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ALMOST SURE FUNCTIONAL LIMIT THEOREM FOR THE PRODUCT
OF PARTIAL SUMS

KHURELBAATAR GONCHIGDANZAN !

Abstract. We prove an almost sure functional limit theorem for the product of partial sums of i.i.d.
positive random variables with finite second moment.
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1. INTRODUCTION AND MAIN RESULT

Limiting distributions of the product of partial sums of positive random variables have been widely studied in
recent years. Arnold and Villasenor [1] proved the limit theorem for the partial sum of a sequence of exponential
random variables. Rempata and Wesolowski [4] proved it for any independent and identically distributed (i.i.d.)
random variables with finite variance. Later, Qi [5] considered a sequence of random variables with a-stable
distribution and established the limit distribution of the product of the partial sums when 1 < a < 2.

Recently, Zhang and Huang [6] proved the following invariance principle of the product of partial sums of
i.i.d. positive random variables with mean p > 0 and variance o%:

%

[nt] ovn t

H Sk 2, exp (/ mds) as n — o0o. (1.1)
0

P wk s

The goal of this paper is to obtain an almost sure version of the above invariance principle which can also be
a functional version of the almost sure limit theorem obtained by Gonchigdanzan and Rempata [3]. Here is the
result:

Theorem 1.1. Let (Xy),>1 be a sequence of i.i.d. positive random variables with mean > 0 and variance o>

and let S, = X1 + -+ + X,. Define a process {&,(t) : 0 <t <1} by
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Let Fy be the distribution function of the random variable on the right-hand side of (1.1). Then

Togn > %1 (&r(t) < z) “5 Fy(z) asn — oo (1.2)
-
if and only if
Tog 7t Z %P (&k(t) < x) — Fi(x) as n — . (1.3)
=1

Corollary 1.1. Let (Xi)r>1 be a sequence of i.i.d. positive random variables with mean (> 0 and variance

2. Then we have
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2. AUXILIARY RESULTS AND PROOFS

Throughout the paper logz and loglog « stand for In(e V n) and Inln(n V e®) respectively, and “<” is meant
for the big “O” notation.

2.1. Auxiliary results

Lemma 2.1. Let (Y,,)n>1 be a sequence of random variables. Set S,, =Y, +---+Y,. Then we have

Zlog<n+ >Yj
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> < 3log(n+1) E<1r<nka<xn |Sk|)

max
1<k<n

Proof. Observe that
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Obviously, T1 < log(n + 1)|Sk| which implies

Zlog (n+1)Y,

Zlog]Y

max T; <log(n + 1) max }Sk|
1<k<n 1<k<n

For the second term 75 we have
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Lemma 2.2. Let (Xy)r>1 be a sequence of i.i.d. positive random variables with mean p and variance 0. Then
setting S, = X1 + -+ + X, we have
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Proof. Note that log(z + 1) = @ — r(z) where r(z)/z?> — 1 as # — 0. By the strong law of large numbers we

a.s.
—=0 as n — oo.
O<t<1

have Si/k — pu %% 0 as k — oo.
Thus by the law of iterated logarithm we get
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2.2. Proof of Theorem 1.1

We use Berkes and Dehling’s [2] technique to prove our theorem. Observe that

SICENS

k=1

where by, = Z?:k 1/j. Hence by Lemma 2.2 it suffices to show that for any Borel-subset A of DI0, 1]

1 n 1 §k §k )) a.s.
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where §,, = Zyﬂ bi,jng (Xi — p). From Berkes and Dehling [2] (p. 1647), to prove (2.1) it suffices to show that
for any bounded Lipschitz function f on D0, 1] we have

1 1, as
Togn ; ECk —0asn — oo (2.2)

where ¢ = f(3x/0Vk) — Ef (3, /0Vk). In fact, the following implies (2.2) (see p. 1648, Berkes and Dehling [2]
for the proof):

n 2
1
E<Z E@) < log® n(loglogn) ¢ for some & > 0. (2.3)
k=1
Therefore, showing (2.3) would be sufficient for the proof of Theorem 1.1. Observing
81— 85 = bike 1,1 (St — [ktl) + (bpra,00 (Xka+1 — 1) + -+ + bpeug (X — 1))

for [ > k we find that 8 — 85 — bjey41,11¢) (Sjre) — p[kt]) is independent of 3, which implies that

CoV(f(j\;E> ) f(gl — S b[kt]:’\[/l?(s[m — N[kt]))) =0 for | > k.
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By the Lipschitz property of f
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Now applying Lemma 2.1 to M; we obtain
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where 0 <+ < 1/2—~
On the other hand E((x(;) < 1 because ¢ is bounded . Hence we have the following estimate for E((;(;):

1, if 1/k < exp((logn)'~°)

E(G.¢) < { (k/l)v/ logk, if 1/k > exp((logn)' ™)

where ¢ is any positive number. Hence,

E(G:Q) 1 1 " L, 9 .
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and
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Thus (2.4) and (2.5) immediately imply (2.3) which completes the proof of Theorem 1.1. O
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