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ASYMPTOTICS FOR THE LP-DEVIATION OF THE VARIANCE ESTIMATOR
UNDER DIFFUSION *

PAUL DOUKHAN! AND JoOSE R. LEON?

Abstract. We consider a diffusion process X; smoothed with (small) sampling parameter . As in
Berzin, Leén and Ortega (2001), we consider a kernel estimate &. with window h(e) of a function «
of its variance. In order to exhibit global tests of hypothesis, we derive here central limit theorems for

the L? deviations such as .
1 (h\2 /[ . » ~ »
7 (2) (8 —aly - ®ja. - al}).
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1. INTRODUCTION AND MAIN RESULTS

Recently, the problem of statistical inference for integrated diffusions attracted a certain attention. This
type of situation appears, for example, when a realization of a process is observed after passage through an
electronic filter. Ditlevsen et al. [4] studied the ice core records from Greenland, which can also be modeled as an
integrated diffusion process. Gloter [9] considers the integrated Ornstein-Uhlenbeck process to make inference
about its parameters. Integrated processes are also important in the so-called realized volatility in finance. In

all these works the observations are assumed to be Y; = f(z N Xspa(s — (i — 1)A) ds where X is a diffusion

process and ¢a is a density in the interval [0, A]. Setting ¢a(s) = x¢(%), we have Y; = fol ©0(8) Xsat+(i-1)a ds.
In this work we observed a smoothed and continuous time process defined as

| oo . 1/2
Xi= —/ ¢ =) X du :/ p(8) Xp—es ds, (1)
€J_ € —1/2

with Xy a diffusion process, ¢ is a density in [75, 5] and ¢ is interpreted as a sampling parameter. Our goal is

to make non parametric inference for the diffusion coefficient. Let us briefly introduce our framework.
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Let (Wi)e>0 be a standard Brownian motion, and X; be defined by the equation
dXt = O'(t) th + b(Xt) dt, o> 0. (2)

To assure the existence and uniqueness of the solution X3, o : IR — IR and b : IR — IR are assumed to satisfy
the assumptions (1) and (2) of Theorem 1 of [7] p. 40, adapted to our case, i.e.

b(x) — by)| < Kle —y| and [b(a)| + o(x) < K (1 +]a?). (3)

Additional conditions concerning o will be given later. This shows however that explosive variances cannot be
considered in the present work.

In this work we consider the estimation of the function o(t). Process X; is not directly available, we assume
that we observe X as defined in (1). The case in which function o(-) only depends on X; has been studied
previously by Perera and Wschebor in [12] and [13].

As in [2], we consider a function G € L?(¢) with ¢(z) = ﬁe—wzﬂ together with the continuous and

symmetric densities ¢ and K with support in [— 2, 1]. If ¢ is a differentiable function we define X.(t) = LX.(t).
Y 2 dt

|

For any ¢ > 1, we define || f||q = (ffooo |f(t)|7de " Let h= h(e) — 0 as € — 0 (the dependence of h on ¢ is

implicit throughout the paper) and we set

a. () = %/Z K (tT”> G (ﬁ)‘g(u)) du. (4)

So a.(t) is the non-parametric kernel estimate of the parameter

N——

at) = E[Ge(t)2)],  t<[0,1] (5)

where Z ~ N(0,1) will denote a standard normal random variable throughout the paper. Berzin et al. [2] note
several interesting special cases:

e if G(x) = 22 then a(t) = 02(t) (recall that [E|Z|? = 1);

o if G(x) = \/Fla| then a(t) = o(t) (recall that T|Z| = /2);

o if G(x) = log|x| — 27 then a(t) = logo(t). For this, note that the constant v can be written as
v = [, logz ¢(x)dx = 0.57721566 ...

By using stable convergence, as in [2], we can deduce our results from the case b = 0. In this particular case
our process is a time-changed Brownian motion.

Define
Pe(t) = v h/e(@e(t) — Eac(t)). (6)
A pointwise central limit theorem (CLT)

ﬁe(t) i)<€—>O N (07 22(t))

is proved in [2], where Y2(¢) is defined by equation (11). Alternative estimation techniques and some CLT are
proposed in Soulier [17], Genon-Catalot et al. [6] and in Brugiére [3] under close settings.
Another expression will also be useful

B-(t) = Vh/e(@:(t) - a(t))- (7)

If « € C? (twice continuously differentiable) then the bias term verifies IE(Q.(t)) — a(t) = O(h?). In this case
the optimal window size is h = £'/5. Replacing IE(Q.(t)) by a(t) in (6) we get again a CLT with no zero mean
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(resp. zero mean) in the optimal case (resp. in the non optimal case). In Proposition 1 below we will precise
the asymptotic bias behavior.

In the present paper, our aim is to provide global estimation results for parameter « in L? for p > 1. So, we
consider the LP deviations

1
D,.=—
PEVh

1
Dy, = —
PEVh

In Theorems 1 and 2 we show that both expressions are asymptotically normal. These results are used to
design global tests of hypotheses for the diffusion’s variance in the forthcoming section. That test appears
to be of special interest in problems in finance. Using a Poissonization argument, Beirlant and Mason [1]
obtained analogous results for the case of kernel density and regression estimates based on independent samples.
Soulier [17] proves a CLT for the case p = 2 for a wavelet-based estimator of the diffusion coefficient.

(”ﬂs”ﬁ - IEH@HZ) ’ and (8)

(1.1~ B0z (9)

Remark. The asymptotic behavior of D, ., more convenient for a test of hypothesis, is an easy consequence
of the behavior for D, . in the sub optimal window case, nevertheless needs a more detailed analysis in the
optimal one (see remark and proof of Th. 2).

Let us expand the (even) function g:(x) = G(o(t)z) in terms of Hermite polynomials

L

(2n)!IEG(0(t)Z) - Han(Z). (10)

gi(x) =Y agn () Han(x), with ag,(t) =
n=0

We will often use Mehler’s formula: IE(H,,(X)H,,(Y)) = nlp™d, m, where (X,Y) a two-dimensional standard
Gaussian vector having correlation p, which is a special case of the Diagram formula, see [11].
Let f x g stand for the convolution of f and g. For ¢ € [0,1] and w € [—1, 1], we define

[e%s) 1 % . 2n
() = [KIEY. () ) [ (S550) Tae and (1)

i\ el

n=1
_ KxK(w)

Pw) = = €11 (12)

Let (Z1, Z3) be a standard (0, Iz) normal vector, so we define

2;/11 Cov (‘mZ1+F(w)Z2‘p,|Zg|p) dw~/01 $22 () dt. (13)

We have the following result

Theorem 1. Assume that the diffusion (2) is such as the function o is continuous and o > 0 over the compact
€
set [0,1], there exists some q > 4 such as IE|G(o(t)Z)[P? < oo and lir%h = lim ———— = 0. Then
E—

e—0 h2(1-1/q)
D 2
Dpe —co N (0,%2).
Remarks. Using Lemma 5 below proves that the same CLT holds for

7 (11 - wize | moy ),

where ¥.2(¢) is defined in equation (11) and it is also the limiting variance in the CLT as proved in [2].

Dp,e =
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Let boy, = ﬁIEHZV’H%(Z), then we write

%2 = 3 b2, (2k)! [ T2 (w)dw [ 2%(t)dt.
>y [ waw |

Inspired by Jacod [10], the proof of Theorem 1 is divided in two steps: first one assumes that b = 0, which mean
that X; is a time-changed Brownian motion, and shows stable convergence. Secondly, using Girsanov’s formula
we consider the case b # 0.

We first provide the asymptotic behaviour of the bias:

Proposition 1. Assume that the even function G is a.s. twice differentiable and assume that o > 0 is a
~ . . €
C?—function. Let b.(t) = IEQ.(t) — «(t). and hr%h = hrnO 7= 0, then
£— E—

h2

lim h=2 sup |b-(t) — 70(”(t)/52K(s)ds =0.

=0 te[0,1]

2
Besides, limO % = 0 and the functions G, o are C3, imply that the norming factor h=2 may be replaced by h™3.
E—

Remark. As usual, the use of kernels K with higher order?® yields b.(t) = ca(") (t)h" 4 o(h") where o is uniform
with respect to t. Moreover the remainder term is O(h"+9) if the more restrictive assumption |a(") (s)— (") (t)| <
cs|s — t]° is assumed.

We now turn to the asymptotic behaviour of D, .. Assuming that the functions o, G are a.s. twice differen-
tiable, then the suboptimal window case, lim. g h°®/e = 0 leads to the same result as Theorem 1.

Dy oo N(0,52)  if lim = = 0. (14)

Examining the optimal window case h = )\E%, we get:

Theorem 2. Assume that the function o > 0 is C? (twice continuously differentiable), and that G is a.s.

twice differentiable and has a second order bounded derivative set h = Ae® for some constant A > 0. If
E|G(a(t)2)|?" < oo then

Dye —remo N(0,77),
where, as in Theorem 1,
T2 = //@(w,t) S22 () dwdt  and c(t) = %)\%a”(t)/SQK(s)ds,
O(w, t) = Cov (}mzl T (w)Zs + c(t)"’ NZs+ ).
Remark. The statistic D, is not well adapted to make a hypothesis test. It can be modified as

7 (1A - wize | =y ),

IThis means that Jt*K(t)dt is 1 for k = 0, vanishes for 0 < k < r and is well defined for k¥ = r; usually one considers
bounded and compactly supported kernels and a standard construction of such kernel consists to search polynomials P such as
those conditions hold for the kernel K = P - u where u denotes a bounded and compactly supported non-negative density.

Dp,s,so =
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under the suboptimal window case and as

all- S0z + c<t>|pdt) ,

ek

if h = Aes. In Lemma 5 below we will show that these two statistics have the same asymptotic behaviour
that D, . in each case.

Examples. In some special cases of interest, the function G is homogeneous G(ox) = c"G(z) for o > 0, hence
¥2(t) = Ac?"(t) for a suitable constant A > 0 only depending on ¢ and on G and, this makes much simpler
the expressions of X2 and 72. Examples of these situations G(z) = /|| and G(x) = 2* have already been
sketched.

Analogous considerations are valid for the function G(z) = log|z| — v for which only ao(t) = logo(t) —
really depends on t while ag,(t) = a2y, = @Elog |Z|H2n(Z) for n > 0, and ¥%(t) = X2 only depends on ¢.
Note that 212, does not depend on the function o(-); this however does not hold for the companion variance Tg.

This paper is organized as follows, Section 1 introduces the problem and gives the main results. Section 2
is devoted to provide an explicit expression for a test of hypothesis useful for various applications. Section 3 is
devoted to a series of technical lemmas useful in the proof of the main results. The main results are proved in

Section 4, while the proof of the preliminary lemmas is given in Section 5.

2. APPLICATION TO A TEST OF HYPOTHESIS

Assume that we want to provide a test for hypothesis Hy : @ = a against a family of contiguous alternatives
a = a + 6. A where the functions a, A € L? are given, 6. | 0 as € | 0, and || 4|, > 0.

From the examples of functions G, it is clear that such tests can be transferred to o, testing now o = s against
o = s+ 8.5 where a(t) = IEG(s(t)Z) and A(t) = S(t)IEG’(s(t)Z) in the case of a differentiable function G. The
interesting cases G(z) = 22 and /% x| are straightforward.

We now set
() = /2 ()~ alt),

Under the null hypothesis, @ = a the remark following Theorem 2 implies

1
Dp,a,so = ﬁ

if lim._o h%/e = 0. This gives a level for a test, provided we have estimated both expressions

(IIﬁ?IZ - w2 [ =y dt) LN(0.52),

1
2
=2, /O SP(¢) dt

through empirical standard procedures. To this aim we only make use of the classical plug-in principle.
Passing now to the alternatives and setting

h ) € 1/2
Ve = 56\/;, with O = (7}1(171/@) .
We have 52(t) = Bc(t) + 1. A(t) + Ore <h2 \/§> and v, = h? . Obtaining

1

Dp,s,so = \/E

<|55|5 ~EizP [ 0y dt) AR + [ so1a@P - sn(aw) ar -+ o).



LP-DEVIATION FOR VARIANCE ESTIMATES UNDER DIFFUSION 137

‘We observe that
f / ae(t) — o (1) AW sign(A()) df — o N'(0,02 ),

for a suitable constant aa, 4 > 0. All this entails
Dy.eso = N (14115, 53) ,

as is usual under contiguous alternatives. This provides a control of the local power for this procedure.

Even in the case where one considers the optimal window h = Aes it is possible to work out a test of
hypothesis. In this particular case we must use Dp, ¢ , instead of Dp ¢ 50, obtaining a similar result. This is based
on Lemma 5 and the remark located after Theorem 2.

3. COLLECTING SOME FACTS IN THE CASE b =0

The following simple facts are essentially collected from [2]. Set

52(t) = Var X_(t). (15)

() ) o
i/ (x) ( - )a (t—ex)d
)

This expression vanishes if [t—s| > 2e and we have \/ec:(t) — ||pll20(t) as e — 0 where the previous convergence
holds uniformly on [0, 1].

Lemma 1. We have

Cov (Xc(s), Xc(1))

We often work with the following “almost” white noise process which we shall denote for simplicity’s sake

X ()

Ge(t)
Setting pe(s,t) = Cov (Z(s), Zs(t)), note that the previous lemma implies
[e(x)p (x4 =2) 0?(t — ex) da

\/fcp Jo?(s —ex)dz [¢*(x (tfszc)d:c’

Z.(t) = ~ N(0,1). (16)

which yields

~ = //K v) Cov (G(o(t)Z:(t — uh)),G(co(t) Z-(t — vh))) dudo.

The above covariance is a function of ¢ and of p.(t — uh,t — vh). Using Mehler’s formula we prove that

h(v—u) 2(t — uh — d 2n
N—//K Zagnt uh)agy, (t—vh)(2n)! (f(p Jo'{t —u e2) I) du dv.

fga 02 (t — uh —ex)dx

Finally, the change of variable z = h(v ) implies IE(B.(t))2 — 2(t) as € — 0 where equation (11) defines (¢).

The process 3.(t) is not Gaussian (even if asymptotically Gaussian) its LP-norm cannot be computed using
Mehler’s formula. Another way to proceed is as used in Giné et al. [8] using a Gaussian approximation. We
first note that §.(¢) may be rewritten as the partial sum of 1-dependent random variables.
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Lemma 2. Set N =2 [L], then we have B:(t) ZCk (t) with

o0 /_%% K (u) (G <M~Z€(tuh)> e <M~Z€(tuh)>) du,

;s lell2 el

Lkl
-5+

-

and the N random variables (i (t) are 1-dependent for k=1,...,N.

Given that the random variables Z.(t) and Z.(s) are independent when |s — t| > 2¢. We obtain this lemma
from relation h/N > e, which also yields

M
Lemma 3. Set M = [5-], then ||3:||} = ZYg,a with
=1

/2 Z/M
nf:(é) \ [ ( ( V(i - uh>.ze<t_uh>)
€ (b—1)/M lloll2

o (FE 7))

P
dt,

and the M random variables Yy . are 2-dependent for £ =1,..., M if we assume that h > 2¢.

Hence, the technique of proof of the main theorem will be based on a Lindeberg central limit theorem for
m-~dependent random variables. The two first moments of the above random variable are difficult to calculate
directly. Thus, in order to avoid this problem we shall proceed as in Giné et al. [8]: by using a Gaussian
approximation of the previous sums . (t).

The proof of the main theorem will be based on the following lemmas which will provide (in particular) the
asymptotic L? behaviour of |||

Lemma 4 (approximating expectations). Let d € IN and 1p,...,ZTnn € IR? be centered at expectation,
m-dependent for some integer m > 0. Denoting by Var (Zzzl Zrn) the variance covariance matriz of the
vector > p_y Tk.n, Supposing that for some definite d x d covariance matriz V we have

n
ar (E :L'kyn) —nooo V, and
k=1

n
Z Eka,n”BV(dPQ) —n—oo 0.
k=1

Denoting xj , = (xg-i)z)lggd. Then, if Z = (ZM, ..., ZD) ~ Ny(0,V), there exists a constant ¢ (only depending
on d and on the norm || - || on IR®) such as

3 I(é)

k=1

n §
‘IEH = (Z 1E||:ck,n|3>
k=1

=1

d
IEH ‘Z(é) ‘p
=1

wheredflf—zfdflanch*%( %) if d > 2.



LP-DEVIATION FOR VARIANCE ESTIMATES UNDER DIFFUSION 139

€
Lemma 5. Assume that hII(l)h = 1ir% i 0. Using notation (11), we have
E— E—

1
1E|\ﬁa||z=lE|Z|p/O (S(0)7 dt + o (%) 4 e — 0.

If we choose the optimal window h = Aes and considering ||B€||§ we have

1
IEHBeHZ = /0 () Z + c(t)|Pdt + o (%) , as € — 0.

In order to provide the asymptotic variance of D), . we precise the second order properties of the random process
(B=(t))eeio,1)- We set
Belt)
Var S (t)
To obtain the asymptotic behaviour of Var D,, ., we shall need the asymptotic behaviour of Cov (BE (s), BE (1)),
easily deduced from the following lemma.

Be(t) = (17)

Lemma 6. Assume that lim h = lim % =0, then

e—0 e—

1

Cov (B.(s), B.(t) ~ | KK (u—l— “Ts) du

1
2

y /llgagn(s)agn(t)@n)! (0(“& /1 o(2)o(z + z)dx)% dz.

s)llell3 /-1

Mehler’s formula allows computing moments of non linear functionals of a Gaussian process. Hence if process (.
was Gaussian then we should be able to derive the asymptotic behaviour of D,, ., but this is not the case. Using
a Gaussian approximation of ., the following lemma indicates what the asymptotic behaviour of Var D, .
would be. Thus, we consider the centered Gaussian process (B:(t)):e[0,1], such as

Cov (Be(s), Be(t)) = Cov (B:(s), (1)), Vs, t € [0,1].

Lemma 7. Using notations (11)-(12), we assume that lim h = lim c-o.

e—0 e—0
Let bgk = QLk,lE|Z|pH2k(Z), then

Var||Be|[5 ~ h'y  bay (2k)! /r%(w)dw : /z2p(t)dt.
k=1

Remark. Let (Z1, Z3) be a standard (0, I2) normal vector, then the previous expression can be written as

Var|| Be |2 ~ h/COV (‘\/1 “T2(w) 2 +r(w)22‘p,|zg|p) dw~/22p(t) dt.

4. PROOFS OF THE THEOREMS

4.1. Proof of Theorem 1: case b =0

As quoted in Lemma 3, D, . is a sum of the 2-dependent random variables (Yi. — IEYy :)1<k<m with
M =M. =[5].
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Now let s,t € [0,1] be such as |s — | < 2¢, then it is simple to deduce from Lemma 2 that the random
variable (5:(s), B:(t)) € IR? can also be written as the sum of 4-dependent vectors, 21 + - - - + 2. In case d = 2
Lemma 4 implies

)
€\ 2
I3 ()7 |8- (O ~ BB (s)1"| B (0| < ()
Again applying Lemma 4 with d = 1 allows us to subtract expectations which finally yields

[Cov (|B-(s)|7,1B-(8)1") = Cov (|B=(s)|".|B-(t)")] < () + ().

where 0 is provided in Lemma 4, which is 1 for d = 2. In order to compute an approximation of Var D, . we
first expand

Var D, — %//Cov (1B-(5)|P, 8- ()P ds di,

where s,t € [0, 1] and using Lemma 3, we check that this is enough to assume |s — t| < 2e. We get the bound

|Var D), . — ¥2] < \/% -o(1),

Var (Dp ) —e—0 212;.
The CLT will follow from the Lindeberg condition

which is enough for our purpose.
Ifg>1+ ﬁ, then Lemma 7 yields

4

M,
: 1
Ne = ;IE E(Ykﬁ —EYi.)| —e00.

Using again Lemmas 4-6 we prove that if ¢ > 4
E|Y; . — EY;.[* = O(h*),

because this is the expectation of a quadruple integral on a set with volume M * and the integrated function
has an expectation uniformly bounded by 24 SUP¢e(0,1] IEG* (o (t)Z). This yields

ne =0 (k- ht).

Remark. We set .
_ 1 p_ P
Dyer === [ (18P ~ BlB)P) s (13)

The previous proof provides a Donsker type invariance principle (for m-dependent sequences, again). Sketching
the expression in Theorem 1, we set

=0 - [ o) du / £2%(s) ds,

-1

t —_— —_—
and Dy, = / Yp(s) dW; for a standard Brownian motion (W4)eo,1), then
0

Dyt Lgﬁo ﬁpyt, in the space C(]0,1]). (19)
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4.2. Proof of Theorem 1: the general case

Notations. To simplify the notation we add the drift parameter as an index in the underlying probability law
which we now denote P and expectations IE®. Hence the expression relative to the time changed Brownian
motion (i.e. b =0) can be written as g (t), and IEQ)| respectively.

An essential lemma links the expectations relative to E® and IE®. Under the conditions Theorem 1 p- 40
of [7]: (3) we have

Lemma 8 (Girsanov formula, e.g., in [7] p. 90). Let H : IR — IR be continuous and bounded then:

EYH(D,.) = B { H(D,.)exp ( /O 1 b§é§) ax. - 3 /O 1 bjg)(i)) ds> } .

Remark. The conditions that must verify b are restrictive see (3), however if we deal only with weak solutions
we can weaken our assumptions and the Girsanov formula will still holds.
An independence argument called stable convergence, that was developed in [10], entails the convergence in

distribution of D, . under the general law P® with the help of the Cameron-Martin formula (see [7] p. 82),

which states that
1 132
E© exp / b(X) dX, — 1/ b(X,) ds ) =1.
o o(s) 2 )y o%(s)

We thus have to prove that the couple ((X¢)iejo,1], Dp,c) converges in C([0,1]) x IR (under the distribution P©)
to ((X)te[o,l], EpZ) where the Brownian motion with a time change (X);c[,1] is independent of the standard
normal Z.

From now, we will only work under the probability distribution P©. Thus the previous asymptotic indepen-
dence holds if the process

(Be,t)iepo,1)] = (Xt, Dpet)ieio.

(with values in IR?) converges to a process (Et)iefo1] = (X, Dy t)tefo,1) as € — 0 such as (X¢);eo,1] is indepen-
dent of Dy, 1 (we shall prove it for (Dp ¢)¢ejo,1))-

As the family of distributions (Dp ¢ ¢)te[0,1) converges under the probability distribution P@ ase — 0, this
implies its tightness in C([0, 1]) hence the process (E: t):e[o,1) is also tight in C([0, 1],1R?). Let us consider
now any limit point (Ey)seo,1] = (X¢, Dp,t)tejo,1) (in distribution) of this family, as ¢ — 0. The random vector
(Dpet — Dpes, Xi — X;) is independent (always under ]P(O)) from Dy — Dpes (if s <t < s <t satisty
s’ —t' > 2¢) and it is also independent of Xy — X, because the intervals [s,t] and [s,t'] do not overlap. This
implies that the process (E})c[o,1) has independent increments. This process is also a second order process
because each of its coordinates has this property. Hence (E¢)c[o,1) is a Gaussian process.

Independence of F; coordinates now relies on their orthogonality. The only point we need to prove is thus
that under the probability distribution ]P(O)7 we have

Cov (X5, Dpet) —e—0 0, Vs, t € [0, 1].

Note that

1 e L[ p
= Cor (X /O 1.l du) - /O Cov (Xs,|Be.u]?) du. (20)

In order to proceed we first write Ac(s,u) = Cov (X, |Beul?) = 0 if u > s +¢e. Now we deduce that

1 s+¢e ( € >
— A.(s,u)du = O [ —= ] from the relation su E|5:(1)]? < .
= [ A = brcio T1-(0)
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1 s—2¢
We thus only need to consider ﬁ / Ac(s,u) du. Recall that
0

e =\ 2 (u) = Ba=()),

where / /e
) B 1/2 " sc're(u—vh). S y
ol =, M 6 (LHE 2o

By making the change of variable v = ;w, we get

o (= )

Thus, we can write

Conditioning w.r.t Xy = = we obtain:
Z(t — ew) = VeV e + Hyp e,

for some uniformly bounded and deterministic vy, 4 and some Gaussian Hy, 4 ¢, because Cov (X, Z(u—wh)) =

O(ve).

We now define

5 1/2 ; _
G(u) = / K (Sw)c (M . Hw) dw,
1/2 h lll]2

and

B&,u = \/% (&E(U) -F (&E(u))) .

We are interested in obtaining the asymptotic behavior of

1 i
_ Py _
v ‘Cov (Xs, |Beul?) — Cov (XS, Beru

Il

for t < s — 2¢. Note that the second term in the above difference is 0. Moreover
1
— |Cov (X5, |Be,u|?) — Cov (Xs7

; |- e s -

The inequality ||z + y|? — |z|P| < ply|(|z|P~! + |y[P~!), entails
")

Beu Beu

MW e

(21) S _E|Xs| |: ﬂs,u - Be,u 66,71 - Bs,u

p
Vh

(ws,uw n

2)1/2 (1),

§ <E|Xs|2 ﬂs,u - Be,u

S

Hence we get

IN

P (E|Xs|2

NG % @W (E [P [6e(u) = o) ] + (BIX.PEa-(u) - 5‘6<“)|2)1/2) '

ﬂs,u - 6€,u
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But we have
1/2
Qe (u) — \/_/ VM)EX G (M VevuweXs + AoHy p ) do.
1/2
This yields

~ = 2
B [|X.[? |ac(u) - (u)]’] < c0(1),
by using the assumption about G’(z). Therefore

)= ()% o

1 ~
P
_\/E ‘COV (XS, |557u| ) — Cov (}(S, 65,71

This last term tends to 0 when lirnO % = 0. All this implies
E—

(s,u)du — 0.
il

4.3. Proof of Proposition 1

We write

= [ Kempa (SRR ) s

Using Lemma 1, setting § = 02, we obtain the following uniform estimates

) 2
<W> = 0(t) — sho/ (t) + %thQH”(t) +o(h?).

Consider the function g(z) = G(1/|z]), thus g is also a.s. twice differentiable and

=[x ((ﬂ||(;||_2h5)) ) 4= =g (627,

Use of Taylor formula yields
1 1
= IE/K(s) ((—she’(t) + 5321129”@)) Z%q' (0(t)Z2?%) + 5321129’2@)249” (H(t)ZQ)) ds + o(h?).

Using symmetries yields with the relation g(u) = G(u?),

bo(t) = h; / K (s)ds - IE (" (1) 2G (o(8)Z) + " (1) 22G" (0(1)Z)) + o(h?).

The remark concerning the C® case follows from careful statements of the above relation with the bound
g2 = o(h3).
4.4. Proof of Theorem 2

As done previously, we make use of the stable convergence argument in order to deal only with the simpler
case b = 0. We assume below that b = 0.
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We write 32 (t) = B=(t) + cc(t), with
co(t) = \/gbe(t) = @ <a(t)/52K(s)ds+o(1)) . (22)

1
Dy = %/O (18=(8) + cc ()" = I |B=(t) + c()]") dt.
Proof of relation (14). Using the bound

Thus

18+ ¢l = 1817 | < plel (1817~ + 1e),

we write the following integral (still with |s —¢| < 2¢)

Var (D = D) < 5 [ [EI0A)P ~ 1850 - |5.)p)] st

Assuming lim._,o h°/e = 0 we obtain lim._,o Var (D, . — D, .) = 0. The following facts: supyeo,1] 18:(8)ll2p-1 <
SUPsefo,1] [18:(8)[l2p < 00 and e/h — 0, imply (14). O

Proof of Theorem 2. Replacing 8 by 8+ ¢ and ¢ by ¢. — ¢, we prove as above that

lim Var (Dy.. ~ D) =0,

e—0

where
) 1 ' D p
Dy, = \/E/o (18 (@) +c@)P — IE|B:(t) + c(t)[?) dt.

The proof of Theorem 2 follows the same lines as that of Theorem 1 up to very simple changes in Lemma 4.
This lemma was indeed dedicated to the approximation of IEf(z1 + -+ + x,) for m-dependent vector valued

sequences and for the special function f(xy,...,24) = HZ:1 |z¢|P. Very small changes entail the same result
with f(z1,...,24) = H‘Z:l |z + ce|P for fixed real numbers ¢y, ..., cq. Indeed, one may easily rewrite a version
of this lemma for which the measurable function f only satisfies | f(z1,...,zq4)| < Hzlzl |zeP V1. O

5. PROOFS OF THE LEMMAS IN SECTION 3

5.1. Proof of Lemma 4
The proofs are different for d =1 and d > 2.
Case d = 1. . Shergin [16] (Th. 1) proved that

P (izkn < :L') -P(Z <)

k=1

A, = sup

n
<c ]EH:L'anB
zGIR Z

k=1

Recall that the following relation holds for each random variable in L?

(oo}
E| X [P :p/ 2P P(|X| > z) de,
0



LP-DEVIATION FOR VARIANCE ESTIMATES UNDER DIFFUSION 145

hence the difference of expectations to approximate is an integral over IR = (—o0, 00). Divide it for |z| < M =
1

A, " and |z| > M. Rosenthal inequality [15] up to order pq (this also holds with m-dependent sequences since
sums may be rewritten as m sum of independent variables) and Markov inequality provide a bound for the the
second term while the first one is bounded by using the previous result in [16].

Case d > 2. In order to handle the same technique as above, we need to develop a bound analogue as that in
[16].

Lemma 9. Assuming the assumptions in Lemma 4, then

d

Notation. For simplicity’s sake, set

A, = sup
zclR"

n
§ Tk,n

k=1
n
P |2 n
k=1

The proof of Lemma 4 now follows the same lines as for d = 1 up to the following expressions

n i
<c (Z lE||ackn|3> .

k=1

< x) —P(|Z]| < z)

Ay (z) =

< x) —P(|Z] < =)

]E|X1---Xd|p=pd/ / |x1---$d|p71 (1—P(X1 SIl,...,XdSId)) dIl'-'d$d.
0 0

For example using ||(z1, ..., 2q)|| = max{|z1|,...,|z4|} implies that the difference of product moments to bound
is bounded above by

cp/ aPIHATIA L (2) da,
0

for a constant ¢, > 0 only depending on p. Using the same techniques as above, yields the result, by truncating
at a level M > 0 such as

n
M —4pad — Z IEkan||3
=1

5.2. Proof of Lemma 9
The proof will use the following lemma which is an easy extension of [14] to a vector valued case.

Lemma 10 (Lindeberg-Rio for m-dependent sequences). Let d € IN. Let z1,...,x, € IR be centered at erpec-
tation, m-dependent and such as IE||xy|® < oo for k = 1,...,n. Then there exists an independent succession
Y1, .., yn of centered d-dimensional random vectors with the following property. Let f : IR* — IR be a C3-

function with bounded partial derivatives of order 3 (write || f"|lcc = Supyy |jp,<1;iz1,2,33 1 (8) (1, has hs)ll),
then if we consider

An(f) = IE(f(z1+ - +xn) — flyr + -+ yn)),
there exists a constant ¢ > 0 such as

An(N)] < ell flloe Y Ellze]*.

k=1

Remarks. In view of the theorem relative to the equivalence of the norms in the d-dimensional space we may
choose any norm on IR? and the constant ¢ only depends on this norm and on m.
A simple use of Taylor formula at the origin and with order 3 proves that expression A, (f) is well defined.
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With Lemma 10 we consider a C3-function gs,, such as gs.(z) € [0,1] for each z € IR® and g5, (z) = 1 if
[zl < wu, gs,u(x) = 01if |lz[| > u+ 4. It is possible to construct such functions satisfying [/g5", [lec < cd~3. Now

let 6* = Y"7_ IE||zx||®, then the result follows in a standard way (see, e.g., [5]).

5.3. Proof of Lemma 10

Notations. The second derivative of f at point s is a (symmetric) bilinear form on IR?. It will also be considered
as a (symmetric) d x d matrix and we shall denote

d

0?2 .
fls)ev="> Smon. ) (8 via if v = (vighi<ij<a
T J

4,j=1

For simplicity we shall handle only the case m = 1. We construct independent Gaussian random variables
Y1, .., Yn independent of (z1,...,2,), such as yp ~ N(0,vx) with vy = Ez}z, + Bal_ x, + Exlaz,_y for
k=1,...,n, where we set xg = 0.

Remark. In order to complete the proof in the general m-dependent case we should define

m
v = Ealzy + Z (IEx),_,xx + Exjzp—)
=1
fork=1,...,n, where zg =--- =x1_,, = 0.

Set sp, =21+ -+ Tk, tk =Yp+1+ - +yn if k=0,...,n, with sg =0, t, =0.
As in [14] (Def. 3) we decompose

NE

An(f) = E(f(sn) = f(to)) = ) (A1 k(fi) — A2k(fi)),  with

1

g"(s1_1) ® vg, and

[

Ark(9) = Byg(sk) — g(sx-1) —

1
A2 i(9) = Eg(sk—1 + yr) — g(sk—1) — 59”(Sk—1) e vj,, where

fr(@) = Ef (2 +tr), hence [|fi"[c < [ f"]loc-

In the above display ¢ : IR? — IR denotes any C3-function with third order bounded partial derivatives. The
bound
1A2,(9)] < ellg” oo (Ellzrll® + zx-1]*) , (23)

follows from Taylor formula

lg(s +y) —g(s) —g'(s)(y) — %g”(S)(yw)H < %Hg’”l\oolEHyHg,

applied with s = s;_1 and y = y and the independence properties of y1,...,¥y,, for a suitable constant c. In
order to let himself be persuaded, the reader may restate the formula

Eg"” (sk—1)(Yk, yx) = IEg" (sk—1) ® vg.

The terms Aj ,(g) are more delicate to expand. Again using the previous Taylor expansion (now y = xj) we
see that, up to a term bounded as in equation (23), we only need to consider the expectation of

1 1
g (sk—1)(xk) + 59”(51@71)(%7%) - 59”(81971) o vy, = 01 + 02,
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with
61 = g'(sp—1)(@r) — 29" (sk—1) ® (Baf,_y 2k + Exjai—1),
do = g" (sk—1)(wp, 1) — %g”(sk,l) o [Exlzy.

Rewriting

1 1 1
0o = 5(9”(%—1) — " (sk—2))(xr, Tk) + 59”(%—2)(%, T)) — 59"(%—1) o By

As before using the independence of zj and si_s, a first order Taylor expansion yields

Ed, = (Eg"(sk—2)($k,$k) _ g”(Sk—l) . Exixk)

N = N =

(IBg" (sk—2) — g" (sk-1)) ® Bajzy.

The mean value theorem provides now the expected bound for IEd2, analogous to that in equation (23).
The other term considered can be written

1
0y = g//(5k72)(xk71;mk) - 59”(51971) ° (]El'z_ll'k + Ex};xkq) + R

where |R| < ¢|lg"||IE||zk||||7x—1]|? is bounded as in the above equation (23). Hence, using again the mean value
theorem, we obtain Lemma 3.

5.4. Proof of Lemma 5

We set d = 1. Fix t € [0,1]. We apply the approximation Lemma 4 to the random variables xy = (- (¢) for
1 < k < N; for simplicity we also define zyp = xny4+1 = 0. Then setting yi,...,yn, a sequence of independent
and centered random variables such as, IEyl% = Ezi_121 + ]E:L'i + IExgzr+1 we deduce, using Lemma 4 with
d =1 and ¢ = 2, that for a suitable constant ¢ > 0,

B ~BB0F [ <c(-)" (24)

And since % — 0, we also deduce from (11) that

= (.t w2 [ spar) -

To proof the second statement of this lemma recall that 3-(t) = B-(t) + c. and let us consider that we use the
. . . 1 . . . .
optimal window i.e. h = Ae3. By using again Lemma 4 with d =1 and ¢ = 2, we obtain

2

[EIB(8) + e () = BIB.(8) + e ()| < ¢ (5) (25)

In order to obtain the result this computation leads to consider the following difference

1

= /O (IB[B.(t) + c.(t)]” — B[S Z + () dt' .
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By

using the inequality
1B+ cl” = 87| < plel (1817~ +[el"?)

it is enough to show that

IE|B.(£) + c.(t)] — E|[S(0)Z + ()] | = 0 <%) ,

which is a consequence of the definition of IE(3.(¢))? and a Taylor development of order two.

5.5. Proof of Lemma 6

Using Lemma 1 with Mehler’s formula yields

Cov (B:(s), Be(t)) ~ h K(u)K(v) i an (8)agn (t)(2n)! A2 (s, t,u, v) du do,
€

with

1 t—s U—v\ o
AE(S’t’u’v)E(s—uh)E(t—vh)/sD(m)c'O(er . +h . >0’(tvh)d1'.

The change of variable v — 2z = t*TS + h*=" yields the result using Lebesgue dominated theorem (the corre-
sponding integrals are uniformly convergent).

5.6. Proof of Lemma 7

No

(1]

[7]
(8]
(9]

[10]

Using again Mehler’s formula, we get

Var || B[ = //Zbgk (2k)! Cov®*(B.(s), B-(1)) 2P (t)%P (s) ds dt.
k=1

t—s

> and a systematic use of Lebesgue convergence theorem yield the result.

w the change of variable s — w =
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