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ASYMPTOTIC BEHAVIOR OF DIFFERENTIAL EQUATIONS DRIVEN
BY PERIODIC AND RANDOM PROCESSES WITH SLOWLY DECAYING
CORRELATIONS

RENAUD MARTY!

Abstract. We consider a differential equation with a random rapidly varying coefficient. The random
coefficient is a Gaussian process with slowly decaying correlations and compete with a periodic compo-
nent. In the asymptotic framework corresponding to the separation of scales present in the problem,
we prove that the solution of the differential equation converges in distribution to the solution of a
stochastic differential equation driven by a classical Brownian motion in some cases, by a fractional
Brownian motion in other cases. The proofs of these results are based on the Lyons theory of rough
paths. Finally we discuss applications in two physical situations.
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1. INTRODUCTION

Limit theorems are very useful for approximation problems in many situations, for instance in physics [7-9]
or mathematics for finance [6]. We consider in this paper a random field (Y*(#));c[0,40c) Which is solution of
the random differential equation:

dg (£) = em() F(Y=(£)) for ¢ € [0, +00), 0

Ye(t =0) =z € R,

where F' is a smooth function, m is a continuous, stationary and centered stochastic process and € > 0 is a small
dimensionless parameter. For instance the vector Y¢ can model the position of a particle driven by a random
velocity field or a vector of prices in mathematics for finance. We want to study the asymptotic behavior of Y©
when ¢ goes to 0. Under boundedness conditions on F' and m, it is clear that Y° — xy when ¢ — 0. So our
aim is to find the time scale which leads to a nontrivial effective evolution of the position of the particle or the
vector of prices. In some cases it appears that the good scale is t — t/c2. The rescaled quantity X¢ := Y*(-/&?)
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satisfies the random differential equation:

dXe 1 t
t) = —m(—)F Xe(t)) fort e |0,+00),

(1) = —m( 5 ) F(X“() 0,+0) o)
Xe(t =0) =z € R%
The limit of X¢ when € — 0 is well known under prescribed sets of hypotheses, in particular on the mixing
properties of m. For instance, we may assume that m is an ergodic Markov process with generator G which
satisfies the Fredholm alternative [23], or that m is a ¢—mixing process with sufficiently decaying mixing
function ¢ [12]. Then, by classical approximation-diffusion theorem (see for instance [11,25,26] and the books
by Kushner [12] and Ethier and Kurtz [5]) the solution X¢ converges in distribution in the space of continuous
functions to the diffusion process X which is solution of the stochastic differential equation:

{ dX(t) = oo F(X(t)) odW(t) fort € [0,+00), 5
3

X(t=0) =z € RY,

where W is a classical Brownian motion (cBm), o stands for the Stratonovich integration and of =
2 fOJrOO E[m(0)m(¢)] dt which is nonnegative by the Wiener-Kintchine theorem [22]. As a consequence, if og > 0,
then we get a time scale which leads to a nontrivial evolution of Y¢. A question that we can ask is: what does it
happen if oy = 0?7 The classical diffusion-approximation theorem still holds true and shows that X¢ converges
to 0. So it seems that we should consider a longer scale to capture the effective behavior of Y=.

We would like to address another issue. The classical diffusion-approximation theorem requires the covariance
function to be integrable. What does it happen if the covariance function of m is not integrable? The influence
of the random term is stronger, so it seems that we should consider a shorter scale to get the effective behavior
of Y=.

In this article we address the two issues. We shall see that the suitable scale is not ¢/ anymore, but a
longer scale in the case where og = 0 (the short-range case), and a smaller scale when the covariance function
of m is not integrable (the long-range case). We shall establish that the rescaled process X¢ converges to the
solution of a stochastic differential equation of the same type of (3), not driven by a classical Brownian motion,
but driven by a fractional Brownian motion. The Hurst parameter of this fractional Brownian motion will turn
out to depend on the decay rate of the covariance function. The Hurst parameter will be smaller than 1/2
in the short-range case, and greater than 1/2 in the long-range case. Note that numerous papers [5, 7,25, 26]
have examined the limit of differential equations driven by a scaled noise verifying some general conditions
(that we can find for instance in Kushner’s book [12]), and in all these papers the limit system is driven by a
semi-martingale. So an original contribution of this paper is to show examples where the limit driving noise is
not a semi-martingale.

Sometimes the dynamical system is driven by a forcing term resulting from the interplay between a random
component and a periodic component [23]. For instance let us consider the system

déf (t) = em(t) cos(e’t) F(Y(t)) for t € [0, +o0), n

Ye(t =0) = 2 € R%

It is well-known [5, 12,25, 26] that if m is an ergodic Markov process with a generator which satisfies the
Fredholm alternative, b € (0,2), then the rescaled quantity X = Y*(-/e2) converges to the solution of (3)
with 02 = O+°° E[m(0)m(t)] dt. We want to address the same issue as in the previous case, that is to say:
what does it happen if the covariance function is not integrable or if the covariance function is integrable but

suchthat f0+oo E[m(0)m(t)]dt = 07 Do we get the same results as previously, that is to say the convergence to
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the solution of a stochastic differential equation driven by a fractional Brownian motion? The answer is no; we
prove in this paper that X¢ converges to the solution of a stochastic differential equation driven by a classical
Brownian motion like in the classical case, but with a normalization which depends on the decay rate of the
covariance function and on the frequency of the periodic component.

The proofs for the classical cases are based on the perturbed test function method [5,12,25,26]. This approach
requires good mixing properties of the driving processes. These good mixing properties do not hold in our cases
(in particular, the limit system is not always driven by a semi-martingale), so it seems that the perturbed test
function method cannot be applied. We shall use the rough paths theory developed by Lyons (see [15-17,19]
for the theory and [3,13,14] for some applications). Moreover we propose a new approach to the classical
approximation-diffusion theorem using the rough paths theory.

In a previous work [20] we addressed the case where m is a long-range process and we did not take into
account a periodic component. In this paper we first extend this result to the short-range case, which requires
deeper technical considerations, essentially due to the stronger roughness of the system. Second we consider the
role of a periodic component on the evolution of the system. The interplay between randomness and periodicity
leads to a diffusive asymptotic behavior, which is really different from the case without a periodic component.
This is in dramatic contrast with the classical approximation diffusion situation where we get the same diffusive
asymptotic behavior with or without periodic component.

The problem that we consider in this article is also triggered by some recent work [29] dealing with wave
propagation in fractal random media. We expect that generalizations of our results will be obtained and applied
to many situations: finance, wave propagation in random media, and other fields where dynamical systems are
governed by differential equations with random forces. In this paper, we shall discuss applications in two physical
situations.

The organization of the paper is as follows: Section 2 is a brief review of rough paths theory and stochastic
differential equations driven by a fractional Brownian motion. In Section 3 we establish the main results which
are proved in Section 4. In Section 5 we apply continuity theorem of Lyons to give a new proof of the classical
approximation-diffusion theorem. Section 6 deals with generalizations of previous results in multi-dimensional
cases. Finally we discuss in Section 7 some applications.

2. SOME BACKGROUND

2.1. The fractional Brownian motion

This section is a brief review of fractional Brownian motion properties. We refer the reader to [27] for a more
exhaustive presentation.

Let H € (0,1). We call the fractional (one-dimensional) Brownian motion (fBm) with Hurst parameter H
the centered Gaussian process (Wi (t))ier with covariance function

E[Win (s)Win (0] = 3 {1112 + [P |t — s}

Remark that if H = 1/2, the process Wy is the classical Brownian motion (cBm). However, if H # 1/2, Wy is
nor a semi-martingale, neither a Markov process. As a consequence, the construction for the fBm of a stochastic
calculus turns out to be more tricky than for the cBm. The aim of the following section is to give a short review
of the method to construct solutions of stochastic differential equations driven by a fractional Brownian motion
via rough paths theory introduced by Lyons [15-17,19] and used for instance in [3,13].
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2.2. Rough paths

In this section we fix p > 1, and we consider only functions defined on I := [0,1]. We say that a function
w: I — R" is of p—finite variation if

k-1 1/p
Vp(w) == (S%PZ lw(tjs1) — w(tj)|7’> < 00,
=0

where supp, runs over all finite partitions {0 =4y <t; < --- <t =1} of I.
For any continuous function w : I — R"™ of finite variation, we construct the smooth rough path over w:

T:A-RBR"® R @ ... ¢ (R
(57t) = (1,@1(8,t),@2(3,t)7 tee 7@[;0](8,75))7

where A = {0 < s <t <1} and wg(s,t) is the k-th iterated integral of w on [s, ¢]:

Bu(s, ) :/ dw(r) @ - - - @ dw(ry).
s<r1 <. <rp <t

The space of all smooth rough paths is endowed with the p—variation distance

[p] ilp
dp(U,0) =Y (S%pZIﬂj(tzhtz)%‘(tzl,tz)l””) + sup |u(t) — ()|

j=1 1 tE[O,l]
and is denoted by °. The closure of this metric space is called the space of all geometric rough paths and is
denoted by 2,. One of the most important theorems of rough paths theory is the following one:

Theorem 1 (continuity theorem of Lyons). Let G : R x R? — L(R,R%), and F : R x R? — L(R",R%) be two
smooth functions with all bounded derivatives up to the degree [p] + 1. We consider y the unique solution of the
differential equation

dy(t) = G(t, y(t)) dt + F(t, y(t)) dw(t), y(t =0) = yo,
where w is a finite variation function. Then the Ito map I : w — Y is continuous with respect the p—variation

distance from Q5°(R™) to Qo°(RY). Therefore there exists a unique extension of this map (that we still denote
by Z) to the space 2,(R™).

This theorem is a consequence of the continuity theorem of Lyons (see [3,13,15-17,19]), where G is assumed
to be zero. Indeed, it suffices to replace the noise w : ¢t — w(t) by the noise w* : t — (t,w(t)). Then, by a

straithforward calculation using integrations by part, we show that the application w — w* is continuous in the
space of geometric rough paths (see for instance [18] pp. 140-141).

2.3. Stochastic differential equations driven by fBm

Let us consider the case n = 1. We can check that for any continuous function w : I — R of finite p—variation,
there exists a geometric rough path w which has the explicit formulation:

w(t) — w(s))? w(t) — w(s))P
w(svt>=<l,w<t>—w<s>,( D-vl) .. Ll vl )

We consider a fBm Wy with Hurst parameter H. The sample paths are H'—Hélder continuous for all H' < H,
so they are of finite p—variation for all p > 1/H. Then there exists a geometric rough path for all sample paths
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of Wi, which we denote by I/IA/;{ Following Theorem 1 we can define 7 (I/IA/;{)l + 1o as the strong solution of the
stochastic differential equation driven by a fBm:

dy(t) = G(t,y(t)) dt + F(t,y(t)) c dWr (t), y(t=0) = yo. (5)

Note that if H = 1/2, the strong solution of (5) defined as above is the same as the strong solution defined by
classical Stratonovich’s calculus.

Now we consider the case where n > 1. It is proved by Coutin and Qian in [3] that there exists a geometric
rough path of order p with p > 1/H for all sample paths of a multi-dimensional fBm with Hurst index H > 1/4.
So we can construct in this case a strong solution of stochastic differential equations driven by such a fBm. It
is also shown that this construction can be extended to more general Gaussian processes.

3. MAIN RESULTS

3.1. Convergence to the solution of a stochastic differential equation driven by a fractional
Brownian motion

In this section we consider the family of processes (X¢). in R? which is defined by:

dxe . 1
= () = Gt X7(1) + = m(

Xe(t =0) =z € RY,

t
2

)F(t,XE(t)) for ¢ € [0, 1], o

where G and F' are two smooth functions (strict conditions will be given below), m is a continuous, stationary
and centered stochastic process, and a € (0,2). We denote by r the covariance function of m, that is r(t) =
E[m(0)m(t)]. We define the following assumptions:

Assumption (H1): «a € (0,1) and there exists ¢g > 0 such that r(t) ~ ¢o/t* when t — +oc.

Assumption (H2): a € (1,2), there exists ¢ < 0 such that r(t) ~ c¢o/t® when t — 400 and

+oo

Jo r)dt =0.
Before stating the main result of this section we give examples of processes which satisfy Assumption (H1)
or (H2). Let H € (0,1). We call the fractional (one-dimensional) white noise with index H the pro-
cess (mp(t))ier defined by

mH(t) = WH(t + 1) — WH(t),

where Wy is a fBm with Hurst parameter H. This process is continuous, Gaussian, stationary, centered and
his covariance function is given by

Elmar (O)mus (1)) = 3 {64+ 1127 + 1t — 127 — 27T}

If we take o = 2 — 2H, we can check by straightforward calculations that mpy satisfies (H1) if H > 1/2, (H2)
if H < 1/2.
We call the (stationary) fractional Orstein-Uhlenbeck process with index H the process (v (t))ter defined by
¢
vir(t) = Wi (t) — e~ / Wi (6) db,

—0o0

where Wy is a fBm with Hurst parameter H. As the white noise with index H, vy is continuous, Gaussian,
stationary, centered and, taking o = 2 — 2H, satisfies (H1) if H > 1/2, (H2) if H < 1/2.
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The main result of this section is the following.

Theorem 2. Assume that:

1) m is Gaussian and (H1) or (H2) is satisfied.
2) F and G are two functions from R x R? to R? of class CR/C=)+1 yith bounded derivatives.

Let (X°®). be the family of processes which is solution of (6). When € goes to 0, X¢ converges in distribution
in C([0,1],R%) to the process X which is solution of:

{ dX(t) = G(t, X (t))dt + CoF(t, X (t)) o AWy (t) fort € [0,1], -

X(t =0) =z € RY,
where Wy is a fractional Brownian motion with Hurst index H = (2 — «)/2 and C3 = H-Y(2H — 1)~ tco. In

fact, the convergence holds in the space of geometric rough paths of order p > 2/(2 — «).

Section 4.1 is devoted to the proof of this theorem.

3.2. Convergence to the solution of a stochastic differential equation driven by a classical
Brownian motion

Now we consider the family of processes (X¢). in R? which is defined by:

dgf (t) = G(t, X (1)) + E%m(g%) cos (E%)F(t,XE(t)) for t € [0, 1],

Xe(t =0) =z € R,

(8)

where G and F are two smooth functions (strict conditions will be given below), m is a continuous, stationary
and centered stochastic process, and -y, 3 are two parameters. We denote by r the covariance function of m.
We define the following assumptions:
Assumption (H3): There exist o € (0,1) and cg > 0 such that r(t) = co/t*+ f(t) where f(t) = O(t~*72)
when t — +o0.
Assumption (H4): There exist o € (1,2) and ¢g < 0 such that r(t) = co/t*+ f(t) where f(t) = O(t~*~2)
when ¢ — 400 and f0+°o r(t)dt = 0.
For instance the fractional white noise my which is defined in the previous section satisfies Assumption (H3)
if H>1/2 and (H4) if H < 1/2. The main result of this section is the following.

Theorem 3. Assume that:

1) m is Gaussian and (H3) or (H4) is satisfied.

2) 3€(0,2) andvy=1—(1-«a)(2-0)/2.

3) F and G are two smooth functions from R x R? to R? of class CR/A=+1 with bounded derivatives
if (H3) is satisfied. F and G are two smooth functions from R x R? to R? of class CR/C=a+1 yyith,
bounded derivatives if (H4) is satisfied.

Let (X¢). be the family of processes which is solution of (8). When € goes to 0, X¢ converges in distribution in
C([0,1],RY) to the process X which is solution of

{dX(t) = G(t, X(1)dt + CoF(t, X (t)) o dW(t) fort € [0,1], o

X(t=0) =z € RY,
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where W is a classical Brownian motion, C2 = cqcos((1 — a)n/2)T(2 — a)/(1 — a)'. In fact, the convergence
holds in the space of geometric rough paths of order p > 2/(1 — «) for a € (0,1), of order p > 2/(2 — «) for
a € (1,2).

Sections 4.2 and 4.3 are devoted to the proof of this theorem.

4. PROOFS OF THE MAIN RESULTS

4.1. Proof of Theorem 2

The proof of Theorem 2 under (H1) can be found in [20]. The proof of Theorem 2 under (H2) follows
the same lines, but it requires to study geometric rough paths of order p with p sufficiently large. This is
essentially due to the strong roughness of the fractional Brownian motion of Hurst index H < 1/2. Indeed, in
the long-range case, p = 1 is sufficient. So we take p > 1/H. We let

1 t 0 t/e?
we(t) = s_a/o m(;) dé = EQH/O m(0) do,

and we denote by w® the geometric rough path of w® for p, that is
{U\E(Sa t) = (wi(sa t)a {ES(Sa t)a R {Eﬁn] (Sa t))

where @5 (s,t) = w®(t) — we(s) and @< (s,t) = (@5(s,t))"/n!. By Theorem 1 it is sufficient to show that w?®
converges in distribution when € goes to 0 to the geometric rough path of the fBm Wy for the metric d,:

[p]

ilp
dp (W, ) = Y (Slll)pz [uj(ti—1,t) — 5j(tl—17tl)|p/j> + sup Ju(t) —v(t)]-
I

=1 te[0,1]

The aim of the first lemma is to prove the convergence of the finite-dimensional distributions of w®. Then we
prove an estimate on the increments of w® that we use to conclude the proof by the tightness of w® for the
distance d,.

Lemma 1. When e goes to 0, the finite-dimensional distributions of (W®)e>o converge in law to the finite-
dimensional distributions of CoWpy where C3 = H=Y(2H — 1)"tco and Wy is the geometric rough path of the
fBm Wy

Proof. By the continuity of the map z — (z,22/2,---,2[!/[p]!) and the fact that m is Gaussian and centered,
we only have to show that for all s, ¢ € [0,1],

02
tim Efuw? (s)uw(£)] = =2 {o27 + s — [t = 527}

It is a straightforward extension to the continuous case of the result 7.2.11 p. 337 of Samorodnitsky and
Taqqu [27]. O

The following lemma is useful for the tightness of (@®).s0.

Lemma 2. There exists a positive constant C such that
E[(w?(t) — w?(s))*] < CJt — s|*"
for allt, s in [0,1] and € in (0,1).

L In the statement of the theorem I' stands for the Gamma Euler function I'(z) = Jo e ttr—1dt.
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Proof. If we let w(t) := fg m(0) df it is sufficient to show that
E[(w(t) — w(s))*] < Clt — s]*".

Since r(t) ~ ¢/t* when t — oo and [;° r(t)dt = 0, there exists a constant C’ such that fOA r(t)dt ~ C'Al=«

when A — o0, so there exists a positive constant C” such that fOA r(t)dt < C"” AL~ Combining this inequality
with the fact that

E[(w(t) — w(s))?] = 2/t5d9 /9 r(0) do
completes the proof. ’ ’ O
Now we can prove the tightness of (w¢).s0.
Lemma 3. The family (W°)e>0 is tight in the space of geometric rough paths for the metric d,, for allp > 1/H.
Proof. Using Lemmas 2 and 13 establish the proof. (I

4.2. Proof of Theorem 3 under (H3)
In this proof we take p > 2/(1 — «) and we denote
t/e?
we(t) = 51+(1_0‘)b/2/ cos(e°0)m(6) do,
0

where b = 2 — (3. This following proof follows the same lines as the proof of Theorem 2.

Lemma 4. For all s, t € [0,1], we have:

lim E[(w® () — w®(s))?] = C2|t — s|.

e—0

Proof. Let s <t € [0,1]. We have

E[(w® (t) — w(s))?] = e2F1-ab / v df cos(<"6) / v do cos(’a)r( — o)

/&2 s/e2

_ %(If(s,t)ué(s,t)),

where
t/e? t/e?
I (s,t) = 52+(1*0‘)b/ d9/ do cos(’(0 — o))r(0 — o),
s/e? s/e?
t/e? t/e?
I5(s,t) = 52+<1*a>b/ do/ do cos(®(0 + 0))r(0 — o).
s/e2 s/e?
We have
Ii (s, ) = 2(I7 1 (s,) — IT 5(s, 1)),
where

(t—s)/
IT1(s,t) = g(l=ab(g s)/ do cos(ePa)r(a),
0

(t—s)/e®
IT5(s,t) = €2+(1_a)b/ do cos(ebo)or (o).
0
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To prove this lemma, it is sufficient to show

51 (s,t) =2 C3(t — 9), (10)
I§ o (s,) 20, (11)
I5(s,t) =2 0. (12)

Let us begin by (10). We can write IT ; = Ji ; + K{; where
(t—s)/e*~"
Jia(s,t) =co(t — 5)/ do cos(o)o™“,
0
(t—s)/e?
K§ (s, 1) = (1 — S)/ do cos(e¥0) f (o).
0

Since b < 2, Ji; — co(t — s) fooo do cos(o)o™® = co(t — s) cos((1 — a)w/2)T(1 — ). |K{;(s,t)] < gy —

s) [y do | f(o)] — 0 because a < 1. So (10) is shown.
Let us prove (11). We can write I , = Ji 5 + K{ 5 where

(t—s)/e*""
Jia(s,t) = 00524’/ do cos(o)ot™®,
0

(t—s)/e?
Kio(s,t) = 52+(1_a)b/ do cos(ebo)o f(0).
0
By an integration by part:
J5 o(5,t) = coe™@ W sin((t — 5)eb72)(t — )17

(t—s)/e*"
—coe?7b(1 - a)/ do sin(o)o™¢,
0
so we can easily check that J§ , — 0 because b < 2and 0 < a < 1. Moreover |K§ ,(s,t)| < 2= [* |5 f(o)| do.

The function o — o f(0) is integrable, then K{, — 0, so (11) is proved.
Let us complete the proof of the lemma by showing (12). We can write

I5(s,t) = EQJF(I*O‘)Z’// dz dy r(x) cos(e®(y + 25/2)),
AsUB=UC<UD*=

where
A7 = {(z,y) € [0,(t — )/ x [0, (t — 5)/”] : = <y},
B = {(z,y) €[0,(t —5)/e?] x [(t — 5)/e%,2(t — 5)/e?] : y < —x + 2(t — 5)/€?},
C° = {(z,y) € [-(t = 5)/e%,0] x [(t = 5)/*,2(t = 5) /€] 1 y <@ +2(t — 5) /%),
Df = {(z,y) € [—(t —5)/e%,0] x [0, (t — 5)/e?] : —y < x}.

Using trigonometric formulas and the basic estimate [sin| < 1, we can easily check that Jf 5(s,t) — 0. This
shows (12) and concludes the proof of Lemma 4. O

Lemma 5. There exists a constant C' > 0 such that for all t and s € [0,1], and € € (0,1)

E[(w®(t) — w"(s))*] < CJt — '~
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Proof. In this proof we adopt the same notations as previously. C stands for a constant which may vary from
line to line but remains independent of s, ¢, and €. Following the proof of (10) we get that |IT ;| < C x [t —s| <
C x|t —s|t—.

We remember that I, = Ji o + KT ,. We have

(t—s)/e*"
Jia(s,t) = coe® Y sin((t — 8)e" ) (t — 5)1 7 — coe? (1 - a)/ do sin(c)o ™.
0

The modulus of the first term of this sum is smaller than C x (t — s)!~®. For the second term we introduce the

function g : A — & fOA sin(o)o~*do. g is bounded because « € (0,1), so

(t—s)/e*7"
le270(1 — a)/ do sin(o)o™ | < C x (t — )t 72,
0

and |J§ 5| < C x (t— )1~ For K§, we introduce the function b : A — & fOA |of(o)|do. his bounded because
a € (0,1),50 |[K§o| < Cx(t—s)'"*and |If,| < C x (t—s)'~“. Finally, using the estimate on r and |sin| < 1,
we easily check that |I5| < C x (¢t — s)!=®. This concludes the proof. O

Now we prove the tightness of (W®).s¢.

Lemma 6. The family (W°)e>o is tight in the space of geometric rough paths for the metric d, for all
p>2/(1-a).

Proof. Using Lemmas 5 and 13 establishes the proof. (I

4.3. Proof of Theorem 3 under (H4)

Substituting Lemma 7 for Lemma 4 and Lemma 8 for Lemma 5 in the previous proof, we get the proof of
Theorem 3 under (H4).

Lemma 7. For all s, t € [0,1], we have:
tim B{(w* (1) = w*(5))*) = Gt — s|.
Proof. Let s <t € [0,1]. Proceeding and using the same notations as in the proof of Lemma 4 we have
El(wf (1) — w ())%) = I5 1 (5,0) — 5 a(s,0) + 5 T5(5,1).

Hence, it is sufficient to show

Ila,l(sa t) 61()) Cg(t - S)a (13)
If 5(s,) =20, (14)
I5(s,t) =20. (15)

Let us begin by (13). We can write

I71(s,t) = (£ = 5)(Ji(s,1) + J3(s, 1) + J5(s,1)),
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where
(t—s)/e*"
Ji(s,t) = co/ do (cos(o) —1)o™ ¢,
0
(t=s)/
5 (s,1) = 0o / do (cos(eo) — 1)f (o),
0
(t—s)/€*
J5(s,1) = (-2 / do (o).
0

In the following, C' stands for a constant which may vary from line to line but remains independent of s, ¢
and €. J{(s,t) — ¢ fooo do (cos(o) — 1)o~* = ¢psin((2 — a)m/2)['(1 — a) because b < 2. We have |J5(s,t)| <

eB= [ 62| f(o)| — 0 because 0 — 0% f(0) € L* and a < 2. We have J5(s,t) = e(1=2)® fo(t_s)/az dor(o). We
have 7(0) ~5 0o C X 07% and fooo r = 0, therefore fOAr ~Aoo O X AV 50 JE(s,1) ~eg C x gb=2(0—a),
This proves (13).
Let us show (14). We can write
118,2(5a t) - ‘]16,2(87 t) + K1€,2(87 t)a

where
(t—s)/e>""
Jia(s,t) = 524’/ do cos(o)o' ™,
0
(t—s)/€*
K§ (s, t) = 2Tzt / do cos(e’o)a f(0).
0

The definite integral fooo do cos(0)o ™ exists and b < 2, so Ji,(s,t) — 0. Moreover |Kf,(s,t)] <
g2t1—ab fo(tis)/62 do|of(o)l. [y lof(o)ldo < oo and 2 > b(a — 1), therefore J§ 4(s,t) — 0. This proves (14).
The proof of (15) is similar to the proof of (12). O

Lemma 8. There exists a constant C' > 0 such that for all t and s € [0,1], and € € (0,1)
E[(w" (t) — w® ()] < C|t — s|*~.

Proof. The proof follows the same lines as the proof of Lemma 5 and essentially uses the calculations of the
proof of Lemma 7. (|

5. APPROXIMATION-DIFFUSION VIA ROUGH PATHS

In this section we use our previous arguments, particularly the theorem of continuity of Lyons to give a new
proof of a classical approximation-diffusion theorem.

Theorem 4. Consider p > 2. Let F and G two functions from RxR? to R¢ of class C3 with bounded derivatives
and m be a real-valued Gaussian, centered, continuous and stationary random process with covariance function
r(t) = E[m(0)m(t)]. We assume that r is integrable and we let C3 = [;° r(t)dt. Then, when & goes to 0,

(i) the geometric rough path of order p of the solution X% of the problem

axs o1 .
F(t) =G(t, X1(t)) + gm<§>F(t,X1 (t)) forte[0,1],

X5(t=0) =z € RY,
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converges in distribution in the space €, to the geometric rough path of order p of the solution X of the
stochastic differential equation

AX1(t) = G(t, X1 () dt + V2O, F(t, X1(t)) o AW (t) for t € [0, 1],
X1(t =0) = 20 € RY,

where W is a one-dimensional classical Brownian motion,
(i) if B €]0,2[, the geometric rough path of order p of the solution X5 of the problem

“2(1) = 6t X3 + §m<€i2> <€%>F<t,xs<t>> fort € [0.1],

X5(t=0) =z € RY,

converge in distribution in the space S, to the geometric rough path of order p of the solution Xo of the stochastic
differential equation

dXa(t) = G(t, X2(t)) dt + CoF(t, Xa(t)) o AW (L) for t € [0,1],
{Xg(t = 0) =z € RY.

The p—variation topology is stronger than the uniform topology, so that this result covers the standard formu-
lation of the approximation-diffusion theorem.
We let

t/e? t/e?
wi (t) = 5/ m(0)dé and w5(t) = 5/ cos(e27P9)m(6) db.
0 0
First we establish two preliminary lemmas.

Lemma 9. For all s and t in [0, 1], we have:

lim E[(wf () — wi(s))*] = 2C5|t — 5| and lim E[(w5(t) — wi(s))*] = CGt — 5.

e—0

Proof. The proof consists in some algebra using trigonometric formulas, the dominated convergence theorem
and the fact that r is integrable. O

Lemma 10. For all s and ¢ in [0, 1], there exists a constant C > 0 such that for all € € (0,1]:
E[(wi(t) — wi(s))’] < CJt —s| and E[(wi(t) —wi(s))’] < CJt - s|.
Proof. The proof essentially uses the calculations and the arguments of the previous proof. (I

Now we can prove Theorem 4.

Proof of Theorem 4. Substituting Lemma 9 for Lemma 4 and Lemma 10 for Lemma 5 in the proof of Theorem 3
under (H3), we get the proof of Theorem 4. O

6. ABOUT THE MULTI-DIMENSIONAL CASE

6.1. Extension of Theorem 2

We consider the following problem:

R k
dgi (t) = G(t, X°()) + é;mj(é)Fj(t,XE(t)) for t € [0,1], 6)

Xe(t =0) =z € RY,
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where myq, ..., my are centered stochastic processes, € is a small parameter, and G, F1, ..., Fy are smooth functions.
This type of equation has some applications, for instance in the study of light propagation in a birefringent
optical fiber [10]. It is well-known [25,26] that if the multi-dimensional process (mj,...,my) is continuous,
centered, Markovian, ergodic with a generator which satisfies the Fredholm alternative, and satisfying good
correlations conditions (for instance the m,’s are independent), then the solution X¢ converges in distribution
to a limit X which is solution of the stochastic differential equation

k
dX(t) = G(t, X (1) dt + Y C;Fj(t, X () o dW; (1) for ¢ € [0,1], a7

X(t=0) = € RY,

where the W;’s are independent standard Brownian motions and C} = 2 f0+°o E[m;(0)m,(t)] d¢. The natural
question that we can ask is: can we extend this result to the case where the m;’s satisfy the assumptions of
Theorem 2, that is to say, can we establish a multi-dimensional version of Theorem 27 The following theorem
establishes that the answer to this question is positive at least in the case where the m;’s are long-range
processes. The case where the m;’s are short-range processes is more complicated and will be discussed at the
end of this section.

Theorem 5. Assume that:

1) the m;’s are centered, stationary, Gaussian, independent processes;

2) there exist positive constants c1,¢2,...,cp and 1 > a1 > ag > ... > ap > 0 such that E[m;(0)m;(t)] ~
Cj /taj 5y

3) the F;’s and G are functions from R x R? to R of class C2/C=e)l+1 with bounded derivatives. Then,
when € goes to 0, the solution X< of the equation

c k
djii () =Gt X()+ > ij (%) Lt XE(t) for t € [0,1], 18)

Jj=1
Xe(t=0) =z € R?

converge in distribution in C([0,1],R%) to the process X which is solution of:

k
AX(t) = G(t, X(t)) dt + Y C;F;(t, X (t)) o dWp, (t) for t € [0,1], (19)
X(t=0)=mx € R, =

where the WH ’s are independent fractional Brownian motions with Hurst indices H; = (2 — «;)/2 and
02 (2H —1)7te;. In fact, the convergence holds in the space of geometric rough paths of order
p > 2/(2 — Oél)

Proof. We fix p € (1/H;,2). Following the continuity theorem of T. Lyons, it is sufficient to show that the
geometric functional of order 1 w® of w*,
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converges to the geometric functional of order 1 of the multi-dimensional fractional Brownian motion

(W, ..., Ws,) for the p—variation distance d,. The functional w® can write as
t t
e 1 0 1 0
w (S,t): (/S co1 m1<?) d9,,/s Emk(g) d9>,
where all components are independent. So, we have just to prove for all j = 1,...,k the convergence of
f; a%jmj (%) df. This is already proved in the proof of Theorem 2 under (H1). (I

We can imagine multiple extensions of Theorem 5. One of the most natural extensions is a multi-dimensional
version of Theorem 2 under (H2). The problem is that the roughness of the possible limit implies that we have
to prove the convergence of the iterated integrals to the iterated integrals of fBm, which cannot be written
as continuous real-valued functions of Gaussian variables as in proof of Theorem 2 under (H2). This is an
interesting issue that deserves further analysis.

6.2. Extension of Theorem 3

We consider the complex-valued vector X¢ which is solution of the following problem:

dg‘: (t) = G(t, X(t)) + E%m(g%) exp (z‘giﬁ)F(t, XE(t)) for t € [0,1],

Xe(t=0)=uxp € ce.

(20)

This type of equations has a lot of applications in various physical domains, particularly in the study of wave
propagation in random media [7-9,23]. It is well-known [25,26] that if the process m is continuous, centered,
Markovian, ergodic with a generator which satisfies the Fredholm alternative, v = 1 and § € (0,2), then the
solution X¢ converges in distribution to a limit X which is solution of the stochastic differential equation

dX(t) = G(t, X (t))dt + CoF(t, X (¢)) o (AW1(t) + :dWa(t)) for t € [0,1], (1)

21
X({t=0)=ux e Cq,

where Wy and W; are two independent standard Brownian motions and Co = [ E[m(0)m(t)] dt is a nonneg-

ative constant. We can ask the question: in the same way as for Theorem 3, can we prove such a result under

Assumption (H3) or (H4)? This can be expected but we prove in this section a weaker result which is sufficient

for some applications (see Sect. 7). We denote

t/e?
we(t) = €1+(1_0‘)(2_5)/2/0 cos(e27P0)m(6) db,

t/e?
WE(t) = eHHI—a)2=5)/2 / sin(c2~59)m(6) df.
0

Theorem 6. We assume m to be Gaussian, (H3) or (H4) to be satisfied with § € (0,2) and v =
(1 —a)(2 — B3)/2. Then, the sequence of stochastic fields (ws(-),ws(+)) converges in distribution in C([0,1], R?)

1
to CoW where W is a two-dimensional standard Brownian motion, CZ = cocos((1 — a)m/2)['(2 — a)/(1 — ).

Proof. The proof of this theorem is an extension of the proofs of Lemmas 4, 5, 7 and 8. In fact, it remains to

prove that for all s and ¢, E[ws (t)ws(s)] converge to 0 when € goes to 0, to ensure the independence of the two

coordinates of the limit process. We begin by the case where ¢t = s. By a trigonometric formula we can write

Bl (s ()] = 5(L5() + L5 (1),
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where
t/e? t/e?
L5(t) = e (1-0)(@=8) / de / do sin(e2P (o — 0))r(oc — 0),
0 0
t/e? t/e
L5(t) = g2t(1-)(2=h) / d9/ do sin(e* P (o 4 0))r(c — ).
0

To prove that L§(t) converge to 0, we proceed as for I5(s,t) in the previous proofs. For L5(t), we perform the
change of variable (0,0) — (t/e? — 0,t/e?> — o) and using the fact that sin(—z) = —sin(z) and r(z) = r(—z),
we get that L5(¢) = 0.

Now we assume that s # ¢, for instance s < t. From the result obtained in the case t = s, it suffices to show
that

L5(s,t) == E[(wg () — wi(s)ws(s)] = 0. (22)

Let us prove (22) under (H4). Note that:

s/€? t/e?
L5(s,t) = 52+(1*0‘)(2*B)/ do sin(sba)/ df cos(e"0)r(0 — o).
0 s/e2
Then, we get:
t/e?
L5(s,t) < 2tmo= 5>/ do/ dé |r(0 — o)]
5 /2
t/e?
< 21— mc/ dg/ )-o
(a=1)B
1> —0
= —  C((t - t2 a 2—ay € 0
(Oé—l)(Q—Oé) (( S) +s )‘) )

because we assume (H4).
Now we prove (22) under (H3). By a trigonometric formula we can write

L3(s,t) = (L§ 1(8:8) + L3 5(s, 1)),

where

t/e? s/e?
L (s,t) = 2= @=h) / de / dosin(e®(0 — o))r(0 — o),
s/e2 0

t/e? s/e?
L5 5(s,t) = 2T (1m0 @=h) / deo / do sin(e®(0 + o))r(0 — o).
0

L5 5(s,t) can be treated exactly as I5(s,t) in the proof of Lemma 4. It remains to deal with L§,(s,?). By a
change of variable we get:

t/e? 0
L5, (s,t) = e2+(-0)2=B) / a9 / do sin(=80)r (o)
/e 0—s/e

= ME(t) — M°(s) — MS(t — s),
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where
t' /&2 0
ME(t') = 2t (1-)2=H) / dg / do sin(eb0)r ().
0 0

To conclude the proof, we shall prove that

ME(#) =2 ot / o~ sin(c) do. (23)
0
By an integration by part we get
t// 2 // 2
Me(t") = 5(1_“)(2_B)t'/ df sin(eb0)r(0) — 52+(1_“)(2_6)/ df sin(0)0r(6).
0 0

The two terms in the right-hand side can be treated as I (s,t) and I{,(s,t), respectively, in the proof of
Lemma 4. This concludes the proof. (I

6.3. A remark on rough paths theory

We conclude this section by a remark on rough paths theory. In the 70’s, Doss and Sussmann worked on
the gap between ordinary differential equations and stochastic differential equations [4,30]. One their most
important results deals with the continuity of the It6’s map. We consider = to be the solution of the ordinary
differential equation driven by the continuous noise w:

dz(t) = G(z(t)) dt + F(z(t)) dw(t), x(t =0) = xo.

Their result, roughly, is the following: if w is a one-dimensional noise, then the [t6’s map Z : w — x is continuous
with respect to the uniform norm, but if w is a multi-dimensional noise, then Z is not continuous with respect
to the uniform norm in the general case. So, one of the main interests of the rough paths theory is to establish
the continuity of Z with a topology stronger than the uniform topology. The conclusion of this remark is the
following: we could prove Theorems 2 and 3 with the theory of Doss and Sussmann, but the rough paths theory
of Lyons makes it possible to generalize these results to multi-dimensional cases as in Theorem 5.

7. APPLICATIONS

In this section we give applications in two physical situations: the classical random harmonic oscillator and
the quantum random harmonic oscillator. Both systems have been extensively studied because they are great
pedagogical tools and they can be encountered in many physical frameworks [2,8,21,24,28].

7.1. The classical random harmonic oscillator

We consider the classical harmonic oscillator in a random field n*m(t/n™) where m is a stationary, continuous,
Gaussian, and centered random process which satisfies (H3) or (H4), n a small dimensionless parameter, 7 > 0
and K = (3+ 7(1/2 — «))/2. The evolution is described by the ordinary differential equation:

d2y 2 K t
— ) +wyt)=n m(U_T) fort >0

d¢?
y(t = 0) = yo, (24)
dy o o
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The aim of this section is to compute and to study the asymptotic behavior of the energy H of the random

harmonic oscillator:
2

1 |dy
H(t) = [yt)* + = |==(t
(1) = (0 + — |0
We let
1 dy
t) = ——(t
u(t) = y(t) + — L)
S0
d r t
—u(t) =dwu(t) — im(—T) fort >0
u(t =0) =yo + —uo
We perform a change of variable
z(t) := e ™tu(t)
so that, instead of (25), we can consider
d in® t
—x(t) = fﬂe*“tm(—T) fort >0

1
t=0) = — .
a( ) y0+iwy0

Then

/

1 ] _ t
t) = —Y t' t' ( )dt/
z(t) =yo + PR + » /o {sm( w) + i cos( w)]m e

and

) 77& t ! 772}-1 t t 2
H(t) = y2 + 2y0—/ sin(t'w m(—) dt’ + / sin(t'w m(—) dt’
0= +200 [Csnrm( L) ar+ T [Cnm (L
2
2 K t / 2K t !
Yo t " t
+§ - 2y6F/0 cos(t’w)m(n—T) dt’ + ) (/0 cos(t’w)m(n—T) dt’) )

We get the main result of this section by letting ¢ = n**t7/2 and applying Theorem 6.
Theorem 7. Let us denote the rescaled energy H"(t) = H(t/n?). Then, when n goes to 0, H" converges to H°
in distribution in C([0,1],R) where H® reads as

’2 /
HO0) = + 2+ 2061Co (101 (0) + BWa(0)) + 0P CROMP + Wa(0))

where Wy and Wy are two independent Brownian motions, C3 = cocos((1 — a)m/2)T(2 — a)/(1 — ).

One thus obtains linear diffusive growth of the energy, which is standard in the case of strongly decaying
covariance function [2]. However the dependence of the energy growth with respect to the oscillation frequency w
exhibits a non-standard structure (E[H(¢)] = H(0) + 2|w|>**C3t).

Article published by EDP Sciences and available at http://www.edpsciences.org/ps or http://dx.doi.org/10.1051/ps:2005009



http://www.edpsciences.org/ps
http://dx.doi.org/10.1051/ps:2005009

182 R. MARTY

7.2. The quantum random harmonic oscillator

7.2.1. The nonperturbed model

The state vector 1(t,x) of a particle of mass M in a quadratic trapping potential obeys the Schrodinger
equation:
oY B2 0%y

il A l 2,2

where w is the oscillation frequency and & is the Planck constant. We multiply the spatial coordinate x
by \/Mw/#h and the time by w to rewrite (27) in the dimensionless form:

2i—(t,x) = fT(t, z) + x2ip(t, ). (28)

7.2.2. The particle in a random force field

We assume the particle to be in an external random force field which derives from the potential n*zm/(t/n7).
m is a stationary, continuous, Gaussian, and centered process which satisfies (H3) or (H4), n is a small di-
mensionless parameter, 7 > 0 and k = (3 + 7(1/2 — «))/2. The state vector ¢ obeys the partial differential
equation:

Qia—w(t, I) = —87(757.%) + 3021#(75730) + nﬂxm(%)w(t,x), (29)

This can model the motion of a charged particle in a random external electric field. Our aim is to study the
asymptotic behavior of the energy in a long time scale. We define the energy

+o0 aw
H(t):/_oo ( 5 ()

The main theorem of this section is the following.

Theorem 8. Let us denote the rescaled energy H"(t) = H(t/n?). If H(0) < +oo, then, when n goes to 0, H"
converge to H® in distribution in C([0,1],R) where H® reads

2

+ $2|w(t,x)|2> dz.

HO(t) = H(0) + Co(RW, (t) + IW(t)) + E2CE(W1 ()% + Wa(t)?)

where W1 and Wy are two independent Brownian motions, CZ = cycos((1 — a)m/2)['(2 — a)/(1 — ), R =
fj:; z|vo(x)|? dz, T is the imaginary part of sz(ﬁwo(x)/ax)wo(x) dz, and E2 = _4—;0 [vo(2)|? dz.
Proof. We rewrite the energy of the perturbed quantum harmonic oscillator with perturbation of the form

nfem(t/n7 )Y (t, ) in term of the energy of an equivalent classical harmonic oscillator with additive noise [2].
As a result the energy reads:

/

t/n* n t/n? 4 2
H"(t) = H(0) + Rn“/ sin(t’)m(—T) dt’ 4+ E2n*~ / sin(t’)m(—T) dt’
0 n 0 n

t/n? Y t/n* ¢ 2
+1 "/ cos(tm(—) d¢’ + E2n?" / cos(Ym(—)dt' | .
o | costym( ) ae o+ B | [ costeym( )

We let ¢ = n'*7/2 and we apply Theorem 6 to complete the proof. O
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8. APPENDIX: TECHNICAL LEMMAS

The proofs of the main results are based on the tightness in the space of geometric rough paths. Moreover
we need to compute the p—variation for p > 1. So, we remember the reader with the two following important
lemmas. The first one can be found for instance in [15], the second one in [13,15]. Finally we establish a
tightness result for Gaussian geometric rough paths.

Lemma 11. Let ¢ > 1 and (2%)e>o = (30’?,...,5[5(1])90 a family of random geometric Tough paths of finite
q—variation such that ((2°(0,t)):e0,1])e>0 s tight in the space of continuous functions on [0,1] and for all
i=1,...,]q]

A—+00 >0

jla
lim supP||( su T5(t1,t Q/j) >A] =0, 30
ol w3 00,0 (30)

where supp, Tuns over on all finite subdivisions {t;}; of [0,1]. Then (T%)eso is tight in the space of geometric
rough paths for the distance dy, for all p > q.

Lemma 12. For alln € N and all k =0, 1, ..., 2", we let t} := k/2™. Let ¢ > 1 and T be a geometric rough
path of finite q—wvariation. Then there exist two positive constants v, A which do not depend on T such that

400 2m
Sllljpz F(tn, )| <A 0T [E(ER )|
l k=1

n=1

Lemma 13 (tightness result for Gaussian geometric rough paths). Let p > 1 and (T°)e>0 = (25, ... ,Efp])wo
a family of Gaussian random geometric rough paths (that is to say x5 is Gaussian) in Qp(R). We assume that
there exists two constants C > 0 and n > 2/p such that

E[75(s,1)°] < Clt = s|" (31)

for all s and t in [0,1]. Then, (T°)c>0 is tight for the distance dp.

Proof. Let q €]2/n,p[. Note that for a Gaussian variable, we can compare high-order moments with second-
order moments, so it is possible to work with second-order moments here. Using Kolmogorov criteria [1], the
fact that 7 is Gaussian and (31) we get that ((2°(0,%)):e[0,1])e>0 is tight in the space of continuous functions
on [0, 1]. Hence, following Lemma 11, it rest to show (30) for (Z%).~¢. By Markov inequality and Lemma 12:

ila
P su 5 (t—1,t Q/j) > A
[( w3 1)

forall j =1,...,[¢]. Taking the sup on ¢ and letting A — oo completes the proof. O

5 Sy
S i n’y(2n)1—q7] 2
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