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THE SUPER EDGE CONNECTIVITY OF KRONECKER PRODUCT GRAPHS

GULNAZ BORUZANLI EKINCI}Y AND ALPAY KIRLANGIC!

Abstract. Let G; and G» be two graphs. The Kronecker product G x G2 has vertex set V(G1xG2) =
V(G1) X V(Gz) and edge set E(Gl X GQ) = {(ul,vl)(UQ,’Ug) S ULU2 € E(G1) and vivs € E(Gg)} In
this paper we determine the super edge—connectivity of G x K,, for n > 3. More precisely, for n > 3, if
X (G) denotes the super edge—connectivity of G, then at least min{n(n — 1)X'(G), ming e p(c){degs(z)
+degq(y)}(n—1)—2} edges need to be removed from G x K, to get a disconnected graph that contains
no isolated vertices.
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1. INTRODUCTION

Let G be a finite and simple graph, where V(G) and E(G) denote the set of vertices and the set of edges of G,
respectively. If there is an edge e = uv € E(G), then u and v are adjacent vertices, while u and e are incident,
as are v and e. For a vertex u € V(G), the neighborhood Ng(u) is {v : uv € E(G)}. The degree of a vertex u is
the cardinality of Ng(u), that is degy(u) = |Ng(u)|. Let 6(G) be the minimum degree over all vertices of G.
The degree of an edge e, denoted by £g(e), is dega(u) 4+ degq(v) — 2, where e = uv. The complete graph and
the star graph on n vertices are denoted by K, and Kj ,_1, respectively. For two disjoint non-empty sets A
and B of vertices of G, let [A, B] denote the set of edges with one end-vertex in A and the other in B.

A graph G is connected if there is a path between any two vertices of G; otherwise G is disconnected. A
connected subgraph of a graph G is a component of G if it is not a proper subgraph of a connected subgraph
of G. For an arbitrary subset S C E(G), we use G — S to denote the graph obtained by removing all edges in
S from G. For any connected graph G, if G — S is disconnected, then S is an edge-cut. The edge—connectivity
of a graph G, denoted by A(G), is the minimum cardinality of an edge—cut of G. A connected graph G is
super edge—connected, or simply super—J, if every edge—cut of size A isolates a vertex. A graph G is mazximally
edge—connected if A(G) = 6(G). Analogous definitions exist for vertex—connectivity denoted by x(G).

The edge—connectivity is an important measure of the fault tolerance of a network and gives the minimum
cost to disrupt the network. It is known that the most reliable networks are those having the largest edge—
connectivity. Harary [12] generalized the notion of connectivity by imposing conditions on the components of
G — S and proposed the concept of conditional connectivity. The conditional connectivity of G with respect to
some graph-theoretic property P is the smallest cardinality of a set S of edges (vertices), if such a set exists,
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such that G — S is disconnected and every remaining component has property Fiol et al. [10] introduced the
super edge—connectivity. An edge—cut S is called a super edge—cut of G, if G — S contains no isolated vertices.
In general, super edge—cuts do not always exist. The super edge—connectivity X' (G) is the minimum cardinality
over all super edge—cuts, if any, that is,

N(G) =min{|S] : S C E(G) is a super edge cut of G}.

If the super edge—connectivity does not exist, then we write \'(G) = +o0. Esfahanian and Hakimi [9] showed
that if G is neither K4 ,_1 nor K3, then X (G) exists and satisfies A(G) < N (G) < &(G), where £(G) denotes
the minimum edge-degree of G defined as {(G) = min.cp(e){{a(e)}. It is easy to see that X'(G) > A(G) is a
necessary and sufficient condition for G to be super—A. For notation and terminology not defined here we follow
West [21].

Given any two graphs and the Cartesian product of their vertex sets, four standard graph products are the
Cartesian product, the Kronecker product, the strong product and the lexicographic product. The Kronecker
product G1 X G of two graphs G and Gy is the graph having V(G x G2) = V(G1) x V(G3) and E(G1 x G3) =
{(u1,v1)(ug,v2) : uyug € E(G1) and vivg € E(Gs)}.

The Kronecker product of graphs has been investigated in areas such as graph colorings, graph recognition
and decomposition, graph embeddings, matching theory and graph stability (see, for example, [1,4], and the
references therein). This product has generated a lot of interest mainly due to its various applications. For
instance, it is used in complex networks to generate realistic networks [14], in multiprocessor systems to model
the concurrency [13], and in automata theory [11]. Moreover, it is known that every graph is an induced
subgraph of a suitable Kronecker product of complete graphs [16].

The connectivity of Kronecker products of two connected graphs has been investigated by Miller [15] and
Weichsel [20]. Bresar an Spacapan [5] obtained some bounds on the vertex—connectivity and edge—connectivity of
the Kronecker product of graphs with some exceptions. Wang and Xue [18] and Wang and Wu [19] independently
showed that k(G x K,) = min{nk(G), (n — 1)6(G)} for n > 3 for any graph G. Wang et al. [17] proved
that G x K, (n > 3) is super—& for any maximally connected graph, except when n = 3 and G = K,
for m > 1. Zhou [22] proved that G x K, is not super—« if and only if either k(G x K,) = nk(G) or
G x K, = Ky x K3(¢ > 0), where n > 3. The authors [3] established the super—connectivity and the h—extra—
connectivity of the graphs K,, , x K, and K,, x K,, where K,, , is the complete bipartite graph. Recently,
the authors [2] determined the super—connectivity of G x K,,, for any connected graph G satisfying some given
conditions.

Cao et al. [6] obtained the following result for the edge—connectivity of the Kronecker product of a graph and
a complete graph.

Theorem 1.1 [6]. For any graph G and n > 3, \(G x K,,) = min{n(n — 1)A(G), (n — 1)6(G)}.

The Kronecker product of a maximally edge—connected graph G and a complete graph K, for n > 3,
was shown to be super edge—connected by Cao and Vumar [7]. It is thus natural to ask what is the super
edge—connectivity of the Kronecker product of a maximally edge—connected graph G and a complete graph K.
Moreover, Harary [12] enquired about the value of the conditional connectivity of Gy o G2 in terms of the
conditional connectivities of G; and Ga, where o is any binary operation on graphs. Motivated by the above,
in this paper we establish the super edge—connectivity of G x K,, for any graph G.

2. MAIN RESULT

We follow the notation used in [17]. For a graph G and a complete graph K,, (n > 3), we let V(G) =
{u1,u2,...,un} and V(K,) = {vi,va,...,v,}. A vertex (u;,v;) is abbreviated as w;;, where ¢ € {1,2,...,m}
and j € {1,2,...,n}. For any vertex u; € V(G), we let K'Y = {(u;,v;) € V(G) x V(K,,) : v; € V(K,)} and
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call it the K, ~layer of G x K,, with respect to u,. For all i € {1,2,...,m}, the set K% = {w;1,wia,...,win} is
an independent set in G x K.

Lemma 2.1. For any graph G,

N(G x K,,) <min{n(n — 1)\ (G), zyren}iﬂr(la){degG(nc) +dega(y)H(n —1) — 2},

where n > 3.

Proof. Consider a minimum super edge-cut T' C E(G) of the graph G. The resulting graph G — T has exactly
two components each having more than one vertex, say X; and Xs. Let Y7 = V(X;) x V(K,,) and Yo =
V(X3) x V(K,,). Since the subgraphs of G x K,, induced by Y; and Y5 are both connected and do not contain
an isolated vertex, the edge set [Y7, Y] forms a super edge—cut of the graph G x K,,. Thus,

N(G x Ky) < |[Y1,Ya]| = n(n — X(G).

On the other hand, since {(G x K,,) = min, e p(a){degq(r) +degg(y)}(n—1) =2 and N'(G x K,,) < (G x Ky,),
the result follows. O

Lemma 2.2. For any connected graph G, let S C E(Gx K,,) be a super edge—cut of Gx K,, and let C1,Cs,...C,
be the components of (G x K,) — S, where r > 2. For every vertex u; € V(G), if there exists a component Cf,
for f€{1,2,...,r}, such that K} C Cy, then |S| > n(n — 1)N(G).

Proof. Suppose that one of the components, say C1, of (G x K,,) — S contains only one intact K,-layer. Since
K} is an independent set in G x K, for any u; € V(G), the component C; is composed of isolated vertices,
a contradiction. Thus, every component of (G x K,) — S contains at least two intact K,—layers. This implies
that the set of vertices of G corresponding to the first index of the vertices of each component has two or more
vertices. The super edge—connectivity of G, N'(G), gives the minimum number of edges that need to be removed
from G to get a disconnected graph that contains no isolated vertex, that is, the minimum number of adjacent
vertices in G which are in different components when the edges of a super edge—cut of G are removed. Hence,
there are at least \'(G) pairs of vertices such that K% C C; and K’ C Cy, where t # k and u;u; € E(G). The
result follows since |[K%, Ky’]| = n(n — 1) for any edge u;u; € E(G). O

Theorem 2.3. For any graph G, andn > 3

N(G x K,) = minn(n ~ )X(G), min_{dego(a) +deg(y)}(n — 1) - 2}

Proof. From Lemma 2.1, we have

N(G x Ky) < min{n(n — )X(G), xyreng(lg){dega(ff) + degg(y)}(n — 1) — 2},

where n > 3. In order to prove the theorem, it is enough to show that XN(G) > min{n(n —
DN (G), mingyc p(gy{degg(z) + degg(y)}(n — 1) — 2}. Suppose, to the contrary, that S is a minimum super
edge—cut of G x K, such that |S| < n(n —1)N(G) and |S| < ming,cp){degs(z) + degg(y) }(n — 1) — 2. The
resulting graph (G x K,,) — S has exactly two components C; and Cs each having at least two vertices.

If each K,-layer of G x K, is contained in one of the two components, then by Lemma 2.2, we get |S| >
n(n—1)N(G), a contradiction. Thus there is at least one K,,—layer K%, where u; € V(G), which has vertices in
both Cy and Cs, that is K NCy # 0 and K NCy # 0. Without loss of generality, assume that w;, € K% NC
and w;, € K% N Cy, where p # ¢ and v,,v, € V(K,,). Since S is a super edge—cut, the vertex w;, is not an
isolated vertex in Cy. Thus, Ngxk, (wip) N C1 # 0. Similarly, Nox k., (wig) N Ca # 0.
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Harary [12] stated that for any graph theoretical property P and a graph containing two disjoint subgraphs
F and H having the property P, Dirac’s form [8] of Menger’s theorem says that the minimum number of
edges which separate F' and H equals the maximum number of edge disjoint paths between F' and H. Using
this statement, |S| is not less than the maximum number of edge—disjoint paths connecting the vertices of C;
and C5. We consider the following two cases:

. U 5 . .
j clug ’ 1 2,
(1) There is a vertex u; € Ng(u;) such that the layer K’ has vertices in both Cy and C
(2) For each u; € Ng(u;), the layer Ky’ is contained completely in either C; or Cs.

Case 1. Suppose that there is a vertex u; € Ng(u;), such that Ky NnCy # 0 and Ky NCy # 0. If the
vertices wj, and wj, are in different components, then we let w;, be the one in K;’ N C; and w;s be the one in
Ky’ N Ca, that is, wj, € {wjp,wjq} N C1 and wjs € {wjp,wjq} N Ca. If both of the vertices wj, and wj, are in
the same component, say {w;p,w;q} C C1, then without loss of generality we let w;, be the vertex w;, and let
wjs € Kn’ N Cy such that s ¢ {p, q}.

Let Ng(u;) = {uj (= un,),Uny, ..., un, } and Ng(u;) = {ui (= ug, ), ug,, ..., ug, }, where k = degq(u;) and
¢ = degg(u;). Consider the following paths in the Kronecker product graph G x K,,.

e For each t € {2,...,k} and each f € {1,2,...,n}\ {p, ¢}, there exists a path P, defined in the following
way:
Py = wip — wp,p — Wig-
The number of the paths with this structure is (k — 1)(n — 2).
e Foreacht € {2,...,¢} and each f € {1,2,...,n}\{r, s}, there exists a path P, defined in the following way:
Py i=wj = wg, f — Wjs-
The number of the paths with this structure is (¢ — 1)(n — 2).
e For each t € {2,...,k}, there exists a path P; defined in the following way:
P3 = wip = Whq — Wif = Whyp — Wig,
where f € {1,2,...,n}\ {p, ¢}. The number of the paths with this structure is (k — 1).
e For each t € {2,...,¢}, there exists a path P, defined in the following way:
Py = wjr = Wg,s — Wi — Wy,r — Wy,
where f € {1,2,...,n}\ {r, s}. The number of the paths with this structure is (¢ — 1).
e For each f € {1,2,...,n}\ {r, s}, there exists a path P5 defined in the following way:
Py = Wipr = Wif — Wjs-
The number of the paths with this structure is (n — 2).
e Foreach f € {1,2,...,n}\ {{p,q} U{r, s}}, there exists a path Ps defined in the following way:
Py = Wip = Wjf — Wig-
The number of the paths with this structure is (n—[{{p, ¢}U{r, s} }|) = n—2, except when [{p, ¢}U{r, s}| = 3,
in which case there exists a path P; defined in the following way:
P = Wip = Wijs,
Thus the total number of paths with the structure Ps or Pr is (n — 2).

Note that the above paths are all edge—disjoint paths connecting a vertex of C7 and a vertex of Cy. It follows
that

1S|Z2 (k=D -2)+(l-Dn-2)+n-2)+Fk-1)+(-1)+ (-2
= (n — 1)(degg(ui) + degg(uy)) — 2

> min {d d —1)=2
_zyle%l(lc){ egg(x) +degg(y)H(n —1) -2,

a contradiction.
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Case 2. Suppose that K, C C; or K,’ C Cy for every vertex u; € Ng(u;). There is at least one K,,~layer
contained in C7, say K/« where u, € Ng(u;), otherwise wy, is an isolated vertex in the resulting graph. Using
a similar reasoning, let K** C Cy, where u, € Ng(u;).

Let Ng(u;) = {ua (= un,), up (= Uny), Ung - - -, Un, }, where k = degq(u;). Consider the following paths in the

Kronecker product graph G x K.

For each f € {1,2,...,n}\ {p}, there exists a path P; defined in the following way:
P = Wip — Whf
The number of paths with this structure is (n — 1).
For each t € {3,...,k}, there exists a path P, defined in the following way:
P i=wip = Whq = Wif — Whyp — Wig,
where f € {1,2,...,n}\ {p,q}. The number of paths with this structure is (k — 2).
For each t € {3,...,k} and each f € {1,2,...,n} \ {p, ¢}, there exists a path P3 defined in the following
way:
P3 = Wip = Wh, f — Wig
The number of paths with this structure is (k — 2)(n — 2).
For each f € {1,2,...,n}\ {q}, there exists a path P, defined in the following way:
Py = Waf = Wiq
The number of paths with this structure is (n — 1).
For each g € {1,2,...,n} \ {p,q} and each f € {1,2,...,n}, where f # g, there exists a path Ps defined in
the following way:
Ps = war = wig — way.
Since there are (n — 1) paths for each g € {1,2,...,n}\ {p, ¢}, the total number of paths with this structure
is (n—2)(n—1).
If u, € Ng(up), then for each f € {2,...,n}, there exists a path Ps defined in the following way:
Ps = wq1 — Whf-
The number of paths with this structure is (n — 1).

Note that the paths above are all edge—disjoint paths connecting a vertex of C; and a vertex of Cs. If u, €
N¢(up), then it follows that

IS|2 -1+ ((k-2)+(k-2)n=-2)+(n-1)+n-2)(n—-1)+(n-1)
= (n —1)(degg(ui) + (n — 1))
> (n — 1)(degg(ua) + degg(up))
>

zyglg(l {degq(x) + degg(y)}(n — 1)

> min {degg(z) + degq(y)}(n —1) -2,
zy€E(G)

a contradiction. If u, ¢ Ng(up), then we have degg(u,) < n — 2. Considering the paths P—Ps, we have

IS|I>(n-=1)+((k=-2)+(k-2)(n-2)+(n—-1)+(n—-2)(n—1)
= (n — 1)(degg(u;) + (n —2))
> (n — 1)(degg(u;) + degg(ua))
>(n—1) renén {degg(z) + degg(y) }
> (n—1) min {degc( ) +dege(y)} —2,

zycE(G

a contradiction. O
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