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UNBIASED MONTE CARLO ESTIMATE OF STOCHASTIC DIFFERENTIAL
EQUATIONS EXPECTATIONS

MAHAMADOU DoOUMBIA!, NADIA OUDJANE! AND XAVIER WARIN!

Abstract. We propose an unbiased Monte Carlo method to compute E(g(Xr)) where g is a Lipschitz
function and X an Ito process. This approach extends the method proposed in [16] to the case where
X is solution of a multidimensional stochastic differential equation with varying drift and diffusion
coefficients. A variance reduction method relying on interacting particle systems is also developed.
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1. INTRODUCTION

Let d > 1 and W be a d—dimensional Brownian motion. We introduce the process X defined as the unique
strong solution of the multi-dimensional Stochastic differential Equation (SDE) with coefficients satisfying the
usual Lipschitz conditions:

{de’“’ = b(t, X"™)dt + o (t, X0) AWy, L)

0,0 _
XO = Zo,

where b : [0, 7] x R? — R? is the drift and o : [0,7] x R? — S% is the diffusion of the process, S being the
set of d x d dimensional matrices.
In this paper, we are interested in a Monte Carlo approach to compute an expectation of the form

u(t,2) = [g(X5")] . (1.2)

When no explicit solution is available, the classical method to solve equation (1.2) consists in using a discretiza-
tion scheme of (1.1) (for example the Euler scheme [18], the Milstein scheme [19], or the Burrage scheme [5])
and the error can be decomposed as a sum of an error due to the discretization time step 6t and a statistical
error of order N—1/2 due to the Monte Carlo method for a number N of simulations.

In principle, this bias/variance tradeoff should carefully be adjusted in order to optimize the rate of conver-
gence. This type of analysis has been conducted in [9] showing that, for instance with the the simple Fuler Monte
Carlo method, (using the Euler scheme to discretize the time), the best choice of time step 6t as a function of

1
the sample size N would lead to a rate of order c,3, where cy = N/dt measures the computing time. Hence

Keywords and phrases. Unbiased estimate, linear parabolic PDEs, interacting particle systems.

I EDF R&D & FiME, Laboratoire de Finance des Marchés de I'Energie (www.fime-lab.org), 7 boulevard Gaspard Monge, 91120
Palaiseau, France. xavier.warin@gmail.com

Article published by EDP Sciences © EDP Sciences, SMAI 2017


https://doi.org/10.1051/ps/2017001
http://www.esaim-ps.org
http://www.edpsciences.org

UNBIASED MONTE CARLO ESTIMATE OF STOCHASTIC DIFFERENTIAL EQUATIONS EXPECTATIONS 57

the combination of the bias and variance error deteriorates the standard rate c;\,l/ 2, due to the statistical error,
when X is easily simulatable and ¢y = N. Moreover, in practice it is difficult to evaluate properly the bias error
so that the optimal tradeoff is rarely practicable.

The Multilevel Monte Carlo (MLMC) method introduced in [12] is a way to improve the bias/variance tradeoff
and to reduce the variance by combining several Fuler-Monte Carlo estimates, associated with different time
discretization steps. The idea is then to adjust judiciously the size of the sample simulated for each discretization
level, in order to achieve a better rate of convergence.

This approach has been extended in [20] allowing for an infinite number of levels so that the bias vanishes. The
estimate is then expressed as an infinite sum (over the levels), which is randomized by introducing a probability
distribution driving the levels. However, when the order of the time discretization scheme is not sufficiently high,
this method results in an infinite variance estimate. More precisely, as soon as the time discretization scheme
implies a strong error greater than or equal to the order v/8t, either the variance or the computing time blows
up. Unfortunately this situation includes the case of the Euler scheme, which is so far the most widely usable
discretization scheme in multidimensional cases.

This approach has been improved in [1], where the authors rely on the parametrix expansion presented in [2]
to propose a finite variance estimate. More specifically, the parametrix method provides a precise expansion
of the expected difference considered at two successive levels in terms of a difference between the infinitesimal
generator, £, associated with (1.1) and the one associated with the same SDE with frozen coefficients at a
given point, as defined hereafter by (2.3). Finally, importance sampling is used to change the levels distribution
in order to control the variance. These developments lead to the backward simulation method or the forward
simulation method, depending on whether £ or its adjoint is used to represent the expectation. The backward
method consists in generating some independent and identically distributed (i.i.d.) Euler type discretizations of
a process, at random discrete times, from time 7" to time ¢t. The payoff function, g is used as initial distribution
at time T and the estimator results from a weighted average over the trials that hit the initial point, x, at
time ¢. Therefore, this approach requires the payoff g to be integrable and is limited to small dimensions (for
which the probability of reaching a given point can efficiently be computed). The forward method consists in
generating some i.i.d. Euler type discretizations of (1.1) at random discrete times from time ¢ to 7" and then
computing a weighted average of the payoff function evaluated at the final points. In both methods the weights
depend on the drift and diffusion coefficients b and o evaluated along the simulated path. However, the forward
approach relies on a stronger regularity assumption on the SDE coefficients. In particular, the related weights
involve the first derivatives of the drift and the first and second derivatives of the volatility function.

Another approach called Ezact simulation was initialized in [3]. The idea relies on Lamperti transform to
come down to a unit diffusion process. It has been extended to more general SDEs in for instance [6,17].
However, the Lamperti transform is limited to the one dimensional case and extensions to the multidimensional
are still limited to some specific cases.

In this paper, we propose to extend a method originally developed in [16]. The main idea developed in this
seminal paper is to start by simulating exactly a SDE:

{ AV = b(t, Y0 )dL + (1, Y, ) AW,

O0,z0  _
Y() = Zo,

where the coefficients b and & are updated at independent exponential switching times. Then the change in
coefficients in SDE (1.1) is taken into account in an expectation representation wvia weights derived from the
automatic differentiation technique developed in [11]. By carefully choosing the coefficients b, &, the authors
were able to provide a finite variance method in the case where the diffusion coefficient is constant or with a
general diffusion term but without drift and in dimension one. However, the variance of the resulting estimator
is proved to be infinite in the most general case. One interest of this approach which is very similar to the
forward parametrix representation [1,2] is that the weights do not involve any derivatives of the coefficients b
or o so that no differentiability assumptions on those coefficients is required. Besides, one major motivation
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of this type of approach goes beyond the scope of the present paper. The idea is to generalize the branching
diffusion representation of nonlinear Partial Differential Equations (PDEs) considered in [13,15] to a more
general class of nonlineariries. One step in that direction has already been done in [14] with an extension of the
branching diffusion representation to a class of semilinear PDEs.

To bypass the infinite variance obstacle faced in [16], the idea developed in the present paper consists in
extending the original framework to more general switching times and exploit the switching time distribution to
control the estimator variance. Notice that the same idea has been independently investigated in [1] to control
the variance of the parametrix representation proposed in [2]. We prove that under suitable assumptions on
the switching times distribution, we can provide a finite variance estimate of the solution of (1.2) in the most
general case with drift and diffusion coefficients both varying. For instance, the gamma distribution is proved
to verify those assumptions as soon as the shape parameter x satisfies k < a A %, when the coefficients b and
a := oo are supposed to be uniformly a-Holder continuous w.r.t the time variable. Another contribution
consists in proposing an original interacting particle scheme that helps to stabilize even more the estimator.
This approach results in a new estimator combining both branching and interacting particle techniques. The
new estimator is proved to be unbiased with finite variance. Finally, numerical tests confirm the interest of our
new algorithm showing significant variance reduction in various examples.

2. NOTATIONS

Let Cp2([0, 7] x R% R) denote the set of continuously differentiable bounded functions with bounded deriva-
tives of order 1 for the time variable and bounded derivatives up to order 2 for the space variable. Let £ denote
the infinitesimal generator associated with (1.1) such that for any sufficiently regular function ¢ : [0, 7] xR — R
in the domain of £, Ly is given as the real valued function such that

(Lo)(t,z) = b(t,x).Dp(t,z) + %a(t,az) :D?%p(t,x), forall (t,z) €[0,T] x RY, (2.1)

where a(t,z) .= o(t,z)o(t,x)", A: B:=tr(ABT) and D (resp. D?) denotes the differential operator of order 1
(resp. of order 2) w.r.t. the space variable . Let us consider a real valued Lipschitz continuous function g defined
on RY. By the Feynman—Kac formula it is well-known that if there exists v* € C;’Q([O, T] x R% R) solution of

the linear Partial Differential Equation (PDE)
ow+ Lv=0
(2.2)
o(T,z) = g(z),

then this PDE has a unique classical solution v*(t, ) = u(t,z) = E[g(X%")]. In the sequel ||z|| stands for the
L norm of a vector or a matrix z.
First we introduce an intermediary assumption that will be relaxed for our main results:

Assumption 2.1. The linear PDE (2.2) admits a unique classical solution v* € C;’z.

All along this paper, the following assumption will be in force.
Assumption 2.2.
(1) The diffusion o(¢, z) is non-degenerated such that for some constant ¢y > 0:
a(t,x) > el, V(t,z) € [0,T] x R,

(2) b and a are uniformly Lipschitz w.r.t. the space variable i.e. there exists a finite constant L such that for
any (t,z,2") € [0,T] x R? x R?

1b(¢, ) = b(t, 2| + [|a(t, z) — a(t,2")| < Lz — 2’|
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(3) There exists a € (0, 1] such that b and a are uniformly a-Hélder continuous w.r.t. variable ¢ i.e. there exists
a finite constant H such that for any (¢,#',x) € [0,7] x [0, T] x R?
1b(t, ) = b(t", ) + [la(t, z) — a(t’, z)|| < H[t —¢']*.
For a fixed point (,%) € [0,T] x R, we introduce some operators and processes that will be useful in the sequel

e L57 the differential operator similar to £ with the drift and diffusion frozen at (f, Z) such that for any regular
function ¢ in the domain of £%%

- . 1 -
LY%o(t,x) = b(t,7).Dp(t, x) + Ea(t,i‘) :D%p(t,z), forall (t,z) €[0,T] x RY, (2.3)

o (X'f ’i’to’mo)@to the Gaussian process with infinitesimal operator £-% defined by
XPP0r0 = g 4+ b(F,Z)(t — to) + o, &) (W — Way). (2.4)

for a given initial condition (tg, o) € [0,7] x RY.

o hHhE [0,T] x R? +— R involving the unique solution v* of (2.2) is defined by

h*’g’i(t,x) = (b(t,x) — b, &)).Dv*(t, ) + = (a(t,x) — a(t, &) : D*v*(t, x). (2.5)

N = A

Notice that h*%7 is a well defined continuous function since v* € C’; 2 and in particular

R BE(t x) = Lo*(t,x) — L6%0*(t,2)  for all (t,2) € [0,T] x RY. (2.6)

3. PROBABILISTIC REPRESENTATION USING A REGIME SWITCHING PROCESS

Recalling [16], the following representation holds

Lemma 3.1. Suppose that Assumptions 2.1 and 2.2 hold and Xt s the Gaussian process defined in (2.4),
then u defined by (1.2) and its (bounded and continuous) derivatives Du and D?*u are solutions of the system

u(t,z) =E [g(Xg""") + [ HY(s, X054 Du(s, X007), D?u(s Xﬁf”))ds]

Du(t, ) =E |g(Xp" " )MUG + [ HY (s, X035, Du(s, XE50), D2u(s, XE500)) f:ids}

(3.1)

T
D2u(t7 l‘) =E g(X’?w’t’x)Vtt:Jx“ + / Htx(sv X;ﬁ,x,t,w’ DU(S, X;,x,t,x)’ D2U(S, X?x’t’w))vtt:sw ds )
t

where for any (£,%) € [0,T] x RY the function H® : [0,T] x RY x R x 8¢ — R is such that
- 1 ~
HY (¢, @y, 2) = (b(t,2) = b(E 2)).y + 5 (alt, ) —alf, 2)) : z, (3-2)

./\/l s " and Vi f are respectively the first and second order Malliavin weights associated with the process X L3 that
is using 0 W =Wy — W,

.
s 2 o= s s - — )l
MET = (a(t,gz)—l)T%_W and V¥ = (o(i, ) 1)T6t, W, WT —(s—t)

s—1t ’ (5 — t)2 O-(tN’ i‘)_l' (33)
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Proof. The proof relies on the uniqueness property of classical solutions of PDEs satisfying the Feynman—Kac
representation. Notice that under Assumptions 2.1 2.2, u is the unique classical solution of (2.2). Of course,
thanks to equation (2.6), for any (£,%) € [0,T] x R? u is also a C;’z solution of the following linear PDE

Oru + LhEy 4 pHEE = g,

Then one can use again Feynman—Kac formula to represent the unique solution u of the above PDE as

u(t,z) =E

. T o o
g()?;xtx) +/ R*bE (s, X BT ds] ) (3.4)
t
Finally observe that
P (s, XEPUT) = BT (5, XEF0T, Du(s, XE7), D2u(s, XEF00) ). (3.5)

The equations relative to Dv and D?v are obtained by applying Elworthy’s formula [10] (which simply results
here in the Likelihood ratio of Broadie and Glasserman [4]) in (3.4) and by using some technical estimates placed
in the Appendix B to be able to differentiate under the time integral. O

Let 7 be a random time independent of the Brownian W following the density f supposed to be strictly
positive on [0,00] and P[r > T] > 0. One can rewrite representation (3.1) by using a change of measure to
replace the time integral by an expectation according to the random time 7.

E [Q(X%i’t’z)lrzT—t}

t =
u(t, ) 1— F(T —t)
g [H 4 XEEN Du(t + 7. XEE), D2t + 7. X[5)
+ f(T) T<T—t
E [Q(X%j’t’x)ijilsz—t}
Du(t,z) =
u(t, ) 1-F(T 1)
g [H7 (4 m XE5 Dult + 7, Xp5), D2ult + 7. XE5)) s
+ f(T) tit4r +T<T—t
, E [g(X?x’t’z)Vf,’fﬂlrzT—t]
D?u(t,z) =
ult, @) 1-F(T 1)
- HY(t + 7, Xff;t’x, Du(t + T, )N(ttf%t’x% D?u(t + 7, f(ttf%m)) te 4
+ f(f;—) Vt,t—i—‘f' T<T—1

(3.6)

where F' is the cumulative distribution of f. We will now apply recursively this representation (3.6) by considering
a sequence of i.i.d. random times (7).
Let us introduce a non regular (stochastic) mesh of the interval [to, T,

mi=To=to<Th <...<Tp...<Tn; <Tn;+1=T), (3.7)
characterized by the Markov chain (T}) defined by
To =1o
Tii1 =Tk + 0Tk, for k € N where (3.8)
01 = Tho1t AT — (T + 1)) ™



UNBIASED MONTE CARLO ESTIMATE OF STOCHASTIC DIFFERENTIAL EQUATIONS EXPECTATIONS 61

where (7%) is an i.i.d. sequence of random times distributed according the common probability density f. Notice
that (T})) defines a Markov chain with an absorbing state, T'. (7)) will define the so-called switching time.
The random integer Nt is defined as the following stopping time

Ny =inf{n | T4, > T} (3.9)

Now notice by the law of large numbers that % Soro1 ™ — E[r] > 0s0 Y}, v — 0o almost surely so Ny is
almost surely finite. In the sequel, we will consider an i.i.d. sequence (7x) of gamma variables with parameters
(k > 0,6 > 0) recalling that the gamma density with parameter (x > 0,60 > 0) is given by

o smflefs/e
fl—w7 (S) = W’ for all s > O, (310)
where I is the gamma Euler function.
For a given mesh 7 (defined as in (3.7) (3.8)), we consider the following sequence (defining a Markov chain
conditionally to the mesh 7)

Xo= X" =g
{ 0T ’ (3.11)

Xis1 = Xio + b(Th, Xi)0Tiy1 + 0(Tie, Xi) W1,

where §Wk+1 = Wr,,, — Wr,. For the sake of simplicity, we will often note by or oy instead of b(Ty, X)) or
O'(Tk, Xk). ~ B ~

Using representation (3.6) with (¢,%) = (Tx, Xj) and 7 = 7341, conditioning with respect to (¢, ) one gets
for any integer k > 0 .
E [Q(X%k’Xk)lTkH:T}

Wl Xe) = =S —FF =T,

with X?kxk = X?’“X’“T’“*X’“ for s > T}, and

oo He X (T4, Xy, DTy, K1), D2u(Thor, Xiy))
e J(0Tk41)

The derivatives Du and D?u in Hy 1 are given by applying the representation (3.6) with (£,7) = (Tk11, Xx+1)
and 7 = 7Tj49, conditioning with respect to (¢, Z) one gets for any integer k > 0

E[g(xthXkH)M%E%Hl 17, ,=7]
1—F(T —Tgs1)

o Tht1, X1\ )T+ 15X k41
E Q(XT )VTk+1,T

D’LL(Tde, Xk+1) = +E [Hk+2MTk+1’Xk+1 1T1¢,+2<T}

Trt1,Th42

1Tk+2:T:|

Du(Tyy1, Xpt1) = +E {}"k+2VTk+l’Xk+1 1Tk+2<T] '

Trkt1,Th2

1— F(T — Tytn)

Let us introduce the sequence of weights (Pj)r>1 such that for k=1,..., Np

1
M1 + §Vk+1
J(0T%) ’
T Wiyt
0T y1

IWis1 OW, 1 — 0Ti 11
i (5;:11)2 bl 0',;1, with  dag = ap — ap_1.
+

Myyr = 0by. (07 ") . with by := by — b1 (3.13)

Vig1 = dag : (03 ")
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Following the same lines as the proof of Theorem 2.2 in [16], one can derive by recurrence a representation
formula for uw as the expectation of an exactly simulatable variable. Before one has to introduce some new
assumptions.

Assumption 3.2. The coefficients b and a are uniformly bounded i.e. there exists a finite constant M such
that for any (¢,2) € [0,T] x R?
[be(@)[| < M, lae(x)]| < M.

Assumption 3.3. The function g is Lipschitz.

Proposition 3.4. Under Assumptions 2.2, 3.2 and 3.3, the following representation holds

to,w g(XNT+1) Nr+1
X lo-Toy) — T .14
(to,l'o) ]E[ ( T )} ]E 1— F(éTNTJrl) k=2 Pk? ) (3 )

with the convention [], ., = 1.

Remark 3.5.

(1) Proposition 3.4 proves that any v satisfying the equation (3.1) is given by the above explicit equation (3.14):
this a posteriori proves the uniqueness of the solution of (3.1).

(2) Using an exponential distribution for f, one recovers the representation given in [16].

(3) Representation (3.14) is very similar to the forward representation developed in [2] and used in [1] for the
same purpose of unbiased simulation of SDEs expectations. The main interest of (3.14) being that the
coefficients b and a have no need to be differentiable.

Proof. We will only give the sketch of the proof since it mimics step by step the proof of Theorem 2.2 in [16],
which proceeds into two steps.

(1) First suppose that Assumption 2.1 is satisfied, then the representation (3.14) holds. Indeed, Lemma 3.1
applies and following the recurrence arguments developed in [16] implies the representation (3.14).

(2) For the clarity of the paper we recall here the arguments developed in [16] to extend, by smooth approxima-
tions, the representation proved at item 1. outside of Assumption 2.1. Since according to Assumptions 2.2
and 3.3, (b,0,g) are Lipschtiz we can find a sequence of bounded smooth functions (b€, o€, g¢) converging
locally uniformly to (b, 0, g) as € — 0 such that Assumption 2.1 is verified when replacing £ by £ (the
infinitesimal generator associated to (b¢,0¢)) in the PDE (2.2). Let X ¢ denote the solution of

AX§ = b(t, XF)dt + o (¢, X7)dW,

and set u(to, o) := E[g¢(X$)]. By item 1. The following representation holds

XE Nr+1
€(t — ¢ =F # P
u(to, z0) = ¢ 1= F(0Twys1) kl_[Q k

where (X§) (and respectively the weights (Pf)) are given by (3.11) (resp. the recursion (3.13)), where X
is replaced by X°€. By stability of SDEs, and dominated convergence theorem, u¢(to, zo) — u(to, xo).

Similarly one can prove that )¢ 5 E[lfz(j((gvﬁvﬂzl) NTH Py, which ends the proof. O
€— T

We next define a second representation that will be interesting in order to get some finite variance estimator
for some given switching distribution, f. Following [16], one can introduce antithetic variables to control the
variance induced by the last time step. Let Gr := o(Np, T, AWy1k<n,, k > 1). Observe that

E[MnN,41197] = E[VN, 11 |Gr] = E[PNnyy11G7] = 0.
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Hence replacing ¢(Xny+1) by 9(Xnp+1) — 9(Xny) in (3.14) does not change the expectation since due to the

tower property:
Nr+1

g(X X "
Bl 5;;“ kH2 B 1 —i«g(é;;lﬂ)PNT“ kll Pl =0.
Notice that the following decomposition holds whenever Np > 1
- Nr+1 ~ MNT+1 Nt 1 B VNT+1
9(XNpt1) kl:[z Py :g(XNT+1)m]}:[2Pk+§Q(XNT+1 Hpk

Then using antithetic variables for the second term in the r.h.s. of the above equality yields the following
estimator.

Proposition 3.6. Under Assumptions 2.2, 3.2 and 3.3, the following representation holds

E |3 H Prlng>1

k=2

u(to,l’o) +E l:(i)h))lNT—O s (315)

F(oT

where 3 := %(ﬁl + B2) with

1
9(Xnpi1) — 9(Xny) MNr1 + 5V

R R 77—y G

. (3.16)
9(Xnpi1) — 9(Xng) “Mvrsr+ 5Vie

= T F (5T 1) FTy)

and for any n € N, Xnﬂ =X, +b,0T0 1 — 0n6Whi1.

4. VARIANCE ANALYSIS IN THE CASE OF GAMMA DISTRIBUTION

The previous representation given by Proposition 3.6 is general but the variance associated to the estimator
is generally infinite as it is the case when f is an exponential density. From now on, we will suppose that the
density f = fl'i’g is the Gamma density (3.10) with parameters (x, ) with cumulative distribution F' = FF’Q.

First, we will introduce the following assumptions.

Assumption 4.1. The following assertions hold:
(1) g is Lipschitz and g € C2.
1
(2) k<an-.
2
Now, we can state the following proposition.

Proposition 4.2. Under Assumption 2.2, 3.2 and 4.1, the estimator defined by (3.15) in Proposition 3.6 has
finite variance.

Proof. Let Fj, denote the sigma-field generated by the Brownian up to the random time 7} and the random
times up to the random time Ty i.e. Fr := (T4, ..., Ter1, Ws)s<rat, ). Let us consider the second term on
the r.h.s of (3.15). Notice that E[(g(X1))?] can easily be bounded by the boundness assumptions on b and o
and the Lipschitz property of g.
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Let us consider the first term on the r.h.s. of (3.15).

Nt 2 o] n 2
E <61NT>1 11 Pk> =) E (ﬁ 11 Pk> Ny = n| P(Nr = n) (4.1)
k n=1 k=2

=2

The proof will be decomposed into several steps. We will first try to bound the general term of the above series
E[(8Tri—y Px)? [Nt = n], then we will consider the sum.

(1) Bounding E[3?|F,,, Nr = n]
First considering My+1 and Vi1 one easily obtains

E[M, | |Fr, Nor =n] < o)
k+1 ’ = (5Tk+1)2’
— Say)*
4 = < (7’6.
ElVii1 [Frs No =n] < C(éTk+1)4 (4.2)

Notice that in the sequel, C' will denote finite constants that may change from line to line that do not
depend on k or n but only on the characteristics of the problem (7, the bounds or Lipschitz constants
related to g, b, o, a). Then consider the general term of the sum (4.1).

n n 2
52HP,3|NT:n1 =E |E [8%Fn, Nr = n] (Hpk> |INr =n
k=2

E
k=2
We get
_ C > 5 M7,
E[3?|Fn, Np = n] <——F5——F [(Q(Xn+l) — 9(Xns1))? g | Fy N = n}
(1= FpO(T))? FE0(8T,)?
C

+(1_FF’0(T))2]E [(g(Xn+1)+g(Xn+1) 29(Xn)) I'f’e(&Tn)?']:mNT_ ] (4.3)

Consider the first term on the r.h.s. of inequality (4.3), by the Lipschitz property of g, the boundness of b,o
and using the fact that ¢ is uniformly bounded away from zero, we obtain

2

_ N M? _
E g(Xn+1)_g(Xn+1) %LF}HNT:”} SC
[‘ ( F79(5Tn))2

186, 2
(f°(0T))?

Consider the second term of (4.3). By Assumption 4.1.2 (g € C?) one can apply Ito and obtain

< C||6by ||2 (0T, )2 %) (4.4)

|9(Xn+1) + Q(Xn + 00T 1 — Un(SWnJrl) - 29(Xn)| < CoTnya-

This implies still using the boundness of b, o and using the fact that ¢ is uniformly bounded away from
Z€r0:

_ . _ V2 _
E |(¢(Xpni1) + 9(Xni1) —29(X,))>—" | F, . Nr=n
[(9(Kns1) + 9(Kns1) ~29(X0)) G T

[0a.,||?
ST2,, f0(0T)?

< C(6Tp41)? < C(6T,)* %) ||5a, || (4.5)

Injecting (4.4) and (4.5) into (4.3) finally yields

E[3? |7, Ny = 1] < COT,)20 ) (|00 + [l6a0 ). (4.6)
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(2) Bounding E[C}? |Fi—1, N = n], where the r. v. C} is defined by
Cre == [|6be|* + [|5ax|*. (4.7)
Consider the term ||6by||,

E[[|0bx]|* |Fr—1, Nz = n] =E[||b(Tk, X5) = b(Ts—1, Xx—1)[|* |Fr—1, Nz = n]
<8E[||b(Tk,)_(k) — b(Ty, X DI
+ |6(Th, Xk—1) — b(Th—1, Xp—1)||* | Fr—1, Nr = n]
<C(1+ (6T0)?)(0Tk)? + C(0Tr)*™ < O(8T3)* M)

using the fact that b is Lipschitz w.r.t. the space variable and a-Holder continuous w.r.t. the time variable.
With the same development on day one finally gets

B[CE i1, Np = ] < COT) ), (4.8)
(3) Bounding E[P},, |Fi, Nr = n]
Using (4.2), we obtain

E[Pt | Fr, Nt =n]=E

1 4 _
(Mfm + 5Vk+l> (O3 =9 [ () 74/ | £y, Ny = ”1

Sag||* \ (6T3)* 1)
< C{ ||6be|* + ”
- (l ¢ (6Tk+1)? ) (0Tk+1)?
5Tk)4(1—n)
< o2l ) 49
= (0T )t (4.9)

observing that 0Tx+; < T < C and recalling that Cj is defined by (4.7). Using the tower property of
expectation and bound (4.6) yields

n—1 n—1
E [52 [ P2 INe =n| =E |E[8* |7, Np =n] [[ P2y INp=n
k=1 k=1
n—1
< CE |(6T,,)** ") (II&LnH2 + H5an2) 11 Pea Ve = n]
k=1

< CE

n—2
E[(6T,)*" " C, P2 | Fr1, Ny = ] H P |Np = n] .
k=1

By Cauchy—Schwarz, for any k and using (4.8), we have

9 = 9 = 1/2 45 1/2
E [CyP2|Fy 1, Ny =n] < (E[Ck\fk,l, Ny = n]) (E[Pk |\ Fio_1, Np = n])

. 5T )2(1—5)
< T 2(anz) _ ( k—1

< C(0Tk) Cr TG
(6Tp—1)%1—")

< A0k
< CCk—1 (0T )2((1=e)v3)

(4.10)

Hence, we obtain by recursion

(5T 2(1—k) H (5Tk) (1=r) |
(0T 11) 2V D)

k=1

n—1
[52 1 P2 1N = n‘| < C"E

Np = n] , (4.11)
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observing that E[C}|Fy, Nt = n] < C’((5T1)2(a/\%) < CT.
Then recalling that £ < o A § implies (6T3) X G=RA(e=r) < T2((z=R)A@=K)) finally yields

n—1
E lm [ P N =n| <cCCm (4.12)

k=1

Convergence of the sum Y 2 | C"P(Ny = n). Let us introduce S,, = >";_; 7%, notice that S,, ~ I'(nk,0)
with cumulative distribution
s Tnﬁ—le—r/Q
F = —dr.
50 (5) /0 I'(nk)fn+ "

Hence one can bound P(Np = n) as follows

T pnr—l1 Tne
§/ dr =
o I'(nk)gns nkl'(nk)gne

This implies that

oo oo Cn
n — <
nz::l C"P(Ny =n) < ; nkl(nk)’

with ¢ = C%. Using the generalization of the Stirling formula I'(z) ~ z*~%/2e~%y/27 one proves that

N A 1 1 ~ 1
on C3re 2 (Cre\nk+i . . .
mR )~ v (%=2)"""3 which is the general term of a convergent sum. U

Remark 4.3. The convergence of the series (4.1) relies on two facts:

The general term of the series (4.1) has to be finite: E[(8[[,_y Px)? [Nt = n] < oo, for any fixed number
of switching times Ny = n. However, one can observe that our bound on the r.h.s. of (4.11) can possibly
blow up to infinity when £ > a A 1/2. In particular, in the case of an exponential density, corresponding
to k = 1, it is well-known that the conditional distribution, £(0Ty|Nz = n), is the uniform distribution
on [0,T], hence the expectation on the r.h.s. of (4.11) is infinite. When x < a A 1/2, we observe that our
bound is finite whatever the conditional distribution, £(67)|Nr = n). Notice that using gamma switching
times increases the occurrence of small jumps w.r.t. the exponential case and hence the occurence of high
numbers of time steps is also increased. To better adjust the complexity and variance tradeoff, one could
consider other switching times densities with a smaller intensity of small jumps and rely on the conditional
law L(0T,| Nt = n) to ensure that the expectation on the r.h.s. of (4.11) is bounded.

The sum ;- , C"P(Ny = n) has to converge. By increasing the intensity of small jumps as explained at
point 1., we expect that P(Np = n) will decrease more slowly with n. This results in a tradeoff one has to
achieve: increasing small jumps intensity to be able to bound each term of the series but not too strongly
to ensure the convergence of >~ ; C"P(Np = n).

Consequently, the representation (3.15) provides a Monte Carlo approach to compute E[g(X7)], by simulating
the regime switching process (3.11) instead of the SDE (1.1) which would potentially require to implement a
stochastic Euler discretization scheme. However, even though our estimator is proved to have finite variance,
one can observe in practice huge variances due to the product of a random number of terms Py that could
potentially take values greater that one. This expectation of products is by nature not a good candidate for
Monte Carlo estimation. Hence, we propose to use a resampling procedure to change this expectation of products
in a product of expectations which is known to be much more stable for estimation.
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5. RESAMPLING METHOD FOR REGIME SWITCHING PROCESSES

In this section, we propose to introduce an interacting particle system (in the same vein as those thoroughly
discussed in the reference books [7,8]) to approximate u(tg,zg). We will prove that the resulting estimator
has finite variance under the same assumptions required to bound the variance of estimator (3.15). However,
in practice, the new estimator relying on interacting particle systems will show better performances providing
smaller variances in many examples, as illustrated in Section 6.

5.1. A Feynman—Kac measure representation

First we have to express u(to, o) as an integral according to a Feynman—Kac measure. Let us consider the
Markov chain consisting of the sequence of random variables X}, := (T}, X3), where (T}) and (X},) are given
respectively by the dynamics (3.8) and (3.11). In the sequel, we note Xg.x := (Xo,...,Xx) the path valued
Markov chain. Let us introduce, for any integer k > 0, the real valued function G}, depending on the path

Fox € Bp = (R x RY)*1 with the notations #g.x := (%o, ..., %) and iy = (t,, 7,) € R4 x R such that
1 if k=0ork=1
. My, (Fo.1) + Ly (Zo:x)
G To. = E\L0:k = VE\LO:E 5.1
(o) 2 it k>2and 6tp_16t; > 0 51
7 (0tk—1)

1 elsewhere.

with 6tx41 := tg4+1 — tr and where the real valued functions Mk+1, Vk+1 and (5Wk+1 are such that for any
Zo:kt1 € g

_ 5[[ k+1(j/.0:k+1)
. TR AR
M. 1(i'0:k 1) — (b(tk,l‘k) b(tk_l,l‘k_l)).(a(tk,l‘k) ) Stri

1 elsewhere

if  0tpy1 >0

Bry1(Tokt1)
> . t —a(ti_ _ —
Vi1 (Zoik41) = (a(te, 2x) = ath—1, 2-1)) (0tk41)?

1 elsewhere,

if  dtpy1 >0

with
Bii1(Zo.11) := (o(tr,zx) ™) " (5Wk+1(fO:k+1)5Wk+1(ifo;k+1)T - 5tk+1H)U(tk7$k)_1
Wit (Zogt1) i= o(ty, zr) " H(Tpg1 — ok — bty ) Oti1).

Observe that ék+1 does not really depend on the whole path Zg.4+1, but only on (Zy_1, &k, Txy1), for k > 0.
Recalling (3.13), notice that the following identity holds

Gr(Xox) =Py, Pas. forall k=2,... Np.

In the sequel, it will appear to be crucial to consider positive potential functions with uniformly bounded
conditional variances, more specifically such that sup; . cp, E[GiH(XO;kH) | X0k = Eo:1] < 00, thus we define
the potential functions (Gg)r>0 (depending implicitly on T') such that for any & > 0 and for any Zo.x € E,

1 if k=0
|G1(Z0.1)| (1) /1 (Fo:1) if k=1, 6t; >0

5 . ck(Zo:k) ( Ot )1_H .
G (Zo. if k> 2, 6ty_10t; > 0,
Gil@oue)| Ch—1(Zo:k—1) \ Otr—1 - O

1 elsewhere,
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where the real valued function ¢y is defined on Ej, for k > 1, by

ek (Fo.r) = [tk + 1b(t, 2x) = b(te—1, zr-1)||* + [laltr, 2x) — ate—1, zx-1)]|> (5.4)
Notice that this definition of ¢ is such that ¢ (X();k) = C) + 6T}, where Cy, was defined in (4.7), hence

< Cy + 0T}
G? (Xox) =
k(Xow) Cr_1+ 6Tx_1 (

0Ty,
0Ty—1

2(1—k)
) P,?7 Pa.s. forall k=2,...,Np.

Then observe that one can prove an inequality similar as (4.10) with C} replaced by ¢ (Xo.x)

- o = - _ 1/2 e 1/2
Efex (Xou) P2| i1, Nr = 1] < (B[} (Xo)|Fit, Np = n]) (B[P |Fer, N = )

(5Tk_1)2(1—/€)

< Cck—l(XO:k—l)W, (5.5)
which yields as announced, that for any £ < a A % and Zo.x—1 € Fr_1
E[G}(Xox) [Xoik—1 = Zok—1] < C < o0. (5.6)

Notice that H,ICV; P, = HNTH(XO:NTH) H;cvao Gk(XO;k)Sk(XO;k), P a.s. where for any k£ > 0 and for any
Zo:x € By,

Sk(Zo:x) == Sign(Gr(To:x))s (5.7)
and
1
. - if k>1anddty >0
Hy1(Z0:k41) = (0tk) ="/ e (Zo:k) (5.8)
1 elsewhere.
Let us introduce (,41 = %/Bl,nJrl + %/BQ,n+1 defined on E,1; such that 51 1(%01) = F2,1(Zom+1) =

mg(m) and for any n > 1
r

) 1.
9(@ns1) = glan) M1 Font) + §Vn+1($0:n+1)

1— FR2(6t, 41

Brnt1(Zomy1) = =0 (5t,,) (5.9)

g(*%nJrl) - g(xn _Mn-‘rl(i'o:n-&-l) +

B2.n+1(E0mt1) =

)
)
)
)

1— Fp (0t =0(5t,, ’
with Tp411 =z, + b(tn, l‘n)5tn+1 — O'(tn, xn)5wn+1(f0;n+1).
Recalling (3.15), observe that
Nrp -
g(X1)
u(to,zo) = E (B || Pelne>1| +E | ——F"——1n,=0
kl;[z ‘ 1—Fplem) "
= E [(Bnr+1HNp+1) (Xo:Nz11) (So:nz Gosne ) (Xoivg )] (5.10)

where to simplify the notation G4 (resp. Sp.q) denotes the product HZ:p Gy, (resp. HZ:p Sk), with in particular
Gp,qg = 1 when p > ¢, where 1 denotes the function which takes the unique value 1. Now, we can define
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the sequence of non negative measures (7x)r>0 such that for any real valued bounded test function ¢ defined
on E, = (Ry x R we have
k—1
() =B |o(Xo.x) H Gp(XOZp) = E[p(Xo.x)Gok—1(Xo:k-1)], for k>1. (5.11)

p=0

We set by convention 7y := po where o denotes the probability distribution, [,(XO), of the initial condition
Xo = (to, o) i-e. po := L(Xo) = 0(ty,24)- Gathering (5.10) together with the above definition one readily obtains
the following proposition expressing u(to, o) as an integral w.r.t. the non-negative measures ~,,.

Remark 5.1. The weights used in equation (5.3) can be generalized with p € [3,1 — k] as
1 if k=0

‘él(i‘o;l)‘((gtl)p Cl(i'o:l) if k= 1, 0t1 >0
Gr(Zox) = (5.12)

- ck(Zok) ot \’ .
: f k>2, 0tg_16t
Gulanal| =20 () it k2 a0,

1 elsewhere,

Proposition 5.2. Under Assumptions 2.2 and 3.2, the following identity holds for any n > 1

u(t07 I'O) = 'Yn((Pn)a (513)
where (on)n>1 is a sequence of real valued functions such that for any n > 1 and Zo., € By = (Ry X R4)n+1
on(Zo:n) = E[(Bnp+1 HNrt1)(Xo:Np41) (S1:N7 Gning ) (Xoing) [ Xoim = Foun)- (5.14)

Remark 5.3. Observe that for a given n > 1, ¢, is defined by (5.14) as a conditional expectation of a terminal
payoff delivered at a future random time Np + 1, knowing the state of the Markov chain from time 0 to n.
Hence, evaluating ¢y, (Zo.,) is not trivial, for a given ., since it requires to compute a conditional expectation.
However whenever i, = (¢, T, ) is such that ¢, > T, then the knowledge of Xo.n = #0.n determines completely
both Ny = ¢ < n and Xo;NT-H, which implies

On(Z0:n) = E[(BNp+1HNps1)(Xo:Np 1) (S1:80 Grene ) (Xo:ng ) | Xom = Foun)
= (ﬁq+1Hq+1)(i'o:q—i-l)slzq(i'o:q)-

Now, let us introduce the sequence of probability measures (1) defined by normalization of (yx)k>1

_wle) Elp(Xo)Go—1(Xo—1)] for any k>0 (5.15)

— w(1) E[Gos—1(Xow-1)]
where 1 denotes the function which takes the unique value 1. Observing that for k > 1, v4(1) = vk—1(Gr-1),
we obtain by recurrence

k() :

(5.16)

—~
©
=
S
L
—
Q
i
[
~—
=
o
—~
Q
[=)
~

As announced, we have replaced the expectation of a product of functions by the product of expectations of
functions, since for any n > 1

u(to, r0) = Yn(pn) = ]E[Son(XO:n)} = Nn(@n)n—1(Gn-1) .. .10(Go).

Our objective is now to approximate the sequence of probability measures (1)r>0 by a sequence of empirical
measures (n,iv k>0 based on a system of N particles to finally end up with an approximation of the type

u(to, zo) = np (©n)nh_1(Gn-1) ... 1) (Go).
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5.2. The particle approximation scheme

The sequence of approximating measures (7)Y )g>o will be defined by mimicking the dynamics of (1x)k>0-
Hence, we begin by describing this recursive dynamics.

First let K denote the transition kernel of the path valued Markov chain (X}, := XO:k) from k — 1 to k for
any integer k > 1. Recall that K} can be considered both as an integral operator on the space of measurable
functions defined on Ej and on the space of finite measures, M(Ej_1), such that

e for any measurable test function fj defined on Ej, Kj(fr) is a measurable function defined on Ej_; such

that for any =), € Ex_1

Kelf)(@hor) = B0 Xy =] = [ Kilolr duf) feloh)
Yy k

e for any finite measure my_1 on Ey_1, my_1 K}, is a finite measure on Ej, such that for any x), € Ej

(mpr Ki)(da) = / i1 (g ) K (v, dl).

Y1 €EEk-1

In particular, let pj denote the probability law underlying the random variable X, := Xo:k (we will often
write p1p = L£(X},)), for any k > 0. Then observe that jux Kx 1 = pix+1 the probability law of X} , | 1= Xo:kt1-
Besides, notice that if K} denotes the transition kernel of the Markov chain (X},) from k — 1 to k, then the
transition kernel K, is obtained as the following cartesian product, for any (y,_;,}) = (Yo:k—1,dzo) €
Ey 1 x Ey
Ki (Y1, dz},) = Ki(yor—1, dzo.k) = Syo, (dwo—1) X Kpp(yp—1, dz).
Now we can describe the dynamics of (n)k>0 with k. For any real valued test function f; defined on Ej, the
following identities holds

()

k
i (frGrik—1) , .
= PelliGun-y) oy = L(X]) = L(Xow), and Grp = TG
R LIS

(K G
— Fk 1Kk (f1)Grin-1) by the tower property of conditional expectation

Mk—l(Gl:k—l)

(K _
_ et (Bk(f)Gr1) by definition (5.11) of y_1

Yi—1(Gr—1)

_ e (K (fr)Gr1)
Mk—1(Gr-1)
= ((Gr—1 " me—1)Kr)(fr),
where the - sign denotes the projective product between a non-negative function G defined on E and a non-
negative measure p € M™(FE) returning the probability measure G -y such that

(G - 1)(de) = G(@)p(de) /u(G). (5.17)

by dividing the numerator and denominator by ;1 (1)

Hence, one can describe the evolution from 751 to 7 into two steps

Mi—1 Lorrection, Ak = G - Mg 200, 1 K, (5.18)
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In other words, the sequence of probability measures (7)) satisfies the following recursion
o = Ho, where i 1= L(X{) = L(Xo)
Mk = Gg - N, for all 1<k<n, (5.19)

Me+1 = MKk, for all 1<k<n.

An Interacting Particle System will be used to approximate the sequence of probability measures (1x)o<k<n
by a sequence of empirical probability measures (n,iv Jo<k<n, such that forall 1 < k < mn, n,lcv is associated with an
N-samples (§,1’N, e ,féV’N) approximately distributed according to 7. To simplify the notation, we will often
drop the exponent N and write (f,i)izlv___N instead of (§Z’N)i=1,___1v. The recursive evolution described by (5.19)
is approximated by the following dynamics:

n = o
ﬁ,iv =Gy ~77,J€V, for all 1<k<n (5.20)
77,JCV+1 = SNAHN Ky,), for all 1<k<n,

where S™ (1) denotes the empirical measure associated to an N-sample (¢!, ..., ¢V) i.i.d. according to p, that is

N
1 ..
SN () = N E bei,  where (¢4,...,&Y)ild. ~ p.
i=1

Hence, the algorithm proceeds as follows. Recalling that Gy = 1, we initiate the algorithm by generating N
i.i.d. random variables (&1, ...,&V) according to ju, then we set

N
1
' = SN(Go - po) = SN (o) = ¥ > b (5.21)
i=1
The evolution of the discrete measures, (1) )o<k<n, (Where N denotes the size of the particle system) between

two iterations k and k + 1, consists into three steps:

(1) Weighting: each particle is weighted according to the value of the current potential function Gy. For all

; N
. ; Gr(&) . ;
ie{l,...,N}, we compute wj, = —x———— and we set 7jp = » Wi 0 .
S, Gutel) 2kt
(2) Selection: N i.i.d. random variables (é,i, . ,é,iv ) are generated according to the weighted discrete prob-
N
ability distribution 7 = Zw}c (55;. More specifically, for all ¢ € {1,...,N}, an index I € {1,...,N} is
i=1

generated independently with probability P(I = j) = wi and we set £ = 1.

(3) Mutation: Each selected particle evolves independently according to the dynamics K. This produces
a new particle system (5;“, e ,§,2V+1). More specifically, for all ¢ € {1,..., N}, we generate independently
&}, according to the conditional distribution £(X} ,|X} = £1), then we set

N
1
N
M1 = Z5gi+1~ (5.22)
i=1
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For all £ > 1, let us introduce 'y,JCV , the particle approximation of v, based on 7711;[ defined by recursion (5.20)
and such that for any real valued measurable test function fj defined on Ej,

W)=t () I n)(Gp). (5.23)

0<p<k-—1
We begin by stating a Lemma that will be crucial to prove the convergence of our new estimator.

Lemma 5.4. Let (X])n>0 be a Markov chain (with initial distribution o and transition kernel Ky) defined on
a sequence of measurable spaces (Ey, En)n>0 and (Gp)n>o0 be a sequence of positive measurable functions defined
on (En, En)n>0 such that there exists a finite constant A > 2 such that

sup Go(zy) < A, and sup  E[GA(X))|X,_ | =, ;] <A, foranyp>1. (5.24)
z(,€Eo I;_leEp71

We consider the sequence of Feynman— Kac measures () such that for any measurable real valued function f,
defined on E,,

Yn(fn) = E lfn(Xé) 1:[ Gk(Xé)] : (5.25)
k=0

Let (v2) be a sequence of particle approximation measures of (v,) defined similarly as in (5.23), with (nlj,v)ogp
defined by (5.20). For a given n > 1, let us consider a real valued measurable function f,, defined on E,, such
that there exists a finite positive constant B such that

sup  |E [f2(X})Go (X)) X i =2, || <B foranyp=1,...n. (5.26)
x;ileEp_l
Then the particle approzimation Y (f,) is unbiased with finite variance, more precisely
n+2

~ for N > A"+ (5.27)

Bl ()] = 9a(fa), and B [0 () = (7)) < 282

The proof of this Lemma relies on the formalism developed in the reference books [7, 8]. However, we had
to carry out an original proof to take into account our specific framework where the potential functions Gy,
are unbounded which is not considered to our knowledge in the existing literature. The proof is placed in the
Appendix A.

We are now in a position to state the main result of this section.

Theorem 5.5. Suppose that Assumptions 2.2, 3.2 and 4.1 are satisfied. For any n > 1, the resampling estimator
YN () defined by (5.23) is unbiased with finite variance. More precisely,

9 Cfn+2
Ely (¢n)] = ulto,w0),  and E[(y; (¢n) = ulto,20))"] < —

for N > ™t (5.28)

where (@n)n>1 95 a sequence of real valued functions defined on E, by (5.14) and C is a constant depending
only on the characteristics of the problem (T, the bounds or Lipschitz constants related to g, b, o, a).

Remark 5.6.

(1) Computing 7Y (¢,,) reduces to compute the following product of empirical means

i (on) = 0 (@n)mn 1 (Gn-1) .10 (Go)

1 N _ 1 N ) 1 N )
= (N ng;)) (N Zamgg_l)) - (W ZGo@é)) »
i=1 1=1

i=1
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where (£})1<i<n is the particle system at the kth iteration of the algorithm as stated by (5.22). This in
particular requires to compute ¢, (&) for each particle of the final particle system (£);=1 . n. Recalling
Remark 5.3, this may require to compute a conditional expectation. In practice, one chooses n large enough
such that most of particles have already reached time T after n iterations implying that for most particles
©n (&) can be computed explicitly. In the rare cases of particles & that have not reached yet time T, the
computation of ¢, (&) that should normally require to compute a conditional expectation is approximated
by one simulation according to

L((BNr+1HNr+150:874+1) (XN 1) Grine (Xoivy ) [Xom = €).
Notice that it would be interesting to consider the estimator
VY (@ny)s  with ny = inf{n|&, has reached T for all i = 1,...N}.

This will be left for future work.

Another approach to avoid this problem would consists in doing the resampling procedure only on the space
variables. First simulate a sequence of random switching times (77, ..., Tn,) and conditionally to this time
mesh run an interacting particle system on the Markov chain X (3.11). The estimator would then be given
as an empirical mean of the resampling estimates over i.i.d. time meshes.

Proof. Theorem 5.5 is a direct consequence of Proposition 5.2 stating that v, (p,) = u(to, zo) and of Lemma 5.4
after having verified that there exists a finite positive constant C' for which the bounds (5.24) and (5.26) are
verified. Observe that (5.24) is automatically implied by (5.6). Let us consider (5.26), similarly to the proof of
Proposition 4.2 one obtains

E[p2 (Xoin) G201 (Xpm) | Xop-1 = Zop—1] = Y E[p2 (Xom)Gop 1 (Xpin) | Xop—1 = Fop-1, N = q/P(Nr = q).
q=0

(5.29)
Now considering the general term of this sum for ¢ > p > 2
Nt
E | (B3 11 HRr 1) Xone 1) [ G2 (Xow) [ Xop—1 = Fop-1. Nr = ¢
k=p
1 1 i
=E |p? > P2y | Xop—1 = Zop—1, N1 = ¢
ep1(Xosp—1) (0Tp—1)2(=%) k_l;[ 1 SR "
i 1 1 i
< CE (5T )207&) = C (XO )P2 pP? |X0; 1 =%0p-1,NT =q]| ,
! cp1(Xop1) (0Tp-1)20=9) " o kgl o ’ '

where C' is a constant that may change from line to line. Recalling (5.5) finally gives

Nt
E | (BXpr1Hop 1) Xong 1) [ [ G2 (Xow) [Xop-1 = Fop1, Nr = g
L k=p
X a1 2(1—
< CI—P+ig (5Tq)2(1—n) cp—l(A)gO:p—l) 1 H ((5Tk) (1=r) Ny =g
cp1(Xosp—1) (0Tp—1)217") (0T yq)?((F=2)V3)

k=p—1
< 9P+l

We proceed similarly when p = 1. We conclude by observing that the sum (5.29) is finite by the same argument
as in the proof of Proposition 4.2. O
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6. NUMERICAL SIMULATIONS

In this section, we begin by an empirical analysis of complexity then we analyse and compare the performances
of the three approaches described previously

(1) Switching Monte Carlo method with exponential switching times;
(2) Switching Monte Carlo method with gamma switching times (with parameter £ < 1/2);
(3) Resampling and Switching Monte Carlo method with gamma switching times (with parameter k < 1/2).

On one test case, we compare numerically the Switching Monte Carlo method with gamma switching times with
the Euler Monte Carlo method.

First, we consider a simple example for which all assumptions of Proposition 4.2 are satisfied. Then we
consider simulations involving a more standard payoff function g occuring in finance (corresponding to the call
option) that does not fulfill Assumption 4.2. However, this offers the opportunity to check the robustness of our
approach out of theoritical assumptions.

In all cases, we consider:

e a drift coefficient b(¢,x2) = —10V (1 — z) A 10,
e an initial condition zg = 1,
e a terminal time T = 1.

The parameters of the switching time distributions is A = 0.4 for the exponential distribution. Even if the
exponential distribution gives a theoretical infinite variance (in cases we consider here), the numerical variance
observed is finite so it is interesting to compare the results obtained by the gamma distribution and the expo-
nential distributions.

To implement efficiently the different methods on a computer using many cores (96 on our computer), we al-
locate N particles to each core such that the total number of particles used is npary = 96/N. When resampling
is used, a resampling estimator 711)\[,;‘ (pp) is simulated independently on each core j =1,..., 96 and we return
the average estimator : % Z?il %JOV “J(pp). Then the procedure is repeated independently for 1000 estimations,
S0 as to approximate empirically the expectation and the variance of each estimator by the empirical average
and variance computed on the 1000 estimates.

The whole procedure is then repeated for different values of npary = 49n¢ from g = 0 to ¢ = 5, with ng = 10%.
We reported on the graphs the evolution of the estimator expectation as a function of log(npart) and the related
standard deviation is represented on log-log graphs. On each figure devoted to the standard deviation, the
theoretical decrease at a rate 1/(npart)1/2 is represented by the plot of a line with slope —0.5.

6.1. Complexity analysis

The Switching Monte Carlo method requires to simulate, for each trial, a random number of time steps, Np,
before reaching T'. In order to analyze the impact of the parameters x and 6 on the complexity of the algorithm,
we consider Ny := E[N7] as a function of (k,0). As we couldn’t derive any analytical approximation, we have
computed a numerical estimate which is reported on Figure 1 for different values of x and . One can observe
that the expected number of time steps increases as 6 or k decreases. More precisely, NT(/{, ) can be accurately
estimated by the following polynomial approximation:

Nrp(k,0) = 15.84 — 1.630 — 46.16k + 46.36x> + 1470k,

for k € [0.2,0.5] and € € [1,10], recalling that we are only interested by values of x < 1/2. Besides, at each
switching time of each trial the computational complexity is given by

Cswiten (K, 0) + d(Cgauss + ¢2) + c,d23727
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Average of Ny for T=1
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" T 04350 1

FIGURE 1. NT for different values of x and § and T = 1.

where ¢y, c2 are given constants, Csyiten (5, 0) is the complexity of generating the switching time (according to
an exponential or a gamma law depending on the approach), Cgauss is the complexity for generating a Gaussian
r.v., and the term in d?37?" is the theoretical optimal cost for ¢ inversion by a LU method.

The global complexity of the algorithm without resampling for npar¢ simulations is in high dimension:

2.3727
cd Npart

Remark 6.1. Notice that, based on our numerical tests, the cost, Cswiten (in the gamma case), of generating
a gamma r.v. with a rejection method is on average between 300 and 500 floating operations, whereas the
cost, Cgauss, Of generating a Gaussian random variable requires around 10 floating operations. Hence, for low
dimension, the leading term corresponds to Cysyitch-

With resampling, we have to add some operations independent of the dimension of the problem: using the
order statistics of the exponential law, we are able to generate some sorted uniformly distributed random
variables that are used to select the particles during the selection step with a cost linear with npar.

Remark 6.2. The resampling method, by imposing to store the states of all simulations simultaneously, gives
a computational cost (including the memory access time) increasing slightly more than linearly with n (see
Fig. 4 below). The advantage of the method without resampling comes from the fact that the memory access
time is weaker so that the computational cost is strictly linear with the number of particles.

6.2. An example with g(x) = cos(x), o(t,z) = 0.5 + 0.2(z2 A 1)

In dimension 1, we give on Figure 2 the convergence observed with the exponential law and the gamma law
with and without resampling.

The method converges easily with the gamma laws. Using the exponential distribution, the empirical standard
deviation seems to decrease to zero but the rate 1/4/n cannot be diagnoseds: this is the consequence of an infinite
theoretical variance.

On this case, the resampling doesn’t improve much the results because of the small variation of the o function.
With the gamma laws, the linear decay of the log of the standard deviation follows the theory with a slope
equal to —3 with respect to log(npart)-



76 M. DOUMBIA ET AL.

-0.380 : : -1
- - Reference
~0.382] — & 1 .
-- k=0.3,0=25 -2r
k=0.5,=2.5

-0.384 | _ i
— Resampling k=0.3,6=2.5

Resampling k=0.5,6=2.5

1
w
T

~0.386 | \

N T e e i TR

—0.388

Global estimate

Theoretical

-- k=0.3,0=2.5
£=0.5=2.5

— Resampling k=0.3,6=2.5

Log of standard deviation
~

—0.390

-0.392

-- Resampling k=0.5,6=2.5

~0.394 . n . . . . . . =7 N I I I I
9 10 11 12 13 14 15 16 17 18 9 10 11 12 13 14 15 16 17 18

Log(n) Log(n)

FIGURE 2. Estimation and standard deviation observed for case 1 (dimension 1).

6.3. One dimensional tests with g(z) = (z — 1)T

With this kind of g function assumptions of Proposition 4.2 are not satisfied. We will show nevertheless that
the method gives good results. Because the variance of the results is closely related to the diffusion coefficient
variation, we will consider various examples with ¢ getting more and more space dependent.

6.3.1. o(t,x) =05+02(z2 A1)

This second case shows some quite small variations of o. The reference value is 0.17466. Evolution of the
global estimate and the standard deviation are given on Figure 3 for gamma and exponential laws. In this simple
case easily converging as in the first case, resampling doesn’t improve the standard deviation.

We are interested in comparing numerically the Switching Monte Carlo method (SMC) with the Euler Monte
Carlo method (EMC). It is well known [21] that the error due the EMC method with a time discretization step,
h, and a number of particles, ng, can be decomposed into a bias term, Cgh, and a standard deviation term,
S/y/nE. To achieve a fixed level of accuracy, € by balancing the two types of errors we quasi-optimally chose
he) := £/(2Ck) and ng(e) = (25/¢)?, where S and respectively Cz have been estimated using a reference
calculation with 30 x 108 particles and 1000 time steps and respectively using 100 time steps. Using the empirical
variance computed on 1000 SMC estimators, we have estimated the error, e, of the SMC method for different
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FIGURE 3. Estimation and standard deviation observed for case 2.



UNBIASED MONTE CARLO ESTIMATE OF STOCHASTIC DIFFERENTIAL EQUATIONS EXPECTATIONS 77

TABLE 1. Comparison of the Switching Monte Carlo method (SMC) 6 = 2.5, x = 0.5 without
resampling and the Euler Monte Carlo method (EMC). The Reference value is 0.17466.

€ 8e-4 0.000398  0.000219  1.02 e-4 5.42e-5 2.67e-5 1.34e-5
SMC Time 0.65 2.11 8.88 34.76 125.85 502.49 1991.43
SMC Mean 0.173861 0.174482  0.17415  0.174633 0.174583 0.174646 0.17466
SMC npart 10000 40000 160 000 640000 2560000 1024e4 4096e4

EMC Time 0.11 0.93 5.62 55.5 369.67 3096.63 24429
EMC Mean 0.175225 0.174888  0.174615 0.174613  0.174674  0.174667 0.17465
EMC ng 432025 1779528 5879543 27e6 96e6 396e6 1.579¢9
EMC T'/h 145 295 536 1151 2167 4402 8763
2500 T
— exp
-- k=0.30=25
200l - - x=0.50-=25

—— Resampling k=0.3,6=2.5 -

-~ Resampling k=0.56=2.5 il

1500 +

Computation time

1000 +

500 -

4.0 4.5
n le7

FiGURE 4. Computational time as a function of the particle number, for different Switching
Monte Carlo approaches (exponential, gamma, gamma with resampling) and parameters.

numbers of particles npar. For each, error e, we have used an Euler Monte Carlo (EMC) with a time step h(e)
and ng(e) simulations to achieve the same error e. On Table 1, we have reported for each error, ¢, and for each
approach, SMC or EMC, the associated computing time (Time), mean estimate (Mean), number of particles
(npart, nE), and for the EMC approach, we have further reported the number of time steps. One can observe on
Table 1 that for errors € up to 107> the SMC method appears to be slower than the Euler scheme by a factor
between 1.5 and 4 whereas for very high precisions it begins to be more effective in the considered case.

On Figure 4, we give the computional time of each method depending on the switching laws and their parameters.
One can observe on Figure 4 that indeed the computational time of the Switching Monte Carlo method is
proportional to the number of particles. Of course, using a gamma distribution instead of an exponential
one increases the number of switching times and hence the computational time. One can observe that with
resampling, the computational time increases slightly more than linearly with the number of particles.

On Figure 5, for different levels of accuracy, we compute the computational time needed for the SMC method
with gamma switching times to reach a given accuracy, depending on the x parameter (6 being fixed to 2.5).
Clearly the optimal parameter is k = 0.5. In fact using a parameter x = 0.5 doesn’t improve much the accuracy
of the result but the computional time required is smaller.

6.5.2. o(t,x) =0.5+04(2% A1)

With this more difficult case, we report results obtained with 8 = 2.5, k = 0.3, k = 0.5 with and without
resampling for the gamma distribution and for the exponential distribution. The reference value is 0.21408.
Evolution of the mean estimate and the standard deviation are given on Figure 6. With or without resampling,
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FIGURE 6. Estimation and standard deviation observed for case 3.

the standard deviation is decreasing steadily while using gamma distributions. As we quadruple the number of
simulations, the standard deviation is roughly divided by two which is coherent with the theory. The convergence
with the exponential law is erratic once more.

In the case of gamma distribution, the standard deviation with resampling is nearly half of the one without
resampling clearly showing the interest in this method. Results with x = 0.5 and x = 0.3 are very similar
especially with resampling, but the number of jumps increases as k decreases and the computational time is
nearly doubled with x = 0.3 indicating that the optimal choice is to take x = 0.5.

6.5.3. o(t,x) =05Va2 Al

This case is more difficult than the two first ones. The reference value is 0.2100. We keep € = 2.5 and we
use k = 0.3 and k = 0.5. Figure 7, reveals that without resampling the SMC method shows difficulties to
converge, while the resampling SMC method is always converging with a standard deviation decreasing at the
rate 1/, /Mpart- Besides the exponential case doesn’t seem to converge at all.
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6.4. Some four dimensional cases with g(x) = ((li 2?21 z; — 1)t

The diffusion coefficient is such that o(¢,2) = 0.5 + a((Zle 2;)% A 1)Iq for any € R* and for a given

positive real, a.

6.4.1. a=0.4
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FIGURE 7. Estimation and standard deviation observed for case 4.
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The reference solution is 0.11806. We keep 6 = 2.5 for the gamma distribution. For this first case, we plot on
Figure 8 the results obtained with the exponential distribution and the gamma distribution with and without
resampling. On Figure 8, one can observe that for the resampling SMC method with gamma switching times, the
log of the standard deviation decreases linearly, whereas without resampling, the decrease of standard deviation
is not regular either with gamma or exponential switching times. On this test case, resampling is effective by
reducing the standard deviation by a factor rougly equal to 2 and by stabilizing the results.

6.4.2. a=0.6

We give the results obtained without resampling on Figure 9. The method doesn’t seem to converge when a
gamma distribution is used without resampling or when an exponential distribution is used.

0.124

0122+

0.120 } ~

Global estimate

0.116 -
0.114 -

0.112
9

0.118 |

- - Reference

— exp

-- k=0.3,0=25
r=0.5,0=2.5

— Resampling k=0.3,6=2.5 ||

Resampling k=0.5,6=2.5

10

11

12

13

14 15 16 17
log(n)

18

Log of standard deviation

exp
Theoretical

£=0.3,6=2.5
k=0.56=2.5

Resampling k=0.3,6=2.5 ||

Resampling k=0.5,6=2.5

10 11 12 13
log(n)

14 15 16 17

FIGURE 8. Estimation and standard deviation observed for the first 4 dimensional test case.
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FIGURE 9. Estimation and standard deviation observed for the second 4 dimensional test case
for gamma distributions without resampling.
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FIGURE 10. Estimation and standard deviation observed for the second 4 dimensional test case
for gamma distributions with resampling.

On Figure 10, we only give the results obtained with resampling and the gamma distribution taking different
parameters for § and k. We notice that the standard deviation calculated are far higher than in the previous
case. We have difficulties to get the theoretical linear reduction in the standard deviation. The influence of 6
parameter is not clear on the curves, but because higher 8 gives higher jumps, it gives smaller computational
times.

APPENDIX A. USEFULL NOTATIONS AND PROOF OF LEMMA 5.4

A.1. Classical notations and results

Let us recall somme classical notations and results stated in [7,8]. We consider a Markov chain (X)) (with
initial probability po and transition kernel K} ) taking values on a sequence of measurable spaces (E,, ;) and
a sequence of positive potential functions (G,,) defined on (E,,,E,).
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For all 0 < p < n, we define the sigma-finite measure v, € M(E,) such that for any real valued bounded
test function f, defined on £,

w(le) =B | (X)) ] Gr(Xp)

0<k<p—1

For all 0 < p < n, let us define the probability measure 7, obtained by normalization of 7, and such that
for any real valued bounded test function f, defined on E,,

_ 'Yp(fp)'
W) =)

Notice that 7, can be written as the following product involving the probability measures 1y, ... 7,

Vo (fp) = 1p(fp) H N (Gr)-

0<k<p—1

For all 1 < p < n, let us introduce the nonlinear operator, ¢, defined on the space of sigma-finite and
non-negative measures M ™ (E,_1) and taking values in M™(E,) such that

D,(my_1) = (Gp_1-myp_1)K,, forany m, 1€ M (E, 1). (A1)
Then the nonlinear evolution of (1,) can be summarized by

Mp+1 = 45p+1(77p)a (A.2)

For all 0 < p < n, let us define the Feynman—Kac semi-group @, associated to the distribution flow
(p)1<p<n such that for all x; € E, and any real valued bounded test function f,, defined on E,,

Qpn(fu)@y) =E | fu(X}) [] Ge(Xp)|1X,=2)|, with Qun=1Id, (A.3)

p<k<n—1
Notice that for all 0 < p < n, v, can be written as the transformation of v, via Qp. .,
Yn = YpQp,n- (A.4)

Moreover, for any sigma-finite non-negative measure p € M*(E,),

MQp—l,p
By() = —L0-tr (A.5)
! (1Qp-1,)(1)
We introduce (72Y) the particle approximation sequence of measures as defined on Lemma 5.4. Notice that
by definition (5.23) of 'y[J)V the following relation holds

N
N ’yp (fp)
My (fp) = : A6
Let f, be a real valued test function defined on E,,, then the error between vY(f,) and v,(f,) can be
decomposed as the sum of n "local errors” as follows, using relation (A.4)

n

(W =) (fn) =Y 9 Qpin — ¥p-1Qp-1,n](fn)  (vecalling that 55" := 7o)
p=1

=S =Y 1 Quo1.0) (Qpn(£)),
p=1
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Then using relations (A.5) and (A.6) and recalling that 7Y (1) =) (Gp-1) yields

(’Y _’Yn fn Z’Yp 1 p 1 Qsp(m];vq)](Qp,n(fn)) (A~7)

e Let us introduce the following notations

LY (fp) =0 =) (Fn),

A;V(fp) 5:[77 - (77;; 1) N pr 52 77p 1) (fp) (A.8)

e For any p > 0, let us introduce the o-algebra G,, generated by the particle system until the p-th generation,

observe that since
_ aoN
=5 ( 7713 1 N Z 138)

where (£},...,&Y) are i.i.d. according to @,(n)’ ;) conditionally to G, 1. Thus
1 o :
E[Aév(fp) | Gp—1] = N Z]E[fp(gé)‘gpfl} - @p(ﬁév_l)(fp) =0, and ]E[ (fp)] =0. (A.9)
i=1

e Moreover one can bound the conditional variance of AIIOV (fp) as follows
E[(AY (f2))% | Gp1] = EI((n) = Bp(n)-1))(f))” [ Gp1]
pr &) — 2, 1)) 1Gp]

%@p(np_l))(fz) — (@ ))(F) )
< )

T (Cyr (7). (A.10)
We are now in a position to prove Lemma 5.4.

A.2. Proof of Lemma 5.4
Let us introduce the notation Gy, := Q. »(Gp) for any p > k > 0. Recalling (A.7) and notations (A.8) gives

Fk (Grp) = Z'Vq 1(Gg-1) djq(né\[—l)](Qq,k(Gk,p))
k=1
= (Gr)) A (Quk(Grp)) + D AN 1(Ggm1) AN (Qqui—1(Qu-1.k(Gr.p)))
q=1

=71 (Gr-1) AR (Grp) + 11 (Gro1,p)-
Using (A.9) stating that E[AY (G} ) | Gr—1] = 0 gives

E[(LY (Grp))* 1Gro1] = (1 (Gre) ELAY (Grop) 1G] + (T4 (Grm1)) ™.
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Recalling assumption (5.24), observe that for any z}_, € Ej_;
K(GE ) (@h—1) = E[(E[Grip(X,)|Xi]D? | Xfioy = 2)_1]
]E[Gi:p(xz/:”Xl/cq = )]
< APTRHL <o,

Then using the bound (A.10), with p = k and G as a test function implies

Ap—k+1
~ .

E[(AY (Gip))’ | Gron] <

Using the above inequality and recalling that 7Y ,(Gx—1) = ve—1(Gr—1) + TN, (G—-1) yields

Ap—k+1
N

E[(LY (Grp))? | Groi] < (1 (Gre)) + (T (Cre) ] + (T4 (G )

Again recall that by assumption (5.24)
1/2
Yiee1(Gro1) = E[Cra—1 (X} )] < (B [Gy 1 (X4 1)])"* < A% < o0,

which finally yields

APt

E (1 (Grp)] < S (LHE [0 (Ge)?]) +E [(1Y1(Grmr) ]

Adding the above inequality from & =1 to k = p gives for any p < n

Aerl An+1 P

k=1 1

We obtain by recursion

Bl G)) < (1+ 5 ) -1

S (1 B[ 6] < A >~ (1 El(ri¥ 6e)]).

83

(A.11)

Now let us consider a test function f, verifying assumption (5.26). Using again (A.9) stating that

E[AYN(G,) | Gr—1] = 0 gives

n

B0 ()] = DB [(081(Gp1) (AN (@pn(£a))?]

p=1

By (A.10) and assumption (5.26), we obtain IE[(Afy(@,m(fn)))2 |Gp—1] < B/N which yields

B ()] < 238 (031G
<o  (rr(Gon))? +E [(124 (G
p=1
é?%f)(A“E[(F {(Gp)’]) since (31 (Gpo1)? < A7,

bS]
Il
-
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y (A.11) we finally get
B A"“ B & B
E[(IN (f.))?] < 2= 2 11} <22 Artl < 92 gpt2
(1 <25 3 (40 Byt o) <og San <o

as soon as N > A"t and A4 > 2.

APPENDIX B. TECHNICALITIES RELATED TO THE PROOF OF LEMMA 3.1

This section provides technical arguments allowing for differentiating under the integral sign that are necessary
to prove the second and third identity of (3.1).

B.1. Concerning the second identity of (3.1)
Assume the first identity of (3.1) is verified. Let us introduce the real valued function such that for any
(s,t, 3, 2') € [t',T] x [0,T] x R¢ x [0, T] x R?

@3 (s, 2') = E [h i3 ( ,Xiat )] : (B.1)
where (X5%1%") is the Gaussian process defined by (2.4) and h*%% is the real valued function defined on
[0,T] x R? by (2.5). Recalling identity (3.4) and using Fubini’s lemma gives

~ T~ ol ’ T 7~
u(t',2') = E {g (X;“ @ )} v [ PE(s, v, ) ds. (B.2)
t/

Notice that by a simple application of Elworthy’s formula [10] (which simply results here in the Likelihood ratio
of Broadie and Glasserman [4]), we get

D(b{’j(s, t/,.T/) ) |:h*,t~,§c (S,Xf’j’t ,w') Mf;jj|

:/ [h (s, g "+ b(t,3)(s —t') + Vs —to(t, T)u) x Mup(u) du (B.3)
R ' Vs—t ’

where p denotes the centered and standard Gaussian density on R? and ./\/lt, is the Malliavin weight defined

at (3.3). Recall that b and a are Lipschitz w.r.t. the space variable and 1/2- Holder continuous w.r.t. the time
varlable as stated at item (2) and (3) of Assumption 2.2 and that Dv* and D?v* are bounded as stated in
Assumption 2.1. Thus there exists a finite constant C' depending on 7" and that may change from line to line
such that

15 (5,0 + b(E &) (s =) + Vs = to(l, #)u)|| < C(1L+ & = /|| + [b(E &)I| + o E &) |[u])-
Thus for any 2’ such that ||z — 2/|| < C.

ot 2) "]
Vs =7

Since the term on the r.h.s of the above inequality is integrable w.r.t s on [¢/, T] one can differentiate under the
integral sign in (B.2) which ends the proof of the second identity of (3.1).

|Dg"(s,#',a")]| < € (1+ @D+ lo@2)). (B.4)
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B.2. Concerning the third identity of (3.1)
Let us introduce the R? valued function ¥ such that for any (¢,%,t',2') € [0,T] x R? x [0,T] x R?

T _
(.15t ') = [hz,;c (8 me) Mfii] _ (B.6)
Observe that ¢ = (¢!, ... ) is differentiable w.r.t. the variable 2’ and for any j =1,..., dandi=1,...,d
i ol o
a—xg(s,t,ac,t’,ac’) = axz (s,t,2,t,2") + axf (s,t,2,t', '),

where

8 J 7 1 ~F = 4 7 7~
wl (8, t,i,t/,x’) = (—E [g(X%vwvt > T )V:;’wTj|>
,J

9z; Tt
) et o) = (B |petis xtat eyt B
83:2 (8’ e ) - ( |: (S’ s ) t',sj|)i,j ( . )

Notice that ¥ does not depend on the pair (£, %), hence one can fix t = ¢’ = ¢ € [0,7]. Let us consider a fixed
point z € R?, two indexes i,j € {1,...d}, and a point & € R? such that each coordinate ¥, = x; for any £ # i
and z; is fixed at a given value. We want to prove that %(t,i‘,t,x) exists and is continuous (which implies
the differentiability of ¥) and to give an explicit expressio;l for it. By the mean value theorem, there exists

a real 09(t,%;,2,h) € [~1,1] (to simplify the notations we will forget the dependence on t) such that for any
i=1,...d

Lo ; L ‘
90,8, 1, + hes) — W (1,3, 1,2 — her)] = / 109 (5,1, 1, + he) — 09 (s, 1,8, 1,2 — hey)] ds

t

Topl ”
= W(t,a;,t,:r—|—t93(;1:i,zzc, h)he;) ds, (B.8)

t -T
where e; denotes the vector of R¢ with zeros coordinates except for the i*" coordinate that equals 1. Observe
that in full generality the real 67 (%;, z, h) resulting from the mean value theorem depends on (Z,z,h) and not
only on (&;, z, h). However, since we consider the specific situation where z; = z; for all j # i one can express
this real as a function of (#;,z, k). Consider the following equation w.r.t. the variable ; € R

Ao% (#;) =0, where A7 (%;) =@ + 07 (&, x, h)h — &;.
One can check that phere exists a solution &;(x, h) to this equation. Indeed, taking &; = x; + h and &, = z; — h
and recalling that 67 (z;,x,h) € [—1,1], we obtain
Aoh (@i 4+ h) = h(07 (x; + h,2,h) = 1) <0, and A}, (z; — h) = h(07 (z; — h,x,h) +1) > 0
which, by continuity of )\;Jh, implies the existence of a solution. Now we choose to take in equation (B.8), & as

the vector having the same coordinates as x except that Z; = Z;(x, h), this vector will be denoted by Z(z, h).
Observe that by construction choosing & = &(x, h) implies

F=x 4 607(Z;,z,h)he;.
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We are now interested in the limit of (B.8) as h — 0. The technical point will consist in applying Lebesgue
theorem to permute the limit with the integral sign. First, by Lebesgue theorem, and observing that ;(xz, h) — x;
when h — 0, we have

T awj T 8’1/Jj
}ILIE% ] 81'/1 (S,t,.’i'(l',h),t,i'(l',h)) ds :A }ILIE% 8.T/1 (s,t,:%(x, h),tafﬁ(xa h))ds
. .
i
= —(s,t,x,t ds.
' 8x; (8, ’x’ 71.) S

Considering the integral term involving 1/)%, using the Lipschitz and a-Holder properties of b and o, we get

[pretate) (s, gLaleh i) | < Ca(a, ), 1) [(s = 1) + (Wi = W

SO ]
0y

Oox'

C(&(x,h),t)
(s — t)l-ani/z

(s,t,Z(x, h),t,2(z, h))| <

where C(Z(x,h),t) is locally bounded due to the non degeneracy hypothesis and the Lipschitz properties in
Assumption 2.2. The rhs of the previous equation is integrable so that we can use the Lebesgues Theorem,

T 8¢j T (Wj
tim [ S (s (o), e ) ds = [ tim S st ) 8 ) ds
T J
:/ gx? (s, t,x,t,x)ds.
t i

We finally obtain

B

T
+ / (B[p55" (s, X2™0)VL)), - ds
) t

—/(t,-%,t,l') = (E[Q(X’?wi’x)vtt:%]> J

which ends the proof.
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