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A NOTE ON RELIABILITY ANALYSIS OF AN N-POLICY
UNRELIABLE MX /(g;) /1 QUEUE WITH OPTIONAL REPEATED
SERVICE

CHANDI RAaM KaLiTA"* AND GAUTAM CHOUDHURY?

Abstract. This article deals with analyse the system reliability function of an unreliable
M* / gl /1 queue with optional repeated service under N policy, where server turned on the system
2

when batches of N(> 1) units accumulated in the queue.
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1. INTRODUCTION

Madan et al. [1] investigated the queuing system with two types of general heterogeneous service for batch
arrival queue by introducing the concept of re-service. In such a system, the server provides two types of
general heterogeneous services and an arriving customer can choose either type of service before its service
start. However, if a customer is not satisfied by the service provided by the server then it may repeat the same
type of service once again. Among some other related works in this area, we should mention the papers by
Madan et al. [2], Al-khedhairi and Tadj [3], Tadj and Ke [4] and Baruah et al. [5].

The reliability function for an unreliable server queuing system was first investigated by Li et al. [6]. Tang
[7] investigated similar type of model for batch arrival queue. Consequently, Wang [8] studied such a model for
two phase of service.

The batch arrival N policy queue was first studied by Lee and Sirinivasan [9], where the server remains idle
till the queue size becomes N (> 1), i.e. batches of size N accumulated in the system. Later, Lee et al. [10] had
made an extensive analysis on this model through different techniques. Recently, Choudhury et al. [11] have
investigated a similar type of model for unreliable server with two phase of service. More recently, Choudhury
and Tadj [12] generalized this model for Bernoulli vacation schedule.

Although several aspects has been discussed on queuing model under N policy, however no works has been
done on reliability function for such type of model. Thus in this present paper we proposed to analyse reliability
function to an unreliable M /G/1 queue provides two types of general heterogeneous service with optional
repeated service under N policy.
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From the practical point of view one may encounter utility of such queuing situation in production
manufacturing system, maintenance and quality control in industrial organization, inventory system, etc.

For example, consider a production system in which the production does not start until some specified number
of raw materials, say N, are accumulated during an idle period. We assume that the production system produces
two different types of product and the raw materials for either type of product arrive in batches. It may so
happen that the production process could be interrupted due to some unpredictable events (breakdowns) in
the system. Moreover, re-production of some produced item may be necessary if the item does not satisfy a
desired quality level on a quick on the spot inspection on completion of a production. Hence, it is worthwhile
to investigate such a system from the reliability point of view.

The remaining part of the paper is organized as follows. In Section 2 we briefly describe the mathematical
model, Section 3 deals with prerequisite definition for the model, in Section 4 we derive LST of the system
reliability function. Finally, numerical illustration of the system reliability measures MTFF is done in Section 5.

2. MATHEMATICAL MODEL

We consider an M /G/1 queuing system with two types of general heterogeneous service and optional
repeated service in which an unreliable server operates an N-policy, where the number of individual primary units
arrive to the system according to compound Poisson process with arrival rate A. The size of successive arriving
batches are ii.d. random variables X1, Xs,..., distributed with probability mass function ¢, = Prob{X =
n};n > 1, PGF ¢(z) = E[2*], and finite factorial moments cj) = E[X(X —1)--- (X — k + 1)]. The server is
turned off each time until the queue size (including one being served, if any) becomes N (threshold). As soon
as the queue size exceeds N(>1), the server is turned on and begin to serve all the arriving units. The server
provides two types of general heterogeneous service to each unit on first come first served (FCFS) basis, before
its service starts, each unit has the option to select either type of service. i.e., each unit can select either first
type of service (FTS) denoted by S; with probability p; or second type of service (STS) denoted by Sy with
probability ps, where p; + po = 1. Thus the time required by a unit to complete the service is given by,

g S1, with probability p;
1 S,, with probability ps

The service time random variable S;(i = 1,2) (respectively S) of ith type of service (respective total service
time) are assumed to follow general law of probability with distribution function (d.f.) S;(x) (respectively S(x)),
Laplace Stieltjes Transform (LST) S;(#) = E[e~%%] (respectively S*(§) = E[e=%°] and finite kth moments
sgk),i = 1,2 (respectively s*)(k > 1).

More specifically, the LST of the total service time after the choice of a service is given by

S7(0) = p157(0) + p255(0)- (2.1)

As soon as either type of service completed by an unit, such an unit has further option to repeat the same
type of service denoted by B; once again with probability ¢; or leave the system with probability (1 — ¢;), for
t = 1,2 . Thus the total service time required to a unit to complete the ith type of service which may be called
modified service time (i = 1,2) is given by

g — S; + B;, with probability g;
R with probability(1 — ¢;)

Also it is assumed that repeated service time random variable follows general distribution law with probability
distribution function B;(z), LST B} (0) = E[e~%5] and finite kth moments b\" for i = 1,2.
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Clearly, the LST S(0) of S; for i = 1,2 is
57 (0) = (1 - q:)57(0) + ¢:57 (0) B (0)- (2.2)
Now utilizing equation (2.2) in (2.1) for i=1,2, we get the LST of the modified service time is given by
SH0) ={(1 = q1) + @1 B1(0)}p157(0) + {(1 — q2) + ¢2B5(0)}p255 (6). (2:3)

This type of queuing model is known as two type of heterogeneous service queue with optional repeated
service discipline with N- policy. In Kendal’s notation our model is denoted by M* / (gl) /1(UR)/N — Policy
2

repeated service queue, where UR represents unreliable server. While the server is working with any type of
service or repeated service, it may breakdown at any time for a short interval of time. The breakdown i.e.,
server’s life times are generated by exogenous Poisson process with rates a; for FTS or FTRS (i.e., first type
of repeated service) and ay for STS or STRS (i.e., second type of repeated service).

Further we assume that arrival process, service time, repeated service time and server’s life time random
variables are mutually independent of each other.

3. PREREQUISITE DEFINITION

Let Ng(t) be the queue size (including the one being served, if any) at time t, S?(¢) and B (¢) be the elapsed
service time and elapsed repeated service time of the customer for the ith types of service at time t for 1 = 1,2
denoting type 1 and type 2 service respectively.

Also let us consider the following random variable:

, if the server is idle at timet

if the server is busy with type 1 service at timet

if the server is busy with type 2 service at timet

if the server is busy with repeating type 1 service at timet

0
1
Y(it)y=42
3
4, if the server is busy with repeating type 2 service at timet

We now introduce the supplementary variables S?(¢), BY(¢) for i = 1,2 in order to obtain a bivariate Markov
process {Ng(t), Y (t)}.Let us now define the following probabilities.

Un(t) = Pr{Ng(t)=n,Y()=0}sn=0,1,2,...,N — 1.
and forn >1

Poi(z;t)de = Pr{Ng(t) =n,Y (t) = ;2 < SY(t) <z +dz};2 > 0
Py o(z;t)dz = Pr{Ng(t) =n,Y(t) = 2;0 < S9(t) <z +da};z > 0
Qn.1(x;t)de = Pr{Ng(t) =n,Y(t) = 3;x < BY(t) <z +dz};2 >0

Qno(z;t)de = Pr{Ng(t) = n,Y (t) = 4,2 < B3(t) <z + dz};2 > 0.
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Further, it is assumed that S;(0) = 0,.5;(c0) = 1, B;(0) = 0, B;(c0) = 1, for i = 1,2; S;(x) is continuous at

x=0, B;(x) is continuous at x=0, for i = 1,2 so that

are the first order differential (hazard rate) function of S; and B; respectively for i = 1, 2.

4. RELIABILITY FUNCTION

Our aim in this paper is to derive the system reliability function. Let 7 be the time to the first failure of the

server, and then the reliability function of the server is R(t) = P(mw > t).

We obtain the reliability of the server by considering the failure state of the server is the absorbing state,
which yields a new system. In order to derive the LST of reliability function of this system, the Kolmogorov

forward equations (e.g. see Cox [13]) can be written as follows:

2 0o oo
8U8"t(t) + AU (t) = 0n0 Y [(1 - Qi)/o P2 t)p(z)de +/o Qni1,i(x; )i (w)de

i=1

+(1 = 600X D erUn_k(t)in=0,1,2,...,N — 1
k=1

and fori=1,2, and n > 1

0 0 -
(81? + &r) P, i(z;t) + AN+ oy + pi(2)] P iz t) = /\;ck Pp_k,i(z;t)

(5 + 52 ) Quaast) + A+ i+ (o)) Quslait) = 4D Qurlit)

where §; ; is the Knocker’s delta function.
The boundary conditions at x=0 for i = 1,2; to solve the above equations are

P i(05t) = (1 - lh)Pi/ Poyra(ast)p(o)de + (1 — Q2)pz‘/ Pry12(z;t)po(x)de
0 0

+Pz‘/ Qnt1,1(x;t)ni (z)dx +p11/ Qnir2(z;t)n(x)de; 1<n<N-1
0 0

P,i(0;t) = (1— (h)pi/ Ppyia(zst)p (x)de + (1 — Q2)pi/ Ppii12(z;t)po(x)de
0 0

-H%/ Qn+1,1($;t)771($)dx+pi/ Qnyi,2(z;t)n2(z)de
0 0

N—-1
A enwlUk(t)y n>N
k=0

(4.3)

(4.4)

(4.5)
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oo
Quil0t) =ai [ Prs(oiu(a)da 01 (4.6)
0

and the initial condition is U, (0) = 00, n > 0.
We now introduce the following LSTs of probability generating functions (PGFs) for |z| < 1 and i = 1,2 to
solve the above system of equations:

(x,0;2) ZZ"P* Pr(0,6;2) ZZ"P*
(x,0;2) ZZ”Q,”:UQ 2(0,0; 2) ZZ"QTHOH

U (6;2) Z UX(0)z" and U} (6) :/ e U, (t); n=0,1,2,...,N — 1.
0
Now performing Laplace transform with respect to equation (4.1), we get

(OO = Ua0) =60 D[~ ) | Prasleituite + [ Qb

+(1—5n,0)AchU;{,k(9); n=0,1,2,...,N — 1. (4.7)

Proceeding similarly with equations (4.2)—(4.6) for ¢ = 1,2 and for n > 1, we have

0
0+ A+ i + i) Pri(2:0) + 5 Prlw )\ch _pi(230) (4.8)
(04 A+ i+ (@) Qs (@:0) + 2 Qi (50) = NS k@ :6) (4.9)
, or ™ s ,

Pri(0:6) = (1 - ql)pi/ P (5 0)p (z)de + (1 - Q2)Pi/ Pri1,2(2:0)po(z)dz
0 0

o / Qivr 1 (0 (2)dz + p; / Qipra(@Oa(a)ds; 1<n<N-1  (410)
0 0
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Pri(0;0) = (1 - ql)pi/ P (@ ) (w)dz + (1 — Q2)pi/ P 2(a; 0)po(v)de
0 0

i / Qi1 (0 (2)dz + p / Qoo (@ O)a(a)de
0 0

N—-1
A Ui (0); n>=N (4.11)
k=0

Q11(0:0) = g / P () i) de. (4.12)

Now multiplying equations (4.8) and (4.9) by z™ and then taking summation over all possible values of n > 1,
we get two set of differential equation of Lagrangian type whose solution is given by

Pr(z,0;2) = P7(0,0;2)[1 — S;i(x)]exp{—(0 + o + a(2))x};2 >0 fori=1,2 (4.13)

Qi (z,0;2) = Q7 (0,0; 2)[1 — Bi(z)]exp{—(0 + a; + a(z))x};2 >0 fori=1,2, (4.14)

where a(z) = A1 — ¢(2)).
Similarly equation (4.12) yields

Q7 (0,0;2) = ¢; P (0,0;2)S; (0 + o; + a(z)) fori=1,2. (4.15)

Multiplying equations (4.10) and (4.11) by 2™ and then taking summation over all possible values of n and
00 N-1
utilizing equation (4.7), by noting >~ 2" >~ ¢, U (0) = AU (0) — U (0; z)a(z), also utilizing equation (4.15),
n=N k=0

we get on simplification

[z — (1= q)p1ST(0 + a1 +a(z)) — p1q1 ST (0 + a1 + a(2))BY (0 + a1 + a(2))]
P (0,0;2) + (a(z) + 0)Ux (6; 2)zp1
=zp1 + [(1 — g2)p155(0 + ag + a(2)) + p1¢255(0 + s + a(2)) B3 (0 + as + a(2))] P53 (0, 0; 2) (4.16)

[z — (1 — q2)p2S5 (0 + ag + a(z)) — p2g2S; (0 + as + a(2)) B3 (0 + as + a(z))]
P;(0,0;2) + (a(z) + 0)Ux (6; 2) zp2
=zp2 + [(1 — q1)p257(0 + a1 + a(2)) + p2q1S7(0 + a1 + a(2)) By (0 + aq + a(2))] P (0, 0; 2). (4.17)

Solving equations (4.16) and (4.17), we obtain

[UX (0;2)(0 + a(2)) — 1]zps

Pr(0,0: 2) = _ ] fori=1,2. 4.18
00 = T T B0+ on + a(2)}n S0 + s T () o (419
+{(1—q2) + B30+ az+a(2))}p2S5(0 + as + a(z)) — 2
Applying expression (4.18) in expression (4.15), we have
Q1(0,0:2) = y Uxn(0;2)(0 + a(z)) — 1]2p;iq:S; (0 + a; + a(z)) for i = 1.2 (4.19)

L—q) + @ Bi(0 + a1+ a(2)}p1S7(0 + a1 + a(2))
{1 = g2) + @2B3(0 + ag + a(2))}p255 (0 + as + a(2)) — 2
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Now from equation (4.13), we obtain

Pr(6;z) = /000 P (z,0;z)dx
_ [1— 80 + 0 + a2V (03 2)(0 + a(2) — 1zps
0+ as + a0 —a) + B0 + a1+ a(2)}p1 ST (0 + a1 + a(2)
+{(1 = @) + @B5(0 + as + a(2))}p255 (0 + az + a(z)) — 2]

for i =1,2. (4.20)

Similarly from equation (4.12) we get

/ Q; (,0;2)d

_ 1 — B0+ a; + a()][UxNO;2)(0 + a(2)) — 1)zp:q:SF (0 + i + a(2)) for i =1,2. (4.21)
(9 +a; +a(2))[{(1 — q1) + @1 B (0 + a1 + a(2)) }p157 (0 + a1 + a(z)) T

{1 = g2) + @2 B3 (0 + a + a(2))}p255(0 + ag + a(2)) — 2]

Qi (6;2)

Now considering the coefficient

f(2) ={1—q) + @ B{(0 + a1+ a(2))}p157 (0 + o1 + a(2))
+H{(1 = g2) + @B (0 + as + a(2))}p25S5(0 + ag + a(z)) — 2

It can be shown that the function f(z) is convex. Hence by Rouche’s theorem f(z) has exactly one root ko(0)
inside the unit circle |z| = 1 for Re(z). Therefore we have

N-1 1
= [/\ + 0 — Nko(0)]"H1

Un(6;2)

again ko(6) is the unique root of the equation

={(1—q) + @B (0 + a1 +a(2))}p1S7 (0 + a1 + a(2))
H (1= q2) + ©2B3(0 + a2 + a(2)) }p255 (0 + az + a(2)).

Hence from equations (4.20) and (4.21), we have

B (0) + Q3 (0)]

1=

2
R*(8) = UR(6) + Y |
Uk (6;1) + D _[P7(6:1) +Q; (6 1), (4.22)

where,

[1— S50+ au)][0UX(0) — 1]p;
0+ ai){(1 —q1) + a1 B (0 + a1) }p1S7 (0 + a1)
+{(1 —q2) + @2B3(0 + a2)}p255 (0 + az) — 1]

Pr(0;1) = fori=1,2
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[1 — B (0 + a:)]|[0UxN(0) — 1]piqiS; (0 + i)
(0 4+ ai)[{(1 — q1) + q1.57(0 + 1) }p1.ST(0 + 1)
+{(1 = q2) + @255(0 + a2) }p255 (0 + a2) — 1]

Qi (0;1) = for i =1,2.

The above results may be summarize in the following theorem.

Theorem 4.1. The Laplace transform of the reliability function R(t) is given by

[p1{(1 = S7(0+ 1)) + (1 = By (0 + 1)1 S7(0 + a1) (O + )
+p2{(1 = S5(0 + a2)) + (1 = B3(0 + a2))q255 (0 + a2) }(6 + )] [OUX(0) — 1]
0+ 1)@+ az)[{(1 —q1) + 1B (0 + 1)}
p1S7(0 + a1) + {(1 — g2) + @2 B3 (0 + a2) }p255 (0 + ar2) — 1]

R*(0) = Un(0) +

N—1
where U (0) = > [1/(A 40 — N[ko(0)]" )] and ko(0) is the unique root of the equation

n=0

z={(1-q1) + @B (0 + a1 + a(2)) }p1S7 (0 + a1 + a(z))
(1= q2) + ¢2B5(0 + a2 + a(2)) }p2S5 (0 + a2 + a(2))

inside |z| =1, Re(6) > 0 and a(z) = A(1 — ¢(2)).
Performance measure: The mean time of the first failure (MTFF) of the server is given by
MTFF = / R(t)dt = R*(0)]g=0- (4.23)
0
By Tauberian theorem of Laplace Transform, we have
lim HU;](Q) = lim UN(t) = UN.
6— 0 t—o0
Now, let us define
Up = Untpin=0,1,2,... (N —1) and ¢ = 1. (4.24)
where U,, = tlim U, (t), ¥n= Pr {A batches of ‘n’ units arrive in the system during an idle period} and Uy is
— 00

a normalizing constant.
Now considering the normalizing condition under steady state condition

Un + Z Z |:/ Pn,l(f)dx + / Qn,z(x)dx:| = 17
n=0 1=1 n=1 0 0
we have
1- s
Uy = 322, (4.25)
> v

where p, = p1(ps, + q196,) + P2(psy + G2p,) such that p,, = Aepyst and py, = Aepybt?) for i = 1,2.
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Hence by substituting Uy in (4.23), we finally obtain
MTFF = U /(0)
N-1
l:l —Ps — Z ¢n:|
n=0

[pl{(l = S7(an)) + (1 = Bi(a1))q157 (1) Haz)
+ po{(1 = S5(a2)) + (1 — B3(a1))g255 (1) } ()

(S dn)(an)(a)
({1 = 1) + @By (1) }p1 St () + {(1 = q2) + 2 B3 (2) }p255 (az)] — 1]

+

5. NUMERICAL ILLUSTRATION

In this section, we illustrate the effect of system parameters on the reliability measures MTFF. For illustrative
purpose, we assume that the arrival batch size follows geometric distribution with parameter € for which the
PGF is given by

e
1—(1—¢)z

c(z) =

The service time and repeated service time random variables is assumed to follow exponential distributions with
service rates 3; and ~; respectively for i = 1,2 (denoting type 1 and type 2 service) for which LST is given by

Hfiﬂi fori=1,2 and B](#)= i fori=1,2.

S;(6) =
[0) e

Now, the MTFF obtained in the previous section can be written as follows:

N-1

wrer = X |5

{1 — Ps —1:2__3: 1/1n]
" {(1 ) aﬁlﬂl) " (1 - a17+1%> (alqlf}ﬁ)} ()
(Nl ) +p2{<1 B azﬂj@) N <1 - a;j%) (ag?fz@))}(al)
> ¥n ) (a1)(0)
n=0

oo ot (@) oo 22 () -

+
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where ko (0) is the unique root of the equation

a1 P15

q272 D22
a2+72+/\(1*1—(167—s)z> a2+52+>\<17ﬁ)

+ (]. — QQ) + (52)

inside |z| = 1 which we solve for z numerically.
Further, for the sake of computational convenience, the settings of system’s parameter are as follows:

The arrival rate of batches A = 0.6
€ = 0.5, so that ¢y = 1/(e) = 0.5. It is important to note that, in this case, it is straightforward to show
N-—1
that ¢, = e foralln=1,2,..., N — 1 and thus Y. %, =14 Ne.
=0

(1 =2 and B3 = 1.5 for type 1 and type 2 services respectively
v1 = 3.5 and 2 = 2.5 for type 1 and type 2 services respectively
P1 =p2 = 0.5,(]1 =0.15 and q2 = 0.2

The result of MTFF are shown for the following two cases:

Case 1: We choose as = 0.4 and vary the value of oy from 0 to 1 for different values of N.

Case 2: We choose a; = 0.4 and vary the value of as from 0 to 1 for different values of N.

Now for the above values of the system parameters the equation (5.2) reduces for case 1 and 2 as follows:
(0.2502 + 167507 + 2.665)2° — (1.9678502 + 13.0971a; + 20.9749)z*
+(5.94857a? + 39.70660; + 65.081)2% — (8.44227a% + 57.5321cr; + 99.1455) 2>
+(5.35771a7 + 38.782601 + 73.7565)z — (1.0491402 4 9.13531a; + 21.2542) = 0

0.0 0.2 0.4 0.6 0.8 1.0
al

FIGURE 1. Effect of a3 on MTFF at different threshold level (color online).
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70
60
50 F
'8
['H
=)
30 / N=t ]
2 v \=5 7
0.0 0.2 0.4 0.6 0.8 1.0

a2

FIGURE 2. Effect of ay on MTFF at different threshold level (color online).

and

(0.2503 + 1.3ary + 1.6275)2° — (1.99722a3 + 10.23560 + 12.7807)2*
+(6.14167a3 + 31.29a5 + 39.5947) 2 — (8.9033303 + 45.8247ary + 60.2978)22
+(5.8244402 + 31.37240r0 + 44.9346)z — (1.21333a2 + 7.597330 + 13.02) = 0.

The solutions of these two equations can easily be obtained using MATLAB/ MATHEMATICA software
which yields five roots for each of the equation. Here we consider only that root for each of the equation which
lie inside the unit circle |z| = 1.

The figures below show the effect of breakdown rates on the MTFF. From Figures 1 and 2 we observe that
the value of the MTFF decreases as breakdown rates increases at all threshold level. The figures also reveal the
effect of threshold level on MTFF. The figures show that MTFF increases as threshold value increases.

6. CONCLUSION

In this paper, we have studied reliability analysis of a batch arrival N policy unreliable queue with two types
of general heterogeneous service and optional repeated service where the server does not start service until the
queue size becomes “N” as model building of a production system in which production does not starts until “N”
specified raw materials accumulated in the system .We have obtained LST of reliability function and MTFF of
the model under the study. Further, we have performed some numerical experiments to investigate parameter
effects on MTFF. The result can be further generalized by introducing the concept of a setup period. As possible
extension of our model we mentioned possibility of assuming batch arrival with vacation under different vacation
policies as auxiliary tools leading to the development of more versatile queuing model.
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