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SEPARATION PRINCIPLE IN THE FRACTIONAL GAUSSIAN
LINEAR-QUADRATIC REGULATOR PROBLEM WITH PARTIAL
OBSERVATION

MARINA L. KLEPTSYNA!, ALAIN LE BRETON? AND MICHEL VIOT?

Abstract. In this paper we solve the basic fractional analogue of the classical linear-quadratic Gauss-
ian regulator problem in continuous-time with partial observation. For a controlled linear system where
both the state and observation processes are driven by fractional Brownian motions, we describe ex-
plicitly the optimal control policy which minimizes a quadratic performance criterion. Actually, we
show that a separation principle holds, i.e., the optimal control separates into two stages based on
optimal filtering of the unobservable state and optimal control of the filtered state. Both finite and
infinite time horizon problems are investigated.
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INTRODUCTION

Several contributions in the literature have been already devoted to the extension of the classical theory of
continuous-time stochastic systems driven by Brownian motions to analogues in which the driving processes are
fractional Brownian motions (fBm’s for short). The tractability of the basic problems in prediction, parameter
estimation, filtering and control is now rather well understood (see, e.g., [1,6-10,15,16], and references therein).
Nevertheless, as far as we know, it is not yet demonstrated that optimal control problems can also be handled
for fractional stochastic systems which are only partially observable. So, our aim here is to illustrate the actual
solvability of such control problems by exhibiting an explicit solution for the case of the simplest linear-quadratic
model.

We deal with the fractional analogue of the so-called linear-quadratic Gaussian regulator problem in one
dimension. The real-valued processes X = (X, t > 0) and Y = (Yz, ¢ > 0), representing the state dynamic
and the available observation record, respectively, are governed by the following linear system of stochastic
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differential equations, which shall be as usual interpreted as integral equations:

a(t) Xedt + b(t)ugdt + o(t)dV,H | t >0, Xog =,

dX; W
1

dy; = A@®)X.dt+ B@#)dAWH >0, Y, =0.
Here V = (VA ¢t > 0) and W = (WH,t > 0) are independent normalized fBm’s with Hurst parameter H in
[1/2,1) and z a fixed initial condition. The coefficients a, b, 0, A and B are assumed to be bounded and smooth
enough (deterministic) functions of R into R, with B nonvanishing and B~! bounded. We suppose that at
each time ¢ > 0 one may choose the input u; in view of the past observations {Y5,0 < s < ¢} in order to drive
the corresponding state, X; = X}* say, which hence also acts upon the observation, ¥; = Y,* say. Then, given
a cost function which evaluates the performance of the control actions, the classical problem of controlling the
system dynamics on some time interval so as to minimize this cost occurs.

Here, in the finite time horizon case, given some fixed T > 0, we consider the quadratic payoff J,. defined for
a control policy u = (ut, t € [0,T]) by

T
ehhozE&hX§+[;M@Xf+ﬂwﬁMﬂ, 2)

where ¢, is a positive constant and ¢ = (¢(¢),t € [0,7]) and r = (r(¢),t € [0,T]) are fixed (deterministic)
positive continuous functions. It is well-known that when H = 1/2 and hence the noises in (1) are Brownian
motions, then (see, e.g., [3,13,17]), the solution @ to the corresponding problem, called the optimal control, is
provided for all ¢ € [0,T] by

b(t - - _ _ _

i =~ o (£): Xe=XPr W= )
r(t)

where 7;(X) is the conditional mean of X; given {Ys,0 < s < t} and p = (p(t),t € [0,7]) is the unique
nonnegative solution of the backward Riccati differential equation

S0 oD =4 (@)

p(t) = =2a(t)p(t) — q(t) +

In (3), the optimal filter 7m;(X) is generated by the following so-called Kalman-Bucy system on [0, T):

Am(X) = [am(C) + B + 30 (a¥s — Al (Ot mo () = .
) = 2an(0) + o0, 2(0) =0,

where the solution v(¢) of the last forward Riccati equation is nothing but the variance IE(X; — m(X))? of the
filtering error. Moreover, the minimal cost J,. (@) is given by

1@ = o) + [ a2 (0t + (D) + [ alen o ()

This result is known as the separation or certainty-equivalence principle. It means that, optimally, the processing
device which takes the observation record {Y;, 0 < s <t} and converts it into a control value @; separates into
two stages: computation of the statistic 7;(X) and computation of the control value #; as a function of this
statistic. The main feature is that these operations are independent in the sense that the Kalman-Bucy filter
does not depend in any way on the coefficients ¢, ¢, r defining the control problem, whereas the control function
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does not depend on the noise parameters o, B, i.e., the controller behaves as if 7;(X) were the actual state X,
which explains the term “certainty-equivalence”. Our first goal here is to show that actually when the system
(1) is driven by fBm’s with some H € (1/2,1) instead of Brownian motions, an explicit solution to the optimal
control problem under the performance criterion (2) is still available in terms of a kind of separation principle.
One of the crucial points is that, as in the case H = 1/2, again for H € (1/2,1) the original problem can
be reduced to the optimal control problem with complete observation of the filtered state m;(X). This can be
rather easily noticed thanks to the obvious orthogonality relation E(X; — m(X))us = 0 for any suitable variable
u¢ which is measurable with respect to {Y;,0 < s < t}. Then, to solve the optimal control problem concerning
7+(X), we adapt the approach led in [10] to address the case of complete observation in a linear-quadratic
regulator problem with a fractional Brownian perturbation.

Actually, we shall deal also with the infinite time horizon problem. In this case, we assume that the coefficients
a,b,0,A and B in (1) are fixed constants and we choose an average quadratic payoff per unit time J_ which is
defined for a control policy u = (ut,t > 0) by

T
J__(u) = limsup % / (X2 + ru?]dt, (7)
0

oo
T—+o00

where ¢ and r are positive constants. Here, it is well-known that when H = 1/2, then (see, e.g., [3]) to get an

optimal control @, one has just, in the solution of the finite time horizon problem, to substitute for the function
2

P, given by (4), the nonnegative solution p of the algebraic Riccati equation —2ap — g + bTﬁQ =0, i.e.,

5= Llat0]; 6, =1a2+ 2 8)
p_b2 cl? c Tq.

In other words, @ is provided for all ¢ > 0 by
_ b_ % % a Y, a
Ut:*;Pﬁt(X); X=X Y=Y, (9)

where the optimal filter m;(X) is still generated by (5). So, again a separation principle holds. Moreover the

optimal cost J_ (@) is given by
2

AT _
J_(u) = ﬁpfﬂ +qy as., (10)

where 7 is the nonnegative solution of the algebraic Riccati equation 2avy + 02 — g—272 =0, i.e.,

. B? / A2
’YZE[GJF(SJ:]; 6, = a2+§02. (11)

We shall also extend these results to the case H € (1/2,1). Again, the main idea of the approach is that
the original problem can be reduced to the optimal control problem with complete observation of the filtered
state m(X). But, contrarily to the finite time horizon case, here one of the difficult points is to obtain an
“orthogonality” condition in the sense that the limit as T" tends to infinity of a time average % fOT (Xp—m(X))urdt
is equal to zero almost surely for any suitable process u;. The verification of that condition and the analysis
of several other crucial ergodic type properties require the precise study of the asymptotic behavior of various
processes which have complicate structures. Then, to solve the optimal control problem concerning m(X),
we adapt the approach led in [12] to address the case of complete observation in a linear-quadratic regulator
problem with a fractional Brownian perturbation.

The paper is organized as follows. At first in Section 1, we fix some notations and preliminaries. In particular,
we associate to the original problems auxiliary filtering and control problems concerning Volterra type integral
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dynamics driven by appropriate Gaussian martingales corresponding to the fractional noises. Then, in Sections 3
and 4, the finite time and the infinite time horizon control problems are solved, respectively. Section 5 is devoted
to a complementary analysis of the second case for which another optimal control defined in terms of a simpler
and more explicit linear feedback is described. Finally, an Appendix in Section 5 is dedicated to auxiliary
developments: we derive some technical results and we investigate ergodic type properties of some processes.

1. PRELIMINARIES

1.1. Terminology and notations

In what follows all random variables and processes are defined on a given stochastic basis (Q, F, (F), P).
Moreover the natural filtration of a process is understood as the P-completion of the filtration generated by this
process.

Here, for some H € [1/2,1), BY = (BE,t > 0) is a normalized fractional Brownian motion with Hurst
parameter H means that B is a Gaussian process with continuous paths such that B =0, EBH = 0 and

1
EBI B = S 42 — s — 1] s 120, (12)
Of course the fBm reduces to the standard Brownian motion when H = 1/2. For H # 1/2, the {Bm is outside
the world of semimartingales but a theory of stochastic integration w.r. to fBm has been developed (see, e.g.,
[4] or [5]). Actually the case of deterministic integrands, which is sufficient for the purpose of the present paper,
is easy to handle (see, e.g., [15]).

— Fundamental martingale associated to B™. There are simple integral transformations which change the fBm
to martingales (see [9,15,16]). In particular, defining for 0 < s <t

1 1 3 1
ku(t,s) = [i;{lsi_H(t — 5)5—1'1; KH = 2HP(§ —H) (H—|— 5) , (13)

2HT(3 —2H)[(H + 1
’LU,{{ _ )\I—{lt272H; )\H — ( - ) ( 2)7
I'(3 —H)

t
B; = [ kalt. st (15)
0

then the process B* is a Gaussian martingale, called in [15] the fundamental martingale, whose variance function
(B*) is nothing but the function w’?. Actually, the natural filtration of B* coincides with the natural filtration
(BH) of BE. In particular, we have the direct consequence of the results of [9] that, given a suitably regular
deterministic function g = (g(t),t > 0), the following representation holds:

(14)

[ owans = [ K58, (16)
0 0

where for H € (1/2,1) the function K, is given by
t 1 3
K. (t,s) = H(2H — 1)/ gr)yrf=z(r —s)H=2dr, 0 < s <t, (17)
and for H = 1/2 the convention Klg/Q(t, .) = g for all ¢ is used.
— Admissible controls. Let U be the class of (F;)-adapted processes u = (u¢) such that the stochastic differential

system (1) has a unique strong solution (X“, Y*) which satisfies J(u) < +o0, where, according to the setting,
the cost J(u) is evaluated by (2) or (7), with X = X". Actually, as mentioned in Section 1, for control purpose
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we are interested in policies such that, for each ¢, u; depends only on the past observations {Ys,0 < s < t}. So,
we introduce the class of admissible controls as the class Uyq of those u’s in U which are (J}*)-adapted processes
where (V") is the natural filtration of the corresponding observation process Y = Y*. For u € U,q, the triple
(u, X", Y*) is called an admissible triple and if @ € Uy,q is such that

J(’l_l,) = mf{J(u), u e Z/lad} )

then it is called an optimal control and (ﬁ,)_(,i_/), where X = X% Y = Y%, is called an optimal triple and the
quantity J(@) is called the optimal cost.

1.2. Auxiliary filtering and control problems

Of course, taking into account the results recalled in Section 1 for the case H = 1/2, our guess is that again,
in the fractional world, the optimal controller behaves as if the filtered state were the actual state. Actually, as
a consequence of the orthogonality relation E(X; — 7 (X))us = 0 for u’s belonging to U,4, one gets that J.(u)
given by (2) can be decomposed as

Jo(u) = E{qTﬂ'i(X)—i—/O [q(t)ﬂf(X)—i—?“(t)uf]dt}

+ (X, — 7 (X))? + / G(OE(X, — m(X)%dt.

Hence, since in fact the variances E(X; — m;(X))? of the filtering errors do not depend on the specific control u,
it appears that optimizing J.(u) is equivalent to minimizing the first expectation in the right hand side above,
which expectation depends only on the filtered state m;(X). Now, it is clear that the solution of the filtering
problem in model (1) and the solution of the control problem with complete observation in the corresponding
model for m:(X) will be crucial in our analysis. So, we give some preliminary results about these two problems,
adapting to the present context some of our previous works.

— Filtering problem. Actually, the filtering problem in model (1), without the additional term b(¢)u: in the
state dynamic, has been solved in [9]. But, in the present setting, since only u’s belonging to Usq are involved,
it is rather immediate to extend the result in the following terms. With kg given by (13), we introduce the
observation fundamental semimartingale Z which is defined from Y by:

Z = /Ot kr(t, s)B~(s)dYs. (18)

It can be represented as
t
zi= [ Quejault ;.
0

where W* is the Gaussian martingale associated to W through (15) and

d ¢ A(s)
)= - [ ku(t, )22 x ds, 19
Q) = g5 [ ale.9 G Xids (19)
with a derivative understood in the sense of absolute continuity. The natural filtrations (Z;) and (}}) of Z and
Y coincide and moreover the innovation type process v = (v¢, t € [0,T]) can be defined as follows. Using, for
any process £ = (& ; t > 0) such that E|&| < +oo, the notation 7;(€) for the conditional expectation E(&:/))
of & given the o-field ) (or equivalently Z;), the process v is given by:

t
V= 7, — / 7o (Q)dw! (20)
0
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where w? |, Z and @Q are given by (14), (18) and (19), respectively. Actually, v does not depend on the admissible
control u and moreover it is a continuous Gaussian ();)-martingale, with the variance function (v) = w? | which
allows a representation of the filter m;(X). We introduce the family of 2 x 2 matrix-valued deterministic functions
Ts(t,.) = (Tf(t,s),0 < s <t) which satisfies the Riccati-Volterra type system

Ti(t,s) = /()S[Af(t,r)r'f(s, P) 4+ T4t 1) Ay (s, 7)]dr

s s (1)
+ /0 C(t,r)C'(s,r)dw! —/O Ly (t,r) L (s, r)dw,
where the 2 x 2 matrices Af(t,7),E and vectors C(t,r) in R? are given by
. 1 0\ (0 0\ (K (t,7)
Af(t’r) - a(r) <p(t,7“) O) ’ 52 - <0 1> ) C(t,”f’) - < q(t,?“) ) )
with
d K A(v) d K A(v)
_ ) du: _ 4 K . 22
p(t,r) Tl /T sz(t,U)B(v) dv;  q(t,7) Tl /T kp(t,v) H(U,T)B(v) dw (22)
Then, the filter m;(X) is governed by
¢ ¢ ¢
m(X) == +/O a(s)ms(X)ds —|—/O b(s)usds +/O F}Q(t, s)dvs, (23)

where T'}?(t, 5) is the (1, 2)-entry of the matrix T's(t, s). Notice that the probabilistic interpretation of T's(t, 5) is
given in [9] (see also the beginning of section 6.2 in the Appendix below) and in particular, for s = ¢, the diagonal
entries I'} (t,s) of I'¢(t, s) are nothing but the variances of the filtering errors for X, and @, respectively, from
{Ys,0 < s <t} e,

I‘}l(t,t) - E(Xt - Wt(X))2 ) F%Q(tat) = E(Qt - Wt(Q))Q-

Of course, since the definition (20) of the innovation v, involves the filter m(Q), to generate the filter 7, (X)
from (23), one needs actually a complementary equation to form a closed system for the pair (7 (X), m(Q)).
We shall provide such an equation below (see also [8] for a global system of filtering equations in the case of
constant coefficients without control).

— Control problem. Now, from the discussion above, it becomes natural to analyze the control problem with
complete observation of the state in a Volterra type dynamic inspired of (23). Precisely, we consider a state
process II = (II, ¢ > 0) generated by

t t t
I; =2+ / a(s)[Isds + / b(s)usds + / L (t,s)dMs, (24)
0 0 0

where M is a Gaussian (F;)-martingale with the variance function (M) = w'l. Here, in the control problem
which is relevant regarding our original problem, the class of admissible controls u is the whole class U. Of
course, according to the setting, the payoff J(u) to minimize is evaluated by (2) or (7) with IT = II* in place
of X, respectively. We recognize that actually the just stated control problems are quite similar to those which
have been solved in [10] and [12]. More precisely, to get here an optimal control @, we have only to substitute
T (t,s) for K§(t,s) in the settings therein.

Therefore, in the finite horizon case, we introduce the family of 2 x 2 matrix-valued functions T'.(.,s) =
(Te(t,s),t € [s,T]) such that I'.(.,s) is the unique nonnegative symmetric solution of the backward Riccati
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differential equation in the variable ¢ on [s, T

Te(t,s) = —ALt,s)Te(t,s) —Te(t,8)Ac(t, s) — q(t)D(t, s)D' (¢, s)
b2 (t) . (25)
+WFC(t’ $)ET.(t,s); To(T,s)=¢q,D(T,s)D'(T,s),

where the 2 x 2 matrices A.(t, s), &1 and vectors D(t, s) in R? are given by

ato=an (5 ) = (0 209 = ()

Actually, the (1,1)-entry I'}1(¢, s) of the matrix I'.(¢, s) does not depend on the variable s and it is nothing but
the solution p(t) of the Riccati equation (4). Again, we shall denote by I'¥ (¢, s) the (i, j)-entry of T'.(t, s). Now,
parallelling the developments in [10], we get an optimal control % in U such that the optimal pair (i, IT), where
II = II%, is governed on [0, 7] by the system

w =~ O+ [ 02 (05) — pOT P lL) s T =11 (26)

and moreover the optimal cost is
T
J.(0) = p(0)z? +/ 22(t, t)dw . (27)
0

Similarly, in the infinite horizon time case, we shall be able to take benefit of the approach led in [12] in order to
analyze the auxiliary control problem with complete observation associated with the original control problem.

2. FINITE TIME HORIZON CONTROL PROBLEM

At first we state our main result:

Theorem 2.1. Let ky(t,s), p(t,s) and q(t, s) be the kernels defined in (13) and (22), respectively. Let also Ty,
T be the solutions of (21), (25), respectively, and p be the solution of (4). In the control problem

in J bject to (1
Juin Jr(u)  subject to (1),

with Jr defined by (2), an optimal control @ in Usq and the corresponding optimal triple (u, X,Y) are governed
on [0,T] by the system

U = ——t){P(t)ﬂt(X) +/O [Le3(ts) — p(OT P (L, s)ldvs s Xy = X[ Yy =Y, (28)

where . .
V= / ket (£, 5) B~ (5)dY, — / o (Q)dw! | (29)
0 0
and the pair (7:(X),7(Q)) is generated by

7 (X) =z + /Ot a(s)ms(X)ds /Ot b(s)usds + /Ot F}Q(t, s)dvg , (30)

7(G) = p(t, 0)z + /O a(s)p(t, s)ms(X)ds + /O b(s)p(t, 5)sds + /O T2t 5)dv, (31)
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Moreover the optimal cost is
T T
J, (@) = p(0)a? +/ L2 (t,t)dw;" + ¢, T (T, 7) +/ q(t)T (¢, t)dt . (32)
0 0

Remark 2.2. (a) In the case H = 1/2 where, for all 0 < s < ¢, kg (t,s) =1, p(t,s) = q(t,s) = A(t)/B(t), it is
easy to check that for all 0 < s < ¢ < T, the matrices I'¢ (¢, s) and I'.(¢, s) reduce to:

A(s) A(s)
1 : 1 57(s)
B B(s
Ly(t,s) =(s) ( (s A2((Z))> i Lelt,s) = p(t) <A(s) A2((s)) 2 ) ’
B(s) B2(s) 567(5) B (%)

BN

where p and ~y are the solutions of the Riccati equations given in (4) and (5), respectively. Hence, it is readily
seen that actually the statement in Theorem 2.1 reduces globally to the well-known result recalled in Section 1.

(b) Introducing
t
n= [ 0208~ pOr P la,
0

one can write the optimal control u; as
e = 2 oty (X) + 71}

It is worth mentioning that actually the additional term ¥; which appears in the case H > 1/2 (and equals zero
when H = 1/2) can be interpreted in terms of the predictors at time ¢ of the noise component VHE t<7<T
based on the observed optimal dynamics (Y5, s < ¢) up to time ¢. Precisely, one can rewrite

T
o= / O, Dpr)o (1) B(VE [Ff) dr 1 <7< T, (33)

where
b*(u)

“(
r(u)

o) = exp / "faw) - 2 pw)ldu}. (34)

or, equivalently,
T
w=E([ olr.0pr)a(rav /).
t
This will be made clear after the proof of Theorem 2.1.

Proof of Theorem 2.1. Clearly, due to its definition through a closed system in terms of the only process Y,
the control policy @ given by (28) belongs to U,q. Moreover, comparing (30) with (23), we see that m;(X) is
nothing but the filter of X based on the observation of Y. Actually, from the results in [9], it can be seen that
7:(Q) given (31) is also the filter of the process  which is the analogue for X of Q defined from X by (19).
This explains why one may also substitute (29) for (20) in the representation of the innovation v which does
not depend on the admissible control. Let us consider the process (p;,0 <t < T') defined by

P = plt)ym(X) + / T22(t,5) — p(T (1, 5)]dvs (35)

which in particular allows the representation u; = —(b(¢t)/r(¢t))p: . Parallelling the proof in [10], it can be shown
that it satisfies the following backward stochastic differential equation:

dpt = *a(t)ptdt - Q(t)’”t (X)dt + FiQ(ta t)dl/t ) te [Oa T] sy Pr =4pTp (X) (36)
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Now we show that @ minimizes J,. over Uy,q. Given an arbitrary u € Uy,q, we evaluate the difference J,. (u) —J,. (@)
between the corresponding cost and the cost for the announced candidate @ to optimality. Of course, we can
write

T
Ip(u) = (@) = B{ar X2 - X2+ [ {aX? - X2+ r(0lu? - a2}
Using the equality y? — 42 = (y — %) + 24j(y — %) and exploiting the property 4 = —(b/r)p, it is readily seen
that
Jr (u) —J; (ﬂ) = E(Al) + QE(AQ) )
where

A1 = d4r [XT - XT]Q + /O {Q(t)[Xt - Xt]2 + T(t)[ut - ﬂt]Q}dta

T
AQ = QTXT [XT - XT] +/ {Q(t)Xt[Xt - Xt] - b(t)pt[ut - ﬂt]}dt'
0
Actually, the last integral can be written as
T - ~ _
/ {(Xe — Xo)[a(0) Xt + alt)pe] — pela(t)(Xe — X¢) + b(t)(ue — ue)]}dt,
0

and moreover, due to (1), (23) and (30), X; — X; = m(X) — m(X). Hence we can rewrite Ay in the form

T
Ay = g%, — 1 (X))l (X) — 7 (X)] + / GOIX: — m (X)) (X) — my (Xt
T
gy () (X) — (X)) + / () — 0 (X)[q(t)me (X) + apedt
- / prlat) (me (X) — 7 ()) + b{t) (g — )]l

Now, taking into account equation (36), we see that the difference of the last two integrals can be written as

- / (m2(X) — (X)) dpy — / pr(m(X) — m(X)) + / (2 (X) — ()T (1, £) o

Therefore, inserting this into the expression above of Ay and taking the expectation, since E[X; —my(X)][m(X) —

7m¢(X)] = 0 and the stochastic integral part gives also zero, we get that

B(8) = B{aym (D) (¥) = m, (0] = [ (m3) = m(X)dpe = [ () = m(X)}.

Now, integrating by parts, since p,. = q,.7,.(X) and my(X) — 7o(X) = 0, it comes that E(Az) = 0 and finally
Jn(u) — J.(2) =E(Ay) > 0. This of course means that @ minimizes J,. over Uyq.
Now we compute the optimal cost J.(@). Since

X2 = 72(X) + [X — m(X)2 + 2m(X)[Xs — m(X)],

and E[m(X)(X; — m(X))] = 0, we can write

1@ = om0+ [ @m0+ i)

T, E[X, — (X + / G(OELX, — m(X)Pdt
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Comparing (28), (30) with (24), (26), we recognize that the first quantity in the right-hand side above is nothing
but the optimal cost (27) in the auxiliary control problem discussed in Section 2. Therefore, since moreover
E(X; —m(X))? = F}l(t, t), we see that the expression (32) holds for J_.(a@). O

Justification of Remark 2.2.b Paralleling the discussion in [10], it follows that

T B -
7= [ olr ) BV Y .

where ¢(7,t) is given by (34) and
V= /OT ¥ (r,r)dy, .
But for any 7 > t we have
E(V, /i) = /O T (r ) oy

and hence also

EE(V /yﬂ) — /t 21\12( )dl/
aT T ¢ - 0 87— f T,r r

Therefore, the equality (33) will be valid if we prove

Lo 0 -
/0 EF}Q(T, r)dy, = O’(T)EE(VTH/))?); T>1.

But for 7 > t the following representation holds:

t
. 0
E(VH /i) = /0 [a@ EVHy, | dv,

and so we just need to show that

0
p F}Q (r,r) =0o(1)

o 0 _ 4
a7 3 BV (37)

To prove this equality, for » < t < 7, we introduce the quantity

G(T7 T) = %EXSV’N

where XY stands for X* with u = 0. Since Er,(X°)v, = EX v, from equations (23) and (1) (with u = 0), we

can derive the following two equations for G(r,r):

0 _ 9 1
87_G(Ta T) - a(T)G(Ta 7’) + 87'Ff (7_7 T)a

0 o 0
EG(T, r) =a(T)G(1,7r) + O'(T)E 8<I/T>EVTHVT'

This gives that (37) holds and hence also (33).
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3. INFINITE TIME HORIZON CONTROL PROBLEM — FIRST SOLUTION

Here we assume that the coefficients a,b, 0, A and B in (1) are fixed constants and that ¢ and r are positive
constants. Then, in equation (21) for Iy (¢, s) = ((I'/ (¢, 5))), the coefficients Ay and C take the particular form

As(tr) = a (ép,}(t’r) 8) . Ctr) =0 (i(;((’;:))) , (38)

B B
with

t t
p*(t,r) = W/’r kg (t,v)do; q*(t,T)W/T kp(t,v)Kgy(v,r)dv, (39)

where ky is given by (13) and Ky denotes K, defined by (17) when g =1, i.e.,
t 1 3
Ky(t,s) = H(2H — 1)/ =z (r —s) "2 dr, 0<s<t.

Taking benefit of the approach led in [12] for the infinite time horizon control problem with complete observation,
it is natural to introduce the following family of auxiliary functions (v22(.,s),s > 0). For any fixed s > 0, we
define the function v!2(.,s) = (y!2(t,s),t > s) by

—+oo
V(s =0 [ e ST sy (40)
t

where 0, is given by (8). Now, we can state our main result:

Theorem 3.1. Let ki (t,s), p*(t,s), ¢*(t,s) and I'f(t,s) be the kernels defined in (13), (39) and (21) with Ay
and C given by (38). Let also the constants p,7 be defined by (8), (11) and the function v}2 be given by (40).
In the control problem

in J bject to (1),
Jnin J, (u) subjectto (1)

with J__ defined by (7), an optimal control i in Uaq and the corresponding optimal triple (i, X,Y’) are governed
by the system

b . ‘ . P o .
m == Tplm(0) + [ TR} X=XP5 Ti= Y (41)
0
where
¢ - t
v = Bil/ kp(t,s)dYs f/ 7s(Q)dw! | (42)
0 0
and the pair (7:(X),7(Q)) is generated by
- ¢ - ¢ ¢
m(X) =2 +/ ams(X)ds +/ busds +/ F}Q(t, s)dvs, (43)
0 0 0

t

M(Q) = HU o ta [ peamDds+o [y smds)+ [ 1R s (a4)

Moreover the optimal cost is
Jo () = (H) +q7.. (H), (45)
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where )
A? I'(2H + 1)sintH b, —a 6 —a
H — _**2 f _ _c
Coo( ) ng’y (5f 756)2(5f +5Q) (50 + ) (SLH 1 5;{7%
0, —a 6 —a
+(8, = 6,)(0, —a) [521{—_1 - (5211—_1] (46)
c ¥
2 2 —a®| 1 1
qo .
+F(2H+1)T(1—SID7TH)5;752 [(P—H_(P—H 5
f e L% f
and ) 5
v (H) = % {1 4 +asin7rH} , (47)
s F

with 6, 6, given by (8), (11).

Remark 3.2. (a) From the proof below, it will appear that the term v_ (H), given by (47) which is involved in
the representation (45) of the optimal cost J_ (@), is nothing but the limit as ¢ tends to infinity of the variance
E(X; — 7:(X))? of the filtering error.

Actually, in the statement above, for 0, = 0_, the quantity ¢ (H) must be interpreted as the limit of the right
hand side of (46) as §_ tends to §,. This limit is nothing but

2 __ sin 2
Fopy? Mt {6, +0) 5, + (H = 1) (6, = )]* +5,(6, - a)lo, + (2H ~ 1)(3, - a)] }

Hqo? 48
%(1—sinﬂH)(5?—a2). (48)
f

+T'(2H +1)
(b) In the case H = 1/2 where, for all 0 < s <t, kg(t,s) =1, p*(t,s) = ¢*(¢,s) = 1, it is easy to check that for
all 0 < s <t < T, the matrix I'f(¢,s) and the quantity y!2(¢, s) reduce to:

c

A
Ly(ts) = (i i) V(s) (L s) = %V(S),
B B2

where + is the solution of the Riccati equation given in (5). Hence, it is readily seen that actually the statement
in Theorem 3.1 reduces globally to the well-known result recalled in Section 1.

(¢) Introducing

t
5 = / W22 (t, 5) — TY(t, 5)|dvs,
0

one can write the optimal control u; as

i =~ 2plm(X) + 5]

It is worth mentioning that actually the additional term 7; which appears in the case H > 1/2 (and equals zero
when H = 1/2) can be interpreted in terms of the predictors at time ¢ of the noise component VTH , T >t based
on the observed optimal dynamics (Ys, s < t) up to time ¢. Precisely, one can rewrite

+oo
n=o [ e By dr, 2 (49)
t

or, equivalently,
+oo
7 = olf( / e S r=tqyH yiy
t

This can be derived from the discussion in [12] by means of arguments similar to those which have been used
above to prove (33).
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Proof of Theorem 3.1. Concerning the admissibility of 4 and the interpretation of the different terms involved
in the system, one may repeat exactly the arguments at the beginning of the proof of Theorem 2.1. Let us
consider the process (pt,t > 0) defined by

pr = plme(X) + / P2(t,5) — TI2(t, 5)]dvs} (50)

which in particular allows the representation @; = —(b/r)p; . Parallelling the proof in [12], it can be shown that
it satisfies the following stochastic differential equation:

dp = —apsdt — qmy (X)dt + py22 (¢, t)dve, £ > 05 po = pa. (51)

Now we compute the cost J__ (@) corresponding to the control . Given an arbitrary u € U,q, we use the notation

T
o) = / (X2 4 ru2]dt,
0

where X; = X}*. For u = 4, we can write

T
jo(@ = / lgr2(X) + ri2)dt .

T T
+Q/ [Xt *ﬂ't(X)]th*FQq\/ ’/Tt(X)[Xt *ﬂ't(X)]dt
0 0
From (41), (43) and (51), we recognize that the pair (i, (X)) is governed by a dynamic similar to that of
the optimal pair obtained in [12] for an infinite horizon time problem under fractional Brownian perturbation
and complete observation. Therein, the function Ky (t, s) plays exactly the same role as F}Q (t,s) here. Then,
we may parallel the developments (see section 6.3 in the Appendix below) to get the limit a.s.

lim / T[ 72(X) + ruzldt = ¢ (H) (53)
T—+oo T' Jo am ¢ = ’

where ¢_ (H) is given by (46). Concerning the second term in (52), of course again we have E(X; — m(X))? =

I‘}l (t,t). Moreover, the result obtained in [8] for the limiting behavior of this variance of the filtering error in
an autonomous linear model driven by fractional Brownian noises tells that

lim F}Cl (t,t) = Yoo (H),

t——+oo

where v_ (H) is given by (47). Actually, in the Appendix (¢f. Sect. 6.3), we prove that the process X; — m(X)
possesses the following ergodic type property:

1 [* _
lim = / [(X: — m(X))?dt =~_(H), as. (54)
0
Moreover we shall show that a.s.
1T _
0

So, finally, the limit lim7 .} 7j, () exists a.s. and inserting (53)—(55) into (52), we see that the expressio (45)
holds for J_ (u).
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Now we show that @ minimizes J_ over U,q. Proceeding along steps quite similar to those followed in the
proof of Theorem 2.1, we can evaluate the difference j,.(u) — j,.(u) as

jT (u) - jT (’H’) = Al(T) + QAQ(T) )

where

T —
Al(T) = /0 {q[Xt — Xt]2 + T[Ut — ﬂt]2}dt,

and

As(T) = / 4[m(X) = m (K] K — m(X)]dt + / e (X) — m ()2 ()

- /0 ped[m(X) — 7o(X)] — /0 o (X) — e (X))dpy

Notice that, integrating by parts in the last line above, since mo(X) — 79(X) = 0, we can rewrite Ay(T') as

T
Ax(T) = /0Q[ﬂt(X)*ﬂt(X)][Xt*ﬂt(X)]dt*pT[ﬂT(X)*WT(X)]

T
40 [ (0 - m(DPEE v,
0
Since J__ (u) = limsupy_,, o 7, (u) a.s. and A1(T) > 0, of course we have

J_(u) > J_(u) + liminf %AQ(T) a.s.

> T—+o00

Hence, in order to prove that u minimizes J_ over U,q, it is sufficient to show that limp_,4 %AQ(T) =0 a.s.
To this end, it suffices to show that, if u € Uyg is such that J_(u) < 400, then the following limits hold a.s.

T
Jim 7 [ () = m(RE - m(Elde =0 (56)
lim l10 [7,.(X) —7.(X)] =0 (57)

T*>+OO T T T T b}
and
lim / T[ﬂt(X) — (X)) 22 (t, t)dyy = 0. (58)
T=Yo T J ¢

These three properties will be proved in the Appendix (cf. Sect. 6.3). O

4. INFINITE TIME HORIZON CONTROL PROBLEM — SECOND SOLUTION

Here the setting is the same as in Section 4. At first, it is worth emphasizing that the analysis therein
has provided not only an optimal control but also the explicit value of the minimal cost. Hence for any other
control possibly candidate for optimality, the only thing to check is that it achieves the minimal cost. On this
basis, now we propose a simpler and more explicit control which is also optimal. With respect to the first
solution, it has the advantage that the involved feedback is more clearly expressed in terms of the observation
process Y. Moreover, it is coherent with the asymptotically optimal filter proposed in [11] for linear systems
without control and with the second solution proposed in [12] for the infinite time horizon optimal control
problem under complete observation.
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In the classical case H = % where the noises are standard Brownian motions and hence the system of filtering
equations reduces to the usual Kalman-Bucy system, the asymptotic variance of the filtering error is 4 given by
(11). In that case, substituting the constant ¥ for the function v(¢) in the equations (5) and (9), one gets the

simpler controller

b . .
up = —-pr; XP=X{"5 Y=Y

' | (59)
dry = [an] + buj)dt + ﬁﬁ[dY;* — Ar;dt], w5 =0,
where p is still given by (8). Observe that, taking into account (8) and (11), actually =} is governed by

A
dnf :—[a—f—éc—l—éf]wz‘dt—i—?”yd}@*; g =0. (60)

Hence 7} can be represented as

t
7T2< _ %:Y/O ef[a+5c+5f](tfs)d}/s* ) (61)
It can be checked that, as a filter of X} from the observations {Y.*,s < t}, 7} is asymptotically optimal in
the sense that, as t goes to infinity, the variance E(X; — ;)2 of the corresponding filtering error converges to
the same limit ¥ as E(X; — (X *))?. Moreover, it can also be checked that the triple (u*, X*,Y™*) is actually
optimal in the infinite time horizon control problem, i.e., J_(u*) = J_ (@) given by (10). Observe that, in this
case, the optimality is achieved in the class of controls which can be represented as fg ¢(t — s)dYs. Below, we
show that this still holds for H > % and we identify in this class a control for which the cost value is J_ (%)

2
given by (45).

So, we start with a control u; = uf in the form

up = /1t ot — s)dYs.
0

Then, from (1), it is readily seen that we have also !

up = /tl/lv(ts)dVSHJr/tZ/lW(ts)de,
O % (62)
X, = /Xv(t—s)dVSH—i—/ X, (t —s)dWi,
0 0
where
‘X-V(T) = G’XV(T)+buV(T)7TZO;XV(O):(j-?
XW(T) - ()+bu ()aTZO;XW(O):Oa
U (r) = /¢ (r—v)dv, 720, (63)
U, (r) = /qb (T —v)dv + Bo(r), 7> 0.

1For simplicity, here we deal only with the case z = 0.
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Actually, it can be recognized that X,, = (Bb/Ao)U, . Hence, for the system (62)-(63), we can substitute the
following:

t t
up = / U, (t —s)dv? + / U, (t —s)dwi
0 (64)
X, = /X (t —s)dVH + /u (t —s)dWH
where .
XV(T) = a’XV(T)+buV(T)’TEO;XV(O):O—a
. Ao (65)
uV(T) = auv(T)+§uW(T)aTZO;MV(O):Oa
and

Bb/qb (T —v)dv + Bo(r), 7> 0.

We observe that in the system defined by the last two equations above which link ¢, ¢,, and U, to fix a function
¢ is equivalent to fix a function U, . So, we may forget about the last equation and from now on, instead of a
function ¢, we look for an appropriate function U, . Of course, we are interested in those functions ,, such
that, for the process (u, X) given by (64)—(65), the limits limz_ ;oo 7! fOT u?dt and limp_ o 771 fOT XZdt
exist and are finite almost surely. Our guess is that the minimum for J_ can be obtained by choosing i/, in
such a way that these limits are nothing but limz_, o Eu2. and limp_, o EX? respectively and moreover the
minimum value of

J U, )= lim E[qXT—i—ruT]

> T—+oc0o

is achieved. Actually, for a stochastic integral

t
Sy = / g(t — s)dBf ,
0

we can evaluate

+oo +oo
ThIJrrl ESZ = H(2H — 1)/ / 9(s)g(r) |s — r|** 2 dsdr.
— 100 0

Exploiting the representation

2H -2 1 / e H-32 H-3
_ — _ — d
|s — 7] BH = 1.2=28) ),y (1 —35) (tr—r) T,
it is easy to check that we can rewrite
2HT(3 — H oo
lim ESZ = 1(2 ) / g% (s)ds, (66)
where
~ d

=1 | Cg(r)(s — ) Ear. (67)

ds
Hence, due to (64) and the independence between V7 and W we can rewrite the quantity joo U, ) as
Tothy) = ot ) [ 8200+ 2 i ) 4002 o) (69
=) I Dr@e—2m) o 0TV T gz IV T A 16
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where the triple (QFV,L?V,Z]W) corresponds to (X, , U, ,U,, ) by (67). Actually, it can be readily seen from (65)
that the dynamics which link &, , U, , U,, are nothing but

w

Now we solve the infinite time horizon deterministic control problem.

min.J_(U, ) subject to (69). (70)

Uy

Let us define the 2 x 2 matrices A, Q and the vector B in R? by:

A a b ! 202 B /?
= ; = B ; = 5
(0 a) Q 0 q_b 4y 29
g

Then, we can rewrite (69) and (68) as

Z,(r) = AZ, (1) + B, (1) + K(7), 7 > 0; Z,(0) =0, (71)

and

7@ 2HT (3 — H)

oo

+oo _ -~
T(H + 1)I(2 - 2H) /0 {20 (5)Q2, (s) + Uy (s)}ds. (72)

Hence, to solve the problem (70), it is natural to introduce the following Hamiltonian system in the functions
Z* and p*:

Zi(r) = AZ'(r) - BB (r) + K(r), Z°(0)=0; lm_Z*(r) =0, )
p(r) = —QF(r) - AP (r); lim §(r)=0.

Observe that, if (2*, p*) is a solution of (73), then Z* = (2?"/",&;)’ is nothing but the solution of (71) corre-
sponding to the control

U (1) = —r~'B'p*(7).
Actually, standard calculations permit to show that if (2*, p*) is a solution of (73), then the pair (Zv*,f{;/) is
an optimal pair in the control problem (70). So, finally, to solve this problem we have just to identify a solution

of (73). Let us look for a solution in such a way that for some fixed 2 x 2 matrix I' and R?-valued function £,
the function p* can be represented as

p(r) = T[Z*(7) + X" (7)]. (74)

Hence, it is readily seen that one may take I' as the nonnegative solution of the algebraic Riccati equation

AT +TA—r"'I'BBT+ Q =0,
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and \* as the solution of the differential equation

A (7) = [ 'TBB’ — AJCN(r) — TK(7); lim X*(r) = 0.

T—+00

It can be checked that the matrices I' and A = r~1T'BB’ — A’ are given by

_ B ((a+6.)(a+6,)(0, +6,) bla+6,)(a+d,)
_A2o'2b2( bla+6,)(a+6,) b2(2a+5c+5f)>’

and

o T bil(a+5c)(a+5f)
A=r'TBB A<_b L)

The eigenvalues of A are §, and d,. If 6, # ¢, then it can be decomposed as

o (50 po
wer ()

f

where

_(a+d, a+d,\ 1 1 b —(a+9,)
P__( b b )’ P b5, —6)\~b a+d, )’

£
Similarly, if §, = d,, then A can be decomposed as

P—l

5 %[b2+(a+5c)2]) 1,

A:P+(6 5

b (a0 b 1 ats. b
UL ats) Tt TR (@ro 2\ b a+d)

~ Foo
A" (t) = eAt/ e AT (s)ds,
¢

c

where
Of course, we have

TA*(t) = /0 = e MTK(t 4 7)dT.
For §_ # §,, this gives
S - P C&—ﬁw&%«f—ﬁwu»
o(d, —0,) \bl(6; —a)p (t) = (0, —a)p,(1)])
where

~ 5.t e —6.s 1 H-1 ~ 5.t oo —b.s 1. H—%
@, (t) = e °ds T2 @ (t) = €% e %%ds T2,
¢ ¢

and in particular

- C(H+ Y 5 2 2\si-H _ (52 _ ,2\s3~H
rio) = T+ 7 (@ )2 — (52— o), )

o 8, =0 \b[(s, —a)oF—T — (5. —a)s? ]

111

(75)

(80)

Concerning the cost, starting from (73) and evaluating by integration by parts the variation of p*(¢)’ Z* (t) over

[0, +00), it is readily seen that

F @) = 2HT(3 — H) +oo
= W>_F(H+%)F(272H) 0

K'(m)p*(r)dr.
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Consequently, evaluating by integration by parts the variation of A* (t)y rz* (t) over [0, +00), we get that joo (Z];"V)
can also be represented as

2HI(3 — H) oo

T 17 Y —1 +OO~* / I *
T =t r a2, KON @ /0 3 (1) TBBTA" (7)dr ).

Then, evaluating the variation of \*(£)TA* () over [0,400), it comes that also

2HI(3 — H)
I(H+ T2 -2H

~ - ~ ~ too _ ~
J (U) = ){)\* (0)'TA*(0) +/O AN (1) QA" (T)dT}.

Finally, an alternative expression for joo (Z;l:v) can be derived. We introduce the nonnegative solution R of the
algebraic Lyapunov equation

ANR+RA=r"'BB.
Then, evaluating by integration by parts the variation of A* (t)y CRLA* (t) over [0,+00), it comes that we can
also write

2HT(3 - H)
I'(H+4)re-2

JU) = 3 {X*(0)TRTA*(0) + 2 /O - K'(r)[I — TRITA*()d7}. (81)

Actually, we get

n_ A?0? 1 b? —ab
"~ 2B%r4,0,(0,+0,) \—ab a*+6.4,)"

Now, from (78)-(80), we can compute the value .J_ (Z;l:v) At first, from (78), it comes that the second term
within brackets in the right hand side of (81) gives
,T(H + D02 - 2H)T(2H) (67 — a®) 27 — (82 - a2)5;2H.

e 7

qo

Moreover, from (80), it comes that the first term within brackets in the right hand side of (81) gives

A25%p §. +a
2B% §,6,(6, —6,)%(3, +46.)

1 1_ 1
P(H + ) {[53 15,05, —a) — 52 15.(5, — a))?
+6,6,[6377(8, —a) — 83 H(5, — a)]2}.

Finally, from these expressions, it can be checked that jm (Zjlv*v) can be represented as

where ¢_(H) and ~_ (H) are given by (46) and (47), respectively. In other words, .J_ (Zj‘fv) is nothing but the
optimal cost J_ (@) given by (45) for our original infinite horizon stochastic control problem.

The case §, = 0, can be treated similarly to obtain the same conclusion, with the limiting value (48) instead of
(46) for the term ¢__ (H).

Now, taking into account the fact that the connection (67) can be inverted by

% /O TG0 (s — )3, (82)

(s) .
S) = G
T E B+ LI -w)
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we may reformulate our initial guess by telling that the triple (U, X7, U ), obtained from (Zj"’/‘, 2?‘/* , Zj{;/) through
(82), is a candidate to define through (64) an optimal pair (v*, X*) in the original infinite horizon stochastic
control problem. Actually the proof that this is true is included below in the proof of the following statement.

Theorem 4.1. Let the pairs of constants (p,d,) and (3,0,) be defined by (8) and (11) respectively. In the
control problem

J. bject to (1
urél&fd (u) subjectto (1),

with J_ defined by (7), an optimal control u* in Uaq and the corresponding triple (u*, X*,Y*) are governed by
the system

—r_% AUQ vf — v * u* * u™
ut___p[ﬂ-t—i_Fc{—éft]’ Xy =X Y7 =YY", (83)
where the process ™ is defined by
. A
T = At ] (84)
with 4
d7, = amdt + buydt + ﬁf‘y[dYt* — Amdt]; o=, (85)
and the processes v° and vl satisfy the integral equations
/ 5.0ed +/ O b 1| Blayr — Asds] (86)
vy vids ——(t—s — — Amgds],
t F(% o H) s
f ‘ 5%4{ l_H 1
= d,vld ———(t—s)27 " — 1| B7[dY] — A7,ds]. 87
of = [ opdans [ |- 4V — A ")

Remark 4.2. (a) Actually, in the statement above, for §, = 4, one has v/ = v°. The term (v° —v7)/(6, —6,)
must be changed into a process ©° which satisfies the equation

'C—/t[“+6'6]d +/t L H 5:%_11 (t—s)2 "B HAY — A#,ds|
Ut—ovs Uglds , (2 ngH) S s Tsds]|.

(b) In the case H = 1/2, one has v/ = v® = 0 and hence it is readily seen that the statement reduces globally
to the well known result recalled at the beginning of Section 5.

(c) As a filter of X} from the observations {Y*,s < t}, 7} defined by (84) is asymptotically optimal in the sense
that, as t goes to infinity, the variance E(X; — 7})? of the corresponding filtering error converges to the same
limit y__ (H) given by (47) as E(X; — m:(X*))? for the optimal filter m;(X*). This can be seen by reworking the
developments in [11] concerning an autonomous linear system with u = 0, which generates the pair (X, Y?).
The result therein can be reformulated as follows: defining the processes

A
dn? = anldt + —fy[dYO Arddt]; 7w =0,

V) = / 5fv0ds+/

then 70 + nyvt is asymptotically optimal as a filter of X! from the observations {Y?, s < t} Now, observing
that actually X* —# = X0 — 7% Y* — fo Ards = YO — f Arn%ds and hence also v/ = v°, it follows that
=T+ %f‘yv[ is also asymptotically optimal as a filter of X;* from the observations {Y*, s § t}.

and )
1_g
2

o;

ey

(t—s)2 " — 1| B~1dY? — Ar%ds],
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Proof of Theorem 4.1. The statement for arbitrary values of ¢ and B can be easily derived from the statement
for 0 = B = 1. So, for simplicity, here we deal only with this particular case. Moreover, since the case §, = ¢,
can be treated similarly, we assume also that 0, # d,. From the discussion above, we get the candidate pair
(u*, X*):

up = /u*( def—/ py(t — s)dWH,

(88)
Xy = /X*t—stH /L{*t—deH
where, for I' and A defined by (76) and (77), the function Z* = (X7, U )" is the solution of
Z¥=-N2Z*—r71BBTN; Z*(0) = (1,0), (89)

and pj is the second component of the vector p* = I'(Z2* + A*) where [A* corresponds through (82) to T'A*
given by (78)-(79). Actually, applying (82) to (78)—(79), we get that I'A* is given by:

e P (02 =a®)p (t) = (82— aP)p, (1)
EX® = <b[<6f ) (t) — (5. — a)p, <t>]> ’ (50)

where

5%*H ) 5%—H 00

5 1 1
o, (t) = —fi/ sz o (1) = - / Oe(t=9) 31, 91
=T mm ( H) J; o1
At first, we prove that the cost Joo(u*) corresponding to the pair (u*, X*) defined by (88)—(91) is the optimal

cost Joo (1) given by (45), i.e
T—4oc0

1 /7
lim T/ (X2 + ruf?]dt = Joo (@)  as. (92)
0

Since by construction of the pair (u*, X*) we have already guaranteed that

lim ElgX;? +ru}?) = Joo (),

t——+oo
it is sufficient to show that
. I 2 2 . I 2 2
TETOOT/O [X;* —EX;?dt] =0 as.; TEIJIrlooT/O [uf* —Eu;“|dt =0 aus. (93)

To estimate the covariances EX; X}, = and Eut uj,,, we shall take benefit of the following extension of the
equality (66) for a stochastic integral Sy = fo (t — s)dBH: for any 7 > 0

2HT(3 — H)
lim EStSt+7—

+oo~ N
oo B I'(H + %)I‘(Q —2H) /0 g(s)g(s +7)ds, (94)

where g is defined by (67). Due to (73)-(74) and (78)-(79), it can be seen that there exists a constant? C' > 0
such that for all s >0

|Z~*(3)| <cCc@ /\sH_%); p*(s)| < C(1 /\SH_%).

2We use here and throughout the proof C' to denote an unspecified positive constant, not always the same.
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So the §’s corresponding to the g’s involved in the representation (88) of the pair (u*, X*) in terms of V' and
WH satisfy also such an inequality. Hence, from (94), we get that for all t+ > 0 and 7 > 0

[EX; Xiy | <COUATHT2): [Bufupy,| < CAATHT?).

Consequently, we can apply assertion (i¢) in Proposition 5.1 of the Appendix to the continuous and centered
Gaussian processes X* and u* with § =2 —2H > 0 and k = 1. It gives that the limits in (93) hold, which
implies also the validity of (92).

Now we turn to the representation (83)—(87) of the optimal control u*. Taking into account the form (41)

of @ in terms of the optimal filter 7(X) in the first solution of the problem, it is natural to guess that here a
similar decomposition may hold for «* in terms of an asymptotically optimal filter for X*. In Remark 4.2(c),
we have already seen that the process 7* = & + A’yvg, given by (84), (85) and (87), is a candidate to be such
a filter. Since it plays a key role in the definition of the terms 7 and v; appearing in the expression of 7*, it
seems reasonable to look for a complete representation of u* in terms of the process Y* — fo Ands. So, as a
first step, we look for v* in the form

t
ul = / g (t — $)[dY — Af,ds)]. (95)
0
Then it can be checked that equation (85) and the first equation in (88) imply that
t
ﬁ,:/gwgfswﬂyfA@dq (96)
0

with a function ¥U* satisfying

U* = aV¥* 4 bg*; ¥*(0) = 47, (97)
where g* is given by
* = * A *
g"(t) = AUy, — —p3(t).
Since pj is the second component of the vector p* = I'(Z* + A\*) where T' is given by (76) and Z* = (X7, U},
we get that

* -~ A *
9'(1) = 30) — S (0N ), (98)
where (I'A*)3 is the second component of the vector T'A* given by (90) and
— a+d, [a+9,
f) = 2%
9() I 2

X+ U ()| -

Now, from equation (89), it comes that

a+d6, a+id,
b A 7

- . A . N
g=-0,9+ 7(a+5c)(1“ )25 g(0) =

which can be rewritten as 5 5
By Y % ~ a+ ¢ a+
g=ag—(a+d,)g"; §(0)=— e (99)

b
5 ~
Since %‘SC = g_ and a-erf = A%, a comparison of equations (97) and (99) gives that g = f%ﬁ\Il* and hence,

due to (98), we have

g'(1) = —2p¥* — X)),
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Inserting this equality into (95) and taking into account (96), it follows that

% biA A ¢ * * o
ui = —gom = [N - 9y - Al

But from (90) we have

(01 (0) = L {(6, — @), () — (6. — @), (9}

where ¢, and ¢_ are given by (91). It can be checked that actually the processes

bz )
v, (t) = /0 m(pc (t — 7)[dY; — A7, d7],

and
—H

. st p
’Uf(t):/o mgaf(t—T)[dYT— ’/T-,—dT],

2
are nothing but the solutions of equations (86) and (87) respectively. Therefore, we can write

~

b_ . A c
pi7e + W[((Sc - a)vf — (0, —a)vl}.

*
Uy = ——
¢ r

Finally, using (84), it is readily seen that u; can be rewritten as in (83). O

5. APPENDIX — AUXILIARY RESULTS

5.1. Some sufficient condition on moments for ergodic type properties of processes

The following sufficient condition for ergodic type properties is the key of several steps in our developments.
It has already been used in the proof of Theorem 4.1 and it will be again repeatedly used below. Notice that
throughout the statements and the proofs, below we use C to denote an unspecified positive constant, not
always the same.

Proposition 5.1. Let & = (&,t > 0) be a centered continuous process. Suppose that there exists some constants
C >0 and 8 > 0 such that the condition

|E&&iir| < C(AATP, (100)
holds for allt > 0 and 7 > 0. Then the process (&,t > 0) possesses the following ergodic type properties:
()
1 (7
lim T/o &dt =0 a.s.

T—+o00
(ii) if moreover £ is Gaussian, then for any integer k > 1,
T
lim ~ [€2F B¢ dt =0 a.s.
T—+o00 T 0 t t

Proof. For 0 < B < 1, assertion () is actually an immediate consequence of the last statement written on
page 95 in [2] since if the above condition (100) is satisfied then the condition 0 < 2a < 5 < 1 numbered (5.5.3)
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therein is obviously fulfilled with o = 0. For § > 1, it is clear that the condition (100) is stronger than for
0 < @ < 1 and so the conclusion remains still valid.
Now, if the centered process £ is Gaussian, for any k > 1, we have

[E[67" — EeZ*)[E, — B ]| < C[E& &),
with some positive constant C, and hence also, if £ satisfies (100), then
E[67" — EEMEFY, — B )| < CLAT2MF).

Consequently, assertion (i¢) follows by a simple application of the first statement in the Proposition to the
centered process (&2F — E&2F ¢ > 0) with 3 changed into 2k(3. O

5.2. About some technical results used in the proof of Theorem 3.1

Here we are concerned with a system with constant coefficients. Again, without any loss of generality and
for simplicity, we assume that o = B =1 and = = 0. Moreover, since the case 6, = §, can be treated similarly,
we assume also that §, # J,. For the pair (X,Y’) solution of the system (1), we introduce the filtering error
process A as

At:Xt*ﬂ't(X), tZO (101)

Recall that this process, which is centered, does not depend on the specific control u involved in the system.
Hence, to analyze the second order structure and the asymptotic behavior of A, we may deal only with the case
u = 0. Notice that, from the asymptotical point of view, from [8], we know already that for ¢ tending to infinity
the variance function F}l (t,t) = EA? behaves as follows:

lim EA? =

t—+o0

(H), (102)

oo

where __ (H) is the constant given by (47). But, in order to derive ergodic type properties of A on the basis of
Proposition 5.1, we need a much deeper analysis of the behavior of the covariance function EA;Ag. Preparing
for that, we give a key representation of this covariance function in terms of covariances of some other processes.
Hereafter, the 2 x 2 matrices Az, B, J and the vector by in R? are defined by:

1 8172H 8172H 1
An(s) = ( 2H-1 1 > ; Bu(s) = < 1 2H1> )

S S

=0 1) o= (o)

Following [8], we introduce the auxiliary process ¢ = (;,t > 0) as the solution of the equation

and

a

" t
Gt = 5/0 AH(S)Csd5+/O bH(S)st*7

in which V* denotes the fundamental martingale associated to V# through (15). In terms of ¢, the process Q
defined by (19) can be represented as

Qt) = ﬁb}{(ﬂJCﬁ (103)
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and, for all fixed ¢ > 0, we define another auxiliary process X! on [0, ] as the solution of the equation
a t s
X! = 5/ KH(t,u)b}{(u)J(:udu—i—/ Ky(t,u)dV,); 0<s<t.
0 0

From [8], we know that the covariance function .. defined by

Yee (5) =E(¢s — ms())(¢s — Ws(())/, s>0,

is the solution of the Riccati equation

a S
1) = 5 [ A ) + 7, () A ()]
5 o 0 2y [ (104)
v A By (u)du — m/o Yee (W) Br—p(u)y, (u)du.
Reworking the developments in [8], one can show that the covariances
Vx¢ (ta S) = IE(‘Xf/\t - ﬂSAt(Xt))(CS - WS(C)) y § 2 0; t> 0;
satisfy for all s > 0 and ¢ > 0 the equation
t a A2>\H
V(b s) = / {3Au(w) - 12 —2m) < () B1— g (u) 7y (¢, u)du
0 (105)
SN a 2—2H
+ KH(taU){§7¢¢(U) + TJ}bl_H(u)du.
0 H

Finally, in terms of the previous covariances, one can derive the following representation of the covariance
EA;A,: forall 0 < s <t

s S
EA Ay = /KH(S,T)KH(t,r)dwf—l—g/ Ky (s,7)0] g (r)yy, (t,r)dr
0 0

A’y

o (106)
+ /O {gKH(t,r)b’lH(r) ~ 1o _em T)BlH(T)} Ve (8,m)dr

Now, on the basis of this representation and Proposition 5.1, we are able to prove the following statement which
provides ergodic type properties of the process A.

Lemma 5.2. Let A be the process defined by (101) for the solution pair (X,Y) of the system (1). Then the
following assertions hold:

(i) there exists a constant C > 0 such that for allt >0 and 7 > 0
[EA:A .| < O AT, (107)

(7i) the process A possesses the ergodic type property

T—+00

1 T
lim T/o A?dt =~_(H) a.s., (108)

where v (H) is given by (47),
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(iii) if v = (v, t > 0) is a (V4)-adapted continuous process such that almost surely lim sup 7! OT vidt < +o0,
T—4oc0
then

1t
TEIJI:OO?/O vAydt =0 a.s. (109)

Proof. Concerning assertion (i), since the complete proof is quite long and very technical, here we just give
some hints about the main steps.® At first, in the representation (106), explicite expressions of the involved
solutions of equations (104)—(105) can be obtained. Then, from these expressions, refining the methods used in
[8], precise limiting properties of the various terms inside the integrals in the right hand side of (106) can be
analyzed. Finally, it can be shown that for any fixed 7 > 0,
lim ]EAtAt+7- = YA (T) s
t——+oo

where the limit «y, () is finite and explicit, with of course in particular v, (0) = v_ (H) given by (47). Moreover,
a complementary study gives that

im 727 (1) =9,

where again the limit +, is finite and can be written explicitly. Hence, it is readily seen that the assertion (7)
holds.

Now we prove assertion (#¢). Since A is a centered Gaussian process and, due to (102), we have

: 1 r 2 . 2
Jim 7 [ AT = lim A} = ().

(108) follows by a simple application of Proposition 5.1 (i) with 5 =2 —2H and k = 1.

Finally we turn to assertion (iii). At first, we prove (109) for a bounded process v. Since v is (};)-adapted
and A is centered, Ev;A; = 0 for all t > 0, i.e., the process vA is centered. Since A is Gaussian, for all t > 0
and 7 > 0, the conditional covariance E[A; Ay, /Y4 -] is deterministic and hence

Evtthr‘rAtAtJr'r = E[E[UtthrTAtAtJrr/ytJrTH = Evtvt+rEAtAt+r~

So, if sup |v;| < C < oo a.s., then for all t > 0 and 7 > 0
>0

Evve4r At Arir| = [Evevpsr [EA;Agyr| < C(LATHT2).

Consequently, by application of Proposition 5.1 (i) to vA with § =2 — 2H, we get that (109) holds.
Now, we consider the case of a possibly unbounded v. For any fixed positive constant K, we can write

1 T
T/ vidt = If(T) + L5(T),
0

where

e 17

Since the process (I(|v;| < K)vs,t > 0) is bounded, by the first step above, we know that I (T) tends a.s. to
zero as T goes to infinity and so we obtain that for all K > 0

1 (T
limsup|—/ v Aydt| < limsup [IX(T)|  a.s.
T—+o0 T 0 T—+oco

SFurther details can be obtained upon request to the author for correspondence.
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Hence, to prove that (109) is still valid, it suffices to show that

lim limsup [IX(T)[ =0 a.s. (110)
K—+00 7400

But, using the Cauchy-Schwarz inequality, we see that

|IK(T)| < \/l/Tﬁdti‘/i/TI(w|>K)dti‘/1/TA4dt
2 =\Vr/), "\NT/, ¢ T/) “t

In the second factor of the right hand side, we have

1/TI(| | > K)dt < L /T| |dt < L 1/T 2dt
T/, " =xr ), """ =K\T), "

and so, we get

1K (T < — [l/T th]%[l/TA‘*dt]% (111)
2 = W T Uy T/, t .

0
Since A is a centered Gaussian process, we have EA} = 3(EA2)2? and hence, due to (102), it follows that

) 1t . 4 2

Then, applying Proposition 5.1 (i7) with § =2 — 2H and k = 2 to A, it turns that

T—4oc0

1 /T
lim —/ Ajdt = 3~y% (H) as.
T Jo
Finally, thanks to the assumption limsup;_, 7! fOT vZ2dt < +00 a.s., the inequality (111) shows that (110)

is valid and hence also (109) holds for v. O

Lemma 5.3. Let the kernel I’}Q(t, s) be the (1,2)-entry of T (t, s) defined by (21) with Ay and C given by (38).
Let Z = (Z¢,t > 0) be the process driven by the equation

t t
zt:féc/ Z.ds +/ I‘;Q(t,s)dys. (112)
0

0

Then the following assertions hold:

(i) for all >0
[ 2H .. 4 B
tl}g,-noo Ao Y (t+78) = u(r),

5 1 too .
F*(T):A\/F(2H+1)sin7rH{5;Z% +F(H+l)/0 eféfs(r+s)H—ads}, (113)
f 2

where

(i) there exists a constant C' > 0 such that for allt >0 and 7 >0

|E2t2t+'r| S C(]. A TQH_2),
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(1i1) the process Z possesses the ergodic type property

17 A’T(2H + 1)
lim — [ 2dt = - 270
e T /O “t 2(62 — 5?)

1 1
52H ~ §2H
51 TR2(5. +a)?  29(8. +a) 1
(6, +96,)?

2 [
+A°T(2H +1) sm7rH{ 2, + 55, 2,

1
1_
5f2 SféfH

——7(d, + a)} a.s.
62 — o2

Proof. At first we deal with assertion (z). Here again, the complete proof is rather long and very technical and
so we just give some hints.* The first step is to derive an appropriate representation of the kernel F}Q( ,8).

+

From [9], we know that if X! denotes the auxiliary process defined on [0,t] by
X! = a/ errJr/ Kyt,r)dVy; 0<s<t,
0 0

in which V* stands for the fundamental martingale associated to the fBm V# through (15), then
Tt s) = B(X] - m(XD)(Qs —ms(Q)); 0<s<t,

where @ is the process defined by (19). Now, due to the representation (103) of @, for 0 < s < ¢, the kernel
T2 (t,s) is given by

A)\H
D2t s) = 0

where the vectors I'y (£, s) in R? are the covariances

Vi (s)JT 5 (1, 5) (114)

Fxg(tas) = E(Xf - 7":;(jzt))(Cs - Ws(C))? 0<s<t.

It can be shown that these covariances satisfy the equation

Pycltys) = /SF (rr)dr + 2 2H/KHtr)Jb1 #(r)dr
/{ Ap(r AAgH)’Vcc()Bl ()} (t,r)dr,

where 7, (r) is the solution of equation (104). An explicit expression can be obtained for I'y (¢, s) and then the
asymptotic behavior of F;Q(t + 7,t) can be analyzed from (114) by means of refinements of the methods used
in [8].

Now, we prove assertion (i¢). Due to equation (112), we get that Z can be represented as
t
Zy = /0 G(t, s)dvs, (115)
where the kernel G(t, s) is given by
t
G(t,s) = I’;Q(t, s) — 6C/s e_‘sc(t_T)I’;Q(r, s)dr.

4Further details can be obtained upon request to the author for correspondence.
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For all t > 0 and 7 > 0, we can write
_ 1pl2 o T =i, (T—u)12
Glt+rt)=T7(t+7t) 50/0 e T2 (t + u, t)du.

Hence, thanks to assertion (i), after checking that the theorem of dominated convergence can be applied, it

comes that
2—2H 1
lim /=———t2" Gt + 7,t) = G.(7), (116)
t—+o00 AH

Go(1) =T (1) -6, / e 0T, (u)du,
0

where

or, equivalently,
Go(1) = e %T,(0) + / e (TP, (1) du. (117)
0

Now, concerning the covariance function of the process z, from equation (115), we have
t
EziZiyr = / G(t,s)G({t+T1,8)d(v)s; T>0.
0

Consequently, since the variance function (v) of the process v is nothing but the function w* given by (14) and
moreover again the theorem of dominated convergence is applicable, it follows from (116) that

+oo
lim Ezzyy, = G*(T)G*(T + T)d?‘; > 0.
0

t—+oo
Actually, it can be seen that there exists a constant C' > 0 such that for all s > 0
Gi(s)] < C(AAST73),
and so we get also that for all ¢t > 0 and 7 >0
|EZ:Zey | < C(1ATHZ2)

which means that assertion (i) is valid.

Finally, we turn to assertion (iii). Here, since the process z is Gaussian and centered, due to Proposition 5.1
(ii) and assertion (ii) above, it suffices to show that the limit of Ez2 as t goes to infinity is equal to the right
hand side of the equality stated in assertion (7i7). We already know that this limit is given by

+oo

lim Ez = G2 (r)dr,
t——+oo 0

where G, satisfies equation (117) and so it remains to calculate the integral in the right hand side. But, from
equations (113) and (117), we can write a differential system for the pair (G,,T'y) and then the integral appears
as the value of the cost function corresponding to a specific control policy in some infinite time horizon linear
quadratic control problem. Finally, this value can be computed by applying a standard method in such a
setting. (I
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Lemma 5.4. Let the function v2(s,s) be defined by (40) and w = (w;,t > 0) be the process driven by the
equation

t ¢
wy = 7(50/ wsds +/ Y22 (s, 5) ds. (118)
0 0
Let v, be the constant
_ - a”y J, 1 1
v« = A\/T(2H + 1)smﬂ'H{5H+% + 50, l(?H"‘é - 5H+%1 } (119)
f e f

Then the following assertions hold:

(7)

Wt
lim L =0
tJIJPoo \/% a5,
(i)
1 (T 2
lim = / o7 dt Je o as
T—4o0 0 2(&);

Proof. From the definition (40), we have
+oo
B =5. [ et TTR r
0
and so, due to assertion (i) in Lemma 5.3,

2—2H . +oo
lim 312 (1 1) = 50/ €Ty (r)dr,
t——+o0 )\H 0

where ', (7) is given by (113). Then, by computing the integral in the right hand side, one gets that assertion
(¢) is valid with the constant v, given by (119).

Now, to prove assertions (iz) and (iii), we parallel the proof of Proposition 4.1 in [12]. At first, we recall that
the variance function (v) of the process v is nothing but the function w!? given by (14). Then, from assertion
(i), we have also

1" , 25, [T
P /O et 1)) dlv)e = 725 P /O Xt [y 2 (¢, 0] d(v)e =7 (120)

Due to equation (118), we can write
T
W = e_‘scT/ e tyl2(t, t)duy.
0

Hence, taking into account the second limiting property in (120), assertion (i7) follows directly by application
of the law of iterated logarithm for continuous martingales.
To prove assertion (iii), we apply the Ité formula to the process (w?,t € [0,T]) to get the representation

T T T
wp =2, [ wta +2 [ Peomadn+ [ REEOP AW
0 0 0
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This can be rewritten as

l/Tdet T +L/T[ ()2 d(v) (121)
T/ " Ly )T 251 T2 )y e b
where
’ 12 - g 12 2 -2 (L)r
Lr= [ (0w dvy; (D)r = | e (K01 @0f dw)y; Y = —F——-
0 0 o, J, widt
Thanks to the first limiting property in (120) and assertion (i¢), we see that the right hand side in (121) tends
v

to 3¢ as T' goes to +00. Now, in the left hand side of (121), we observe that due to assertion (i), we have

0< Iim VY <o a.s.
T—+oc0o

Therefore, making use of Lemma 2.6.3 in [14] to discuss the behavior of the second factor within brackets, it is
readily seen that for the first one the statement (ii:) holds. O

5.3. Last steps in the proof of Theorem 3.1

Proof of Properties (53)—-(55). Here we prove the key properties used to compute the cost corresponding to the
control @ defined by (41) and (43). Recall that we can write @y = —2p; where p; = p[m(X) + vy with

t
B = / i2(t,5) — TR(t, 5)]dv,.
0

From the definition (40) of y12(¢, s), it is easy to check that ¥ satisfies the equation

t t
B0, / Bods + / Bi2(s,5) — TR ()] dvs.
0 0
Now, starting from (43) and paralleling the proof of Lemma 2.5 in [12], one can check that

Py 2 To d.+a , q Y 52
. [qmy (X) +rui]dt =g . (2 +5c—awt]dt+5 _’_a(ﬂT(X)*ZT) ) (122)

c

where z and W are the processes defined by (112) and (118) respectively and the difference 7,.(X) — Zr can be
represented as

(123)

Moreover, since using p; = p[m(X) + 9] equation (50) for p can be rewritten as

t t t
pe = —(5C/ peds + q/ Ueds —|—/ 22 (s, 8) dus,
0 0 0

from equation (118) for w, one sees that

t
Pt = pws + q/ e 0:(t=9)5 ds. (124)
0
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Inserting (124) into @ = f%pt, from (123), it comes that

t
7.(X) = 2Zp = —(6, +a) /0 e 095 ds . (125)

Now, recall (see Rem. 3.2) that ¥ can be represented as

—+oo
w=B([ ey
t

Therefore, it follows from Propositions 4.2 and 4.3. in [12] that lims—, 4 o0 % =0 a.s. and hence, from (125), we
obtain immediately that

lim ) ET (X) = Zr

T—+o00 \/T

Then, inserting into (122) the limits given in (126) and assertions (éii) of Lemmas 5.3 and 5.4, it is easy to
check that (53) is valid. B
Now, observing that X — 7(X) = A, assertion (i¢) in Lemma 5.2 says exactly that (54) holds and it remains
only to show that (55) is valid. But (53) tells in particular that lim supy_, , o = fOT 72(X)dt < +oo a.s. Hence,

since of course the process 7(X) is (VF)-adapted, to conclude we can just apply assertion (#i7) of Lemma 5.2

with v = 7(X). O

=0 as. (126)

Proof of properties (56)—(58). Here we prove the key properties used to show that @ minimizes J,. We need only
to work with an admissible control u such that J (u) < +00 a.s. and so, in particular, lim supp_, , o % fOT X2dt <

+00 a.s. Since 77 (X) < 2X742A7 and (54) holds, for such a control we have also limsupy_, | ., 7 fOT T X)dt <
+00 a.s. Hence, applying assertion (ii¢) in Lemma 5.2 with v = m(X), we get that

e
TEI’EOO ? /O Wt(X)Atdt =0 a.s.

which, due to (55), gives that (56) is also valid.

Concerning (57), we write
1 - Py 7 (X) — 7, (X)
pr[WT(X) - ﬂ-T(X)] = \/—TT%

Paralleling the proof of Lemma 2.6 in [12], one can show that

1imsup Ty (X) — Ty (X)

< 400 a.s. 127
T oo JT (127)

Moreover, since assertion (i7) in Lemma 5.4 says that lim;_ 4o % = 0 a.s. and we know that lim;_, . *t =
0 a.s., due to (124), we have
. Pr
lim —= =0 as.,
T—+o0 \/T
and hence (57) holds.
Now, it remains only to show that (58) is valid. We rewrite it as

Nr (N)r
1m
T—+o0 <N>T T

=0 a.s.,
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where (N¢,t > 0) is the martingale defined by

N, = / (e (X) — 7 (X) 7225, 5) dvs,

with the quadratic variation process ((N);,¢ > 0) given by

(N); = / [ (X) — 7 (X)[2[9122(s, 9)]2 du”.

Due to (127) and assertion (¢) in Lemma 5.4, we have

N
1imsupﬂ < 400 as.on {(N)r — +oo},
T—+4o00 T
and so (58) follows immediately from Lemma 2.6.3 in [14]. O
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