pgs(Z¥), and thus
T, 3%) < gi(@*)Y N = M) <7 — \i).

On the other hand, J(Ag,z%1) > 6 (Aks1 — Ax). Then, with z = ¥ in (14) we
obtain

T(X*)\k)Jr’}/()\kf;\)ak/nJrT]k Z5k(>\k+1 *)\k)~ (15)

With the choice (i) in Algorithm 2.1 we have Ap41 — Ay < 0 and 0 = ~. It follows
that

(L= 7/7+ aw/m) (M = X) + /7 > At — A

So, if limsupy,_, ., ar < K7/7, then limsup;_, oo (Ae+1 — A)/(Ax — A) < L.
Now with the choice (ii) we have v > 0. By writing

Sk (Mot — M) = 0k (Aes1 — A) 4+ 06X = Xe) = v( A1 — A) + (A = Ap)
and considering (15) we get
[v/v—1/v+ary/(5V)](Ae — A) + 01 /v > A1 — A

Thus, if limsup,_,,, ax < k(v + 7 — 7)/7, then limsup,_, . (Ag+1 — N/ (M —
A) < L O

Proposition 2.2. For all n € N, let 0, = ZZ:O 1/ag. If the optimal solutions
set X* of (P) is nonempty and (A, z*, ;) = min{0, Gy (A, %) +nx}, then for
all T € X* we have the following estimate

T(Ans1 —A) < ot {Z (e /oo + 1Sk + 20+ |7 — 25 /i1 fo1)

k=1

=2 + 7 = Nfao + (v = 7) Dk = Awsa) .
k=1
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Proof. With z =z € X* in (8), we have

2 2
2 =20 < (1 2/ fon ) 7 = 207 4 20/ Jan + e

i fon + (O 7) = T, 254 fa.

By summing in this inequality over £ = 1,2,... ,n, we get
2 2 - 2 "
|z =z =z = 2" < 2) Vi /anallZ = 2T+ 2 Vi1 /ae
k=1 k=1

n n
+ Z Mk—1/ Q-1 + Z Mk /
k=1 k=1

) Tk, 2) = I (A, 2] 0. (16)
k=1

By considering the inequalities J(\x,Z) < 7(A — Ar) and J (Mg, 2¥F1) > y(Aprs
—Ak) we get

(Y =) Ak = A) = YAk = A) = T (g, 2) — T (Mg, 1),

and thus by setting ur = A\x — A, we obtain
2 2 = 2 "
o =2 ~ 1o 2 < 23" Vi fanille - 2% + 23 Vi1
k=1 k=1

+ an—l/ak—l + an/ak
k=1 k=1
Hr=7) Dok =Y ursr /o (17)
k=1 k=1

On the other hand, we have A\g41 — A < 0, that is ugy — ugr1 > 0, and thus by
writing ox—1 = o — 1/, we get

0 < op_1Uk — OpUky1 + Upy1/ Otk

By summing over k£ =1,2,... ,n, we get

n

0< E Up41/ 0 + OoUL — OnlUny,
k=1
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where 09 = 1/ap. Now multiplying this inequality by 7 and summing together
with (17) yields

n n
_ 2 _ 1n2 _ .2
|z — 2™ " =z = 2" < 2) Vi1 /anallZ = 2T+ 2 Vi1 /ae
k=1 k=1
n n
+Z77k—1/04k71 +Zﬂk/ak
k=1 k=1

n
+(y—1) Z(uk — Upt1)/Qk + TUL /O — TORURL1,
k=1

which gives the desired result. O

Proposition 2.3. For alln € N, let 0, = >, _,1/ak. If the optimal solutions

set X* of (P) is nonempty and (A, %, mp) = Gr (A, 2%)+ng, then for all T € X*
we have the following estimate

n

_ 2
Vi1 =N < 07 [ D (er /ot + /e + 21+ 7 - 7))
k=1

VM1 /1 + or-1m) + & — 247+ (o — X)/ao
+( =) Y = Nau].

k=1

Proof. Since (A, zF ) = Gr.(\r, o) + 1y, then we have J (A, 2¥+1) > 6 (Aprs
—Ak) = V(Akp1—A) =7(Ax—A). By considering this inequality and the inequalities
J( A, T) < 7(A = Ag) we get

(v =Tk = A) = V(s = X) 2 T (A, ) = T (A, ),

and thus by setting up = A\, — A and considering the last inequality in (16), we
obtain

n n
_ _ 2 _ 112 _ _ 2
|z =z =z = 2" < 2) Vi1 /owallZ = 2T+ 2 Vi1 /ae
k=1 k=1
n n
+ mker/ako1 > M/
k=1 k=1

+(’Y*T)Zuk/ak*l/zuk+1/ak- (18)
k=1 k=1

Remember that since (Mg, 2%, m1) = Gr( Ak, %)+ we have n > p( A1 — M),
and g, > v(Ag41—Ak) since ni > 0 and 6, > v. It follows that vug—vug1+n > 0,
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and thus by writing ox_1 = o), — 1/, we get
0 < vop—1Uk — VORUR41 + VUgr1 /g + Op—17k-
By summing over k£ = 1,2,... ,n, we get
n n
0 < vogui — voptnt1 + Vzuk—i-l/ak + Z Tk—1Mk-
k=1 k=1

By adding this inequality to (18) we obtain
2 2 = 2 "
|z — 2™ " =z = 2" < 2) Vi1 /akallZ = 2T+ 2 Vi1 /ae
k=1 k=1

n n n
+ anfl/akfl + an/ak + Zakan
k=1 k=1 k=1
n
+(y—1) Zuk/ak +vur /oy — VopUny,
k=1

which gives the desired result. O

Remark 2.2. When m = 1 and ¢g; = 1, that is when f is convex, then v =
7 =v =1 and DTRI1 coincides with the proximal point algorithm. For this last
algorithm, with the conditions of Proposition 2.2, we obtain

Mot =X < 0 | 37 (e feion /e + 20+ |7 = 21) Vo1 Je )
k=1

S 12 N
+Hz =27+ (ho = A)/ao|,

and with the conditions of Proposition 2.3 we have

— _ n _ _ 2
A1 — A <ot [Z (=1 /o1 + mi /e +2(L+ |2 — 2% ) /-1 /
k=1
2 <
k) + 117 = 7 + (o — A)/ao]

In particular, when 7, = 0 we find the estimate

A1 =A< o 12— 24 + (Ao — A)/ao)-
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3. CONVERGENCE AND RATE OF CONVERGENCE
OF ALGORITHM DTR2

The algorithm DTR2 is based on the algorithm DT2 introduced in [3]. In the
algorithm DTR2, the function J(.,.) is replaced by the function

T, y) = max{(fu(e) — Agi(e))/oi(w),
and G(.,.) is replaced by

G\ ) = nf {J(Ay,2) +ally - z)*},

where « is a given positive real.

Algorithm 3.1. Let {ni} be a given sequence of positive reals.

0. Choose 2° € X and set \g = f(2°);
1. At Step k we have 2% and \i. Then, find x*t1 satisfying

OO 2 m) > T, 2 2%) + af|zF L — 28|,

set Apr1 = f(z*Y), k — k +1 and go back to 1.
The algorithm DTR2 considered in [1] corresponds to the case

[e.e]
ok, 2%, 1) = min{0, GO, 2%) + i}, with Y (/i < +oo.
k=0

With this choice and when the regularizing parameter is constant, convergence of
the sequence {Ax} may be established under the following weaker choice of :

oAk, 2", mi) = Gk, %) + .

As was done for Algorithm 2.1, we will consider that the regularizing parameter o
is variable with respect to the iterations since the objective function in DT2 is also
variable with respect to the iterations; and we will study Algorithm 3.1 under two
choices of p(Ax, 2%, ;). We will establish in particular, that the algorithm DTR2
converges without assuming that the optimal solutions s of (P) is nonempty. Also
we will establish convergence under other conditions on the approximate solutions
of the auxiliary problems. Later, we will show that the rate of convergence is
linear when the assumption (H), introduced in Section 2.2, is satisfied. Under
some additional conditions we establish superlinear convergence.

For given {az} and {n;} as for Algorithm 2.1, we define the point 2**1 as a
point in X satisfying

2
(M, 2 me) > J (O, 21, 2) 4+ gl — 2|7
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and consider Algorithm 3.1 with this definition in the two following cases:

(i) ek, 2%, k) = min{0, Gr( Ak, 2*) + mi};
(i) oAk, 2%, me) = Ge(Ak, 2%) + mi,
where

G, ) = inf (T @, 2) + apllz — 2| °}-
reX
Notice that only case (i) is studied in [1] and that with o(A\g, 2%, m%) as in (ii),
2**+1 is an np-minimizer of J(Ax, ., 2%) + axl|. — =¥
3.1. CONVERGENCE OF ALGORITHM DTR2

In the rest of the paper, we assume that our basic assumptions given in Section 2
are fulfilled. In the proofs of convergence of Algorithm 3.1, we will often use the
previous results. Also we use the same notations

X = inf X* = i = inf ming; dr= inf ming;
nf f(x), al;gen)l(mf(w), v = inf ming;(z) and 7 = inf ming(z),

and we will assume in all what follows that v > 0. Next, we will use the notations
I\ z)={iel| A= fi(x)/g:i(x)}
and
K\ a,y) ={ie | J\z,y) = (filz) — Agi(2))/9:(y) }-

Lemma 3.1. If one of the two following cases is realized in Algorithm 3.1

(i) ek, 2%, k) = min{0, Gr(Ak, z*) + mi};
(i) o, 2%, ) = Gk, %) + 11, Dpsg i < +00;

then the sequence {\y} converges to some A\ € RU {—oo}.
Proof. For all i € I we get
o, 08) > JeO 270 > (Fi(1) = Maga (1)) /g1 (o).

For i € I(Agy1,2%t!) we have A\py1 = fi(2Ft1)/g;(z*+1) and thus,

ek, 2, i) 2 Je (e, 1) > (A — ) g (@41 /gi(2"). (19)
Let sg(A) = 1if A > 0 and sg(A\) = —1 if A <0 and let

k= max{—y/vsg(Aet1 — M), v/75g(Aet1 — Aw)

Then 6, = /v if Apy1 — A < 0 and 9), = v/ if Agp1 — A > 0, which implies that

ek, vk) > T (A, 211 > 61 (kg1 — M) (20)
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With (i) we have p(Ax, 2%, 1) < 0 and it follows that A\jy1 < A for all k € N,
and {\;} converges to A € RU {—o0}.
With (ii) we have p(A\g, 2%, vx) < ng since G (A, %) < 0 and (20) implies that

M /0% + N > A1 (21)

Notice that 0 < v < §;, and thus the result follows by using Lemma 2.1 with
ur = A, i = 0 and Sy = nx/ 9},

Theorem 3.1. Suppose that

Z 1/ay = +00 and that Z Vo < +00.

k>0 k>0

If one of the two following conditions is satisfied

(1) o(Ak, 2%, me) = min{0, Gr(Ae, %) + i}
(i) o, 2%, ) = Gr(Nks %) + 11y Dopso e < H00;
then the sequence {\} converges to the optimal value \ of (P).

Proof. For all k € N we set J(.,.,2¥) = Ji(.,.). As in the proof of Theorem 2.1,
we will have with the function Jg,

2 2
l — 2" < <1+2vnk—1/ak—1)|\$—fk|| + 2v/Mk—1/ k-1 + Ne—1/ k1

+ /g + (Jk()\ka ) — Ji(Ak, fk“)) /s, (22)

where z*1 = argmin, ¢ y {Ji (A, z) + agllz — xk||2}. Notice that under the as-

sumptions of the theorem, Lemma 3.1 implies that the sequence {\;} converges
to some A. It remains to show that A = X\. If A = —00, then A=A So, we
will assume that A\ > —oco. On the other hand, for i € K\, r,2%) we have
Jek, ) = (fi(z) — Xegi(x))/gi(2*), and then

Tk, z) < (f(2) = Aw)gi(@)/gi(2").
Then, it follows that
Tk @) < (f(x) = A)y/v if flz) = A >0, (23)
and
Je(Ae,2) < (f(2) = Ap)v/vy it f(z) — A <0. (24)
We will show that for all x € X we have

lim sup (Jk()\k,x) = Tk (ks x’”l)) > 0. (25)

k—oo



90 A. ROUBI

Suppose, for contradiction, that there exists ¢ > 0, £ € X and [ such that
JeOk, @) — Je(Ag, 2%¥1) < —¢ for all k > I. As in the proof of Theorem 2.1
we show, using (22) with z = Z, that this is impossible and that (25) is true.

For z € X, if there is an infinite set of indices k such that f(x) > Ag, then
flz) > \. Else, there exists k such that f(x) < X\ for all k = k,k+1,... But
from (24) we have

(f(x) - )\k)V/’}/ — Jk()\k,$k+1) > Jk()\k,x) — Jk()\k,xk-‘rl),

forall k = k,k+1,...., and then because of (25) and the fact that Ji (A, zF*1) — 0
A. So, f(x) = A. In both cases, f(z) > A for all z € X which

O

as k — oo, f(z

>
implies that A=\

Proposition 3.1. Assume that the sequence {ay} is such that ap > @ for all
k € N, that the assumptions of Theorem 3.1 are fulfilled, and that the optimal
solutions set of (P) is nonempty. If Algorithm 3.1 is considered in one of the
following situations:

(i) ek, ¥, ) = min{0, Gy (Ax, 2*) + ni};
(i) o, 2%, m) = Ge(Ak, %) + 11y s e < +00, ¥ < w(v +7) and ajpia
> ay for all k € N;

then the sequence {x*} converges to a solution of (P).

Proof. Consider first the case (i). Then (Mg, 2%, 1x) < 0 and thus, following (20)
we obtain

0> Jp(Ar, ) > (M1 — Me)y/v

On the other hand, for Z € X*, we have J;(A\x,Z) < 0. With = Z in (22) we
then obtain

2 2
|z — 2" < (1+2\/77k—1/0ék—1>|\50—fk|| + 2v/Nk—1/ k-1 + Ne—1/ k1

i/ + (V)M = M)/ (26)

The rest is as in the proof of Proposition 2.1 by using Lemma 2.1.
Suppose now that (i) occurs. For z € X* we have Ji(Ag, Z) < (A — Xg)7/7,
and on the other hand

TN, @) > 06 (Aer — M) = s — Av/y + (A = X)y/v.
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Considering (22) with these inequalities we get

|z — ﬂ_fk+1||2 < (1 + 2\/7]1@71/0%71) |z — IEkH2 + 2/ Mk—1/ k=1 + -1/ -1
/o + (/v = 7/7) Ok = N/ — v/7) A1 — N/
< (14 2y )7 = 2 + 20/ + et Jar

/o + (/1) (Ae = A) = (/1) Ak1 = A)/ i

+(v/7v) (1) a1 — 1/ aw) (A1 — ),

where we used the assumption v2 < v(v+7) in the last inequality. Since ag41 > ay
we have

2 —
1z = 25" + (/7)1 = A) /e

IN

2
(1 +2vmo/o ) Iz - 2
+2v/Mk—1/ k-1 + Mk—1/ k-1 + ni/

+(/7) (M = A)
(1 + 2\/77,@,1/%,1) (7 — z*||°
+ (/) Ak =A) + 21/

+nk—1/0k—1 + i/ k.

IN

By invoking Lemma 2.1 with uj, = ||Z — £k|\2+ (/Y)Y Ak =Ny g = 24/ Mk—1/ a1

and By = 2v/Mk—1/k—1 + Mk—1/k—1 + Mk /ak, we deduce that the sequence {z*}
converges. The rest is as in the previous case. O

3.2. RATE OF CONVERGENCE OF ALGORITHM DTR2

Following [1], the algorithm DTR2 is generally much faster than DTR1. This
is quite natural since DT2 is generally faster than DT1 [3,5]. In this section we
show that Algorithm 3.1 converges linearly when the assumption (H) is fulfilled
and superlinearly under additional assumptions.

Theorem 3.2. Suppose that the optimal solutions set X* of (P) is nonempty and
that the function J(),.) satisfies the condition (H) in Section 2.2. Also suppose
that Mg /(A —A) — 0 as k — oo and that the sequence {x*} converges to a solution
of (P) (see Prop. 3.1). If Algorithm 3.1 is considered in one of the two following

situations:

(i) ¢k, 2*,mr) = min{0, Gy(Ak, 2*) + 11} ;
(11) @(Aka fﬂkﬂ?k) - Gk()‘kaxk) + Mk and 72 < V(V + T):'
then for ay, small enough, the sequence {\y} converges linearly to \.

Proof. For all k € N, let #¥ € X* be such that d(z*, X*) = ||2* — 7*|. We have

~ - 2
Jk()\k,xk) + Oékak — IkH + 0k > 6;9()‘k+1 — )\k) . (27)
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For k large enough, we have z* € B(X*,6) N X and thus J(\, 2%) > k|lz* — jk||2.
So,

Al — o ° < T ah) < O = A) max gi(a) (28)
1€

< (= . (29)

On the other hand,

Te(Ae, 3%) < (A= Ak)rglei}lgi(fk)/gi(xk) (30)
< (A= )7/7- (31)

Therefore by using (27-29) and (31), for k large enough, we obtain

A= X)T/7 + e — Nagy/k+n6 > 6 (Mg — k). (32)
With (i) we have A1 — A < 0 and 6}, = v/v and this yields

(1 —vr/v? + apv/K) Ak — A) + vni /v > Aeg1 — A

So, if lim sup,,_, ., ar < £7/42, then limsup,_, . (Axr1 — A)/ (A — A) < 1.
Assume now that (ii) is satisfied. Then from (32) we get

A= 2)T/7 + Ae = Nary/6+ 101 > Ak — Nv/y+ (N = Ae)y/v,

and this implies that

(/)W /v =7/ + ey /6) (M = A) + vk /v 2 Aepr — A

It follows that if limsupy, ., ar < k[v(v+7) —42]/(¥*v), then limsupy_, ., (Axs1
S0/ = A) < 1L 0

Theorem 3.3. With the assumptions of Theorem 3.2, the sequence {Ar} con-
verges superlinearly to X if ap — 0 as k — oo.

Proof. Since the sequence {z*} converges by assumption, then the sequence {Z*}
defined in the beginning of the proof of Theorem 3.2 also converges to the same
limit because of the assumption (H). By using (19) we obtain

Tee, 2™1) = (Akgr = A)ming; (v55) [gi(2%) — (A = A) max g; (2") /gi(2%).
€ 1€
It follows that
_ (k+1
Jk()\k, jk) + akHjEk — kaQ + Nk Z ()\k-i-l — )\) min gl(xi)

el g;(xF)

_ gi(Ik'H)
e AT
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Then, using this inequality and the inequalities (29) and (30), we obtain

gi(zFt1) _gi(@) | ray
- T (A — X > (A gz ),
TG B gm) T e | e e Gen = i T

Since the sequences {*} and {Z*} converge to the same limit, then

max g; (2" ) /gi (") — 1, min g, (2 *)/gi(x*) — 1 and mingi(z"")/gi(2") — 1
1€ 1€ 1€

as k — o0; and thus (A\rs1 — A)/(Ax — A) — 0 as k — oo. O
Remark 3.1. If the hypothesis (H’) is satisfied and X* = {z}, then J(X,z*) >
kl|lz% — Z[|. So the sequence {a*} converges to Z since 0 < J(X,2*) < y(Ar — )

and A\, — X\ as k — oo.

With similar arguments as those used in the proofs of Proposition 2.2 and
Proposition 2.3, we obtain the following results.

Proposition 3.2. For alln € N, let 0, = >, _,1/ak. If the optimal solutions
set X* of (P) is nonempty and (A, z*, ;) = min{0, Gy (g, %) +nx}, then for
all T € X* we have the following estimate

n

TAns1 = N/v < 0,! Z (Me—1/ k-1 + M/ cu
k=1

+2(1+ |12 — ")Vt 1)

+z = 27 + (/7)Mo — N)/ao

+(v/v =7/ D>k = M) /o |-
k=1

Proposition 3.3. For alln € N, let 0, = Y ;_o1/ag. If the optimal solutions
set X* of (P) is nonempty and (A, ¥, mp) = Gr (A, o)+, then for all T € X*
we have the following estimate

n

_ 2
Vg1 = N/ < o7 1D (ko1 /ano1 + /o +2(1+ |2 — 2F°)
k=1

XA/ Me—1/ak—1 + 01%1771@) + ||z — :731||2
+( /7)o = N/ a0+ (v/v = 7/7) Z Ak — A) /o |-
k=1
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