RATRO-Oper. Res. 50 (2016) 131-143 RAIRO Operations Research
DOI: 10.1051/r0/2015020 WWW.Trairo-ro.org

COMPLEXITY ANALYSIS OF A WEIGHTED-FULL-NEWTON STEP
INTERIOR-POINT ALGORITHM FOR P,.(k)-LCP

MOHAMED ACHACHE!

Abstract. In this paper, a weighted-path-following interior point algorithm for P.(x)-linear com-
plementarity problems (Pi(x)-LCP) is presented. The algorithm uses at each weighted interior point
iteration only feasible full-Newton steps and the strategy of the central-path for getting a solution for
P, (k)-LCP. We prove that the proposed algorithm has quadratically convergent with polynomial time.
The complexity bound, namely, O((1 + x)/nlog 2) of the algorithm is obtained. Few numerical tests
are reported to show the efficiency of the algorithm.
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1. INTRODUCTION

In this paper, we consider the following linear complementarity problem (LCP): find a pair of vectors (x,y) €
R™ x R™ such that

y=Mz+q, 2"y=0, (z,y) >0, (1.1)

where M € R™ " is a P, (k)-matrix, and ¢ € R".

The LCP contains several standard problems (e.g., linear and quadratic optimization) and finds many appli-
cations in engineering and economic [4].

Feasible path-following algorithms are the most attractive interior point methods (IPMs) for solving a large
wide of optimization problems. These algorithms achieved beautiful results such as polynomial complexity and
numerical efficiency [11,16]. They start with a strictly feasible centered starting point and maintain feasibility
during the solution process. However, in practice these algorithms do not have always a strictly feasible centered
starting point. So it is worth while to attention to other cases when the starting points are not centered. Thus
leads to the concept of target-following IPMs introduced early by Jansen et al. [8]. These methods are based
on the observation that with every algorithm which follows the central-path, we associate a target sequence on
the central-path. Weighted path-following methods can be viewed as a particular case of target-following IPMs.
These methods were studied by Ding et al. [6] for monotone LCP and by Roos et al. [11] for LO. By using
a new technique for getting search directions Darvay [5] introduced a new weighted-path-following algorithm

Keywords. Linear complementarity problems, Pi(k)-matrix, weighted-path-following, interior-point methods, polynomial
complexity.

I Laboratoire de Mathématiques Fondamentales et Numériques. Université Ferhat Abbas, Sétif 1, 19000 Sétif, Algérie.
achache_m@yahoo.fr

Article published by EDP Sciences © EDP Sciences, ROADEF, SMAI 2016


http://dx.doi.org/10.1051/ro/2015020
http://www.rairo-ro.org
http://www.edpsciences.org

132 M. ACHACHE

for LO. Achache [1] and Wang [13] extend it for monotone standard and horizontal LCP. As a result, the
best iteration bound is obtained by all of them for short-step algorithms. Later on, Wang et al. [13], presented
new complexity analysis with a full-newton step feasible IPMs for P, (x)-LCP. The best known iteration bound
for their algorithm is established. Also Wang et al. [12,15], proposed polynomial interior point algorithms for
P.(k)-LCP and P, (x)-horizontal LCP. They also established their polynomial complexity. Mansouri et al. [9]
proposed a new short-step primal-dual path-following method for horizontal P, (x)-LCP. The complexity and
some numerical results are stated. However, Pélik [10], treated also this problem in his Msc thesis where a
class of primal-dual IPMs based on some self-regular functions is proposed. The complexity of this algorithm
is also established. Cho [3], based on a kernel function, he proposed a large-update interior point algorithm for
P,-linear complementarity problem. The complexity of its algorithm is obtained.

Recently, Achache and Khebchache [2], proposed a new weighted short-step path-following method for mono-
tone LCP, i.e., P.(0)-LCP, where the matrix M is assumed to be positive semidefinite. They proved that the
corresponding short-step algorithm has the best well-known iteration bound, namely O(y/nlog 2).

The purpose of the paper is to generalize their results to P.(k)-LCP where the matrix M belongs to the
class of P (k)-matrix. At each iteration, the algorithm uses only full-Newton steps which have the advantage
that no line searches are needed. We establish the currently best known iteration bound for Py (x)-LCP, namely,
O((1+ k)y/nlog ), which coincides with the bound derived for monotone LCP except that the iteration bound
in P, (k)-LCP case are multiplied with the factor (1 + ). Finally, few numerical results are reported to show
the efficiency of the proposed algorithm.

The rest of the paper is built as follows. In Section 2, the basic ideas such as the weighted path, the Newton
search directions and the proximity of a weighted-full-Newton-step interior-point algorithm for P, (x)-LCP are
described. In Section 3, detailed proofs of complexity results are given. In Section 4, we give some numerical
tests for our algorithm. Finally, some conclusions and remarks follow in Section 5.

The notations used in this paper are as follows. R™, R"} and R’} | denote the set of vectors with n components
vectors, the set of nonnegative vectors, and the set of positive vectors, respectively. Given x,y € R’} ,, their
Hadamard product is zy = (2191, ..., 2,yn)T. The expressions |jul| = VuTu and ||ul| . = max; |u;| denote the
Euclidean and the maximum norm for a vector u, respectively. Let 2,y € R}, ,/x = (\/Z1,..., \/E)T, P—
(mfl, ooy HT and % = (z—i, ce %)T If g(x) > 0 is a real valued function of a real nonnegative variable, the
notation g(z) = O(x) means that g(x) < cx for some positive constant c. For any w € R™, min(w) (or max(w))
denotes the smallest (or largest) component of w. Finally, D := Diag (d) is the diagonal matrix of a vector d
with D;; = d; and the vector of all ones is denoted by e.

2. WEIGHTED-FULL-NEWTON STEP INTERIOR-POINT ALGORITHM FOR P, (k)-LCP

Throughout the paper, we make the following assumption on P, (x)-LCP.

Assumption 2.1. Without loss of generality we may assume that P.(x)-LCP satisfies the interior point con-
dition, i.e., there exists a pair of vectors (2°,4°) such that

Y0 =Ma®+q,2° >0, 9° >0,
which implies that the solution set of P, (x)-LCP is not empty.
We recall that a matrix M is a P.(k)-matrix, if there exists a constant £ > 0 such that
(1+4k) Z xi(Mx); + Z z;(Mz); >0 for allz € R"
ieT+ ieT-

where

It ={i:2;(Mz); >0} andZ = {i:az;(Mz); <0}

are two index sets.
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It is worth pointing out that for x = 0 the P, (x)-matrix is reduced to the positive semidefinite matrix and
so P,(0)-LCP becomes the monotone LCP. The class of all P, (k)-matrices is denoted by P,(x), and the class
P, is defined by

P. = | P.(x),

k>0

i.e., M is a P,-matrix if M belongs to Pi(k) for some x > 0.

2.1. Weighted-path for P.(x)-LCP
Finding a solution of (1.1) is equivalent to solving the following system

Mz+q=y, x>0,

zy =0,y >0. (2.1)

The basic idea of the weighted-path-following IPMs is to replace the second equation in (2.1), the so-called
complementarity condition for P.(k)-LCP, by the parameterized equation xy = w with w > 0 is a positive

vector. Thus, one may consider
Mz+q=vy, >0,

Ty =w,y > 0. (22)

For each w > 0, the system (2.2) has a unique solution z(w), y(w)) (under given assumption) [10], which called
the weighted-path of P, (x)-LCP. If w goes to zero then the limit of the weighted-path exists and since the limit
point satisfies the complementarity condition it yields a solution of P, (x)-LCP. Note that if w = pe with pu > 0,
then the weighted-path coincides with the classical central-path (e.g., see [11]).

2.2. Newton search direction and proximity

The natural way to define a search direction is to follow the Newton approach and to linearize the second
equation in (2.1) for the search directions Az and Ay. This leads to the following system

M Az = Ay

yAx + Ay = w — xy. (23)

Note that under our assumptions, i.e., since M is a P, (k)-matrix and (1) is strictly feasible, the system (2.3)
has a unique solution (Az, Ay). Hence, the new iterate is obtained by taking a full-Newton step according to

4 =x+ Az and yq =y + Ay.

For the analysis of the algorithm, we define a norm-based proximity measure as follows
w— zy

:2\/ml?(10)H N ’

which vanishes if (z,y) = (z(w),y(w)) and positive otherwise. Hence, the value of § can be considered as a
measure for the distance between a given pair (z,y) and (x(w), y(w)).
Now to simplify the matters, we define the vectors

v=+/xy and d=+/xy!

where all the operations are understood to be componentwise. Note that

6 = 0(z, y;w)

v =w ey = w.
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The vector d is used to scale x and y to the same vector v as
dlr=dy=v (2.4)
as well as for the original directions to the scaling directions
dy =d 'Az and d, = dAy.

It follows that
zAy + yAzx = v(dy + dy)

and
dydy = AxAy = AyM Azx.

By using the above relations, the system (2.3) becomes

Md, =d,
2.5
dy + dy = Puv; ( )
where
po = v Hw —v?)
and M = DM D with D :=Diag (d). Also our proximity becomes
S
d(v;w) == [ = Hv (w—v )H (2.6)
2y/min(w) 2¢/min(w)
Let denote another measure as follows ()
max(w
oc(w) = m (2.7)

Note that o¢(w) > 1 and o¢(w) = 1 if w is on the central-path. This measure is an indicator of the closeness
of w to the central-path pe in the sense that if the o (w) is close to one then w is near the central-path.
2.3. Generic weighted-full-Newton-step interior-point algorithm for P.(k)-LCP

The generic weighted-full-Newton step interior-point algorithm for P, (k)-LCP is presented in Figure 1.

3. COMPLEXITY ANALYSIS OF THE INTERIOR-POINT ALGORITHM FOR P, (k)-LCP

In this Section, we first give sufficient conditions for the strict feasibility of the full-Newton step. Then, we
prove the local quadratically convergence of the iterates. Finally, the complexity bound of the algorithm is
obtained.

3.1. Feasibility of the full-Newton step

It is well-known that the scaled search directions d, and d, are orthogonal in LO case since dld, = 0
(see [11,12]). Meanwhile, in P,(k)-LCP case, this propriety failed, i.e., d2d, # 0. This yields difficulties in
the analysis of the algorithm. To overcome these difficulties, we develop some new results on the scaled search
directions.
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Input:
An accuracy parameter ¢;
an update parameter 6,0 < 6 < 1;
a proximity parameter 7, ( 0 < 7 < 1);
a strictly feasible pair (z°,4°) and w® > 0 such that
8(z°, 9% w®) < 7.
begin
z =% y:=9y°% w:=w’
while 27y > ¢ do
begin
compute (Az, Ay) from (2.3);
update z:=x + Ax; y:=y + Ay;
w:= (1 - 0)w;
end
end.

FIGURE 1.

Lemma 3.1. Let (d;,dy) be a solution of (2.5), and suppose w > 0. If 6 := §(v;w), then one has
—45 min(w)é? < dld, < § min(w) (3.1)

and

Idedy || < (ﬂ + 4;@) min(w)o?. (3.2)
Proof. Let (d,d,) be a solution of (2.5), and consider the index sets
T = {i+ (da)ildy): > 0}, T = {is (da)ildy)s < O}
By the following inequality
0 < 4(dy)i(dy)i < ((de)i + (dy)i)* = (po); Vi€ IT,

it follows on one hand that

S )ity )il < 7 ol = min(w) 8

€Tt

and on the other hand

dzdy = Z (dz)i(dy)i + Z (do)i(dy)i

i€t 1€
1 2 .
< Y (da)ildy)i < 7 Ipll® = min(w)
i€t

Now since M is P.(k)-matrix, we deduce that

didy =) |(da)i(dy)il + Y (da)i(dy);

i€t €L
= (14+45) > [(de)i(dy)il + D (da)idy)i — 45> [(de)i(dy)i]
i€t i€T— i€t
> —dr Y [(da)i(dy)i| > =5 [po]|* = —4r min(w)d>,

i€t
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This gives the proof of the first part of the lemma. For the second part, we have

dady|I* = > (do)(dy)? + Y (do)?(dy)?

i€t €L~

< 1_16 > (o) + (Z (dx)i(dy)i>

€Tt i€l —

<%mﬁ+(2wmwg.

i€l —

Also because M is a P, (k)-matrix, it is easy to see that

D 1do)ildy)il < (1+4k) Y [(do)ildy)i

€L~ i€t

1 2
< (3+5) ol
2
1 1 .
dody|* < | (= — | llpo
n u|<(4+n) +16>|pn

1 2 4
<|—=+k ol -
<¢§ )|m

Using (2.6), the result follows. This completes the proof. O

Hence, we get

Lemma 3.2. The full-Newton step is strictly feasible if and only if w + dgd, > 0.

Proof. Assume that the full-Newton step is positive, we have

T4yt = (v + Az)(y + Ay)
=y + xlAy + yAx + AxAy
=2y + (w — 2y) + dody = w + ddy.

The above equality makes clear that w+d,d, > 0. Now, proving “the only” part of the statement in the lemma,
we introduce a steplength « with a € [0,1], and we define

=z + aldz, y*=y+ ady.
We then have z° = x, 2! = x, and similar relations for y, hence 2°y° = zy > 0. We may write

z%Y* = (z + adz)(y + ady)
= 2y + a(zAy + yAz) + o? Az Ay.
But w — xy = x Ay + yAz substitution gives
Y = 2y + a(w — zy) + o? Az Ay
= (1 - a)zy + a(w + aAzAy)
=(1—a)zy + a(w + ad,dy).
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We assume that w + d,d, > 0 which is equivalent to d,d, > —w. Substitution gives
%Y > (1 —a)zy + ol —a)w

Since (1 — a)zy + a(l — a)w >0, it follovvs that z%y* > 0 for any () < a < 1. Since z% and y® are linear
functions of a and since 2° > 0 and y° > 0, it follows that z' and y' must be positive. This completes the
proof. O

Lemma 3.3. If §(v;w) < Then the full-Newton step is strictly feasible.

1
vV \/§+4H.

Proof. Lemma 3.2 implies that x4 and y4 are strictly feasible if and only if w + dydy, > 0. So w + d.d, > 0
holds if w; + (dg)i(dy): > 0, for all . Now since w; + (dz)i(dy)i > w; — |(dz)i(dy)i| > min(w) — ||dzd, || for all 7.
According to Lemma 3.1 (3.2), it follows that

min(w) — ||ded,|| > min(w)(1 — (V2 + 4r)6%).

Thus w + dgd, > 0 holds if §(v;w) < m. O

2. Quadratic convergence of the iterates

For convenience, we may write
Ut = VT4 Y+

Lemma 3.4. Ifj < Then

1
vV \/§+4H.
1

Joit]| < :
\/mln 1— \/_+4/<c)52)

Proof. Since vi = w + d,d,, it follows that

Now, since ||d.dy|| . < ||dzdyl|, we deduce that

1
ol = H1/7w+dd‘ ||,/7w+dd||

\/mln — ldzdy|l \/mln — |ld.d H

Finally, the result follows from Lemma 3.1 (3.2). This completes the proof. d
The next lemma shows the influence of a full-Newton step on the proximity measure.

Lemma 3.5. Ifd < Then

vV \/;+4N '
(V2 + 4K)6? '
24/1 — (V2 + 4k)52

0y :=0(vy;w) <
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Proof. We have

0 vy )
T 2\/m1n H
but w — U%r = —d,d, then
04 < v ] ldadyll-
2y/m ( )
By Lemma 3.4 and (3.2), we get the required result. O

_ 2
Corollary 3.6. If § < (2(\/54—4%;)) ! , then 64 < (\/ \/5—1—4%;(5) , 1.e., local quadratically convergence of the
full-Newton step is obtained.

In the next lemma, we discuss the influence on the proximity measure of the update parameter w; = (1 —60)w
on the Newton process along the w-path.

Lemma 3.7. Suppose that § < m and wy = (1 — 0)w where 0 < 6 < 1. Then
9v/no. V2 + 4k) 62
O(vgswy) < Vinoe(w) + ( ) :
2WT=0\1- (VZ+4r) 82 2/T=0\/1— (V2+4r) 62
In addition, if = —=————— and n > 4, then we have

2(VEt4r) Voo (w)
1

dvriwy) < (20V2+4k))

Proof. We have

1 _
S(vpswy) = m Herl(er - Ui)“
2

! -1
2,/(1 — 0) min(w) vt (we —w+w—07)].

By triangle inequality, it follows that

6(’U+, U)+

\/— [ ]| (e = wa ]| + [l = w2 ])

ubstitution w — v? — and ||lw — w4 || = @||w| and with the fact that ||w w ,we get
Sub 4 = —dd, and L =0 d with the f. h <

lv3 M I(0y/nmax(w) + ||dady)
2¢/(1 — 0) min(w)

S(vy;wy) <

Finally, by (2.7) and (3.2) and Lemma 3.4, it follows that

(v wy) < ! (0\/500(10) + (\/5 + 4/{) 52) .
2v/1T —04/1 — (V2 + 4K) 62

This gives the first part of the lemma.
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For the second part, if § = It

follows that

Jaran) observe that oc(w) > land for n > 4,then 6 <

I 1
2v/noc (w)( 4(V2+aR)”

1 1
§(vpswy) < ( +(V2+ 4”)52> :
2T 0y/1— (V2 +dr)s2 \2(V2+4r)
. < 1 . 1 2 .. . . .
But since 6§ < WVaran) and the two expressions 7m and 0¢ are monotonic increasing functions with
respect to > 0, so we get
S(vyiws) < £(6)

where

1 3
16 = 20y/1=0,/1 (4(\/5—#4%;)) ‘

1
T 4(V2+4r)

, we have

The function f(#) is continuous and monotonic increasing function on the interval [O, m}

1 _g(w)
1o <1 (4\/§+4m> V2445

where
3

(k) = -
. 8 (1~ v

Since g(k) is a monotonic decreasing function with respect to x > 0, it follows that g(x) < ¢g(0) and so

9(0) !
1) < V2+ 4k = 2(V2 + 4k)

since g(0) = —2= = 0.45553. Hence 6(vy;w,) < —=——. This completes the proof. O
8—v2 2(V2+4k)

Note that, in all the iterates produced by the algorithm, we have o¢(w) = o¢(wp). It follows from Lemma 3.6,
that for defaults 6 = m and 7 = m, the conditions z,y > 0 and é(vy;wy) < 7 are
maintained during the algorithm. Thus confirms that the algorithm is well defined.

In the next lemma, we study the effect of a full-Newton step on the duality gap.

Lemma 3.8. Let § < m, Then after a full-Newton step the duality gap satisfies

x£y+ < 2nmax(w).
Proof. By Lemma 3.1, (3.1) and as v = w + d,d, and e’ w < nmax(w), one has
ety =elv =eTw+dld, < eTw+ min(w)s? < (n + 1) maxw < 2nmaxw,

since 0 < 1 for all kK > 0, and (n+ 1) < 2n for all n > 1. This proves the lemma. O

3.3. Complexity bound

Lemma 3.9. Let 2* and y* be the vectors obtained after k iterations by the algorithm with w := wy,. Then the
inequality (z*)Ty* < e is satisfied for
k> %log 2nmax(wo)
€
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Proof. Lemma 3.8 implies that
(®)Ty* < 2nmax(wy) = 2n(1 — 0)F max wy.
Then, the inequality (z¥)7y* < ¢ holds if
(1 — 6)*2n max(wo) < e.

Taking logarithms, we get klog(1—0) < log e —log 2n max(wp). Since — log(1—0) > 0, then the above inequality

holds if
50> log 2n max(wo)
€

This implies the lemma. O

and suppose that wy = 0y with 20 and y° are strictly feasible

2%y
2 max(z%y

_ 1
Theorem 3.10. Let0 = 3o (wo) (VETAR)

starting points for (1.) with 6(z°,y%;wo) < 7. Then the algorithm requires at most

O ((1+ K)oo(wo)Valog = )

iterations to obtain an e-approximate solution of Py.(k)-LCP.
In particular, if wo = § then the algorithm requires at most

n
@) ((1 + k)y/nlog —)
€
iterations which is the currently best known complexity for such short-step methods.

Proof. By taking 6 and wg in Lemma 3.9, the proof is straightforward. g

4. NUMERICAL RESULTS

In this Section, we present numerical results for Algorithm 2.3 using ¢ = 1076, § = ] and

1
2y/noc (wp) (\/§+4k
1

T = (Varan) The algorithm has been applied to two P.(0)-linear complementarity problems and to one

P, (k)-LCP, with & # 0.
Problem 1. The LCP is given by:

y 4 = (_87 _67 _473)T'

| ==
| @ N
| RO
O DN = =

The initial starting point is:
¥ = (15,04, 02, 7).
An exact solution is:
Tt = (2.5.0.5, 0, 2.5)T.
The numerical results for Problem 1 with the theoretical choice wy = 0.5¢, and with relaxed weights as w§ = ke

are summarized in Table 1. (in this case oc(w’) = 1)). Now, with the weights wf = k% and with the
same choice of €, the numerical results are summarized in Table 2.
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TABLE 1.
1 1
k\g = ——  f=_——
wo\ 2v/2n Vn
wy® 61 28
wY0® 49 23
w008 37 17
wg % 25 12
TABLE 2.
1 1
b\ l=—  =—
o\ 20¢c (w2)v2n oc(w®)v2n
wy® 230 113
wy % 197 97
w008 150 74
wy 0005 103 51
TABLE 3.
1 1
k\g 0= 0= —
wo\ 2v/2n Von
wy?® 84 39
wy% 68 32
w008 52 25
wg % 36 17
Problem 2.
4 —-10 0 0 0 O
—-14 —-10 0 0 O
0 —14 —-10 0 0 .
M=|0 0 —-14 —-10 0 s q=(-1,...,-1)",
0O 0 0 —-14 -10
000 0 —-14 -1
0O 0 0 0 0 -—-14

The initial starting point is:
2% = (0.65, 0.65, 0.65, 0.65, 0.65, 0.65, 0.65).
An exact solution is:

299 — (0.3660, 0.4639, 0.4897, 0.4948, 0.4897, 0.4639, 0.3660) 7.

The numerical results for Problem 2 with the theoretical choice wg = 0.5¢, and with relaxed weights as wf§ = ke

are summarized in Table 3. (in this case oc(w’) = 1)). Now, with the weights wf = k
choice of 6, the numerical results are summarized in Table 4.
Problem 3. For ¢ > 0, the P,(x)-LCP is given by:

0 1+4K0
M=|-1 0 0], q¢=(0.01, 0501, —0.49)T.
0 0 ¢

nyD

max(zOy9)

and with the
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TABLE 4.
1 1
wk\o l=—— =
0\ 20¢ (w®)v2n oc(w®)v2n
wyd 263 129
wy0® 210 103
w008 156 7
wy % 103 51
TABLE 5.
A 1 1
6 b=—— fH=——=
wo\ 5/n Jn
wy® 113 17
wy0® 94 15
w 75 12
w840005 57 9
TABLE 6.
R 1 1
wo\ 50c(w®)/n oc(w®)/n
wy® 187 34
wy % 149 27
w008 110 20
w0005 71 14

The matrix M is a P,(x)-matrix for all £ > 0 (see [3]). For example if K = § and ¢ = 1, then the P.(3)-LCP
(a non monotone LCP) is given by:

020
M=|-100], ¢=(0.01, 0.501, —0.49)T.
001

Also the defaults # and 7 in the algorithm become

1 1 1 1

and T= ——— >~ —-

O = S roc@)(Va11)  Bymoc(ad) 22Tl "5

The initial starting point is:
2% =(0.2,0.02,0.5)7.

An exact solution is:
2t = (0, 0, 0.49)7.

The numerical results for the Problem 3 with the theoretical choice wy = 0.5¢ and with relaxed weights as

w§ = ke are summarized in Table 5 (in this case oc(w®) = 1)). For the choice wy = k% and with the
choice of 0, the numerical results are summarized in Table 6.
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5. CONCLUSIONS AND REMARKS

In this paper, we have presented a feasible weighted full-Newton-step interior point algorithm for solving
P, (k)-LCP.The currently best known iteration bound for P, (x)-LCP is derived, namely O((1 + x)y/nlog ),
which almost coincides with bound derived for monotone LCP except that the iteration bound in P, (x)-LCP case
are multiplied with the factor (14 x). Preliminary numerical results obtained by the algorithm are encouraging.
An interesting topic remains for further research is the generalization of the analysis of this algorithm for
symmetric cone Py (x)-LCP.
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