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EXPONENTIAL CONCENTRATION INEQUALITIES FOR ADDITIVE
FUNCTIONALS OF MARKOV CHAINS *» **

RADOSEAW ADAMCZAK! AND WITOLD BEDNORZ!

Abstract. Using the renewal approach we prove exponential inequalities for additive functionals and
empirical processes of ergodic Markov chains, thus obtaining counterparts of inequalities for sums of
independent random variables. The inequalities do not require functions of the chain to be bounded and
moreover all the involved constants are given by explicit formulas whenever the usual drift condition
holds, which may be of interest in practical applications e.g. to MCMC algorithms.
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1. INTRODUCTION

This paper concerns exponential type concentration inequalities for additive functionals of Markov chains,
1.e. for sums of the form

f(XO) + ...+ f(anl)a

where (X;)ien is a Markov chain.

Such inequalities are widely used in Markov Chain Monte Carlo theory to provide estimates on the rate of
convergence for certain algorithms. Moreover, in certain statistical applications (e.g. for M-estimators) one is
interested in estimates on suprema of such functionals over some classes F of functions.

Concentration phenomenon in the Markov chain setting has been studied in many papers to men-
tion [1,6,10,12,14,23,25,26,32,43]. Clearly in general one cannot hope to recover classical results for sums
of independent random variables at their full strength. Therefore the goal is to provide counterparts of the
inequalities for independent summands under conditions, which are relatively easy to verify and involve only
“computable” characteristics of the chain. From the practical point of view, it is also important to derive
estimates with explicit and “reasonable” constants.

Among the most successful approaches developed to obtain deviation inequalities for Markov chains one
can list the transportation of measure method (see [32,43]), related coupling techniques [10], martingale

Keywords and phrases. Markov chains, exponential inequalities, drift criteria.

* Research partially supported by MNiSW Grant N N201 608740 and the Foundation for Polish Science.
** Research partially supported by MNiSW Grant N N201 608740.

L University of Warsaw, Banacha 2, 02-097 Warszawa, Poland. R.Adamczak@mimuw.edu.pl; W.Bednorz@mimuw.edu.pl

Article published by EDP Sciences © EDP Sciences, SMAI 2015


http://dx.doi.org/10.1051/ps/2014032
http://www.esaim-ps.org
http://www.edpsciences.org

EXPONENTIAL CONCENTRATION INEQUALITIES FOR ADDITIVE FUNCTIONALS OF MARKOV CHAINS 441

approximation [23] and renewal theory [1,12,14] based on the splitting technique introduced by Nummelin [35]
and Athreya and Ney [3] (for general introduction see [34], Chaps. 5,17 and [11, 36]).

In this paper we follow the renewal approach, i.e. we decompose the sum of functionals of a Markov chain
into excursions from and to an existing or artificially created atom. This concept allows to reduce the question of
exponential inequalities for Markov chains to the concentration of sums of independent (or nearly independent)
random variables at the expense of some further technical work. Moreover, under additional assumptions, it
allows to incorporate in the estimates the limiting variance of a rescaled functional and thus to obtain Bernstein
type inequalities corresponding to the central limit theorem. For reader’s convenience and further use we recall
below the classical formulation for independent summands (see e.g. [9]).

Bernstein’s inequality. Let ()52, be independent random variables such that E¢; = 0 and [§;| < M. Let
E¢? = 02, then for any ¢ > 0,
P (

If one insists on having an estimate in terms of the variance, Bernstein’s inequality requires that all random
variables be bounded, which is rather restrictive. Clearly one expects similar results to hold under more general
assumptions about integrability of the summands, e.g. when Eexp(|§|*/c®) < 2 for some a > 0 (which
corresponds to finiteness of exponential Orlicz norms). This is indeed the case, though the inequality is a little
bit weaker (see the results by Borovkov [7,8]). In a more general context of empirical processes inequalities for
independent summands with finite exponential Orlicz norms were proved in [1].

n—1
>

=0

> t) < 2exp (_WM) .

Let us now describe in more detail the setting we consider and state some of the results we obtain. We remark
that for simplicity in the Introduction we present precise estimates only for a special case of geometrically
ergodic Markov chains, however the results we obtain allow to deduce bounds under weaker assumptions of
subexponential ergodicity. Below we indicate the form of the inequality we will obtain in the general case,
postponing precise definition of the parameters involved to the main body of the article.

Let X = {X\ : k € Z;} be a time-homogeneous Harris ergodic Markov chain defined on the state space
(X, B) (to avoid certain measurability issues we will assume that B is countably generated, which is enough for
all the applications we have in mind) and let X™ denote its m-skeleton, i.e. X™ = {X,,,, : k € Z;}. We will
denote by (2, F,P) the general probability space on which the process is defined and by P, its conditional
version where the starting distribution equals p, i.e. P, (Xo € A) = u(A4), A € B. For simplicity we write P
whenever p = ;. Let P(x, A), x € X, A € B denote the Markov chain transition function and let P be the
operator on the measurable functions given by (Pf)(z) = E, f(X1) = [ f(y)P(z, dy).

The general theory of Markov chains states that whenever the chain is aperiodic and there exists an invariant
probability measure 7w on (X, B) then the small set condition is verified, i.e. there exists C' € B of positive
m-measure, a probability measure v, v(C) > 0, § > 0 and an integer m, such that

P"(x,B) > év(B), z€C, BeB. (1.1)

Moreover the m-step chain {Xg,, : k € Z4} may be split to form a chain that possesses a recurrent atom. The
construction is well-known and as references we recommend ([34], Chaps. 5,17 and [11,36]). We recall it briefly
and present its basic properties in Section 2.

Following the general regeneration approach to Markov chains, one can apply inequalities for independent

or one-dependent unbounded random variables to excursions from and to an existing or artificially constructed
atom of a chain.



442 R. ADAMCZAK AND W. BEDNORZ

Using this strategy we provide bounds on P (| ZZ;& f(X%)| > t) in the form close to the one of Bernstein’s
inequality, i.e. for some o € (0,1] and all ¢t > 0,

P, ( > t> <Cexp (—2—2) + Cr*(0) exp (—Cg%) + Cexp <— 22;@)

C4t2

+ 0o (~ oo i)
with M = c(3a~2log(n/m))'/*, where a, b, ¢ are certain parameters of the chain and o> = Es is the variance
of the block appearing in the regeneration construction, € is the artificially created atom of the split chain, 7*
its stationary measure and the constants C, ¢ depend only on « (through explicit formulas). At this point, to
avoid technicalities, we do not present precise definition of the parameters appearing in the above inequality or
the assumptions under which it holds and mention only that in Section 3 we provide tools allowing to estimate
them by means of various drift conditions, which in the Markov chain setting are the most convenient and
widely used technique for proving exponential integrability. In general it is known [26] that for & = 1 one cannot
avoid geometric drifts that are usually difficult to work with and verify in practice (see Sect. 3.1). To avoid this
obstacle we show that the usual drift condition related to (sub)-geometric ergodicity also provides a bound,
however with a < 1 (see Sect. 3.2).

The simplest setting we describe is that of geometric ergodicity where we show a class of functions that
depends on the drift condition only for which one can obtain strong concentration results. Again we pay attention
to provide explicit constants in the estimates which may allow for applications in MCMC algorithms. Recall
thus the classical drift condition, which is satisfied if for some V: X — [1, c0),

(PV)(z) — V(z) < AV (z) + blo(x). (1.2)

n—1

> F(X))

=0

It is well-known that the above condition is equivalent to geometric ergodicity of the chain, i.e. to exponential
convergence || P"(x, ) —7||lrv < C(z)p" for some p € (0,1) and all z € X (see [34], Chaps. 14—16 for the general
theory).

The following theorem (which follows from our general results) provides concentration for additive functionals
of geometrically ergodic strongly aperiodic (i.e. satisfying (1.1) with m = 1) Markov chains in terms of the
parameters appearing in (1.1) and (1.2). To simplify the presentation and postpone technical details we provide
here a simplified version of the result, which at full strength is given in Theorem 5.6 in Section 5.

Theorem 1.1. Assume that { X, }n>0 is a Harris recurrent strongly aperiodic Markov chain on the space (X, B)
admitting a unique stationary measure w. Assume furthermore that conditions (1.1) with m =1 and (1.2) are
satisfied. Let finally s > 0 and consider an arbitrary measurable function g: X — R such that

l9@)] < n(logV(x))’

for some k > 0. Set « =1/(s+1). Then for every x € X, n € (0,1] and t > 0,

P, ( Sg(Xi) — gl > t) < 2exp (—%) + Cexp (— Oﬁf) (1.3)
i=0 1 2

+ Sexp _ ) 4o/ gy t?
Ag 2((1 +n)o?n + Aa(n)(logn)t/et) )’

where

-1
o Vars(SI) (X))

n— oo n

= Var,g(Xo)? +2)  Cova(g(Xo). 9(Xi)), (1.4)
i=1
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the constants C, Ay, A, A3 depend only on 6, V,a, A\, b, k and the constant A4(n) depends only on 0, V,c, A\, b, k,n
(in all cases the dependence is explicit, Aq(n) ~ 1/n for n ~0).

We also provide a counterpart of the above result for suprema of empirical processes (in the spirit of
Talagrand’s inequalities in the independent case).

Theorem 1.2. Assume that {X,,}n>0 is a Harris recurrent strongly aperiodic Markov chain on the space (X, B)
admitting a unique stationary measure w. Assume furthermore that conditions (1.1) with m =1 and (1.2) are
satisfied. Let finally s > 0 and consider a countable class G of measurable functions g: X — R such that for all

geg, .
l9(@)] < 5 (Tog V(x))

for some k > 0. Set « =1/(s+ 1). Denote

n—1
Z =sup |y (9(X;) —mg)
9€9 |20
and
Var: (37 9(X; S
o = sup lim Y2 (Limo 9K _ o (ar_g(x0) +2 3 Cova(a(Xo).9(X2)) |
gegn—oe n geg =1

Then for every n € (0,1) and all t > 0,

2 ot

it ) + 0o (= g5) + 0o (7

cCexp () fCexp [~ ) 4 Coxp (-t —
P\ "By P\ 7B, P\ " Bslogn )’

where the constants C, By, ..., Bs depend only on §,V,a, A\, b, k, 1.

f’x*(Zz(l—&—n)EZ—l—t) Sexp(—

Remarks. Since there are many concentration inequalities for additive functionals of Markov chains with all
sorts of assumptions and sometimes it is difficult to compare their strength, we will now provide a few remarks
concerning the above theorem as well as other results of the paper (even though their precise formulation is
postponed to further sections), which should explain their strength and shortcomings.

1. As already mentioned, Theorem 1.1 is just a single explicit example, which can be recovered from our
estimates for additive functionals. In the paper we consider a more general abstract setting in which similar
exponential inequalities hold. From this setting one can obtain inequalities under other, more general drift
conditions, guaranteeing subexponential convergence to the stationary distribution (such drift conditions have
been considered in e.g. [13,14]). However, since the structure of the estimates on the counterparts of Ay, ..., Ay
in these inequalities may depend on the drift condition, we restrict here to the most classical drift condition (1.2).

2. An important feature of our results is that all the constants and parameters in our inequalities are given by
explicit formulas. This allows for potential use of our inequalities in the MCMC setting to get quantitative results
for various algorithm. In Sections 3.2 and 5 we illustrate it with a simple example of a Metropolis—Hastings
algorithms on N and on R.

Unfortunately, the dependence of constants on the parameters, especially on ¢, is rather bad. In certain
situations one may “amplify” the parameter § by considering a lazy version of the random walk, however in
most situations the bounds we obtain by combining our inequalities with known estimates on the parameters
4, A, b are not good enough to be applied in algorithmic practice. From this point of view our result may be
considered the first step towards more practical estimates.
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3. A fact important from the theoretical perspective is that the subgaussian coefficient in our inequality (1.3)
is (2 +n)no?, where o2 is the variance of the limiting Gaussian variable in the CLT for

f(Xo)+ ...+ f(Xn—1) —nnf
NG

(see [11,34,36]).
Moreover one can easily obtain from our result a tail estimate of the form

p 12 o 2 o tana/2
- >t < S S— L SR
! == e’“’( (2+77)02>+ e’“’( Rnaa,flogn>’

where C' is a universal constant R,, depends only on 7 and aq,s depends only on f, o and the parameters in (1.1)
and (1.2). Thus for large n the estimate almost coincides with the tail of the limiting Gaussian variable. This is
closely related to the moderate deviation principle (see [33] for moderate deviation results for mixing sequences),
which however is an asymptotic statement.

Similarly, the coefficient ¢ in Theorem 1.2 corresponds to the weak variance of the limiting Gaussian process
(provided it exists, see e.g. [4,40,46] for various criteria guaranteeing it) and thus corresponds to the Gaussian
concentration inequality.

The fact that the constant in front of o2 can be made arbitrarily close to the optimal value 2 may be important
in strong limit theorems for various statistics involving additive functionals or their suprema as it is the case
for independent summands.

4. Finally let us compare our results with some other estimates for additive functionals of Markov chains
known in the literature.

As we already mentioned there are many results concerning exponential inequalities. A huge part of the
literature is devoted to uniformly ergodic Markov chains (see e.g. [23,43]). Methods designed to handle the
uniformly ergodic case usually do not allow to deal with general geometrically or subgeometrically ergodic
chains as the parameters of the inequalities grow too rapidly with the sample size (see Sect. 3.5 of [1] for a more
detailed discussion).

In the Markov chains literature existing results have been mostly concerned with the case of bounded f.
One could mention here e.g. [1,12,14,43]. Our results can be seen as a generalization of [1]. An advantage
of our results with respect to the previous ones is that they work for unbounded functions f and as already
mentioned the dependence of constants on the parameters of the drift criterion is explicit. Also, contrary to the
results in [12,14] (which were based on the Fuk—Nagaev’s inequality), the logarithmic dependence on n in our
inequalities is optimal (see the discussion in [1]).

Another approach, which is used in the Markov chain literature, mostly in the continuous time or discrete
state-space case is based on spectral gap inequalities. Its advantage stems from the fact that it often allows
to recover a precise Bernstein type inequality for bounded functions of the same form as in the independent
case (see e.g. [17,30]). We note however that the Markov chains we consider do not have to satisfy the spectral
gap as in the non-reversible case it is not implied by geometric ergodicity (see [24]). Moreover, the examples
in [1] show that in the non-reversible case such an inequality cannot hold (which is a consequence of the already
mentioned optimality of the factor logn in our estimates). Also, even in the reversible discrete time case, we are
not aware of a Bernstein type inequality with the right subgaussian coefficient (meaning a universal constant
multiplied by the limiting variance).

Other interesting results concerning concentration inequalities can be found in literature on mixing sequences
(see [33,41,43,47,48]). The results obtained there usually are not directly comparable with ours as they are
expressed in terms of different quantities and also often correspond rather to Azuma—Hoeflding inequalities
than to the Bernstein inequality (meaning that the parameter o is not taken into account). We are aware of
one exception, namely a very general result of [33]. Since the inequality presented in [33] works in a much more

n—1

S f(X0) — nrf

=0
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general setting than ours and is of a very similar form, we would like now to present a more detailed comparison
and explain why, despite formal similarity, our results provides in certain cases additional information.

In [33] the authors consider a sequence of centered random variables (X;);cz which is a-mixing with the
mixing coefficient a(n) < exp(—en?) (we refer to [33] for the definition of the mixing coefficients and explain
only that in the geometrically ergodic case we have 71 = 1) and such that || X[y, < b for some 72 such that

= 122 <] (see Sect. 2 for the definition of the norms || - ||, ). For such random variables the authors obtain

v oMz,
an inequality of the form

t t2
nl 2t) < - - )
P<rjn<a;(X1+ + X, t> nexp( Cl>—|—exp< 02(1+nv)> (1.5)
+2 +y(1=7)
+o9 (g (g

where the constants C,...,Cy depend only on b, ¢, 71,72 and

V = sup sup [ Varga (X;) +2 ) [Cov(pum (X;),om (X)) |,
M>0 i>0 J>i

with par(x) = (x AM)V (=M).

Before we proceed with a comparison, let us explain that the parameter v above, although defined in a
different language than « in Theorem 1.1, agrees with it (this can be seen by looking at the general case
considered in Section 3.2, where analogous formulas appear).

For comparison let us disregard the fact that the above inequality deals with maxima of partial sums (it can
be obtained from a version without maxima with a recent result from [21]).

As we already mentioned, the above inequality is much more general than ours, however the sets of assump-
tions are slightly different, namely ours is expressed in terms of drift parameters, which are quite common in
MCMC practice, while (1.5) is more abstract, as it deals with general mixing sequences. From this point of view,
verification of our assumptions is simpler and more straightforward. Moreover, in our result the constants are
explicit. Finally, the subgaussian coefficient V' in (1.5) is not the variance of the limiting Gaussian distribution,
contrary to our o2 (although there are some formal similarities between the formula for V' and the expansion of
o2 given in (1.4)). Also the constant in front of the subgaussian coefficient in (1.5) is not universal, but depends
on the parameters ;.

Thus, while (1.5) is more general and has many theoretical applications (e.g. the moderate deviation principle
obtained in [33]), our inequality seems potentially more suited e.g. for the algorithmic applications we have in
mind and is more closely related to the CLT for additive functionals.

Let us also mention that using the drift criteria from Section 3.1 we can obtain an inequality with @ = 1,
whereas (1.5) deals with v = a < 1.

5. It would be interesting to extend Theorems 1.1 and 1.2 to Markov chains which are not necessarily strongly
aperiodic (i.e. to chains which satisfy (1.1) only with some m > 1). Our Theorem 5.1 provides an exponential
inequality also in this setting, however the subgaussian coefficient in the general case is no longer the variance of
the limiting Gaussian distribution. To our best knowledge the problem of providing a Berstein type inequality
with the “right” subgaussian coefficient for m > 1 remains open even in the case of bounded functions.

The organization of the paper is as follows: in Section 2 we discuss the Markov chain theory and a variety of
integrability conditions we need to prove exponential concentration and in Section 3 we state their characteri-
zations in terms of drift conditions; in Section 4 we prove the main tool which is the exponential inequality for
almost independent random variables; finally in Section 5 previous results are combined to prove exponential
concentration inequalities for Markov chains.
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2. THE EXPONENTIALLY FAST DECAYING TAILS OF MARKOV CHAIN EXCURSIONS

1. Notation and preliminaries

Since we are interested in exponential inequalities let us first recall the definition of exponential Orlicz norms,

YO(
1Yo, = inf {c>0: Euexp<|ca > <2}.

Note that the subscript above indicates the measure with respect to which the Orlicz norm is taken. Sometimes,
when the underlying measure is clear from the context or when it is not relevant we will also write || - ||y, -

Let us now briefly recall the regeneration method. We outline only the main points needed for our further
applications and refer to ([34,36], Chaps. 5, 17) for an extensive exposition.

The split chain construction is based on introducing auxiliary variables Yj, € {0,1} that denote the level of the
split m-skeleton at time km. We will consider the collection of random variables X™ = {X/" : k € Z,} =
{(Xgm,Yr) : k € Zi} together with “intermediate” variables {Xgm+i : k € Z4,1 < i < m — 1}. The
distribution of the new chain is defined by conditional probabilities

P(Yi =1, Xem+1 €d21, ..o, X(er1)yme1 € dZm—1, X 1)m € Y[ Fion, Fre1s Xim = )
=P(Yo=1,X; €day,...,Xp1 € dap1, Xpn € dy|Xo = z)

dv(dy)
=1 ————P(x,dx1)...P(x;ym_1,d
o) B, dg) (z,dz) (Tm—1,dy)
and
P(Y =0 ka_H € dzy,... ,X(k+1)m,1 S dl‘m_l,X(kJrl)m S dy\f,fm,fgf_l,ka = .T,‘)

:13 Yo=0,X;€dxy,..., Xpp_1 €Edrpm_1, X Edy‘XOZ.T)

- 5V(dy) v de .
_( o dy)>P( (1) Pz, dy),

where 7 = o((X;)i<km) and FY | = o((Yi)i<k—1). The above condition means simply that we arrange the
conditional distribution of the intermediate parts of the chain so that they fit to the split m-skeleton. Note that

P(Yi =1, Xkt 1)m € QY| Fimns Fr1, Xim = x) = Lo(2)dv(dy),

and consequently P(Yy = 1|FS  FY | Xpm = z) = 61lc(z) and I_’( (k+1)m € dy| FELFYY, = 1) = v(dy).
Therefore, whenever Xy, enters C, with probability ¢ we decide on Yy = 1, and if so distribute X(x41)m
according to the measure v.

One also checks easily that the marginal process {X,: n € Z,} defined with the above construction is a
Markov chain with transition function P. Since the validity of concentration inequalities depends only on the
distribution of the process, we may and will assume that the Markov chains we consider are obtained by the
above construction and in particular are equipped with the auxiliary variables Y.

For each initial measure p we denote by p* the measure on X’ x {0,1} such that p*(A x {0}) = un(ANC)(1—
§) + pu(ANCe) and p*(A x {1}) = u(ANC)5. We continue the convention P+ = Pg., where d, stands for the
Dirac mass at z. The clear consequence of the construction is that

{X:,Y; 1 i <km,j <k} isindependent of {X;,Y;: i>(k+1)m,j>k+1}

under the condition that Yj, = 1. Moreover, under this condition, {X;,Y; : i > (k+ 1)m,j > k + 1} has the
same distribution as the P, distribution of the process {X;,Y}, i,j > 0}, where

P, (Y =1,X, € dz) = §le(z)v(de).



EXPONENTIAL CONCENTRATION INEQUALITIES FOR ADDITIVE FUNCTIONALS OF MARKOV CHAINS 447

Therefore we can treat § = C' x {1} as an atom of the chain X™. Our approach to deviation inequalities will
s —1 . . . .

be based on the decomposition of the sum >/ " f(X;) into almost independent excursions between consecutive

return times to 6.
Let 0 = 0(0) =min{k >0: Y, =1} and

o(i) =min{k >o(i—1): YVpo=1}, >0
and in the same way 7 = 7(1) = min{k > 1: Y}, = 1} and
7(1) =min{k >7(i—1): Y, =1}, k> 1

For each ¢ we define

mo(i+1)+m—1 o(i+1)
s = >, fX)= > Zih),
j=m(o(i)+1) j=o(i)+1

where Z;(f) = Z;n:_ol f(Xjm+x). The main result on the excursions is the following ([34], Thm. 17.3.1)

Theorem 2.1. The two collections of random variables
{si(f): 0<i<k—2}, {si(f): i >k}

are independent for any k > 2. The distribution of s;(f) is for any i equal to the Py distribution of
;::L(m_l) f(Xy) which is equal to P, distribution of ZZZ;(m_l) f(Xk). Moreover the common mean of

si(f) may be expressed as Es;(f) =6 'w(C)™'m [ fdr.

Therefore if 7(f) = 0 then also Es;(f) = 0. We use the above result to decompose the path into three parts

n—1 min(mo+(m—1),n—1) N mo(N)+(m—1)
D F(X)| < > FXD)| + D siaD)]+ [Ivso D> f(XR)
k=0 k=0 i=1 k=n
= Un(f) + Valf) + Wa(f), (2.1)
where
N=inf{i >0: mo(i)+(m—1)>n—1}. (2.2)

Note that N is a stopping time with respect to the filtration F; = o(so, ..., $i—1,0(0),...,0(%)).
In order to prove exponential inequalities we need to provide appropriate integrability conditions for all the
summands above. They will be expressed in terms of the following exponential norms:

a=|1>"|Z(f) < 00
i=0 .
b=|>"1Z:(f) < 00;
=0 Yo, P
c=|lsi(f)lly, p < oo (2.3)

The above quantities are rather troublesome to use (as expressed in terms of the split chain on the enlarged
probability space), therefore we prefer their counterparts expressed in terms of the original chain, i.e. without
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referring to the auxiliary variables Y;. They are

To—1 To—1
> 1z s B=1 > 1Zi(])] ;
=0 Yo, P i=0 Ya,Px
Tc—1
C = sup Z Zi( ; D=sup ”ZO(f)mePm’
zeC bo P zeC

where 7¢ = 7¢(1) = inf{k > 1: X4, € C}. For later use define also 7¢ (i) = inf{k > 7¢(i — 1): X, € C} for
v > 1.

Note that for m =1, D = sup,¢¢ | f(z)].

Let » > 1 be the unique solution of

2r5i T 42t (1 —g)l T =2 (2.4)

(recall that ¢ is the number appearing in the minorization condition (1.1)).

In particular if § = 1, then r» = 1. Moreover by the concavity of 2'=7 and monotonicity of the left hand side
above in r € [1,00) we get r < log(5%5)/log(5%5).

The following proposition provides a comparison between a, b, c and A, B,C,D.

Proposition 2.2. In the setting described above with o € (0,1] the following inequalities hold:

Q=

a < r# ((max{A,C}H* + D)= ;
b < 7= ((max{B, C})a + D) ;
re(CY 4+ D).

Q=

D\»—A

Proof. Recall that distributions of s;(f) are the same for all i and equal to the P, distribution of >"7_, Zx(f).
Let a € C be an arbitrary point. We will write E,; (i = 0,1) to denote the conditional expectation (on the
enlarged probability space) given Xo = a,Yy = 4. In particular by the construction of the split process the
distribution of (X, Xn41,...) under Ea 1 is independent of ¢ € C (and equal to the P,. distribution of
(Xo0,X1,...)). Thus by standard conditioning arguments, the following inequalities hold for any ¢ > 0,

«
Tc—1

Eexp (¢ |si(f)|") < Equexp | @ Z Z;(f)

« k—1
Tc—1

X Z (1-19) sugEm’O exp [ @ Z Z;i(f) sugé]:]z,l exp(c™“1Zo(f)]7).
FAS . re

Therefore (for 1 — ¢ sufficiently small)

5Bt exp(c| 77" Zi()I") sup,co Bet exple | Zo(f)I*)
1= (1= ) supyec Baoexp(c| 2% Zi(/)1°)

Eexp(c™%[s;(f)|%) <
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Set ¢ = ri(CQ + Da)i. Let p~1 = cai% and ¢~ = %. Recall that » > 1. By Holder’s inequality
[0
B Tc—1
sup Ezoexp (¢ | Y Z;(f)
zeC —
7=0
o 1
< (sup E. oexp (D_Q|Zo(f)a)) supE gexp [ CT¢ Z Z;i(f) )
xeC zeC j=1
1
_ _ qr
sup E; 1 exp (¢ Zo(f)|*) < <sup E, 1exp (Da|Zo(f)°‘)>
zeC zeC
and
« « L
Tc—1 Tc—1 pr
Eqgiexp [ ¢ Z Z;i(f) < | Egiexp | C“ Z Z;i(f)
j=1 j=1
Define
Tc—1 @ Tc—1 @
X =supE,pexp | C* Z Z;i(f) , Y=Eg1exp |C“ Z Z;i(f)
xeC j=1 =1
and B B
V = sup Eq oexp(D™%|Zo(f)[*), W = sup Ez1exp(D™%|Zo(f)[*).
xeC zeC
Using the above inequalities we get
1 1
_ . . SY i War
Eexp(c™|si(f)*) < S
1—(1-96)XerVar
By the definition of C,D and the split chain construction
To—1 «
(1-0)X+0Y =supEgexp |C¢ Z Zi(f) <2 (2.5)
zeC =1
and
(1 =0)V < sup Eg exp(D~%|Zo(f)|*) <2 and 6W < sup Egexp (D~%|Zo(f)|*) < 2. (2.6)
xeC xeC
Thus by the definition of r,
_ S1-r9%
Eexp(c™[si(f)|*) < =2,

1—(1—08)'-=2r
which proves the required bound on c.

We will now estimate a and b. In fact we will prove a more general statement. Consider any probability
measure p on X and denote M, = || Zf:c(;l 1Zi(F)lp,.B,., Where o = inf{i > 0: Xin, € C}. Note that
M, <| Z:ﬁgl |Zi ()|l a,P, - In particular M, < B and Ms, < A. Thus to end the proof it is enough to show
that

< rt/%((max{M,,C})* + D)/ (2.7)

o, Pyx

> 12
=0
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Arguing as above we obtain that for any ¢ > 0,

_ W[ "\ OE, exp(c (X 1Zi(/))*) supyec By exple® Zo(f)]*)
E exp|c® Z; < — p— :
p( (Zizo v )> >< 1= (1-9)sup,ce Byo explc= (21 125 (/)))

Set ¢ = re((max{M,,C})* + D*)=. Let p~! = W% and ¢~

notation of X, V, W and Hoélder’s inequality we get

: (o) B e (M (7 1 Z())) W
£ (v (S0 ) < Mol )

D .
' = Geaar, cperpe Applying the

and thus by (2.5) and (2.6) we deduce that

_ 7 “ 81— @ 27 2ar §1-%2
E,exp|c™@ Z; < . < — =2
: p( (; (f)> ) 1—(1—-6) 27 ~ 1—(1=¥8)t~r2r

by the definition of . This ends the proof of (2.7). O

<=

3. DRIFT CONDITIONS

Our next goal is to provide conditions guaranteeing that A, B,C, D are finite, which via Proposition 2.2 and
inequalities for independent summands will allow us to control the quantities Uy, (f), Vo (f), Wi (f) in (2.1).

One of the standard tools that have proved useful in the analysis of integrability properties for the excursions
of Markov chains are drift conditions.

Below we consider two types of drift criteria. The first one is the multiplicative drift condition introduced
in [25,26] to deal with pure exponential integrability (i.e. with o = 1). It is known [26] that in the case of
m =1 this condition is equivalent to exponential integrability (finiteness of ¢; norms) of > 77 Ly (X;). Below
we analyze the drift condition expressed for the m-skeleton and properly modified function, obtaining sufficient
conditions for the finiteness of the parameters A, B,C, D. We also show that the multiplicative drift condition is
in a sense a minimal requirement for proving exponential integrability of the excursion, in particular obtaining
good constants in the equivalence proved in [26].

The multiplicative drift condition, although important from theoretical point of view, is of limited use in
applications, as it is difficult to verify when compared to classical drift criteria used to obtain integrability of
the regeneration time. Therefore we subsequently analyze what integrability properties of the excursion can
be obtained with such simplified drift conditions. We show that by assuming integrability conditions on the
regeneration time and a simple drift condition on the function f, one can still obtain ¢, integrability, however
with o < 1. This still allows to obtain meaningful exponential inequalities, which for moderate values of ¢ agree
with the classical Bernstein’s bound.

3.1. Multiplicative geometric drift condition

Observe that for any initial measure v and « € (0, 1],

Tc—1 a

o1z
k=0

Tc—1

Z Zi(f)
k=0

<

(3.1)

Yo,V p1,v

In particular, in order to bound a, b, ¢ it suffices to control the usual exponential ¥); norms of Z;igl [ Zk ()]

Let thus denote g(z) = log E,exp(2¢71|Zo(f)|*) and assume that for some c it verifies the multiplicative
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geometric drift condition from [25,26], i.e. that there exists a function V' : X — R and constants b > 0, K > 0
such that

exp(=V () P™ (exp(V))(z) < exp(—g(x) +blo(x)), (3-2)

and V(z) < K for z € C.
The drawback of the drift condition (3.2) in comparison with the usual drift criteria is that in practice its
direct verification is difficult. At the same time it turns out that it is in fact equivalent to

Tc—1 Tc—1
sup E, exp ( Z g(X,T)) =:d < oo and Ve x E, exp ( Z g(X,Z”)) < 0 (3.3)

zeC k=0 k=0

(we recall that X™ = {X]" : k € Z} is the m-skeleton of X). This follows from ([26], Thm. 2.5). Below in
Theorem 3.1 we provide a quantitative version of this fact.
Note that (3.3) implies

To—1 To—1
sup Z | Z (f)]¢ < oo and Vgex Z g(X7) < 00 (3.4)
€1 k=0 1P k=0 $1.Pa

due to the Schwarz’s inequality

E, exp ( > |Zk<f>a> < B, exp ( 3 |Zk<f>a> (3.5)
k=0 k=0

< |Ezexp (Z g(X;Zn)> E; exp <2(26_1|Zk(f)a - g(%ﬁ")))]
L k=0 k=0

< B, exp (fjm m)] < |Byexp ( 5 g(X,:">> sup exp(g(y»]
L k=0 k=0 yer

< |Egexp ( 2_: g(X,Z”)) sup E, exp ( 2_: g(X,Z”))] .
L k=0 yee k=0

Note also that if m = 1, then g(X}) = 2¢7!f(X})|* and so we do not need the additional argument above
to pass from (3.3) to (3.4).

We will now prove that the drift condition for g is of the same power as (3.3). More precisely, we have the
following.

Theorem 3.1. Conditions (3.2) and (3.3) are equivalent in the sense that
1. Whenever (3.2) holds then so does (3.3). Moreover for every x € X,

Tc—1
E, exp ( > g(X;Z”)> < exp(ble(@) + V()

k=0

and as a consequence,

Tc—1
b+ K
sup Z 1 Ze(f)* §max{1,1+—2}c.
vl k=0 $1,Pg ©8
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2. Whenever (3.3) holds, then the function g satisfies (3.2) with V(z) = log(G¢c(z, g)), where
oc
Go(x,9) = Egexp (Z g(X;Z”)> ;
k=0
and b =2logd, K =logd.

Proof. Suppose that (3.2) holds. Let F, = o(Xg", X1, ..., X;"), k = 0,1,2,..., and define the exponential
martingale

exp(V(X3")) exp(V(X7"))
M, = exp(V(X{)). 3.6
* T B (VP Een(Vxp)F) SV (39
Therefore for the stopping time 7¢ A n we have
E. M. an = exp(V(z)), forze X. (3.7)

Due to (3.2) we obtain that

(VX)) exp(V(X,))
B (exp(VIXP)IF 1) Pr(esp(V)(X/%)

(3

> exp(g(X%y) — ble(X21))

and hence

K m K
MoV =] e = o (izzlgm:"l) - blc(XZ"’1)> -

Consequently by (3.6) and (3.7) for every x € X,

(teAn)—1
E, exp ( Z g(X;T)) <exp(ble(x) +V(x)),

k=0

therefore by letting n — oo and using Fatou’s lemma we get

E, exp ( 5 g(Xm) < exp(ble () + V().

k=0
Now, by (3.5)
E, exp (c_l Z Zk(f)|a> <exp((blo(z) +V(z)+ b+ K)/2),
k=1

which via Holder’s inequality implies the second inequality of point 1.
To prove the second assertion observe that

(P"Ge)(@) = B, exp (Zg<x,:">>

k=1

= exp(—g(x))E; exp (i g(X,T)) exp (10(3:) log (Ez exp (i g(X,Z”)) >>
k=0

k=1

= exp(—g(z) + 1c(x)log (Ey exp (Z g(XIZ”)>> Gel(w,g),

k=1
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i.€.
TC
exp(—V (z))(P™ exp(V))(z) = exp (—g(x) + 1¢(z)log (Ew exp (Z 9(X1T)> )) :
k=1

From the definition of d in (3.3) we conclude that g(x) < logd for x € C' and

TC
sup E, exp g(X < d2
zeC 1

k=
Therefore
TC
sup log [ E, exp 9(Xk) < 2logd.
zeC 1
and
V(z) =log(Ge(z,9)) = g(x) <logd, forx € C.
This shows that (3.2) holds with b = 2logd and K = logd. O

Corollary 3.2. If (3.2) is satisfied then

A< max{2b+ V(z) + K, 210g2}
- 21og 2 ’
B < max{2b + 2log w(exp(V/2)) + K, 2log 2}c a
- 210g2 ’
CD< max{b+ K, log 2}
T log 2

Proof. Tt is enough to combine the estimate C*,D* < sup,ec || 210" [Z6(f)|*|lys.p., the first part of
Theorem 3.1 (integrated with respect to 7 in the case of the quantity B) observation (3.5) and the Holder
inequality. O

2. “Regular” drift condition

As we have already mentioned, the multiplicative drift condition is difficult to check. Therefore we would like
to replace it with a simpler criterion such as the usual drift condition (see [34], Sect. 14.2.1). The price to pay
is strengthening the requirements on 7¢. Namely we assume that

sup ||TCH'¢)[f’Pw < 00,
zeC

where 3 > «. Note that if 3 =1 then we are in the setting of geometric ergodicity. We would like to point out
that one can verify such integrability conditions on 7¢ by using classical drift criteria (see e.g. [34], Sect. 15.2.2)
for 8 = 1 or its modified versions presented e.g. in [14] for § < 1. In the latter reference also concentration
inequalities for bounded f were presented. Our aim now is to provide drift conditions on f, simpler than
those discussed in the previous section, which would complement the 13 integrability of 7 and yield strong
exponential inequalities in the unbounded case.

Let h(xz) = log E,exp(c™ 7| Zo(f)7), v = ﬁo‘—ﬁa (note that for m = 1 we have h(z) = ¢ 7|f(x)|7). The drift
condition we will consider is of the form: suppose there exists V : X — R, b > 0 such that

(P™V)(z) - V() < — exp(h(x)) + blo(x), (3.8)
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and V(z) < K for x € C. The usual martingale argument (see [34]) shows that for all z € X

To—1 |,y

E, Z exp ( > <b+V(zx). (3.9)
Proposition 3.3. For o € (0,1] and 8 > «, if (3.8) is satisfied, then
Tc—1
sup | Y [Zk(f)] < cicy,
zeC || 2, bo P

where ¢1 = sup,co |70y, P, C2 = c(max(h)glg’i';}() 1),

Proof. For u,v > 0 the Young’s inequality holds, i.e
@ e ]
uv® < —uf + (1 - —) vP-a
p p

Consequently
Tc—1

Z Z(f >§Emexp<( ¢y Te) (TC iczl\Zk ) >

E, exp (clo‘02

I3 To—1 B—a
< E,exp (%Z—g) exp (1—%) (Tc_l > Cz_lzk(f)>
1 k=0

Therefore by the Holder’s inequality
To—1 @ ’Tﬁ 5

c

1

Note that if ¢; = sup,c¢ H’TCHwﬁ,P$, then
B

E.exp —g <2, forzeC.
€

l
=
8
/N
@
o]
e}
/N
\]
Q
M
o
N
N
=
~—
~—
i
o}

E, exp (cl

Now we will estimate the second term. We have

E, (exp (Tél Til Cz_llzk(f)I)V) <E, eXp( max M) <E, (TCZ:I exp (%)) ; :

0<k<ro—1 ¢
k=0 =r=Te 2 k=0

Since ¢ = c(max(% 1))Y/7, (3.9) implies that

£ (5o (Z00) < (1, e (10

m‘n

N2 2

cY

k=0
and so
Tc—1 @
sup Epexp | ¢; “c3 @ Z Zy(f) <2,
zeC k=0

which completes the proof.
Basically the same idea can be used to bound A and B. We summarize the result in the following
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Theorem 3.4. Let o € (0,1], 8 > «. Whenever the drift condition (3.8) is satisfied the following inequalities

hold:
1. Let ¢y = sup,cc |Tc vy P,, 2 = c(max(%, 1), then

Tc—1
C,D < sup Z | Zi(f)] < ceo.
7€l k=0 Vo P
2. Let c3 = |10 |lysp.s ca = c(max(%’ 1), then
Tc—1
A= Z 1Zk(f)] < csca.
k=0 Yo, Px
3. Let cs = ||[1c|lypPrs C6 = (max(%, 1)Y7, then
To—1
B=|[> 1Z(f)] < e5c.
k=0 Yo Pr

If =1 then v = a/(1 — @) and the requirement on 7¢ is equivalent to geometric ergodicity. Therefore in the
simplest case of m = 1 to obtain meaningful bounds on the A, B,C,D it is enough e.g. to assume the classical
drift condition (1.2) and a pointwise bound on the function generating the additive functional.

Proposition 3.5. Let o € (0, 1]. Assume that (1.1) is satisfied with m = 1 and that for some function V: X —
[1,00) and X € (0,1), b € Ry the drift condition (1.2) holds. Set K = sup,co V(x). Assume moreover that
g: X — R satisfies

l—a
o

l9(@)| < (log V(@)

for some k >0 and set f = g—mg. Then

_ -1

A < Agrite = h—— max (log(V(w)lcc (2) + 01 = N~! + K)le(@) 1)

log = log 2
—« 1/a
log(V (z)A™1 +bA71) ! 1 .
: [(max ( log 2 1)) gy el
_ —1
B <Buss i= K max (1"%(7” + (b1 =N+ K)n(C)) 1)
& T—x log 2

1/«

[l e ) ]

1 1 1— —1 K
C,D Scdrift =K T max ( Og(b( )\) + )7 1)
— log 2

_ 1/
log(bA~L + KA~1) e 1 N
() |

Moreover

(
C))\*l))T fora>1/2,
C) !

)+i>7 _H(%)T for o < 1/2

[0

X [(ma
rlal < /{(log(bw(
- /{(lo (bn(
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and

br(C)
o

To prove the above proposition we will need the following.

Vv <

(3.10)

Lemma 3.6. Assume that (1.1) is satisfied with m = 1 and that for some function V: X — [1,00) and
A€ (0,1), b e Ry the drift condition (1.2) holds. Set K = sup,cc V(x). Then

log(V(z)1ce(x) + (b(1 = XN) 7 + K)1c(x)) 1) 1
log 2 ) log 5

b

”ﬁﬂwhan<nwx(

)

log(7V + (b(1 — \)~t + K)=(C)) 1) 1

|ﬁ7|,RT<HwX(
w log 2 log 1

log(b(1 - \)"'+ K 1
sup e < s (PECO N )
zeC log 2 log =
Proof. From Proposition 4.1. (ii) in [5] we obtain

. Vie) i 2¢C,
Bo(1 =27 < {b(l—/\)‘l—l—K if € C.

(note that due to different conventions regarding the drift condition “X in [5]” is “our (1 — A)”, moreover
“K in [5]” is trivially bounded by “our (1 — A)K + b”). This implies the lemma by integration and Holder’s
inequality. O

We will also need the following well-known lemma. Since we haven’t been able to find its proof in the literature,
we provide it for completeness.

Lemma 3.7. For any o € (0,1] and any random variables X,Y we have

a a 1/«
1X + Yy, < (IX15, +1Y15,) "

Moreover o
1\ &
X <|— X ||, -
%0 < (53) 1%
Proof. For ao = 1, the first inequality reduces to the well-known triangle inequality for || - ||,. The general case

follows easily from this special one and the identity || X ||y, = || \X|°‘||11/10‘

For the second inequality, note that by Young’s inequality for p > 1 we have |zy| < p~t|z|P + ¢~ !|y|?, where
q is the conjugate of p, and so by convexity, for any random variables X,Y,

Red > 4 X1 1 Y1
E exp (7 <p Eexp||-—— +q Eexp|( | ——— <2,
X 1Y [l X, 1Y,

which implies that || XYy, < [|X|[y,[|Y ]y, Now setting Y =1 we get

1 1/q
X < ||X .
X1, < 1x0, (7555

1

0oL

Now we again use that [|X|[3 = [[|X[*([¢,, [ X|*[ly,,. = [ X[, and apply the above estimate with p~
¢ ' =1-a (and | X|* instead of X), which gives the second inequality of the Lemma.
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Proof of Proposition 3.5. By Theorem 14.3.7. in [34] we have 7V < oco. By the drift condition (1.2) we get
7V =PV < (1 — \)7V + b (C'), which implies (3.10).

Set now V = VA~ b =bA"!. Then (1.2) is satisfied also with V,b instead of V, b resp. Using this together
with the assumption on f one easily shows that for 5 = 1 the condition (3.8) with V, b instead of V, b resp. and
c = K is also satisfied.

By the second part of Lemma 3.7 we have ||7c7g||y, < (log2)'~%||7¢||y,7|g|. Thus by the first part of the
lemma
a 1/«
To—1 To—1 1
o1zl < X 1Ze@)l| e el (gl
(log2)
k=0 Vo k=0 ®

To prove the estimates on the parameters A, B,C, D it is thus enough to use Theorem 3.4 (with f/,l; and 8 =1)
combined with the above bound and Lemma 3.6 (this lemma is applied with V,b as it does not involve the
function g).

It remains to prove the bound on n|g|. For a > 1/2 the function z + (logz)( is concave on [1,00)
(recall that by assumption V' > 1), so the bound of Proposition 3.5 follows from the assumption on g, Jensen’s
inequality and (3.10). For a < 1/2 the function z — ((1 — 2a)/a + logz)*=®)/ is concave. Thus we can write
(using the inequality (z +y)® > a® + y® for s > 1 and z,y > 0),

(1-a)/a (1-a)/a
1-2 1-—
m(log V)= < (logw) +— “) - ( a“)

l1-a)/a

and apply Jensen’s inequality to the first summand on the right hand side. The proof is again concluded
by (3.10). O

Remark 3.8. We would like to stress that drift conditions of the form (1.2) (with explicit constants or con-
stants which can be obtained from the proofs) have been verified for many models of practical interest, see
e.g. [18-20,31,42]. There is also some literature concerning models for which Theorem 3.4 can be applied with
B < 1 (see [13,14]). In such models a modified drift condition holds, which implies a bound on [|7||,,, which
can be easily combined with Theorem 3.4 to give a counterpart of Proposition 3.5. Since such a bound would
depend on the form of the drift condition we restrict our attention to the most classical case given by (1.2).

Examples. We will now provide two examples related to potential applications of our results. They will both
consider Markov chains used in the Metropolis—Hastings algorithm (on N and on R). Let us first recall briefly
the basic ideas behind this algorithm. Assume that 7 is a density of a probability measure on X', which is
only known up to a factor, i.e. only the rations m(z)/m(y) are known. Assume also that Q(,-) is a transition
function of a Markov chain on X and that Q(z,-) has density g(x,y). Then the Metropolis—Hastings algorithm
of approximating 7 relies on generating a Markov chain X, such that whenever X,, = x then one first generates
a new point y according to Q(z,-) and sets X, +1 = y or X,,41 = x with probability respectively a(z,y) and
1 — a(z,y), where

oz, y) = min (7:8;2%23, 1) if w(x)q(x,y) >0
1 if 7(z)q(z,y) =0.
One then easily checks that X, is a Markov chain admitting 7 as an invariant measure.
Example 3.9 (A sub-geometric measure on N). Consider a probability measure 7 on N (which we will identify

with the sequence of weights (m;);en). Assume that for some p < 1 we have 0 < w(i + 1) < pm(i). Let us
consider a Metropolis-Hastings algorithm, starting from 0 and such that ¢(0,1) = ¢(0,0) = 1/2 and for i > 0,
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q(iyi—1) =q(i,i + 1) = 1/2. Thus the transition function P is given by

P@i+D:W;L?,
Plii—1) =g,
for 7 > 0 and
P0,1) = 27;((10))’
P(0,0) =1 — 27;((10)).

Thus C = {0} is an atom and (1.1) is satisfied with ¢ = 1.
Consider a drift function given by V(n) = A"*! with A > 1 to be fixed later. We have for i > 0,

1 . . 1— )
PV(i) < A"+ gAZ” + TpAz+1 < (1- V(i)

for any A € (1,p~ 1) and

Moreover, we have PV (0) < (1 —p/2)A+ pA?/2. Thus the the drift condition (1.2) is satisfied with \ defined
above and b = (A — 1)/2. Note also that K = V' (0) = A. Consider now a function g: N — R such that for some
s > 0 and &,

lg(n)] < w(1+n)".

Since for & = 1/(s+ 1) we have (1 — a)/a = s and log V(n) = (1 4+ n)log A, we get

l—a

o

91 < oy (o V()

Using Proposition 3.5 we obtain for & = x/(log A)*, f = g — wg and = = 0,

XC%@4M—UQ—M*+A)Q
y [ (log(A/\_l +2 L A— 1A

log 2
s+1 1 - 1/(S+1) o
oz 2 ) * llog2) 7+ (mlgl/%) :

log(rV + (2-1(A — 1)(1 — A)~1 + A)(0) 1>
log 2 ’

A,C,D < Aavity = Caviey = R T
log 7

1
B < Bavite = R T— max (
log T—

s s+1
y [(log(ﬂ'V/\_l—l—Q_l(A—l))\_l) ~ 1 1/<s+1>1 |

s+1
= )+ G ol

Thus, using the fact that for § = 1, the r defined by (2.4) equals to 1, we get

s+1
a,¢ < 27 Cane, b < ((max{Aavin Barins )/ + B (3.11)
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The quantities 7V and 7|g| can be estimated by Proposition 3.5, however in this case they can be also
controlled just in terms of p (by comparison with the geometric distribution with probability of success equal
to 1 — p). We skip the standard details.

Example 3.10 (Densities on R which are log-concave in tails). Let us now consider the Metropolis—Hastings
algorithm of estimating an integral with respect to a probability measure on R, which is log-concave in tails
(see below for the definition). For such a measure an explicit drift condition (1.2) has been established in [31].
We remark that a generalization to measures on R?, satisfying some additional technical conditions (which can
be easily verified for spherically symmetric measures) has been obtained in [42]. For clarity of the exposition we
will stick to the one-dimensional case.

Here we will consider a special case of estimating a symmetric positive density = on R, which is log-concave
in tails, 4.e. such that there exists p > 0 and z; such that for all y > = > z;

logm(z) —logm(y) > p(y — ). (3.12)

Moreover we will assume that g(x,y) = q(x — y) for some symmetric positive density ¢ on R. In this setting
the arguments from [31] can be used to obtain an explicit form of drift function V' and constants A, b in (1.2).
We remark that the symmetry assumption on 7 can be relaxed by imposing further restrictions on ¢. Since our
purpose here is just to provide an illustration to our Proposition 3.5 (and the concentration inequalities we will
derive later), we will not consider the general case. Also, since this is just a question of scaling the measure, to
simplify slightly the formulas we will assume that p = 2.

By Lemmas 1.1. and 1.2. in [31] the chain is w-irreducible and strongly aperiodic and by the calculations in
the proof of this lemma any compact set C' is a small set (i.e. it satisfies (1.1)), with m = 1 and

5 = n(c)yMayecaly — ) (3.13)
Sup,ec ()

(with the measure v = 7(-|C)). We will now set C = [—*,2*] for some z* > z;. By arguments used in the
proof of Theorem 3.2. in [31] one can easily obtain that (1.2) is satisfied with

V(z) =exp(|z| + 1),

*

A= /Om q(2)(1 —e #)%dz — 2 /00 q(z)dz, (3.14)

*

b= (1 + 2/ q(z)dz + 26‘”*/ q(z)dz> e.
T* 0

We remark that in [31] the authors considered drift functions of the form x — exp(ul|z|) for 0 < p < p (recall
that we consider the case p = 2). Our modification (the choice of y = 1 and multiplication by e) aims at
simplifying the formulas we are about to obtain from Proposition 3.5.

Note that for * sufficiently large A > 0, moreover for every z*, b < co. Note also that for a specific choice
of ¢, the values of \,b can be estimated or computed (as is the case e.g. for q(z) = 27! exp(—|z|), a choice
which is very convenient for simulations due to explicit formulas on the distribution function of the one sided
exponential distribution).

Assume now that g: R — R is a function of polynomial growth, more specifically that for some constants
s > 0 and &,

lg(2)| < K (1 + [z])°. (3.15)
Since for a = 1/(s+ 1) we have (1 — a)/a = s and log V(z) = (1 + |z|), we get

l1—a
@

l9(@)| < (log V(x))
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Finally set f = g — mg. Then by Proposition 3.5 we obtain that for & = 1/(s + 1), and the chain starting
from z = 0,

1 log(b(1— X))~ 4 e H1
A <Aarits = K I o8 (b( et )

log T—x 10g2
log(eA™t +bA71) F1 1 1/(s41) SH
- S
< | (D) T+ g e |
1 log(aV +b(1 —A)~! e H!
B <Bu:itt = K T og(mV +b( ) te )
log = log 2
log(rV A1 + A1) 71 1 e ]
S
| (P T e (el |
1 log(b(l —A)~' e *!
C,D <Caitt = K T U 1) 5 )
T— 0g

. s s+1
log(bA™! +e® FIA71) =1 1 .
X T logayrerm (rleD T
log 2 (log2)

We also get an estimate on 7|g| and 7V, namely

K (log(bW(C))\*l))S for s <1,
el < {/@ (log(bm(C)A™Y) + (s — 1))3 —(s—1)* fors>1.
and
7V < br(C)ATL.
Now Proposition 2.2 together with the inequality Aqyige < Carige imply

] ( ) s+1

(0]

a,c <(2r)° ' Canite < K Qgiié Carift (3.16)
log(5%5)

i s+1
1 4 ST
b <r°t (maX{Bdrift,Cdrift}ﬂﬂ + Cdiﬁ)

- log('z—i;) SH( (B c }% +Cs}r1)s+1
K max rift, ri s ri 5
> log(ﬁé) drift, Ldrift drift

where r is defined by (2.4).

Note that the values of the parameters appearing in the above estimates are directly computable from (3.14),
the only exception being ¢ (given by (3.13)), the estimation of which may require some additional knowledge
concerning the density 7 (other than the ratios of m(x)/7(y) for z,y € R). Note also that the parameter A
improves (increases) as we increase x*, contrary to the parameters b and §. This leaves some room for rather
nontrivial optimization in x*, which however would be specific to a given form of 7 and q.

4. THE MAIN TOOL. EXPONENTIAL INEQUALITIES IN THE INDEPENDENT CASE

In this section we develop some inequalities for sums of independent (or one-dependent) unbounded random
variables, which we will later combine with the renewal approach to obtain results for Markov chains. Let
us remark that there is a vast literature on concentration inequalities for sums of i.i.d. unbounded random
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variables with finite 1, norms for o < 1 (see in particular a series of papers by Borovkov [7,8]). However, the
tail inequalities, provided by those estimates quite often involve constants depending on the distribution of the
underlying sequence, or when the constants depend only on «, also the constant in front of the sub-gaussian
coefficient is not universal (see e.g. inequality (1.4.) in [33] and note that it cannot hold with ¢; being a universal
constant multiplied by the variance and ¢z ~ [| X[y, , as is witnessed e.g. by considering symmetric variables
with P(X; =+1)=1/nand P(X; =0) =1-2/n,i=1,...,n, n — 00). For this reason, while such inequalities
often perform better than ours for very large ¢, they are not well suited for the applications we have in mind.
We do believe that inequalities which would work in our framework could be obtained by following the proofs
from the aforementioned papers, but since the arguments we really need reduce to truncation and Bernstein
type bounds on the Laplace transform, we prefer to provide complete proofs. Let us also stress that the results
of this section are developed solely as technical tools for proving the corresponding results in the Markov chain
setting and we do not claim any novelty of the methods we use.

The first lemma will let us truncate the variables and reduce the problem to well-known inequalities for
bounded summands. Contrary to the approach in [1] at this point we do not need Talagrand’s inequalities and
thus we are able to obtain explicit constants (this happens at the cost of weakening the generality of the result in
the independent case, but improves the inequalities which are then applied to Markov chains). To avoid formal
problems below we adopt the convention “logn := log(n V e)”.

Lemma 4.1. Let &, ..., -1 be i.i.d. random variables such that Eexp(c™|&|%) < 2 for some o € (0,1]. Let
M = c¢(3a"2logn)V* and Y; = &g, ;s n. Then for any 0 < X < 1/(21/%c),

n—1
Eem( > (Vi +EWi)* ) < exp(8).

=0
Proof. Note that by independence
n—1 n
Eexp< v+ (Ema)) = exp (A (Bléo[Ligyi>00)” ) (Eexp(A o T oar)) - (A1)
=0
By Markov’s inequality

P(go| > 1) < o LaEexp<£Z|a> Dot (4.2)

‘We thus obtain that

EI6i[1e, o0 = / P(&[Lie,oar > D)t = MP(&] > M) + /M P(&| > t)dt
0
< 2Me +2/ e e dt. (4.3)
M

To bound the last term in (4.3) we need the following lemma.

(o] ta o
/ exp <——> dtSMe*Jg_‘*.
M c

Proof. The change of variables s = t*/¢® implies that

o t& C o0 1
e «<odt = — sateT*ds.
M o Mo

Lemma 4.2. If M > 2l/en=%c then
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Then again by the change of variables we deduce that

19
X i c _wmo [ /M = s
e dt=—e ™ — +s e “ds.
M o 0 c

Using the inequality 1 + z < exp(z) we have

/Ao %_1 leoc o) et %—1
- *Sd — 1 . 7sd <
f Gee) emaom G [ (egme) s
M-« o] 1 & M-« 1 e —1
=y eXp<‘8(1‘<a‘1> W))ds: (“(a”) M—> |

Since by assumption M*/c® > 2/, the right hand side above is bounded by M«/c and thus

o0 toc «
/ exp (——) dt < M exp (—M—> . O

Plugging the estimate from Lemma 4.2 into (4.3) we conclude that

exp ()\a (E|§O|1‘50‘>M)a) < exp ()\a {4Mefﬂfi‘j}a> .

By definition M = c(3a~2logn)'/* > ¢(2a~2?logn 4+ a~2)Y/*, therefore

1 - 41
exp (nA” (Eléo| gy > ar)*) < exp (3 : 4%)\%“04—2“2%2 e 1) < exp (3 : 4“”623%) ,

where we used the fact that sup,¢ g1y @ % exp(—a~') = 4/e?. Since e > 7, we see that whenever A\*c* <1/2,
we have

exp (nA%(E[€o| g, >m)*) < exp(4). (4.4)

Now we proceed to the estimate on E exp(A*[&o]*1j¢y>)-
There is the following representation

> 1
Eexp (A*[&[* Ly sar) = 1 +/ P (160[Ligyi>ar > A~ log¥ ) d.
1

Let tg = exp(A*M®), i.e. M = A~} log% to. Observe that one can split the integral bound into two terms

(oo} (oo}
/ P(|€0[1j¢y > > A log= £))dt = (to — 1)P(|&]| > M) +/ P(|&| > A log® t)dt.
1 to
Applying (4.2) again we obtain that

oo

- M —a —«a
/ P (‘5°|1\fo\>M > A llogs t) dt < 2tge = +2/ AT gy
1

to

Y AT qonmece

= 2loe AT e |
Since tg = exp(A*M %) we have toe~ o = 727" and thus we conclude that whenever ¢ < 1,

EGXP(/\ ‘§0| 1|§o|>M)S1+m€XP —(1_/\ c )C—O‘ :
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Thus requiring that A*c® < 1/2 we guarantee that
«@ «@ 7%
Eexp()\ |§0‘ 1\50\>M) <1+44e 2.

Since M > ¢(21log n)é we deduce
4
E exp(A*[&o|"Ligo)>m) < 14 —

This gives
4 n
©ep(l6nf Lgroan))" < (145 ) < expla) (45)
which together with (4.1) and (4.4) ends the proof. O
Lemma 4.3. Let &,...,&,—1 be i.i.d. mean zero random variables such that |§;| < M fori € {0,...,n — 1},
with variance o and let T < n be a stopping time (with respect to some filtration F; D o (&, . ..,&—1) such that
& is independent of F;). Then for every a >0, € € (0,1) and

3 Ve ) , (4.6)

A < min <2M(1 +e) 1 +e)a /(T —a)sllw

T
Ma(l 2
Eexp ( AZ&'—l > < i/ (142) gy < a(l+e)o >
i=1

21 = M1+e)M/3)
Proof. Let us consider the martingale

we have

exp ()\(1 +o) ok, &;1)
My, = B
(Eexp(A(1 +¢)&))

By Doob’s theorem EM7 = 1 and thus by the Holder’s inequality

T T
e (AZ@”) SR (A Zﬁ“) (Bexp (A1 +)@)™ /09 (Bexp(A(1 + )6))T/(1+9

i=1 i=1

< (EMp)"/+9) (B(Eexp(A(1 +£)%))"/ E)E/(HE)

B (E(E exp(A(l + e)go))T/e)E/(“E).

The classical Bernstein bound (e.g. [9]) gives

Eexp (M1 +¢€)&) < exp ( X1 +e)’o” )

21 — A(1 + €)M/3)

and thus

N2(1+¢)202T o)
E exp(\ Z:&fl) < (E exp <23(1 - A1+ €)M/3)>>

N (1+¢€)o%a A2(1+ €)20%(T — a) e/(1+e)
o <2<1 — AL+ e)M/3)> (Eexp ( 2e(1— A1+ e)M/SJ)r>> '
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Thus if
3 M2 5T —a) ]y
A< -1+ \/ 1+ - 4.7
=M1+ <9||<T—a>+||¢102 ( M7 *7)
then the inequality in question holds. Note that (4.6) implies (4.7) (one can also directly see that (4.6) implies
the assertion of the lemma). O

The next proposition gives a bound on the tail of sums of independent or one-dependent random variables
with finite 1, norms. This second part may seem to be formulated in a somewhat artificial way, however when
dealing with the Markov case this formulation will help us introduce the asymptotic variance of the additive
functional to the inequalities.

Proposition 4.4.
2

(i) Let &o,...,&n—1 be a one-dependent sequence of mean zero, variance o random variables, such that
Eexp(c?|&]®) < 2 and let m be a positive integer. Let M = c¢(3a~2log(n/m))Y/ <, then for any t >0,

_ o t2
P sup >t <28 2™ + 4 exp ( ) .
k<n/m

- 32([n/(2m)]o? + Mt/6)
(ii) Assume additionally that the variables & are independent and let N be a stopping time (wrt some filtration
Fi D o(&,. .., 1) such that & is independent of F;) such that N < n. Let M = c¢(3a~2logn)Y/. Then
for any € € (0,1), a > 0 and p,q > 0 such that p~! + ¢! = 1, we have for all t > 0,

N G701k 212
P i1l >t] < T2 24T € - s
igg 1)t " exp( 2((1 + €)ao? +u‘1tq‘1)>

k

Zfz’—l

i=1

where

- 3 Ve .
m= AM(1+¢)" (1+e)oy/[[(N = a)t [l

Proof. First observe that the case of one-dependent random variables can be easily transformed to the question
of independent ones. Indeed it suffices to split the sum into odd and even part, namely we use

P| sup >t <P| sup Z£2i12i<k >t/2|+P | sup
k<n/m k<n/m k<n/m

i=0
Then decompose with respect to M, i.e. let & = &§1lj¢,|>m + &ilje; )< and denote

k

D i

i=1

o0
E &oit1loiri<k

=0

> t/2> . (48)

Yi=&ligsm —ESilig s, Zi = &ilje < — B&iljg, <

This results in the following inequality

(oo}
P| sup Z§2i12i<k >t/2| <P | sup >t/4|+P | sup
k<n/m k<n/m k<n/m

i=0
We use the usual Laplace transform argument on each of the summands. We have by Markov’s and triangle
inequalities (recall that o € (0,1], so |z + y|* < |z|* + |y|¥),

P ( SUI/) Zyzilmdc > t/4> < e M/ Eexp (Aaz Yzial2z'<(n—1)/m> :
k<n/m

=0 =0

[ee)
Z Zailoick

=0

oo
ZY%lsz

=0

> t/4> . (4.9)
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By Lemma 4.1, for A < 1/(2%%¢),

Eexp (AD‘ > |Y2i|a12i<(n—1)/m> < exp(8),
i=0

which gives

et

o0 «
3 I

A e o
e ™ Eexp| A
i=0

This shows that the unbounded part of the sum is well concentrated.
Let us now pass to the bounded part. Similarly as before, we have for all g > 0

o0
P ( sup ZZZi12i<k > )
k<n/m

i=0
where we have used Doob’s maximal inequality [39] together with the fact that the sequence Mj =
exp(fi] Yoo Zailai<k|) is a submartingale.
Since |Zy| < 2M, we can now use the classical Bernstein bound (again see [9]) to get for 0 < i < 3/(2M),

) e (M) |

(o]
Z Z2il2i<(n—1)/m
i—0

> t/4> < e PR exp (/?L

Z Z2iloic(n—1)/m

s 2(1—2Mp/3)

Eexp (ﬁ

optimizing in g > 0 we deduce that

o t2
I’QiﬁnE:Z““Kk>t“>SQ“®<}3mﬁw@mﬂﬁ+4www)'

i=0
Combining this inequality with the previous estimate on the unbounded part gives

0 2
e t
P( sup E Eailoi<k| > t/2> < el " +2exp( )
k<n/m

= 32([n/(2m)]o? + Mt/6)
Using an analogous argument for P(supy,,, m | D= &2i+112i41<k| > t/2) and then (4.8) we finally derive the
inequality asserted in part (i) of the proposition.
Let us now consider part (ii). We will use the above notation with obvious modifications, which we will not
state explicitly (the difference stems from the fact that now there is no need to split the sum into the “odd”
and “even” parts). Instead of the symmetric split we apply any p,q > 1 such that p~! + ¢~! = 1 and then

P(} >t>§P<§:Yi_1 >p_1t>+P<'

N N
E gi—l E Zi_1
i=1 i=1 i=1

The unbounded part can be handled in the same way as for part (i). As for the bounded part, from Lemma 4.3,
for any a > 0, e € (0,1) and

> q_1t> . (4.10)

= min 5 ve
pEms (MﬂLmYﬂ+@U MN—MAM>’

< lte/(1+e) exp </ﬂa(1 + 5)?2> .
201 = ppy )

we get




466 R. ADAMCZAK AND W. BEDNORZ

Thus
S exp (u g:Zi,l ) < =@ utgle/(14¢) exp (‘21(1 +5)/~L222> ’
i=1 (1 — Ky )
from which we deduce like in Bernstein’s inequality (setting p = ¢~ 't/((1 4 €)ao? + uy g~ 't))
N -1 Lte/(1+e) q %
P ( ;Zi,l >q t) < 91+e/(14+9) o (-2((1 sy Mfltq1)> ;
which ends the proof of part (ii). O

Remark 4.5. We note that modifying the martingale argument in part (i) of Proposition 4.4 one can show a
similar inequality under the assumptions of part (i).

Let us now pass to corresponding results in the case of suprema of empirical processes. We will consider a
countable class F of functions f: X — R (countability is important only for measurability purposes and clearly
can be relaxed). Let F'(z) = sup ¢ r [f(x)| be the envelope of 7. Our goal will be to obtain exponential bounds
for P(S% > (14 ¢)ESF + t), where

n

Zf(&q)

i=1

Sy =

= sup
fer

> F&io)
=1

f
and

k
> f&io)

i=1

S% = max sup
ksn fer

(& are independent random variables).
Our main tool will be the following version of Talagrand’s inequality, obtained by Klein and Rio [22] in the
case of bounded summands.

Theorem 4.6. Let &, ...,&—1 be i.i.d. random variables and assume that F is a countable class of functions
with an envelope F, such that Ef (&) =0 for all f € F and |F(&)| < M a.s. Then for any A < 2/(3M),

(2MES + no?)\?
<
Eexp(AS) < exp ()\ES + 5 3N ,

where 02 = SUpfer Ef(&)2.

Similarly as in [15] (formula (3.2)) by using the fact that exp(supy | Zle f(&—1)|) is a submartingale, Doob’s
maximal inequality and Bernstein’s approach we obtain the following.

Corollary 4.7. In the setting of Theorem 4.6, for anyt > 0,

P(5F > ESr +1) < exp (  202n+ (4ESr + 3t)M)

and as a consequence for any e > 0,

2

t
2(1+¢ MDS)’

where D. = (14 ¢&71)(3 + 47 1).
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Remark 4.8. Two important aspects of the above inequalities are that the subgaussian behavior of the tail
estimate for small ¢ is governed by the weak-variance o2 and that the parameter € can be taken arbitrarily small,
which shows in particular that for Donsker classes F the concentration properties of the empirical process are
almost as good as for the limiting Gaussian process.

We remark that there are other recent inequalities for suprema of empirical processes, which take into account
some other parameters of the process than we consider here and also assume some additional knowledge on the
so called bracketing numbers of the class F (see e.g. [45], where the weak variance is replaced by a Bernstein
type upper bound for moments of individual functions f). In concrete applications their advantage is that they
provide also an upper bound on ESx, however at the same time they are not as general as Talagrand’s inequality.
Our “philosophy” here is that we would like to separate two aspects of the study of empirical processes, i.e.
bounds on the expectation (which are intimately related to concentration properties for individual functions f
and are usually obtained via chaining methods) and concentration for the supremum (which we would like to
express, at least at the subgaussian level, via the weak variance of the process). This is also the reason why we
prefer to introduce the additional parameter € into the inequalities, since then the right estimate on probability
does not involve the expectation of the supremum any more and in particular the growth with n of the exponents
becomes explicit (note that while the expectation is always of the order at most O(n), in typical situations,
i.e. under some additional geometric assumptions, it is smaller). To the best of our knowledge eliminating the
factor (1 + ¢€) in front of ESz, without introducing additional parameters (i.e. other than o2 and M) to the
probability bound remains an open problem.

Our next goal is to give tools, which will allow to prove similar inequalities for suprema of additive functionals
of Markov chains. Combining Corollary 4.7 with Lemma 4.1 we obtain

Proposition 4.9. Consider i.i.d. random wvariables &g, ...,&,—1 and assume that F is a countable class of
functions with an envelope F, such that Ef(&) = 0 for all f € F and Eexp(c “F (&)%) < 2. Let M =
c(3a2logn)/* and o? = sup e Ef(€0)?. Then for any e € (0,1/2) and t > 0,

(1 — 2¢)2t? t(1—2¢)
P(Sr 2 (L+e)ESF +1) <exp < W) teexp (_ M1 +e D3+ 45—1)>

+ 8 exp <— (t) > .
2c
Proof. For f € F, define the functions fi(z) = f(2)1p@u)<m — Ef (&)1 re)<ms fo(z) = f(z) — fi(z) =
F(@) Y p@)sm — Ef (o) reo)>m- Let Fi = {fi: f € F},i=1,2. Clearly S% < S% + S%,, and thus
P(S:> (14¢)ESr+1t) <P(S% > (1+e)ESr + (1 —e)t) + P(S%, > et).

‘We have
SF, <Z( (1)L py>m +EF(E-1)1pe 1>‘>M>

and so by Lemma 4.1 and Chebyshev’s inequality we get

et)

P(S}, > et) < eBe 7, (4.11)

Let us note that without loss of generality we can assume that ¢ > 16Me~! (otherwise the right hand side of
the inequality in question exceeds one). Therefore

(1 + €)ES_7: > (1 + €)ES_7:1 —2ESg, > (1 + €)ES_7:1 — 4nEF(§O)1F(§D)>M
> (14e)ESF —16Mnexp(—M/c*) > (1 +e)ESF, — 16M
> (1+e)ESF —¢t

where the third inequality follows from Lemma 4.2.
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Taking into account that for every f € F, ||fillcc <2M and Ef1(£)? < Ef(£)?, we get by Corollary 4.7,
P(S% > (1+e)ESr+ (1 —e)t) <P(SE > (1+¢)ESF, + (1 —2¢)t)
< oxn [ — (1 — 2e)¢? bex (1 —2e)
=P To1 ¥ o)no? P\"emp. )
which ends the proof of the proposition. O

5. EXPONENTIAL CONCENTRATION FOR ADDITIVE FUNCTIONALS OF MARKOV CHAINS

In this section we will prove tail estimates for Markov chains expressed in terms of quantities introduced in
Section 2.

5.1. Additive functionals

We will start from the most general of our inequalities and later we will add assumptions under which we
are able to improve some aspects of the estimates.

The inequalities we present are expressed in terms of the parameters a, b, c introduced in Section 2, for-
mula (2.3). Our discussion in Section 2 shows that there exist bounds on a, b, ¢ in terms of A, B,C, D (Prop. 2.2),
which in turn can be estimated via drift conditions (Thms. 3.1, 3.4). We do not plug the most general version
of those inequalities into our tail estimates so as not to obscure the already quite involved formulas. At the end
of the section we will do this only in the case of geometrically ergodic Markov chains to obtain Theorem 1.1
from the Introduction with explicit formulas for the parameters involved.

Recall that 7* is the split of the measure 7.

Theorem 5.1. Let o € (0,1]. Let X be an ergodic Markov chain and X™ its m-skeleton used in the split
chain construction. Assume for simplicity that m|n and let f: X — R be an arbitrary function for which the
parameters a, b, c defined in (2.3) are finite and such that B f = 0. Set M = c(3a~2log(n/m))"/*. Then the
following inequality holds for all t > 0,

n—-1 o e o
P, ( ; F(X)| > 3t> <2exp <—%> + 27 (0) " exp ( = lt)—a) + 2% exp <—2(ic)a>

t2
4 — .
+450 (oo B
where a, b, c have been defined by formula (2.3) and 0? = Es3.

Proof. We have introduced all necessary tools to prove the exponential concentration. By the construction of
the split chain,

P, ( 2 FX)| > 3t> =P, ( 2 FX)| > 3t> .

In (2.1) we have decomposed Z?:_Ol f(X;) into three summands

n—1

> F(Xk)

k=0

S Un(f) + Vil f) + Walf),

therefore to complete our proof it suffices to bound

P, (|Un| > 1), Pue(|Vi| > 1), Pux(

Wh| > t).
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For simplicity we have assumed that m|n, then all the quantities can be expressed in terms of Zi(f), k > 0,

namely
min(o,n/m—1)

N o(N)
U f)=| Y. Zu(H)]s Valf) =D sicr, Walf)=[Ins0 Y Zk(f)|-
=1

k=0 k=n/m

To bound the first term note that

P,

Un(f)] > ) < 2exp <_;_Z) (5.1)

where a = || 327 [Zc(f)|ll4, p,. - Estimating W,,(f) is more involved. Recall that § = C' x {1} is an atom
of the split chain and 79 = inf{k > 0: (X;",Y)) € 6}. By Pitman’s occupation measure formula ([37,38], see
also [34], Thm. 10.0.1) we get

S To « a(0)
> Egexp (b‘“ > Zu(f) ) Lryst = 7°(0) " Ereexp [ b3 Zi(f)| |,
=1 k=l k=0
and it follows that
B n/m B B B T
P (Wa(f) > 1) <D Poe (X)), €0)Py ( S Zu(f)|>t&To > z)
1=1 k=l

n/m - - o Ty @
< Z P, (Xg;m—l € e)eibTEg(lTeZleXp (ba ZZk(f) >

1=1 k=l

N a(0) “
D m — e _x g\ —1 —a

= L<rln<a§me*( nfm=1 S 9)} et (0) Eneexp | b I;)\Zk(f)\

Obviously

{ max Pﬂf*(‘)—(:zn}mfl € 9)] <1,
1<Ii<n/m

but we stress here that lim, . P« (X':L"/’mfl € 0) = 7*(0), so the bound usually can be much better if we wait
for ergodicity to be observed. However in the general case the above argument shows that

[0}

o(0)
P (Wa(f) > 1) < e o |a*(6) ' Epeexp [ b7 | Y |Z(/)] :
k=0
so due to the definition of b it yields
P (Wn(f) > ) < 277 (6) Lo~ bv. (5.2)

Finally we should give a bound on P, (V,, > t), yet this is exactly the setting of our main tool. If we set
& = s; and
c=llsi(Hlly.p =c

then Proposition 4.4 gives

P, (

& t2
1> t) < 2e8eT 2@ 44 - ,
Val >0 <2600 o000 gy )

where 02 = Es?. d
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One of important features of the classical Bernstein’s inequality is that for small ¢ (i.e. ¢ < n) it provides a
subgaussian tail estimate with the subgaussian coefficients given by the variance of the i.i.d. summands. Thus
it shows that for some range of ¢ the tail estimate is almost as good as for the limiting Gaussian variable.

Note that for m > 1 the subgaussian coefficients from Theorem 5.1 differs from the asymptotic variance
(i.e. the variance of the limiting Gaussian distribution), which as is well known (see e.g. [34], Formula (17.32))
is equal to 7 (0)m 1 (Eso(f)? + 2Eso(f)s1(f)). Moreover also in the case m = 1, the subgaussian coefficients
remains bounded away from the asymptotic variance, which in this case is equal to 7*(6)Esq(f)?2.

We would now like to provide an estimate for additive functionals with the subgaussian coefficients arbitrarily
close to 7 (6)Esq(f)?. To achieve this we will have to make additional assumptions concerning the Markov chain.
Namely, we will assume that it is geometrically ergodic, i.e. that ||o(0)+1||y,.p,. = [|o(1) = (0)|ly, < oo (recall
that v is the minorizing measure used in the splitting construction) and that m = 1 (i.e. the chain is strongly
aperiodic).

Our proof will rely on the second part of Proposition 4.4. In order to use it we will first show that the stopping
time N does not deviate much from n7* (). The following result is classical and can be found e.g. in [9].

Lemma 5.2 (Bernstein’s ¢ inequality). If &o,...,&,—1 are independent mean zero random variables such that

€illw, < ¢, then for allt >0,
n—1 2
t
P >t < - -
(25 ) > ‘exp( 4n62+2ct>

Before we formulate the next lemma, let us introduce one more parameter, which quantifies geometric ergod-
icity of the chain. Namely, define

d = o(1) = a(0)[ly, = [lo(0) + Ly, p,. <00 (5.3)

(note that this definition does not depend on the initial distribution of the chain).
As is well-known geometric ergodicity is equivalent to finiteness of d, which can be effectively bounded by
using classical drift conditions (see e.g. [34], Sect. 15.1.3, [5]). More precisely we have the following.

Proposition 5.3. If the chain satisfies (1.1) with m = 1 and the drift condition (1.2), then

-1
d < 2r max <log(b(1 AP+ K) 1) 1 :
10g2 IOg —
<y log(5%5) - (log(b(l—)\)_l +K) 1) 1
- log(ffé) log 2 ") log ﬁ’

where r is defined by (2.4).

Proof. The proposition follows from the third estimate in Lemma 3.6 and the bound on ¢ given in Proposition 2.2
applied to o = 1 and the function f = 1. g

Recall the stopping time N defined in (2.2) and note that by the law of large numbers, for n > 1 it should
behave like 7*(0)n. The next lemma quantifies this intuition and gives a bound on deviations of N.

Lemma 5.4. Assume that m = 1 and the Markov chain is geometrically ergodic. Then for any ¢ € (0,1) and
every integer k > m* (6)n(1l +¢),

_ k—7m*(0)n
P (N > k) < exp (_367r*(9)—2d?€‘1> .

As a consequence,
I(N = (14 &) O)n) ||y, p.. < 1447°(6)°d% "
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t T; = o(i) —o(i — 1) for ¢ > 1 and note that T; are i.i.d. random variables with common mean
ET; = 7*(0)~! < d. We have ||T; — ET;||y, < 2d. Thus for every integer k = 7*(0)n(1 +e +1t), t > 0,

k
P, (N > k) =P (o(k) <n—1) <P, (ZTZ- <n—1>
i=1
(T -7 0) ) <n-1- w*(@)_1k>
k
M (T =7 (0)7") < —n(e+1t) - 1>

- B n?(e +1t)?
=P\ 16@2r @)n(1l+e+ 1)+ d(e + )nd )’

where we used Lemma 5.2.
Taking into account that 7*(0)d > 1 and (e +t+1)/(e +t) < 2/e, this yields

P T (6)n — 7 (f)n
o> 0) <o (- i) = (e )

Thus for Z = (N — (1 +¢&)m*(0)n)+ and a = 367*(0)?d?c ", we have

Z Rl
Eexp (—) =1 +/ e'P,(Z > 2at)dt
2a 0

1/(2a) oo
=1+ / e'dt + / exp(t — (2at — 1)/a)dt
0 1/(2a)
:el/(2a) +el/ae—1/(2a) _ 261/(2(1,) < 47

which proves the Lemma. O

Repeating the proof of Theorem 5.1 and using the second part of Proposition 4.4 instead of the first one,
together with the above Lemma 5.4, we get the following theorem. Note that by playing with the parameters
p, € we can now make the subgaussian coefficient arbitrarily close to the optimal one (given by the CLT) at the
cost of worsening the remaining constants.

Theorem 5.5. Let o € (0,1]. Let X be a strongly aperiodic, geometrically ergodic Markov chain. Let f: X — R
be a function for which the parameters a, b, c, defined in (2.3) are finite and such that E.f = 0. Let p,q > 1
satisfy p~t +q =1 and e € (0,1). Then the following inequality holds for all t > 0,

n—1 4 - B (tpfl)a o . o B (tpfl)oc
Px<;f(Xz) >t> <2 p( @) )+2 () p( 2b)° )

—1,—15\« —442
8 (r~"q't) 1+e/(1+e) q 7t
W 4 2 _
e exp < 2¢c« ) * 2((1 +e)o2n+ M(e)tqg=2) )’

where
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and

4e(3a2logn) V(1 127%(9)d(1
M) = e 20201+ 120010 4 ),
3 €
By combining the above theorem with our previous estimates for the parameters a, b, c,d we obtain.

Theorem 5.6. Assume that {X,,}n>0 is a Harris recurrent strongly aperiodic Markov chain on the space (X, B)
admitting a unique stationary measure w. Assume furthermore that conditions (1.1) with m =1 and (1.2) are
satisfied. Let finally s > 0 and consider an arbitrary measurable function g: X — R such that

9@ < r(log(V()))"

for some k > 0. Set « =1/(s+1). Then for every x € X, n € (0,1] and t > 0,

P, (gg(Xi) — gl > t) < 2exp ( ((25 )) ) +2m*(0) " exp (—(;’;’Q;) (5.4)
+etexp (‘%) 2 e  —g a2n M) ))
where
o = (0)Eso(g — 79)° (5.5)
i Y 000 (gx,) - g+ 23 Bulg(Xo) — mg)(g(X0) — 79)
=
and

- -2 l/a *
M(n) = (1+7)*/* max (4‘3(3@ logn)'/® 297 <9>d0> .

3 ’ n

and the numbers a, b, c,d satisfy

2=

a<rl ( max{ Adrife, Carite })* + Cdrlft) )

o~

I /\

rt/ 0‘( max{Barife, Carite })* + Cgrift) .
c < (2r)Y“Cayite,

-1
. (log(b(l A) +K)’1> 1

log 2 log ﬁ

d<2rm

9

where

r <

log(5%5)
- log(%

)

1s the unique solution to the equation

21/7"61—1/7" _|_ 21+1/T(1 _ 6)1—1/7" — 27 (56)
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-~ 1 log(V(2)lce(z) + (b(1 = N) ' + K)lc(x))
Adrits = K Tog ﬁ max ( oz 2 ,1)
-1 -1 1-a Ve
. 1 N log(7V + (b(1 — X))~ + K)=(C))
Bdrlft = IOg ﬁ < 10g2 ) 1>

X

log(V AL +oA-1) \)' 1 e
<max( 10g2 ,1>> +W(W‘g‘/ﬁ) ] )
1

N (log(b(l - N +K) 7 1)

Carife = Klog 1+ log 2
—a 1/a
log(bA~1 + KA~ 1) ! 1
1 _— « .
: Kmax( log 2 ’ - (log2)t—= (rlal/x)

Moreover s

m(log(bw(C))ﬁU) for s <1,

7lg| < s

m(log(bﬂ'(C))\_l) +s5— 1) —kr(s—1)% fors>1.

and

TV < br(C)AL.

Proof of Theorem 5.6. One simply uses Theorem 5.5 with f = g — 7g and ¢* = 1 + ¢ = /T + 1 and performs
some elementary calculations to obtain the dependence on 7 in the inequalities. To bound the parameters a, b, c
as well as 7V, 7r|g| one uses Propositions 2.2, whereas the bound on d follows from Proposition 5.3.

The second and third equality in (1.4) is a well-known fact concerning the asymptotic variance (see e.g. [11],
Sect. II-3). O

Example continued. The above bounds apply in particular to the algorithmic examples discussed in
Section 3.2, where we estimated all the parameters except for d (for functions of polynomial growth), which
however can be directly estimated by Proposition 5.3. We remark that the constants obtained in these examples,
even in the simplest cases (e.g. for the geometric distribution with parameter 1/2 or for the Gaussian density
and exponential proposal) are rather bad. In the example with the geometric distribution, the value of parame-
ters are for s = 1 of the order 103, in the continuous example there are much worse, since they are additionally
multiplied by the factor corresponding to §. It is of practical interest to derive bounds with a better dependence
on § and «, however we are not aware of any previous results which would give exponential inequalities with
any explicit constants.

Let us also mention that the parameter o, which as we already explained in the Introduction, is important
from the theoretical point of view, in practical situations is unknown and has to be estimated in terms of the
drift. One approach would be to use the bound

Iso(H)ll2 < 207 20(2/a) 2 |lso ()l v, = 20721 (2/a) e, (5.7)

where I is the Euler function, which follows easily from integration by parts and combine it with estimates on ¢
from Theorem 5.6. This approach has however the disadvantage that the bound is bad for a small. Some other
estimates, for functions bounded by some small power of V' are given in [27]. Their advantage stems from the
fact that they do not go through the 1, norm and thus do not involve dependence on «. On the other hand the
dependence on V' is not logarithmic like in our case, but polynomial (which is optimal under the assumptions
of [27]).
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Proof of Theorem 1.1. All the parameters of the inequality from Theorem 5.6 are bounded in terms of the drift
and §, the only exception being o and 7*(0)~* = E,«0(0) + 1 < d and M (which depends on d and o). Thus
the theorem follows from Proposition 5.3 and (5.7). O

5.2. Empirical processes

In this section we present estimates for empirical processes of geometrically ergodic Markov chains. The
interest in this type of random variables stems from their wide applicability in statistics and machine learning
theory, e.g. model selection, M-estimation or other statistical methods based on minimization of some empirical
criteria.

We want to obtain concentration inequalities for chains started from arbitrary initial conditions, so in addition
to the parameter d we will introduce its counterpart, measuring how quickly the chain regenerates for a given
starting point

e=[10(0)yp,.-

We will need this parameter since in the empirical process case we are not able to use the martingale argument
of the second part of Proposition 4.4 and so to obtain the inequalities with the subgaussian term close to the
optimal one, we will have to consider separately the case of large and small V.

We remark that e can be bounded from above similarly as the parameter d, namely we have

Proposition 5.7. If the chain satisfies (1.1) with m = 1 and the drift condition (1.2), then

o o (s (1B @) Loc () + (b1 = N7+ K)le(r)) loa(b(1 — N~ + K) 1
= ( ( log 2 ’ log 2 ’1) * 1) log 1

)

where r is given by equation (2.4).

Proof. The proposition follows from the first and third estimate in Lemma 3.6 and the bound on a given in
Proposition 2.2 applied to @ = 1 and the function f = 1. d

Our main result concerning empirical processes of Markov chains is the following.

Theorem 5.8. Let X be a strongly aperiodic geometrically ergodic Markov chain. Let F be a countable class of
m-centered functions f: X — R with an envelope F and assume that for some o € (0,1] the parameters a, b, c
for the function F are finite.

Denote
n—1
Z = sup

F(X3)].

Let € € (0,1/2) and denote M = c(3a=2log(n))Y/* and

o? = 7*(0) sup Esq(f)>.
feF

Then

P,- (Z > (1+7)EZ + t) < exp ( _ (-2e)h t(1 — 2¢)? )

21 + €)2n02) teexp <_ OM(1+ e (3 + 4 1)

(e(1 - Qe)t)a> e%n
+ 88 ex (-7 + eex —_—
P 2c~ p( 1447T*(9)d2)

+ 2exp ( — g?;) +27%(0) " exp <— ((261?)0;> .
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for all t > C(e), where
Ofe) = e ((9 + 9+ 277r*(9)d251)7r(F) FOr(1+1/a)a+9 29 ler(1+ 1/a) 1og1/a(e/7r*(9))b),
where I'(z) = [~ t*~Yexp(—t)dt is the Buler function.

Remark 5.9. Let us now discuss certain aspects of the above rather technical (and not very friendly looking)
theorem, which may help understand its applicability and limitations.

1. Let us point out that the involved form of the estimate is a result of the effort to obtain a probability bound
which for small ¢ would exhibit the subgaussian behavior with the subgaussian parameter arbitrarily close to
the weak variance (which for Donsker classes of functions is responsible for the concentration of the limiting
Gaussian distribution). Clearly by choosing ¢ small enough one can approach the right subgaussian coefficient
arbitrarily close at the cost of worsening the constants in the other terms and decreasing the interval for which
the estimate behaves like in the Gaussian case (the length of this interval is of the order n'/(>=®) for a < 1 and
n/logn for a« = 1, which is greater than the CLT scaling v/n).

2. Second, let us note that the fourth term of the estimate does not involve ¢, but depends only on n. This is
a consequence of our method and we do not know if one could remove this term completely without worsening
the dependence of the parameters a,...,d in the other terms. It is relatively easy to replace this term e.g. by
exp(—¢e2t/(Cn*(#)d>c)), where C is a universal constant, however, since standard applications of this type of
tail estimates involve t of order at most n, for which the ‘troublesome’ term is dominated by terms involving
t, we do not pursue this direction here (see [2] where inequalities of this type are proven in a slightly different
context).

3. Finally, we would like to comment on the threshold C(g) appearing in the estimates. It is of order e~2 and is
independent of n, so it does not pose a problem in typical applications (when ¢ is of order n”). Moreover, even
without this threshold the estimate would not yield any information for ¢ of order smaller then =2, since the
denominator of the exponent in the second term is of the order e72. At present we do not know whether the
dependence of the threshold and the estimates on € and parameters d,e and 7*(#) can be improved (note that
d, e are not related just to the function F' but are ‘global’ parameters of the chain). At the end of the article
we will present an example to argue that the above theorem can give meaningful estimates even if we replace
1+ 7¢ by an arbitrary constant.

4. In particular the above theorem implies Theorem 1.2 from the Introduction. The dependence of the param-
eters under the drift condition, in the case of parameters a, b, ¢, d can be derived just as in Theorem 5.6, while
the parameter e has been estimated in Proposition 5.7. We leave the details to the reader.

Let us now pass to the proof of Theorem 5.8. The next lemma is a strengthening of an analogous estimate
from [1] (in particular it incorporates the dependence on ¢ to the inequality). Its estimate will be used to compare
the expectation of the random sum introduced with the regeneration method and the random variable Z.

Lemma 5.10. Let X be a strongly aperiodic Harris ergodic Markov chain. Let F be a countable class of func-
tions f: X — R with an envelope F'. Then for every ¢ € (0,1/2),

|akamom) i
Ez* Z Sifl(f) < (]- + 45) (Ex*

i=1 F

N
;sil(‘f)Hf

+ (2 4 2E,-0(0) + 3T (OFe (1) 0(0))2) 7T(F)> .

3
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Proof. Let ny = [(1 —e)n*(0)n], no = [(1 + &)7*(0)n] and denote B = o(}_;2, si—1(f): f € F). By Jensen’s
inequality and exchangeability of random vectors (s;(f))rer, i =0,...,n — 1, if ny + 1 < ng, we have

B B ni B ni+1
E-50(F) + Eo | sia(f)|| = Eae | D> sica(f)
i=1 F i=1 F
ni+1 ny + 1 no
_ 1 _
>E,- || Y E(sia(NIB)|| = E.- Y sia(f)| -
i=1 F n2 i=1 F
Combining the above inequality with the trivial case ny = ng, we get
na n ni
_ 9 _ _
E,- ZSH(J") < max <n1 T 1> (Ex*SO(F) + E,- ZSH(J") ) . (5.8)
i=1 F i=1 F
Moreover
B ni B ni B N
E.- Zsz;l(f) <Eg- Zsifl(f) Lin>n,y + Eg- Zsifl(f) Linv<ny (5.9)
i=1 F i=1 F i=1 F
ni
+Ea- || D sica(H)| Livensy
i=N+1 s
By Doob’s optional sampling theorem,
B ni B N
Eo Y sici(f)| Lveng SEee | D sici(D)]| Lz (5.10)
i=1 F i=1 F

Moreover, by independence of (s;(f))feri>n and N, the third summand on the right hand side of (5.9) does
not exceed B B B
E,-(n1 — N){Eg-50(F) = 7°(0) '7(F)Ez(ny — N),.

To bound E,«(n; — N); we can proceed as in the proof of Lemma 5.4, however this time we do not need
exponential inequalities. Set again T; = 0 (i) — o(i — 1) for ¢ > 1 and additionally Ty = o(0).
For t € (0,n1/(7*(0)n)) we have

P ((ni—N)y > 7*(0)nt) = Pou (N < nq — 7*(0)nt)

[n1—7"(0)nt]

<Py (o(ln —7*(@)nt]) >n—1) = P, Z T,>n—1
i=0
~ ~ [n1—7"(0)nt]
=P (To > tn/2 — 1) + Py > Ti=(1-t/2)n
i=1
~ ~ [n1—m"(0)nt]
<P (2(Th + 1) > tn) + Py Y. (G-EL)=(1-t/2n—(1-c—t)n
i=1
_ n ET7 _ *(0)ET?
<PQ2Tv+1) >t <PQ2Tv+1) >t —
— 33((0—1_) n)+n2(€+t/2)2_ x((0+)—n)+n(€+t/2)27

where we used the fact that for i > 0, ET; = 7*(0)~'.
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Now
— 1 —
E,-(n1 — N)j = W*(Q)n/ P.-((n1 — N)y > n*(0)nt)dt
0
. () ET?
<7* « > _
< (9)n/0 (Px 2Ty +1) > tn) + n(6+t/2)2)dt
< 2% (0)(BpTo + 1) + 2e 1% (0)*ET?.
Thus

ni

> sicalf)

i=N+1

E;«

- *(0)ET?
1{N<n1} <2 (1 +E. Ty + %) 7T(F)
f
Combining the above estimate with (5.8)—(5.10) and the inequality

E,-s0(F) = *(0)"'n(F) < * (0)ET2r(F),

N
no —
)| < mes (n 2 1,1) <E > sl

To finish the proof it suffices to note that for e € (0,1/2),

we get

* 72
+ (2 2R, T, + 3%) 7T(F)> .

F

no (1+e)nm*(0)
1= (1= o) (0)

<1+4e. O

Corollary 5.11. In the setting of Theorem 5.8, for every ¢ € (0,1/2),

[l @n)
E,- Y sialf)| <(1+4e) ( o Z si1( (2+ 2e + 677 (0)d%c ) W(F)> :
i=1 F F
Proof. We use Lemma 5.10 together with the inequality
L BlX|, BXT
XM, 20X05, =7
which holds for every random variable with || X ||, # 0. O

Lemma 5.12. In the setting of Theorem 5.8
E,-U,(F) <2I(1+1/a)a,

and
E,-W,(F) < 2Y% (1 + 1/a)log"(e/7*(0))b,

where I'(z fo Lexp(—t)dt is the Euler function.

Proof. The first estimate follows from integration by parts, the estimates P (U, (F) > t) < 2exp(—(t/a)®)
and the formula for the expectation of Weibull variables. The second one is analogous, one simply needs to note
that the inequality P« (W, (F) > t) < 27%(0) ! exp(—(¢/b)®) (obtained as in the proof of Thm. 5.1) implies
that

P, (Wn(F) > t) < exp <1 - 210g(€ﬂ_i0(69)—1)ba> ’ -
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Proof of Theorem 5.8. As in the case of a single additive functional, we decompose

n—1
Z = sup | Y F(X0)] < [Un(F)] + sup Vo ()] + [Wn ().
fer 4 feFx

Similarly as in the proof of Theorem 5.1 we get

P (|Un(F)| > et/2) < 2exp (—%) (5.11)
and
P ([W,o(F)| > ¢et/2) < 2m%(0) ' exp <— ((261?)1> : (5.12)

Let us also note that by Lemma 5.12

n—1

> F(X)

=0

E.- sup

> B, sup |V (f)] — 20(1 + 1/a)a — 2/%el'(1 + 1/a) log/* (¢/x* (0))b.
feF feF

By Corollary 5.11 we get

(14e)m*(0)n
(14 4e)Ey- sup |V, (f)| > Eg- Z sici(f)|| — (6 + 6e + 1877*(9)d25_1) w(F),
fer i—1 -
which together with the previous estimate gives
(14+&)7* (0)n
(1 4+4e)EeZ 2Bee | > sialf)|| = (6+6e+ 187" (9)a% " )n(F)
i=1

].‘
—6I(141/a)a—3-2% (1 +1/a)log"*(e/7*(0))b.

When combined with the trivial bound (1 4 4¢)(1+¢) < (1 + 7¢) for € € (0,1/2), this gives

A= {sup Vi(£)| > (1 +7€)EpZ + (1 — e)t}

feF
(1+e)7" (0)n
C < sup |V (f)] = (1 +e)E,- Y sialf)| —eCle)+(1—e
feF e .
- (1+4e)m™ (0)n
c ;lellf)|vn(f)| > (14 ¢)E;- Yo sialp|| +t1-2e)
i=1 -

for t > C(e).
By Lemma 5.4 (applied with /2 instead of €) we get

P, (N > (1+¢e)n*(0)n) < eexp(—e?n/(1447*(0)d?)),
which gives

P, (A) <Py (A &N < (1 +e)n*(0)n) + eexp(—e?n/(1447*(0)d?)). (5.13)
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Now Proposition 4.9 gives

P, (A &N < (1+ )" (0)n)

- [(A+e)m" (0)n]
< Py« (1 E i— t(1—-2
-7 ké[(l—r&-n;)lf (0)n] fe]—' Z si-1 +e) ; s+ 2
f

(1 —2e)*? t(1 — 2¢)? s (e(1 —2e)t)
< [ S _ A S Sl
= eXp( 2(i+ezne?) TP\ Tl e B4y ) TSP 2c0 ’

which in combination with (5.11), (5.12) and (5.13) ends the proof. O

Example 5.13. The difficulty one has to deal with when applying bounds in the spirit of Theorem 5.8 in
concrete situations is controlling the order of EZ. In general this is a difficult problem related to the geometry
of the class F. To illustrate the theorem we will consider a very special situation, namely, when F is a dense set
in the unit ball of some Hilbert space, i.e. we will consider a function G: X — H for a separable Hilbert space
(H,||-]|)- The choice of the Hilbert space in our example is motivated by the possibility of using the parallelogram
identity to estimate EZ?2, however Hilbert space valued random variables appear commonly in probability and
statistics, see e.g. Proposition 2 in [16] for a development related to Markov chains (the Hilbert space considered
there is finite dimensional, but the constants in the inequalities do not depend on the dimension, so it fits our
setting of separable Hilbert spaces).

Assume that 7G = 0. We are interested in tail estimates for

n—1 n—1
Z =" Gx:)| =sup > F(G(X))|.
i=0 Fex ico

Set F' = ||G|| and assume that the chain is geometrically ergodic and strongly aperiodic and that the parameters
a, b, c for F are finite, which is e.g. the case if F is controlled in terms of the drift function, like in Theorem 1.2.
Recall (2.1) and (2.2), which imply that

E,Z < By-Un(F) + By W, (F) + B max

k
n—1 ;SZI(G)H

1/2
n—1 2 /

Z Si_l(G

i=1

<2r(1+1/a)a+ 2% (1 +1/a)log”“(e/7*(0))b +2 | E

where we used Lemma (5.12) to handle E,-U,, (F) and E,-W, (F) and Doob’s inequality to deal with the last
summand. Now, due to the parallelogram identity, independence and centeredness of the variables s; and (5.7)
we have

2

= (n— 1)E|50(GQ)||* < nEso(F)? < 4a'I'(2/a)c*n

n—1
E Z Si—1 (G
i=1

Thus we get

E.Z <2I'(1+ 1/a)a+ 2Y%(1 + 1/a)log“(e/x* ()b + 4a~/2'(2/a) " ?cy/n.



480 R. ADAMCZAK AND W. BEDNORZ

Thus Theorem 5.8 yields

H Z G(X)|| >

2I'(1 + 1/a)a+ 2V (1 + 1/a) log!*(e/7*(8))b n 4o~ 1210 (2/a) %
" Vi

=P ( 1(1_43755)47%2) e (_ 2M(1T(511_)(236)j 451)> + &% exp (_W)

2’ﬂ n e
+€eXp(_m> +2exp (—((2;)) >+27r 6) " exp (_((52;))0)

where M = c(3a~21og(n))*/*, provided that nt > C(). In particular for n large enough, depending explicitly
on t and £ we get the same bound on

(14 7¢)

+1

n—1
1
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We note that with this Law of Large Numbers normalization, where one is usually interested in ¢t being a
small constant, independent of n (say ¢t € (0,1)), the fourth summand on the right hand side above, which is
independent of ¢, does not dominate the whole sum.

Let us also remark that estimates of the same order for the expectation could be also achieved under some
bracketing or VC-dimension assumption on the class F. This is well-known in the independent case (see e.g.
the monograph [46]) and there are some results concerning Markov chains or mixing sequences (e.g. [4,29,40]).
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