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DUALITY OF VARIATIONAL PROBLEMS WITH A NEW
APPROACH

S.K. PADHAN®

Abstract. The present investigation introduces the third order duality in variational problems, as
because, in certain situations, first and second order duality do not yield solutions but it succeeds in
finding the desired results. The duality results for the pair of variational primal problems and their
corresponding third order dual problems are demonstrated. Counterexamples are provided to justify
the importance of the current research work. It is found that many reported results of the literature
are particular cases of this paper.
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1. INTRODUCTION

Calculus of variation is an important tool for solving several real life problems like optimization of orbits,
dynamics of rigid bodies, theory of variations, etc. To find the optimal value of a definite integral involving
a certain function subject to fixed point boundary conditions is the main objective in the field of science and
engineering. Based on the earlier work of Friedrichs [7], Courant and Hilbert [6] established the duality of an
unconstrained variational problem. Afterwards, Hanson [10] observed some of the duality results of mathematical
programming which had analogues in variational calculus. Mond and Hanson [16] formulated a constrained
variational problem as a mathematical programming problem considering the above mentioned ideas in the
classical calculus of variations. Again, they used the optimality conditions of Valentine [29] to obtain the Wolfe
type dual variational problem under convexity. The first order duality for a class of variational problems with
differential inequality constraints was discussed by Mond and Hanson [16]. Later, Bector et al. [2] studied the
Mond-Weir type duality for the problems of Mond and Hanson [16] to weaken the convexity requirement using
pseudoconvexity and quasiconvexity. After that, Chen [3] and Mond et al. [17] introduced the notion of invexity
in variational problems. Nahak and Nanda [18] formulated Wolfe and Mond-Weir type duals for multiobjective
variational problems and established different duality theorems under invexity assumptions. Later on, Nahak
and Nanda [19] generalized their results [18] under pseudoinvexity assumptions. Further, Mishra and Mukherjee
[15] generalized results under (F, p)-convexity introduced by Preda [26]. Based on it, Ahmad and Gulati [1]
established the duality results in multiobjective variational problems. Nahak and Nanda [20, 21] studied the
symmetric duality assuming pseudoinvexity in variational problems and established optimality conditions and
duality results for the multiobjective variational problems under V-invexity assumptions. Since mathematical
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programming and classical calculus of variations have undergone independent developments, it felt that, the
mutual adoption of ideas and techniques may prove fruitful for further development in this field. Targeting the
above outputs, Husain and Jabeen [11] formulated a class of constrained variational problems with higher order
derivatives and established a number of duality results for the Wolfe and Mond-Weir type duals under invexity
and generalized invexity assumptions.

The central concept of optimization is the duality theory. Some recent developments of duality in vector
optimization problems are [9, 28]. Mangasarian [14] introduced second and higher order duality for the nonlinear
programming problems and proved suitable duality results. Following the procedure adopted by Mangasarian
[14], Chen [5] formulated the second order duality for a class of constrained variational problems and obtained
appropriate second order duality results (weak, strong and converse duality results) under invexity assumptions.
Later, Gulati and Mehndiratta [8] studied the optimality conditions and the converse duality result for the second
order multiobjective variational problems. A number of weakening situations in the second and higher order
duality of the nonlinear variational problems had been discussed by many authors (see [4, 8, 12, 13, 22, 25]).
Again, Sharma [27] established the higher order mixed type dual model for the variational control primal
problem and proved weak, strong and strict converse duality results under higher order (F,G, p)-convexity
assumptions. Recently, the concept of third order duality for the general nonlinear programming problems with
a new approach was developed by Padhan and Nahak [24] and proved appropriate duality results. It was also
shown that the third order duality of a nonlinear programming problem had solutions, whereas; the first and
second order dual failed.

In this paper, especially the third order dual of the constrained variational primal problems have been studied
and obtained duality relationships between the variational primal and its third order dual for the first time.
Furthermore, the importance of the present study is exploited through numerical examples.

2. NOTATIONS AND PRELIMINARIES

Through out this paper, let I = [sq,s1] be a closed interval of the real line R. Consider the function
ft,s(t),s(t)), where s : I — R™ and $ denotes the derivative of s with respect to ¢. Here ¢ is an indepen-
dent variable. The symbol z7 stands for the transpose of a vector z. Let f, and f; denote the first partial
derivatives of f with respect to s, and §, respectively, that is, f with respect to s, and §, respectively, that is,

(08 05 ory'
ST\ 9sy Bse’ " Bsy ) ]

- (of of of \"*

The Hessian matrix of f with respect to s(t) is denoted by fss and is defined as

A A _o°f
0s1081 051082 oot 0s10s
9% f o2 f 92f
082631 632882 : : : Bsgasn
fss — . . .
8% f 8% f 8% f

98,081 05,082 oot 08,08,
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and the m x n Jacobian matrix g; with respect to s is written as

99" 94" g’

Os 0s oo Os

ot og 09"

0s1 dso oo Osn
gs =

g™ g™ g™

ds1 dso oo Osn

Similarly, fs, fss, fss and gz, are defined.
Now the n x n? matrix fys = fI ® fss is defined as

_ofF _oF _or _f
051051081 o 95108108y, oo 0s108,081 oot 05108,08p
_oF _oF _oF _or
052051081 ot 05205108y, oot 05208, 081 oot 058208, 08y,
fsss = ’ ' ’
_oFr __oF _ofF _&r
08,081081 oot 08,08108, oot 08,087,081 ot 08,08,08n

Again, fsss, fsss and fss5 can be defined accordingly.
Let S(I,R™) be the set of all piecewise smooth functions s with norm ||s|| = [|$||cc + [|DS]|cc, Where the
differentiation operator D is given by

s=Ds&s(t)y=a+ /t 5(z)dwz, (2.1)

50

and @ is a given boundary value; thus % = D except at discontinuities. Consider the constrained variational
primal problem

(VP) min/s1 f(t,s(t),s(¢)) de,

subject to

g(t,s(t),8(t)) <0, tel, (2.2)

s(so) =71, s(s1) =725 $(s0) =01, $(s1) =02, (2.3)

where f and g are thrice continuously differentiable functions from I x R™ x R™ into R and R™, respectively.
The first order dual of (VP) formulated by Mond and Hanson [16] is given by:

(VD) e [ {1 (1500, 8(0) + a0)7g (05000, 50) bt

S0
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subject to
Fa 0,500, 35000) g1 (15(0), 50) 80) — < [ 0,500, 500) + g (15000, 500" a0)] =0, 11, (29
5(80) =, 5(81) = 7Y2; 5(80) = 51, §(81) = (52, (25)
a(t) e Ry, tel. (2.6)

Taking the approach of Mangasarian [14], Chen [5] formulated the following second order duality (VSD) for the
class of constrained variational problems (VP).

(VD) wasx [ {7 (1500, 5(0) + a0)7g 1,500 5(0)

subject to

a(t) eRY, pt)eR™, tel. (2.9)

Again, Padhan and Nahak [23] studied the higher order duality (VHD) of the primal (VP) by introducing two
different functions A : I x R® x R" x R — R and k£ : I x R™ x R™ x R® — R™. That is,
S1
(VHD) max [ [£(6:5(0).5(0) + (67 (8. 5(0),5(0) + b (6,5(0),5(0),p) + ATk 1,5(0),5(0),p) |

S0

subject to

Voh (t,5(t),5(),p) + Vya(t) 'k (t,5(t),5(t),p) =0, tel, (2.10)
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5(50) = V1, 5(51) = 23 5(50) = 51, 5(51) = (52, (211)

a(t)eRY, tel, (2.12)

where V,h (t,3(t),5(t),p) and V,a(t)Tk (t,5(t),5(t), p) are the gradient of h and ak, respectively, with respect
to p. This is due to Mangasarian [14].

Motivated with the work of Padhan and Nahak [24], a new type of duality for the variational primal (VP) is
introduced which is named variational third order dual (VTD) by taking the cubic approximations on f and g.

The present study is quite different from Mangasarian [14] as it is not a particular case of any existing methods.
The third order duality (VTD) of (VP) is defined as

(VID) max [ T {Fs0.50) + a0)7g (1.50).5(0)

subject to

gs (£, 5(t), 5(6))" a(t))é)é) }BQ(t) —0, tel, (2.13)
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5(s0) =m, 8(s1) =725 3(s0) =1, 5(s1) = 0o, (2.14)
a(t) eRY, B)eR", tel, (2.15)
where 5%(t) = B(t) ® B(t), a matrix of order n? x 1.
Let
H(t,5(t),5(t),a(t)) = fos (t,5(), 5(t)) + (gs (t,5(t) g(t))T@(t))s
*2%[1‘}9 (t,5(t),5(t) + (ge (t,5(1),3(£)" a(t) ]
b s 050,800 + (9 0,500, 5007 a0)
and
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Then H is an n x n symmetric matrix and I an n x n? matrix. Now the above dual (VTD) can be expressed as

(VTD) max [ [10.5(0.50)) + a7 (1500, 5(0)
—%B(t)TH (t,5(t),5(t), a(t) B(t) — gB(t)I (t, s?(t),sf(t)ﬂ(t))BQ(t)}dt
subject to
Fo (£,5(8),5(1)) + gs (£,5(t),5(t)" a(t) — fs (t,5(0), 5(6)) + g5 (1,5(8), 5() " a(0)]

+H (t,5(t),5(t), a(t)) B(t) + I (t,5(t), (t> a(t) () =0, tel, (2.16)
§(So) =1, 5(81) = Y2; 5(80) = 61, 5(81) = (52, (217)
a(t)eRY, Bi)eR", tel. (2.18)

Remark 2.1.

(1) If B(t) = 0, then (VTD) becomes the first order duality defined by Mond and Hanson [16].

(2) If the third order derivatives are zero, then it reduces to second order dual of Chen [5] and Padhan and
Nahak [22].

(3) If s is independent of ¢ then the results of Padhan and Nahak [24] are particular cases of the present work.
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(4) The third order duality can be extended for any positive integer order by taking suitable approximations
on f and g.

Lemma 2.2. [5] If (VP) attains a local (global) minimum at § € S, then there exist Lagrange multiplier 7 € R
and piecewise smooth X\ : I — R™ such that,

7 fs(t,5(t), 5(8) + gs(t, 5(1), 5(1)) T A(t) = %[Tfs'(t, 5(1),5()) + gs(t,5(8), 5()TAD)], tel  (2.19)
At Tg(t,5(t),5(t) =0, tel (2.20)
(rA®T) >0, tel (2.21)

Remark 2.3. Equations (2.19)—(2.21) give the Fritz-John necessary conditions for (V' P), and they become
Kuhn-Tucker conditions if 7 = 1.

3. THIRD ORDER DUALITY RESULTS

In this section, the weak, strong and converse duality relationships between the variational primal (VP) and
the corresponding third order dual (VTD) are established. An alternative proof of converse duality theorem is
also discussed.

Theorem 3.1 (Weak duality). Let s(t) € S(I,R"™), and (5(t),a(t), B(t)) be the feasible solutions of (VP)
and (VTD), respectively. Suppose / f(t,.,.)dt and at)lg(t,.,.)

S0 So
there exist real valued functions m (¢, 5(t), 5(¢), a(t)) > 0, M (¢,5(t), 5(¢), a(t)) > 0, n (¢, 5(t),5(t),a(t)) > 0 and
N (t,5(t),5(t),a(t)) > 0on I x R™ x R" x R™ with the following conditions:

dt are convex functions in s and $. If

BUVH (1, 5(0), 5(6), (1)) 5(1) > m (1,50, 50, a() |BON?, 1€ 1, (31)
IH (1,50 56 a(6)) | < M (1,50, 56 a(1)), ¢ < 1. (32)
BT (1,5(0), 56), 3(0)) 517 2 n (1, 5(0),5(0),a() 13O, ¢ 1, (33)
1750, 566). a(e) || < N (5,50, 0, a(t)), ¢ €1 (3.4)
Then
[ s soyacz [T 50.50) + a7y (450, 50) - 3507 H (450,500,005
=BT (8, 5(6), $(0), (1)) 57
provided
e N (t,5(t),5(t),a(t)) M (t,5(t),s(t),a(t)) () — 5
130 2 maox { £ 2020 20.00) L MO OGD ) s 35)
Proof. Now
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/81 [(s(t) = 5(£)) fs (£, 5(2), 5(1) + (8(£) — 5(t)) f (¢, 5(£), 5(¢))] dt

N
&
—
—~
V)
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V)

()" a(t)) + (5(t) - 5(1)) (gs (t,5(1), 5(1)" a(1)) Jat
/SO BT (0 H (t,5(0), 5 i+ 2 / BT (O (1.5(1). (1), (1)) F(1)d

(by convexity of / £t )t / GO g(t, . )dt, (2.2) and (2. 18))

/s (s(t) = 5(1)) [ £ (£5(2), 5() + s (8 5(0),5() " a()] at

.1 /SlﬁTu)H(t (1), 4(0), a(t)) B(t)de + / BT () (8, 5(1), 8(¢), a(t)) F(t)t

/ B0 (1,500, 5(0)a(0) B+ 5 [ BT (1,500,300, a0)) 200t
(by ( 216

— [ 600 = 50) [£ (0500030 + 95 1500, 50) al0)] a

- / " (s() — () [H (8, 5(0), 3(0), @) B(E) + T (1, 5(1), 5(1), a() F°(0)]
+ / " () — 5(0) [fs (£, 5(),5(6)) + g (1, 5(2), §(2)) " a(t)} at
/ BT (4)H (t,5(2), & Hdt + 2 / BT (6)I (1, 5(t), 5(t), a(t)) F2(t)dt

(by integrating by parts, (2.3) and (2.17))

7 [, mst.0.3) 130 dt+2/:n<t’s<t>7s< RONEGIR

[ [Is(t) = S(OI1M (¢, 5(¢), 5(8), a(t)) [|B(1)]|dt

S0

- [Is(t) = S(OI1M (¢, 5(¢), 5(8), a(t) [|B(1)][*dt

S0

(by(3.1), (3.2), (3.3) and (3.4))
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= 5 Itz a0 130110 - 25 =S o s
+2 [ [nt.st0).500,a) 15O (1501 - § - S st~ stol)Jar
> 0.
(by (3.5))
Hence the result. O

Theorem 3.2 (Strong duality). Let u(t) € S(I,R™) be a local (global) optimal solution of (V P), then there
exists a piecewise smooth function a : I — R™ such that (u(t), «(t), 5(t) = 0) is a feasible solution of (VID)
and the two objective values are equal. Again, if the Weak Duality Theorem 3.1 holds for every feasible solution
(5(t), a(t), B(t)) of (VID), then (u(t),a(t), 3(t) = 0) is an optimal solution of (VT'D).

Proof. Since u(t) is a local optimal solution of (V P), by Lemma 2.2, there exists a piecewise smooth o : I — R™
such that (u(t), a(t)) satisfies

Fo(tou(t), alt)) + gs(t,ult), a(t)Ta(t) = — [fs(t,u(t), a(t) + gs(t,ut), a(t) T a()], tel (3.6)

Hence, (u(t), a(t), B(t) = 0) satisfies the constraints of (MTD). Now for every feasible solution (5(t), a(t), B(t))
of (VTD), we have

[ [F 000 + a7 (000, 60)) — 350)7 H (1, 0), (0, a(0) 50

S0

=SB0 (4t 0(0).0(0) ) ]at = [ 7,0
(by a(t)Tg(t, u(t), a(t)) = 0 and B(t) = o)

> [ [ 05050 + a7 (.5(0).50)

S0

— S BT H (1,500, 3(0), 3() 5(1) — SO (1,5(0), 3(0), al6)) (0]
So, (u(t), a(t), B(t) = 0) is also an optimal solution of (VID). Hence the result follows. O

Theorem 3.3 (Converse duality). Let f and g be four times continuously differentiable functions. Suppose
(u(t), a(t), B(t)) is a local (global) solution of (VID). Again, if the following assumptions are satisfied:

(i) —p(HB(t) + IB%(t)) + (Hn(t) + In*(1)) = 0= n(t) = pB(t), tel,

(ii) [3 (VOTHy(1) + § (vOTI2(1)], — &[5 V@OTHy (1) + & (v(0)T12(1)],
—IV*(t)=0=~(t) =0, V~(t) € S(I,R"), tel,

then u(t) is a feasible solution of (VP), and the two objective functions are same. Further, if the conditions
of Theorem 3.1 are included, then u(t) is an optimal solution of (VP).
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Proof. For simple representations denote H (t,u(t),u(t), a(t)), I(t,u(t),u(t),a(t)), [t u(t),a(t)) and
g (t,u(t),u(t)) by H, I, f and g, respectively. As (u(t), a(t),5(t)) is a local (global) solution of (VID), by
Lemma 2.2, 3 Lagrange multiplier p € R, and piecewise smooth functions n — R™ and § — R™ such that

the following Fritz-John conditions hold at (u(t), «(t), 5(¢)):

5

ol fs +aTalt) — 5 [BOTHAW], ~ © [B() 15°(0),
)

Sl glal) - 3 (BOTHBM), - (B0 16%0), ]}
ot (dFa(0)), — S [+ (aFalh), ] + (HW), + (18°(1),
St (gTaln), — S (s + (gFal),)

+(HB(), + (18°®),] fn(t) =0, tel,

—p(HB(t) + IB%(t)) + (Hn(t) + In*(t)) =0, tel,

1 5
p 05 = 5907030500 - 35070500820
d d &
+ {gjs g%t [gjss - 2agjss' + dtQ.gjés':| 5(75)} n(t)

d a2 a3 ,
+ 9 |Gjsss — 3&91'5&@' + 3@9%55 — B Yisss B=(t) ¢ n(t)

+0;(t)=0, tel, j=1,2,....m

fs +glal(t) — %[fg +g§a(t)} +HB(t)+15%(t) =0, tel,

(0,6()) 2 0, (p,(t),0(5) £0, tel.
By assumption (i) and (3.10), we have
n(t) =pB), tel
Now, if p = 0, then n(t) = 0 and (3.11) yields 6(¢) = 0, which contradicts to (3.14). Hence

p> 0.

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Using (3.15) and (3.16) in (3.9), we have

fot glalt) — 5 [BOTHW], ~ 2 (507 T80,
S s+ gl alt) - 5 (BOTHA®), - 2 (B0)TI50), )

H{fuw t (gFalt), — < [Fss + (g alt),] + (HBO), + (15°(1),
S+ (gFa(), — S (fss + (oFath),)
+(HB®))s + (I5%(1)), ] },B(t) —0, tel (3.17)

By the definition of H and(2.16), (3.17) gives

3 (BT HBW) + 5 (307 18°0)| — |5 (07 HB0) + 5 (1) | ~10) (1)
From assumption (ii), we get
B(t)=0, tel. (3.19)
By (3.15), we have
n(t) =0, tel. (3.20)
using (3.19) and (3.20) in (3.11), we obtain
pg; +0;() =0, tel, j=1,2 ..,m. (3.21)
As p> 0 and 6(t) > 0, we obtain
g(tu(t),a(t) <0, tel (3.22)
So, u(t) is a feasible solution of (VP).
Again p > 0, (3.12) and (3.21) yields,
at)Tg (t,u(t),u(t) =0, tel. (3.23)

From (3.19) and (3.23), it is easily concluded that the objective value of (VP) and (VTD) is equal. Further, if
the conditions of Theorem 3.1 are satisfied, then w(t) is an optimal solution of (VP). O

Theorem 3.4 (Converse duality). Let (3(¢),a(t),3(t)) be an optimal feasible solution of (VTD). Suppose
S1 S1
f(t,.,.)dt and / a(t)?g(t,.,.)dt are convex functions in s and $. Assume that
S0

S0

/Sl a(t) g (t,5(t),5(t) — (s(t) — 5(t)) [H (£, 5(1), (1), a(t)) B(t) + I (¢,5(), 8(1), a(t) F2(t)]dt > 0. (3.24)

Then 5(t) is an optimal solution of (VP).
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Proof. Suppose §(t) is not an optimal solution of (VP). Then there exists a feasible solution s(t) of the primal
(VP) such that

/81 F(t,s(t),5(1)dt < / F(t,5(t), &(1)) dt. (3.25)

Now

S1

£ sy [ " (ts(t). 8() e

»
o

> / " (s(0) — 5(0)) fu (8, 5(2), 5(0)) + (3(8) — &) £ (1, 5(2), 5(2))] it

S0

(by convexity of / f(t, ., .)dt)

+I (t,5(t), 5(t), a(t)) B2(t)]dt
(by integrating by parts)

s1
<by convexity of/ &(t)Tg(t,.,.)dt)
S0

N
vl
—
~
=
Qi
~
~~
N
Nt
™I
—~
~
N

> [ a0y 0.5(0:50) = (s(0) — 50) [7 (1500,

+1(t,5(t),5(t), a(t) B2()] dt
(by (2.2) and (2.18))
> 0.

(by (3.24))

Hence the result. O
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4. IMPORTANCE OF THIRD ORDER DUALITY

Two numerical examples are discussed to justify the importance of the present work. The first example shows
that the first order variational dual (VFD) and second order variational dual (VSD) have no solution, whereas
the third order variational dual (VID) has solutions. And from the second numerical example (Example 4.2),

it can be easily seen that the third order dual provides better lower bound as compare to first and second order
dual.

Example 4.1. Let f, g: I x[0,1) x [0,1) — R be defined by

s2(t) + s%(t),

1 2
S50+ 52 (0) = s(0),

f (@, s(t), 5(t))
g (t,s(t), S(t)>

where t € I and s: I — [0,1). Clearly f and g are thrice continuously differentiable convex functions.
Now consider the following variational primal problem

(VP) min / N [s°(t) + s°(t)] dt,

subject to

%83(15) +8%(t) —s(t) <0, tel, (4.1)
s(s0) =71, s(s1) = e (4.2)

Let us check the feasibility of (VFD), (VSD) and (VTD).
For (VFD): From (2.4), we have

35%(t) + 25(t)

= "2m 250 -1

<0,V 5(t) >

DN =

Which contradicts to (2.6). Hence, 5(¢) is not the feasible solutions of (VEFD).
For (VSD): (t) = —1 and (2.7) yields

o =38 (t) +4s(t) + 2
)= ——an 3

<0,V 5(¢).

Which contradicts to (2.9). Hence, 5(¢) is not the feasible solutions of (VSD).
For (VTD): 3(t) = —1 and (2.13) gives

_ —35%(t) +45(t) — 4

o) S0 -1

>0,V 5(¢).

Hence, 5(t) are feasible solutions of (VSD). From the above analysis, it is observed that for 5(¢) > %, the first as
well as the second order variational dual has no solution, whereas the third order variational dual has solutions
for all 5(t).

Example 4.2. Let f, g:[0,1] x [0,1] x [0,1] — R be defined by

F(t5(1),8(1) = s°(t) + s(t),
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g (t,s(t),5(t)) = —s3(t) + 352 (t) — 2s(t),

where ¢t € [0,1] and s : [0,1] — [0,1]. Clearly f and g are thrice continuously differentiable convex functions.
Now consider the following variational primal problem

(VP) min /0 [85(t) + s(t)] dt,
subject to

—s3(t) +3s2(t) — 2s(t) <0, te]0,1], (4.3)
s(0) =m, s(1) =1. (4.4)

Since s(t) > 0 by the definition of s, the optimal solution of (VP) is attained at 0 and the minimal value is 0.
The value of (VP) at s(t) =1 and I = [0, 1] is 2, which is thus an upper bound to the true optimal value. Now
compare a lower bound to the minimal value given by this approximation §(¢t) = 1 and I = [0,1] in (VP) with
a lower bound in (VSD) and (VID).

For (VFD): It is clearly seen that 5(t) = 1 is not a feasible solution of (VFD).
For (VSD): It is very clear that (5(t) = 1,3(t) = —1,a(t) = 2) is a feasible solution of (VSD) and the value
of the objective function is —1.

For (VTD): It can be easily observed that (5(t) = 1,3(t) = —1,&(t) = %) is a feasible solution of (VTD) and

the value of the objective function is f%. Fortunately the optimal value of the variational primal problem (VP)

is known and it is 0. Hence, it can be easily concluded that (VID) gives better bound than (VSD).

5. CONCLUSION

The third order duality of variational problems is formulated with a novel approach. Weak, strong and
converse duality theorems are proved between the variational primal (VP) and its third order dual (VID). A
suitable numerical example (Example 4.2) is given to show that the third order duality gives better solutions
compared to the results given by the first and second order dual. Further, it is observed that there are some
problems in which, first as well as second order dual have no solution where as the third order dual has a solution
(see Example 4.1). Our earlier work [24] is a particular case of the present results, when s, in the objective as
well as constraint functions, is independent of ¢. Hence it generalizes the results in the references [5], [22] and
[24].
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