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ON NONOVERLAPPING DOMAIN DECOMPOSITION METHODS
FOR THE INCOMPRESSIBLE NAVIER-STOKES EQUATIONS *
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Abstract. In this paper, a Dirichlet-Neumann substructuring domain decomposition method is pre-
sented for a finite element approximation to the nonlinear Navier-Stokes equations. It is shown that
the Dirichlet-Neumann domain decomposition sequence converges geometrically to the true solution
provided the Reynolds number is sufficiently small. In this method, subdomain problems are linear.
Other version where the subdomain problems are linear Stokes problems is also presented.
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1. INTRODUCTION

With the development of parallel computers, domain decomposition methods (DDMs) have become increas-
ingly important tools for solving PDEs. In general, there exist two kinds of domain decomposition methods. One
is the overlapping Schwarz method which is often referred to as the Schwarz alternating method [3,12,13,15,18]
and the other is the class of nonoverlapping domain decomposition methods. The distinction is whether the
domain is decomposed into overlapping or nonoverlapping subdomains. In this paper, we shall focus our at-
tention on nonoverlapping domain decomposition methods. These DDMs have been studied extensively for
linear PDEs, see [11,17,20] and the references therein. The literature for nonlinear problems is rather sparse.
The efficiency of DDMs for the Navier-Stokes equations has already been demonstrated by many authors. See
[1,2,5-7,10] for just a small sample. Recently, a so-called optimization-based DDM has been proposed in [9].
It is shown that this DDM is convergent, but no convergence rate is given. See the references in the books and
review articles mentioned above and the proceedings of the DDM conferences for many more references.

This paper seems to be the first attempt to give a convergence rate for a nonoverlapping DDM for nonlinear
equations. We shall present a Dirichlet-Neumann (D-N) iterative substructuring algorithm for a finite element
approximation to the Navier-Stokes (N-S) equations. For sufficiently small Reynolds number, we prove that the
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D-N substructuring method is optimal, i.e., the convergence rate of this method is independent of the mesh size.
Because the Reynolds number is small, the N-S equations are just a small perturbation of the Stokes equations.
Our method of proof relies heavily on this fact and we follow the framework developed in [16].

For our method, the subdomain problems are linear equations. We shall also present a linear D-N algorithm
where the subdomain problems are linear Stokes equations. We also discuss a Neumann-Neumann (N-N)
iterative substructuring method for the N-S equations. In [14], some overlapping Schwarz algorithms were
developed for the N-S equations. This paper can be regarded as a continuation of [14] for the nonoverlapping
case.

This paper is organized as follows. In Section 2, we shall introduce the model problem and its corresponding
finite element approximation. A D-N iterative algorithm for this discrete system will be given in Section 3.
Other linear D-N iterative algorithms will be considered in Section 4 followed by a short discussion on a N-N
algorithm in Section 5. In Section 6, we illustrate the behavior of the linear D-N algorithms for a flow in a
square.

2. MODEL PROBLEM

We consider the following N-dimensional, steady, viscous incompressible Navier-Stokes equations:

7P+CAU+(U~V)U+VP = f, on Q
divu = 0, on £, (2.1)
u = 0, on 09,

where (2 is a convex polyhedral domain in RN (N < 3), u € (H}(2))V, f is a forcing term in (L%(Q))V, p is
the pressure and R, is the Reynolds number.
Let V = (H} ()", and

M = I3(Q) ={qeL2<Q>|/qux=0}.

The variational formula of (2.1) is to find w € V and p € M such that

a(u,) + bl uw) +ev.p) = (f0), VeV, 02)
clu,q) = 0, Vg e M, '
where (-, -) denotes the usual inner product on (L?(2))"¥ and
a(u,v) = / Vu - Vudz,
Q
N N
1 0v; ow;
b(u,v,w) = 5 Z /Quia—xjiwjdac - Z /Quia—xjvjdac ,
1,7=1 1,7=1
c(v,p) = f/pdivvd:n.
Q
It is known [19] that
bu,v,w) = =blu,w,v), blu,v,v) =0, Yu,v,weV, (2.3)
b(u, v, w)| < Collulll|vfl[lw]], Vu,v,weV, '

where ||v| = a(v,v)%, Yo € V. In this paper C' with or without subscript denotes a positive constant.
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1
R. < 1/700””_1, (2.4)

equation (2.1) has a unique solution [19]. Here, || - ||_; denotes the norm on the dual space H ().
We now consider some finite element subspaces of V and M. Let Vj, C V and M; C L%(Q) be a family of
finite element subspaces of V' and M, respectively, which satisfy the following LBB (inf-sup) condition:

Under the condition

c(v

q)

inf sup ———— > 3 > 0, (2.5)
aeMnL3(Q) vevi, [|V[lllallo
where f3y is a constant independent of the mesh size h and || - ||¢ is the L?(2) norm.
The finite element approximation of (2.2) can be written as:
RLEG/(’U;}L,’U) +b(U;h,’U/h,'U) +C(U7ph) = (f,U), Yv € ‘/h; (2 6)
C(uha Q) = 0, Vg € My Lg(Q)a -

for some uy, € Vi, pn € My N LE(Q).
It is known [19] that under the assumptions (2.4), (2.5), the finite element equations (2.6) have a unique
solution which satisfies the following estimates

[unll < Rell f]l-1, (2.7)

and
1
[prllo < %||f||71(2+CoR§||f||71)- (2.8)

Remark 2.1. There exist numerous finite element spaces satisfying the above conditions, especially condi-
tion (2.5). Refer to [4,8] for details.

Remark 2.2. To ensure uniqueness of the pressure in the finite element equations (2.6), we may assume that
the pressure has a zero mean value.

We now describe a domain decomposition procedure. First decompose €2 into two nonoverlapping subdomains
Q7 and Qs such that Q; UQy = Q and s is not an interior subdomain (i.e., Q¢ ). We suppose that the
interface I' = Q1 N Qy does not cut across any finite element. We also assume that the point mentioned in
Remark 2.2 belongs to €. Define, for k =1, 2,

Ve = {vnla, :vn € Wi},
Vide = Vi 0 (Hy (%)Y,
My = A{anla, :qn € My},

o, = {’Uh|p S Vh}.
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We now consider the following two-domain problem: find (up i, Prk) € Vag X Mp i, k=1,2 such that

1

R—a1(uh,1,v) + b (un,1,un1,v) +er(v,pry) = (f,o)1, Yo eV, (2.9)
c(up1,q9) = 0, Vg € My 1 N L3(Q), (2.10)
YoUh,1 = YoUhz2, onl, (2.11)
1
R—az(uh,z,v) + ba(un,2, un2,v) + c2(v,pn2) = (f,v)2+ (f, pr,1v0v)1 (2.12)
€
i )
——a1(up1, v
R. 1(Uh,15 Ph,170

—b1(Un,1, U1, PR,17YOV)
—c1(pr,170v, Ph,1), YU € Vi o,
c2(un2,q) = 0, Vg€ Mpp (2.13)

/ ph,1d£v=—/ Dh,2d. (2.14)
Q Qs

Here, (-,-)r denotes the inner product on (L?(Q%))Y, ~ov € @, is the trace on I' of the function v € V}, and
pn.k (k=1,2) is an extension operator from ®; to V}, . In practical implementations, these extensions can be
taken equal to the finite element interpolant which belongs to V}, ;, equal to 7pv at the nodes on the interface,
and vanishes at the internal nodes in §2;. For k = 1,2, let

ar(u,v) = Vu - Vudz, Yu,v € Vy g,
Qp
1 N ow;
be(u,v,w) = = Z/ Ui w]dx—Z/ Ui Loidz |, Vu,v,w € Vi,
i5=1"7% Ti i5=1"7% Ti
ck(v,p) = f/ pdivv dz, Yv€ Vyg, p€ Mpy.
Qp

Define 1
”UHk = ak(U 'U)i Yv € Vh,k-
Then we have [19]

br(u,v,w) = —br(u,w,v), br(u,v,v) =0, Yu,v,w € Vs,
b (u, v, w)| < Cllullkllvllkllwle, Yu,v,w € V.

Lemma 2.1. The function (un,pp) is the solution of (2.6) if and only if (up,1,pn.1) and (un2,Pn,2) satisfy the
split problems (2.9)-(2.14), where up k. = upla,, Phk = Prla,, k= 1,2.
Proof. Let us first check that if (up,, pp) is the solution of (2.6), then (up 1, pr,1) and (up 2, ph,2) satisfy (2.9)-(2.14).
For any v € V,?J , ¢ € My 1N L3(Q), define (7,q) as follows,
’l~J=’UiDQ1, ﬁZOIHQQ,

qg=qin Qy, ¢=0in Qs.

Then

1 1

R_al(uh,la U) + bl(uh,la Uh,1, U) + cl(vaph,l) R (uha ) + b(Uh, Uh, U ) + C(U ph) (faﬁ) = (f) U)la
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and
c1(un,1,q) = c(un, q) =0,
which are (2.9), (2.10). Equations (2.11), (2.14) are obviously satisfied because uy, € Vj,, and p;, € My, N L3(Q).
On the other hand, for any v € V}, 2, define © € V), as follows,

¥ = pp1Yv in Q, ¥ =wv in Qo.

Then for any v € V}, 2, ¢ € M}, 2, we have

1

R—az(um, v) + ba(un,2, un,2,v) + c2(v, ph,2)

1
= R_a(u}uﬁ) +b(Uh,Uh,’D) +C(’Eaph)

€

1
*R—a1(uh,1, Ph,1Y0V) — b1 (Un,1,Un,1, Pr,1Y0V) — €1(Ph,170Vs Ph,1)
€

= (f,v)2 + (f, pra1v00)

1
—R—a1(uh,1, Ph,17Y0V) — bi(Un 1, Un,1, Pr,1Y0V) — €1(Ph,17Y0V; Dh1)s
e

and
c2(un2,q) = c(un, G),
where ¢ is defined by
Gg=01in Qy, ¢=gqin Q.
Although G & L2(9), we still have cz(usn,q) = 0, because

c(un,q) =0, Vqe My,

here Mj, is the finite element space which is no the restriction [, gndz = 0 (¢f. [17] for details).
Conversely, suppose (un,1,Pn,1) and (up 2, pr,2) are the solutions of (2.9)—(2.13). Define (up, pp) as follows:

Up = Up,1 in 1, up = up,2 in Qo;

Ph = Ph,1 in Q1, pp = pr2 in Q.

We now prove that (up,pp) is the solution of (2.6). In fact, for any vj, € Vj,, define v = v|q, (K =1,2) and
Uh 1 = Uh1 — PhaYOUA,1 = Uh,1 — Ph,1Y0Vh,2- Then

1 1
R—a(umvh) + b(un, un, v) + c(Vh, pr) = R—a1(uh,1, vp1) + b1 (un,1, un,vn1) + 1 (Vn, Pat)
e e

1
+R—a2(uh,27 vn,2) + ba(un,2, un,2,vn,2) + c2(Vh,2, Ph,2)
e
1

= gpaluny, o 1) + b (un,1s w1, vp 1) + e (o] 1 pa)
€

1
JFR_al(Uh,la Pha1YoVh,2) + b1(Un,1, Uk,1, PR,1Y0VR,2) + C1(PR,1YOVR, 25 PR,1)
€

1
+R—a2(uh,27 Un,2) + b2(un,2, Un,2,Vn,2) + c2(Vh,2, Ph,2)
€

= (f, ’02,1)1 + (f, pr.1v0vn,2)1 + (f, vn,2)2
= (fa 'Uh)-
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On the other hand, for any g, = gn,1 + qn2 € M}, with gn r € My i, using the same argument as the Lemma
5.3.9 in [17], we can get

c(un, qn) = c1(un,1,qn1) + ca(un2,qn2) = 0.
We have proved Lemma 2.1. O

3. THE DIRICHLET-NEUMANN ITERATIVE ALGORITHM

In order to define our DDM algorithm, we first analyze a property of the trace on I of the discrete solution uy,.

Note
/Uh|F.ndS:/ uh|F.nd5:/ V'Uhdl':07
r Q2 Qo

where n denotes the unit normal vector of the boundary 0€2;. Therefore, we introduce the following trace space
&, = {mn € ‘I)h|/77h -nds = 0}.
r

We now propose our two-subdomain decomposition method to solve equation (2.6).
For any gg € @4, define the two sequences (uﬁl,pﬁ,l) € Vi1 x Mp1 and (uzg,ng) € Vi,2 X Mjp, 2 as follows:

P%eal(uz,lav) +51(UZ,_117UZ,17U) +01(U7p2,1) = (f;U)I; Vv € Vf?,l
cl(uz,l, q = 0, Vg € My N L3() (3.1)
Youp, = g ', on T, '
le prade = — sz pﬁ,‘zldxa
and
At (ufl o, 0) + ba(up 5t up 5,0) + ea(v,pf,) = (f,0)2 + (f, pravov)
_R%al (“2,17 Ph,1Y0V)
_bl(u;ﬁlv “2,17 Ph,1Y0V) (3.2)
—c1(pn,1700: Py 1), V0 € Vi o
ca(up 9,9) = 0, Vg € Mp, 2,

where we have set
n—1

9}? = 971’70“2,2 + (1 - en)gh s

where 6,, < 1 are positive numbers to be fixed later on.

Remark 3.1. For each n > 1, (3.1) and (3.2) are finite element approximations to the N-S equations with non-
homogeneous boundary conditions. In this case, the inf-sup condition (2.5) is still satisfied on each subdomain.
This ensures that both subproblems (3.1) and (3.2) have a unique solution.

We now consider the convergence rate of the iterative algorithm (3.1)—(3.2). The main theorem is that the
iterations converge to the exact solution geometrically, with the rate independent of h. We shall develop six
lemmas before stating and proving the main theorem. These lemmas contain the basic estimates which are
needed in the proof of the main theorem. From (3.1)—(3.2), we can derive the following error equations for
Ehe = Upp — unk € Vi and g = pp . — Phk € Mp k-

RLeal(gi?,la v) + ('Ua 77;;,1) = _bl(uz,_lla UZ,DU) + bl(u}hlvuh,lvv)v Vv e Vho,l
ci(€,q) = 0, Vg€ My nL3(Q)
Yo&h 1 g ' —unelr, on T,
-1
le ny,de = — f92 772,2 de,

(3.3)
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and

RLeGQ(g;’;Qa’U) + C2(Ua77;f,2) = —bQ(’U/ZTQI,uZ,%’U) + b2(uh,27uh,2vv)
—q-01(&}! 15 pr,1700) — €1 (pr,1700, 75 )

n—1
—b1(up 1 Uy 1, PR1Y0V) + b1 (Un,1, U1, PRIYOV),

(& 009) = 0, Vg € Mp,2.

In addition, we have
’Yoﬁﬁf[l = 0080 + (1 — 00) 7085 1

Problem (3.3) can be further split into two subproblems: find &h1, € Vi, npq, € Mp1 such that

R%al(g}’j’l*,v) +avng,) = 0, Yo € V}?,l
C1 (52,1* 3 Q) = 07 VQ S Mh,l N Lg(Ql)
705}7:,1* = ’705}?1; on Fa
n 1
fgl Npade = — sz 77;;,2 de,

and find &, € V;?), i, € Mpa N L3(Q1) such that

ma&hy o) ey ) = =bi(uptup g v) + by (un g, un,v),
alél,.,q9) = 0,  VgeM,1nLi()
70«5}?71** = 0, on I

It is easy to see that

{ 52,1 = ‘ff?,l* +‘ff7zl,1**
Mha = Mo, T,
We are now ready to state and prove the first lemma.

Lemma 3.1.

(1) I€R 11 = lgn . 1T + ll€k .. 1IE,

(2) 17 1.l < CRGY,

~ -1 -1
where GY=([1€5 1" 1 + llun 1 [[ONER 1l + lJunall €5 -

Proof. Because {}' | € V,?,l, we take v = £} | in (3.6) and obtain

1
R—a1(§g,1*7§ﬁ,1**) + 01(52,1**;772,1*) =0.
€

Using the fact
(€. Mha,) = 0,

we get
al(g}rzl,l*’g}rzl,l**) =0.
Finally,
len i = N, +&na,l?
= & I+ 1€ 1 IIF +2a1(€R 1, €00,)
= ll&h . IIF + 11 1, 11T,

which is equation (1) in Lemma 3.1.

1257

(3.4)

(3.6)
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We now prove (2) of Lemma 3.1. Taking v =&}, in (3.7), we have

1 _
R_al(g;zl,l**vgg,l**) = —bl(uﬁ,f,u’ﬁ,lfﬁ,l“) + bl(uh,lvuh,lvfg,h*)
€
= 7b1(£251a§2,17§g,1**) - bl(fg,zlvuh,lafg,l**)
*bl(uh,hfg,pfg,l**)-
Then we have
1€ 1,17 < CRe[(IERT I+ NlunallONER I+ Nunallli€n s I,

which implies (2) of Lemma 3.1. O

Next we introduce two Stokes extension operators which were first proposed in [16]. For any ¢ € <i>h, define
(En k0, Phxth) € Vi X My, 1, as follows:

70k (B g, v) + (v, Pugtp) = 0, YoeVl,,
ce(Enr,q) = 0, Vg€ Mppg, (3.8)
YoEnrt = .

Remark 3.2. To ensure that the above Stokes subproblem on € has a unique solution, we assume that the
function g € Mp, o satisfies ¢ = 0, where

1
12| Ja,

Note that for any ¢ € M}, 2 which does not satisfy the above property, we still have

q= qdz.

c2(En2,q) = c2(En2v,q — @) + c2(Ep2v,q) = *17/ Y -nds =0,
r

as Y € <i>h.
Lemma 3.2. [16] For any 1) € &y,
(1) a1(Enat, Enav) < oaz(En2t, Ep2t)),
(2) az(En 29, Ep2v) < Ta1(En1t, En i),
where o, T are constants independent of the mesh size h.

The next lemma shows that the algorithm is independent of the choice of the extension operator py, ;. While
the trivial extension may be more convenient in practice, Ej ; may be more convenient theoretically. Both
choices lead to the same algorithm.

Lemma 3.3. The first formula in (3.4) is equivalent to

R—a2(§ﬁ,zvv) +eo(v,mpy) = —ba(up st up 5, v) 4 ba(un2, un 2, v)
1
*R—a1(§ff,17 Ep,170v) — e1(En170v, 77;?,1) (3.9)
€

_bl(u;11317u2,1a En170v) + bi(un1,un,1, Enivov), Yov € Vio.
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Proof. For any v € V}, o, because Ep 170V — pp,1700 € V,?J, we have, by (3.3),

1 _
R—al(ﬁﬁ,h En170v — pr1Y00) + bi(up 1 uft 1, Er 10 — pratov)
€
=b1(un,1,Un,1, En170v — pr,170v) + c1(En, 170 — P10, Mk 1)-
That is,

1

R—a1(§frf,17 Ph,1700V) + bl(UZfllv U, 1, Ph,170V)
€

— b1(Un,1, Un,1, Pr,170V) + c1(pr,1Y0Y, 77;?,1)
1 _
= R_al(f}?’l’ Ep,170v) + b1(uz,11, up 1, En170v)
e
— b1 (un,1, un1, Ep1vov) + 1 (En1700, 051,

which, together with (3.4), yields Lemma 3.3. O

Lemma 3.4.
| Eh,2708k 2ll2 < (1€ 2ll2 + CRG3,

where G3 = (|15 12 + l[un2l|2) 1€ oll2 + llun2ll2ll€; 5" |2
Proof. Taking v € V0, in (3.4), we get

1 _
R_a2 (&?,2; v) + ca(v, 77}?,2) =—by (uz,217 Uﬁ,zv v) + ba (uh,Q’ Up,2,7). (3.10)

On the other hand, based on the definition of the extension operators E} 2, Py 2, we have

1
R—az(Eh,z’mEZ,z, v) + c2(v, Poov0&i ) =0, Vv € VY, (3.11)
e

Combining the above two equalities, we have
1 _
7 02(&h2 = Bh,2708) 2, v) + e2(0, 75 2 — Phoo€i2) = —ba(up 5t up 9, 0) 4 ba(un 2, tn,2, v).
€

Taking v = &' 5 — Ep,270&), o in the above inequality, and noting the fact

c2(&n 2 — En2v08h0,9) =0, Vg € My, 2,

we have
€52 = En270&h 215 = —Reba(up 5" ubt o, &k 5 — En 2708k o) + Reba(un 2, un 2, &8 o — En 270k )
= _Reb2(§ﬁ,517 5}?,% 5}?,2 - Eh,270§2,2) - Rebg(,f,’f;l, Uh,2, 5;?,2 - Eh,Q’YOfZQ)
— Reba(un,2, 5}?,% 5}?,2 - Eh,Q’YOfZ,z)
< CRJ[(16:5 12 + llun 2l €8 oll2 + lun2ll2l1€h 3 120I1ER 2 = En2v0€R o2
Then

€5, 2 = En2v0€h oll2 < CRe(l€h 5" 12 + llun2ll2) €5 o ll2 + lun2ll201€5 5 12,
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which, together with the triangle inequality, yields

A

En2v08nallz < [&hall2 + 1652 — En2708h 2ll2
€5 2ll2 + CRe[(IER S 2 + llun2ll2) €5 2ll2 + [lun.2ll2l16 5 2]

IN

This completes the proof of Lemma 3.4.

Lemma 3.5. Let ¢ = CR,, then
n (|2 1 n |12 2 n\2 4 2 my\2
—[&hallz < _3_||§h,1||1"'E (Gy)” + =e(GT)*.
T T
Proof. Taking v = Ej 270§}, in (3.9), we have

1 _ 1
R—a2(§272a En2v0éy 1) = *b2(u2,21, Up oy B 270&) 1) + ba(un,2, un2, En2708h 1) — R_al(fg,lag}rzl,l*)
e e

7b1(u7f:,711a uz,lv g}?,l*) + b1 (Uh,h Uh,1, 52,1* )

In the above, we have used the fact
En1v08h1 = Ehoa.-
Then

al(fﬁ,p fﬁ,l) = al(fg,lv 52,1**) - ‘12(52,2’ Eh,2’)’0§g,1)
—Reba(upy' upt o, Bnovoéi 1) + Reba(un,2, tn,2, B 27085 1)

—Reby (UZ,_117 UZ,D 5}711,1*) + Reby (Uh,h Uh,1, gﬁ,l* )

By Lemmas 3.1 and 3.2, we get

el < &R all2llBr2vogh allz + € 2 I11lIER 1. I1 + G5 | En2v0€i 1ll2 + GTIIER 1. 11

1 1
< 72| & all2llér IR I I€R 1, I+ 72eGR IR 1 I + eGT 1€ 1. I
1 1
< 72| & all2llénall + 72eGE[ER 1 I+ 2eGT 1€ 1 |-
Then
1 1
[€hallh < 7€k 2l + T2eGy + 22GY.
So

lgr Al < 37lgR2l13 + 37(G3)* +126%(GT)?,

which implies Lemma 3.5.

Lemma 3.6. Provided R, is sufficiently small, then for everyn > 1,
1 1
€l < M, gk oll2 < 202 [I€R 1 [l1 < 202 M,

where M = max{||g 1|1 [1€4 111}
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Proof. We show this lemma by induction. Assume that ||, [l1 < M, we now prove that ||§Z"1’1||1 < M. In the

first step, we show that if [|§7, 1 < M, then [|§} ]2 < 202 M(n > 1). We will prove this assertion also by
induction.
Taking v = &}, in (3.9), we have

a2(€2,27 5;;,2) = _al(g}rzl,lv Eh,l%gg,z) (3.12)
—Rebo (UZ;I, U’Z,2) 5272) + Reb2 (U’h,Qa Uh,2, 52,2)

—Reb1(u2317 up 1, Bn170€p o) + Rebi(un 1, un,1, En 1708y o)-

Then

I1€h 2113 < 168111l Bravo€h olly + €GE 17 oll2 + €GT | En1v0€h o1
On the other hand, using Lemma 3.4,

1 1 1
[ En,1708k 2111 < 02 (| En2v0ép 2ll2 < 02 [|€5 oll2 + 02eG5.

So combining the above two inequalities, we get

1 1 1 1

€0 2ll2 < o= €7 1 1111€R 2112 + o2 GE I} 1 [l + €G3 €7 212 + €02 G €] oll2 + 202 GG (3.13)
When n =1, then
164 23 < 0= MG sllz + 02 GAM + €G3 512 + 202 Gall6h 512 +*G1 G0,

It is easy to see that

Gi < (M +C e[| f||-1)M + MC™ e f| -1,
Gy < (N +C7 el fl-Dllgh 2l + NC~ el ]| -1,

where N = [|€],].
Combining above three inequalities, and by simple manipulation, we can achieve
(1=0E)I& I3 < (02M +0E)]&) 212+ OCe).
When ¢ — 0, simple calculation can yields
€8 2ll2 < 202 M.
Assume the assertion holds for n — 1, we then have

G < (M + CYe||fl|-1)M + MC e[ f| -1,
Gy < (205 M + C7Ye|| fll=1)[I€h oll2 + 20F MC ™ e f]| -1,

By (3.13), we have

(1=0@)lIgr2l3 < (@2M +0@))lIh 2ll2 + Oe).
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When ¢ — 0, simple calculation can yields
1
165 2ll2 < 202 M.

We now prove that if [|§} (|1 < M, then ||§2 Y|y € M. From (3.5), we have

IERTHIE = 2l Enavogi ol + (1 — 62)? (1 = On)ai(Bn,17080 2, Eh 1, )-

Note that 6,,(1 —6,,) < %. On the other hand, by Lemma 3.4,

IEn170é 207 < ol Bn2voéiioll
< ollghsl3 + £%0(Gy)? + 260Gy,
By (3.12), we know that
ar(€p 1, Bnanoéhna) = —a2(&h 0 &n2) — a1, Enivoél 2)

—Rebo (UZEIa UZQ) 6}?,2) + RebQ(U’h,Qa Uh,2, 6}?,2)
—Reby(up 5t u 1, Branobit o) + Reby(un1, uny, Bn 170 )-

Combining above three results, we can derive that

IER5HIE < o O2lIER 2113 + (1 — 6n)® 1 20,(1 — 6a) €5 2113
+52920(G§)2 +2e00, G365 2
=20, (1 — )[al(«f}; 1**7Eh,170€}7,2)
+Re b2(“h 2 7“h 25 §h,2) — Rebo(un,2, un,2, 52,2)
+Rebl(uh,1 s Uk 15 Bn1ivoéh o) — R b1 (un,1,un,1, Eh,170€}7;,2)]

O
e L

1
+§||€}7,1** 11 En 1708k 2111
+eG3 (1€ oll2 + G| En1v0és ol

IN

Using Lemmas 3.1, 3.2, 3.4 and 3.5 and the induction assumption, by elementary manipulation, we can obtain

lgi 12l < K(@a)lIgh 1 [l + OCe),

where K(6,) = (402 62 + (1 — 6,)? — 2nll-0nly3.
By an elementary calculation, if

3142 67 + 2
T 29, <60, <0 Zmind ——r =1\,
12027 + 37 + 2 =n mm{1202'r+37'+2 }

then
0< K(0,) <d<1.

So by Lemma 3.1, we finally get

lgr 1 Il < dM + O(e)llgr 1 I + O(e).
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Then J
et ————M +O(e).
I < =g M +06)
When ¢ — 0, we have
lEn s I < M.
We have proved Lemma 3.6. O

Theorem 3.1. Assume that Re is sufficiently small and 0, € (0.,0"), then the D-N velocity sequence {uj, 1, uj o}
converges geometrically to the true solution up = (up1,Up2)-

Proof. From the proof of Lemma 3.6, we know that if R, is sufficiently small, then

1€k 2ll2 < 202 [|€5 4[] (3.14)

Using the above inequality and the same arguments as in the proof of Lemma 3.6, we can prove that

gt < dlgalli+0(e) +e(M + 20 | fll-0)llg T la

< (d+ 0@+ 0@ -
Then 4+ 0()
||£n+1||1 =71_ ( )Hfh 1”1

Based on the above inequality, we can easily see that if R is sufficiently small, then £ ; converges geometrically
to zero. On the other hand, because of (3.13), we know that &h o also converges geometrically to zero. (I

Theorem 3.2. Assume that R, is sufficiently small and 0,, € (0., 6%), then the D-N pressure sequence {pﬁ,l,pgg}
converges to the true solution (ph,l,phg).

Proof. Let B (k=1,2) be the constant in the inf-sup condition (2.5) restricted to . Using (3.3),

c1(v,mp 1)
Inialle < B1 sup ———==
vEVia ||v||1
| - (‘fhb v) — (“h117“h17 ) + b1 (un,1, un,1,)|
< B1 sup
VEVha [[v]l1
< BulRMER M+ (€T I+ NunlDNER e+ 1687 T lunl]

< Bl(RTTM + Crell Fl-)lIER 1l + C el fl-allgg ]

which means that n}’ ; converges to zero.
Similarly, based on (3.9), we have

c2(v, My, 5)
[mhollo < B2 sup ’
veVio V]2
< B2 sup [Rlaz(&f 5,0) = ba(upy' uf 5, 0) + ba(un 2, un 2, v)
vEVh 2
_Re ai (5;11,17 Eml’YQ’U) - b1 (U’Zilla ’U/Z,la Eh,l’YO’U)
+b1(un,1, un,1, Enivov)]/||v]|2
< B2 sup [ROIE l2llvlle + CGE o]

7J€Vh,,2

+RIE 11l Bravovll + CGY I B ayovllal/[[v]]2.
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Using a result in [16] and a trace inequality, we have

11700l < Csllvovll | : < C3C4||vll2.

1
2
0
Combining the above two inequalities, we obtain

Inpalle < Bol(Re™ + 202 M + C~Ye|| fll—1)lI€R oll2 + 207 MC e £l 1155 " I
+H(RM 4+ C7 el Fl-)IER 1l + C el Fl-allgny )

Again, this implies that Ny, o converges geometrically to zero. (I

4. OTHER DIRICHLET-NEUMANN ITERATIVE ALGORITHMS

In this section, we give other version of the D-N iterative algorithm where only linear Stokes need to be
solved in each subdomain. Such kind of algorithm is obviously easier to implement.

Algorithm 4.1. For any gg € &, and u?hk € Vi, k=1,2, define the two sequences (uﬁ’l,pﬁ’l) € Vi1 x Mp
and (uj, 5, Pl 5) € V2 X M2 as follows:

(fyv) — bl(uzzl,uzgl,v), You € Vho’1

RLeal(uZ,la U) +c ('Uap;zl,l)

C1(UZ,1, q) = 0, Vg € My 1N L3(Q)
70“2,1 = 92715 on Fa
le prade = fQ2 Dh,2dx
and
R%@(U};gw) +ea(v,ph ) = (f,v)2+ (f,prav0v) — 52(U2517U251a v)
— a1 (up 1, pr,1v0v) = bi(up 7t up T pranov)
—c1(pn,1%v, P 1), YU € Vio
62(u2727 q) = 0, Vq € Mh,Qa

where we have set
gn = 971’70“2,2 +(1— 971)9}?_1
Similar to the previous section, we can prove

Lemma 4.1. Provided R, is sufficiently small, then for everyn > 1,
1
1€l < M, &k oll2 < 302 M,

where M = ||&}, | [l1-

Theorem 4.1. Assume that R, and 0,, are sufficiently small, then the linear D-N velocity sequence in Algorithm
4.1 {uﬁl, UZQ} converges to the true solution up = (Up,1,Up,2)-

Proof. The proof is similar to before, we only give a skeleton of the proof.
Using a similar argument as in the proof of Lemma 3.6, we have

9(1 B an)

n n n 2
65113 < o20ER o3 + (1= 0n)2llgR o1 — =

€51 117 + O(e)-
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So
IGE = NG + g I
< Uﬁ’il\&h,zl\?+5H€Z,1H?+O(€),
where § = (1 —6,,)? — 729(13;9").
On the other hand,
€55 < NG I Brano&n sl + O(e)
< orgth |\€"+1||2+0( )
< I\E"“Ih —IIEZ Y3 +0(e).
Then,
&5t < ollep it +O(e)
< G*OlIEn L NIT + o dlgh 1T+ O(e).
Finally,

bt = [ s A ][I oo [ 1]

Now p(A) = § + 0262 + 0(1), as € — 0 where

5 03¢
=[]

cd o

and p(A) is the spectral radius of A. By selecting the approximate (e =0) optimal value 6,,

1265

37+1 (A) < 1.

= 3ro2tari2 P

So we know that the linear D-N velocity sequence {uj, ;,u}, ,} converges to the true solution (up,1,un,2). O

Based on Theorem 4.1 and a similar argument as before, we have

Theorem 4.2. Assume that R, and 0,, are sufficiently small, then the linear D-N pressure sequence in Algorithm

4-1{p}, 1, P} o} converges to the true solution (pn,1,pn,2)-

5. THE NEUMANN-NEUMANN ITERATIVE ALGORITHM

Let us consider now another well-known nonoverlapping DDM, the Neumann-Neumann (N-N) iterative al-
gorithm, for solving (2.6). We make an additional assumption that ; is also not an interior subdomain.

Similar to the above section, let V;, € V and Mj; C M be finite element spaces. We also assume that the
pressure space M}, consists of functions which are discontinuous across inter-element boundaries. Moreover, we
assume that the pressure has a zero mean value. Similar to Section 3, we can also define the corresponding
subspaces Vj, , Mk, k= 1,2. However, we don’t assume that functions in Mj, ; vanish at a point in ;.

Following [17], we may define the N-N iterative algorithm as follows: For any A} € d;, and p% v € Mpr N

L§(Q), k= 1,2, the sequences (u}} 5, pp 1) € Vik X Mp kN L3(€y) are defined by

R%al(u}ip v) + bl(“Z,h“Z,lv“) + 01(071)2,1) = (fivh, Wwe Vho,l
cl(u};l, q = 0, Vg € Mp1 N L3()
Youp, = APt on T

le pZ,ldm = f ph 21dx
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and
R%@(U;zl,za v) + 52(“2,27“2,271)) + 02(U7p2,2) = (f,v)2, Wve Vho,2
CQ(UZ72, q = 0, Vg € Mpo N L3(S2s)
Youp o = )\271, on T,
’ -1
f92 pZ,QdI = - le pz,l dxa

and (Y ., ™ 1) € Vi X Mp g, for k= 1,2, are defined by

Tk (Y] o 0) + bk (VR o UF o 0) + ek(v, T ) = 5 (F, prgov);
—aj(uy ;5 Ph,jY0V)
=bj(ujy 5, up 5 Ph,jY0V)
—¢j(pn o0, up ), Vv € Vi
c(Vp ) = 0, Vg € My k.

Set
b= A4 0(vovny + Yori o)
Using a similar argument as before, we can prove

Theorem 5.1. Assume that R is sufficiently small and 0 is suitably chosen, then the N-N wvelocity iterates
{ujy 1, ujy o} converge geometrically to the true solution (up,1,un,2).

and

Theorem 5.2. Assume that R, is sufficiently small and 0 is suitably chosen, then the N-N pressure iterates
(P} 1,Ph o} converge geometrically to the true solution (pp,1,ph,2)-

6. NUMERICAL RESULTS

For a small Reynolds’ number, the steady Navier-Stokes equations can be considered as a Stokes problem
perturbed by the nonlinear convection term. In this section, we shall illustrate the behavior of the linear D-N
Algorithm 4.1 developed in Section 4. In this situation, the computer implementation is simply one for the
Stokes problem on each subdomains, for which several finite element methods are available.

Our choice of method is the Taylor-Hood P,-P; triangular elements. More precisely, we discretize the
velocities by piecewise quadratic basis functions, and the pressure by piecewise linear basis functions. The
nodes for the velocities are the vertices and the midpoints of edges of the triangles; those for the pressure are
the vertices of triangles.

On each subdomains, the finite element discretization of the Stokes problem in Algorithm 4.1 leads to the

saddle point problem
Ah B?; Up _ Gh
Bh 0 Ph o 0 ’

where Ay, = (a(¢;,dk)), Brn = (c(@j,¥r)), and G, = ((g,¢5)), ¢; and ¢ being the piecewise quadratic and
piecewise linear nodal bases, respectively. The solution to the above saddle point problem can be obtained by
a straightforward elimination procedure:

Ph = (BhAng?;)ilBhAglGh,
up = A;l(Gh — B}?ph).

Our assumption that the inf-sup condition (2.5) be satisfied ensures the invertibility of BhAng,?. Thus, the
above elimination procedure makes sense.
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FIGURE 6.1. Flow field (up, vp). FIGURE 6.2. Pressure contours.

Now for the two-subdomain problem with Q = ; U s, denote by Ay ;, Bh,i, and G} the corresponding
quantities for the subdomain 4, i = 1,2. The linear Dirichlet-Neumann iterative algorithm then becomes the
iteration of the following sequence of steps:

T n m
Apa Bh,l Up1 | _ h,1
B 0 pZ,l 0 ’
n—1
where UZ71|691\1" =0, u}},lhﬂ =05

(o ) i) - ()
Bh72 0 p};Q 0 ’

9 = Onuf ol + (1= 0,)g;
where G}, Gp , are associated with the right hand side terms of the first and fifth equalities in the Algo-
rithm 4.1.

To get the iterations started, we set u%l = u,0172 =0 and gg = 0. The Dirichlet boundary conditions for
uj, 1 and uj, 5 are easily enforced by explicit elimination, which results in a reduced saddle point problem with
a modified right hand side to which the elimination procedure discussed above applies.

Since only Vp appears in the Navier-Stokes equations, the pressure p is determined up to an additive constant.
For pressure continuous across the interface I', we choose a point P on I' and enforce that p(P) = 0.

It is convenient to express the flow field in terms of a stream function ¢ = ¥(x,y), which determines the
velocities (u,v) = (¢, —s). In the test cases presented below, a uniform grid with 20 triangles in each
spatial direction was used. The unit square Q = (0,1)? was divided into two non-overlapping subdomains
O = (0, %) x (0,1) and o = (%, 1) x (0,1), with the interface I' = {%} x [0,1]. The point P at which p =0
was chosen to be (1, 1). We took 6,, = 0.2.

Test case 1: The forcing term f was chosen so that ¢ = 22(1—x)?y*(1—y)* and p = 2*(1—2)*y?(1—y)?—2712
at R. = 100. See Figures 6.1 and 6.2.

Test case 2: 1 = z?y*(1 — 2)?(1 —y)? and p= (z — 3)* — (y — 1)2, Re = 100. See Figures 6.3 and 6.4.

The H' and L? norms of the error up — up are given by

where u};2|ag2\p =0, and

et = wnllr = gy = wnlZs + g = w2,
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FIGURE 6.3. Flow field (up, vp). FIGURE 6.4. Pressure contours.
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and

n — n 2 n 2
i = unllze = yfllug s = unals + g, = unzll3a:
Plots of these errors versus n for test cases 1 and 2 are given in Figures 6.5 and 6.6, respectively. It is clear
that the convergence (u} |, u} 5) — up = (up,1,un,2), as established in Theorem 4.1, is honored.
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