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A POSTERIORI ERROR BOUNDS FOR REDUCED-BASIS APPROXIMATIONS
OF PARAMETRIZED PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS

MARTIN A. GREPL' AND ANTHONY T. PATERA?

Abstract. In this paper, we extend the reduced-basis methods and associated a posteriori error
estimators developed earlier for elliptic partial differential equations to parabolic problems with affine
parameter dependence. The essential new ingredient is the presence of time in the formulation and
solution of the problem — we shall “simply” treat time as an additional, albeit special, parameter. First,
we introduce the reduced-basis recipe — Galerkin projection onto a space Wx spanned by solutions of
the governing partial differential equation at N selected points in parameter-time space — and develop
a new greedy adaptive procedure to “optimally” construct the parameter-time sample set. Second, we
propose error estimation and adjoint procedures that provide rigorous and sharp bounds for the error
in specific outputs of interest: the estimates serve a priori to construct our samples, and a posteriori
to confirm fidelity. Third, based on the assumption of affine parameter dependence, we develop offline-
online computational procedures: in the offline stage, we generate the reduced-basis space; in the online
stage, given a new parameter value, we calculate the reduced-basis output and associated error bound.
The operation count for the online stage depends only on N (typically small) and the parametric
complexity of the problem; the method is thus ideally suited for repeated, rapid, reliable evaluation of
input-output relationships in the many-query or real-time contexts.
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1. INTRODUCTION

The design, optimization, control, and characterization of engineering components or systems often requires
repeated, reliable, and real-time prediction of performance metrics, or outputs — such as heat fluxes or flowrates.
These outputs are typically functionals of field variables — such as temperatures or velocities — associated with a
parametrized partial differential equation; the parameters, or inputs, serve to identify a particular configuration
of the component. The relevant system behaviour is thus described by an implicit input-output relationship,
evaluation of which demands solution of the underlying partial differential equation (PDE). Our goal is the
development of numerical methods that permit the efficient and reliable evaluation of this PDE-induced input-
output relationship in real-time or in the limit of many queries.
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To achieve this goal we will pursue the reduced-basis method. The reduced-basis method was first introduced
in the late 1970s for the nonlinear analysis of structures [1,27,28] and has subsequently been further investigated
and developed more broadly [3,7,13,31,32,37]. In the more recent past the reduced-basis approach and in
particular associated a posteriori error estimation procedures have been successfully developed for (non)linear
and (non)coercive elliptic PDEs with affine parameter dependence [23,34,41-43]; in this paper, we consider the
extension of these methods to certain classes of parabolic PDEs with affine parameter dependence — time is the
essential new ingredient.

Many model-order reduction techniques for time-dependent systems are proposed in the literature: the
most well-known are proper orthogonal decomposition (POD or Karhunen-Loéve decomposition) [40], balanced
truncation [26], and various related hybrid [19,45] techniques; see also [20,33] for an application of the reduced-
basis method to initial value problems. However, none of these frameworks accommodate parametric variation
(see [10] for an exception) or a posteriori error estimation. The contributions here are thus () the simultaneous
dependence of the field variable (and output) on both time and parameters, and (i) the introduction of rigorous
a postertori error estimators.

To motivate our approach we consider an important class of applications — optimal control — which re-
quires repeated and often real-time evaluation of input-output relationships. If the dynamics are described by
PDEs, the cost quickly becomes prohibitively large [11,15,21], and hence reduced-order models (e.g., of the
variety described above) are often employed: applications range from fluid flow [16-18,36] to hyperthermia
treatment [24,25] to thermal processing of semiconductors [30] and canned foods [4]. To address this class of
problems our approach must be able to rigorously treat (@) control inputs that are not known a priori — often a
problem within the model reduction context, and (b) outputs, functionals of the time-dependent field variable,
that are also (scalar) functions of time.

This paper is organized as follows: in Section 2 we introduce the necessary notation and state the problem.
The reduced-basis approximation and computational considerations are discussed in Section 3. In Section 4
we introduce rigorous and sharp a posteriori error bounds for the primal variable, dual variable, and output of
interest. We propose an adaptive procedure to select the “optimal sampling set” in Section 5, and finally we
present numerical results in Section 6.

2. PROBLEM STATEMENT

2.1. Abstract formulation

We first define the Hilbert spaces Y¢ = H} () — or, more generally, Hi(2) C Y C HY(Q) —and X° = L?(Q),
where HY(Q) = {v | v € L%(Q), Vv € (L2(2))%}, HY(Q) = {v | v € H(Q),v]sq = 0}, and L2(Q) is the space of
square integrable functions over € [35]; here € is a bounded domain in R? with Lipschitz continuous boundary
0. The inner product and norm associated with Y (X¢) are given by (-, )ye ((-,-)xe) and || - ||ye = (-, -);/3
(I - llxe = (-,-)¥2), respectively; for example, (w,v)ye = JoVw - Vo + [wv, Yw,v € Y, and (w,v)xe =
Jowv, Yw,ve X°.

For simplicity, we directly consider a time-discrete framework associated to the time interval I = 10,t]
(I =[0,ts]). We divide I into K subintervals of equal length At = tff and define t* = kAt, 0 <k < K = %,
and I = {t°,...,t*}; for notational convenience, we also introduce K = {1,..., K}. We shall consider Euler-

Backward for the time integration; we can also readily treat higher-order schemes such as Crank-Nicolson [14].
Clearly, our results must be stable as At — 0, K — oo.

We may now introduce the “exact” (superscript e) — more precisely, semi-discrete — problem: given a param-
eter u € D C RP, we evaluate the (here, single) output of interest

8 (%) = Ly°(u, 1)), Wk €K, (1)
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where the field variable, y°(u, t*) € Y©, Vk € K, satisfies the weak form of the pu-parametrized parabolic PDE [5]
m(y© (s 1), 05 1) + At a(y®(p, t7), ;1) = my*(u, 1), 05 p) + At b(v; p) u(t®), Ve eY®, VkeK, (2)

with initial condition (say) y°(u,t°) = yo(u) = 0. Here p and D are the input and input domain; a(,-; ) is a
Ye-continuous bilinear form; m(-,-; u) and b(-; ), ¢(-) are X®-continuous bilinear and linear forms, respectively;
and u(t*) denotes the (here, single) control input at time ¢ = t*.

We next introduce a reference finite element approximation space Y C Y (C X°) of very large dimension N;
we further define X = X°. Note that Y and X shall inherit the inner product and norm from Y® and X¢©, respec-
tively. Our reference (or “truth”) finite element approximation y(u,t*) € Y to the semi-discrete problem (2) is
then given by

m(y(u,t%), 03 1) + At aly(p, 1), 03 1) = m(y(p, 1), v 0) + A b(op) u(t®),  WweY, VkeK, (3)
with initial condition y(u,t°) = 0; we then evaluate the output s(u,t*) € R from

s(u t*) = y(u, %)),  VE € K. (4)

We shall assume — hence the appellation “truth” — that the discretization is sufficiently rich such that y (s, t*)
and y°(u,t*) and hence s(u,t*) and s®(u,t*) are indistinguishable. The reduced-basis approximation shall be
built upon our reference finite element approximation, and the reduced-basis error will thus be evaluated with
respect to y(u,t*) € Y. Clearly, our methods must remain computationally efficient and stable as ' — oco.

We shall make the following assumptions. First, we assume that the bilinear forms a(, -; u) and m(-, -; u) are
continuous,

a(w,v;p) < y(wllwllyllvlly <ollwllyllvlly, VYw,veY, VueD, (5)
m(w, v; p) < p(p)llwlx|lvllx < pollwllx|vllx, Vw,veY, VueD; (6)
coercive,
0 < ag <a(p)=inf a(v,v;,u), Yu € D, (7)
vey lvfly
0 <op<o(p) = inf m(v,ité;u)’ Yu € D; (8)

vey ol

and symmetric, a(v,w; p) = a(w,v; p), Yw,v € Y, Yu € D, and m(v, w; u) = m(w, v; u), Yw,v € X, Yu € D.

(We (plausibly) suppose that vo, po, ap, and oy may be chosen independent of N'.) We also require that the

linear forms b(-;p): ¥ — R and ¢(-) : Y — R be bounded with respect to || - ||y and || - || x, respectively.
Second, we shall assume that a, m, and b depend affinely on the parameter ; and can be expressed as

a(w, v; p) Z@q ) af(w,v), Yw,veY, Yu € D, (9)
Qm

m(w,v; p) Z@q ) mi(w,v), Yw,v€eY, VueD, (10)

= Z@Z(u) ¥(v), YweY, VueD, (11)

for some (preferably) small integers Qg m.. Here, the functions @am »(t) : D — R depend on p, but the
continuous forms a9, m?, and b? do not depend on p. This affine parameter dependence is crucial for the
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computational efficiency of the proposed method; however, see [6,41] for extensions to the non-affine and
nonlinear case. For simplicity of exposition, we assume that the linear form ¢ does not depend on the parameter;
however, (affine) parameter dependence is readily admitted.

Third, and finally, we require that all linear and bilinear forms are independent of time — the system is thus
linear time-invariant (LTT). This is true for many physical problems governed by parabolic PDEs, with the most
notable exception of deforming domains. We point out that an important application which often satisfies all
of our assumptions is the classical heat equation [35]; we shall provide a detailed example in Section 6.

To ensure rapid convergence of the reduced-basis output approximation we introduce a dual (or adjoint)
problem which shall evolve backward in time [8]. Invoking the LTI property we can express the adjoint for the
output at time t*, 1 < L < K, as ¥p(u, t*) = W(u, tX=E+F) 1 <k < L, where ¥(u,t*) € Y satisfies

m(v, W, t); p) + At av, W(u, t*); ) = m(v, ¥(u, ") p), W ey, Vk ek, (12)

with final condition

m(o, U, 5 ) = (), Vo eV (13)
Thus, to obtain ¢z (u,t*), 1 <k < L, VL € K, we solve once for ¥(u,t*), Yk € K, and then appropriately shift
the result — we do not need to solve K separate dual problems. (Note the issue of “rough” final conditions —
output functionals — is implicitly addressed in our temporal discretization and truth approximation.)

The method presented here easily extends to nonzero initial conditions with affine parameter dependence,
to multiple control inputs and outputs, and also to nonsymmetric problems such as the convection-diffusion
equation. We also note that, given a specific input u(t¥), Vk € K, our results directly carry over to the linear
time-varying (LTV) case; we can no longer, however, invoke the shift property of the dual problem — which
renders the calculation of our output bound more cumbersome.

2.2. Impulse response

The reduced-basis subspace shall be developed as the span of solutions y(u,t*) of our “truth” approxima-
tion (3) at selected points in parameter-time space. In many cases, however, the input u(tk) will not be known
in advance and thus we cannot solve for y(u,t*) — one such example is the optimal control problem described
in the Introduction. In such situations, fortunately, we may appeal to the LTI hypothesis to justify an impulse
approach, as we now describe.

We first note that the solution of any LTT system can be written as the convolution of the impulse response
with the control input (Duhamel’s Principle): for any control input u(t*), Vk € K, we can obtain y(u,t*),
Vk € K, from

k
y( ) = 3 g(u 5 u(tl), vk €K, (14)
j=1

where the impulse response, g(u, t*), is the solution of (3) for a unit impulse control input u(t*) = &1, Vk € K.
Equation (14) simply states that y(ju, t*) is a linear combination of the impulse response g(u,#7), 1 < j < k; it is
thus sufficient that the reduced-basis subspace approximates well the (parameter-dependent) impulse response.
It still remains to select which basis functions to retain, i.e., to determine the “best” sampling points in
parameter-time space for the basis; we will address this issue in Section 5.

3. REDUCED-BASIS METHOD

3.1. Approximation

We first introduce the nested sample sets S]Ii,rpr = {a}" € ﬁ,...,ﬁgfpr € D}, 1 < Npr < Nprmax, and
Sj{,‘;u ={aveD,... ,/ljiv‘;u € D}, 1 < Nau < Naumax, where fi = (u,t*) and D = D x T; note that the samples

must reside in the parameter-time space, D. Here, Ny, and Ng, are the dimensions of the reduced basis space
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for the primal and dual variables, respectively; in general, S} 7£ S , and in fact Np, # Nqu. We then define
the associated nested Lagrangian [32] reduced-basis spaces

Wx., =span{(y" =y(fin), 1 <n < Nk, 1< Npr < Nprmax, (15)
and
WL, = span{¢y" = ("), 1 <n < Naw}, 1< Naw < Nawmax, (16)
where y(fiP") is the solution of (3) at time ¢ = t*=" for u = p®* and ¥(ad") is the solution of (12) at time t = s
for p = pdv.

Our reduced-basis approximation yy (p,t*) to y(u,t*) is then obtained by a standard Galerkin projection:
given u € D, yn(u,t*) € WJ{}Z satisfies

m(yn (1, %), 03 1) + At alyn (i, 1), 03 1) = myn (s 571, 03 0) + At oy p) u(t®), Vo e WY, Vk €K, (17)

with initial condition yx(u,t°) = 0. Similarly, we obtain the reduced-basis approximation W (u,t*) € W}é,:u to
U (p,t*) as the solution of

m(v, U (u, t7); 1) + At a(v, Uy (i, t7); 1) = m(v, U (u, ") n), Yo e W}\i,:lu, Vk € K, (18)

with final condition
m(v, U (p, ") p) = £(v), Yo € WRY. (19)

Finally, we evaluate the output estimate, sy (u,t*), from

sn (1, 1%) = E(yn (i, 1)) + Z RO (W (, 5, #8) A, VE €K, (20)
k'=1

where

RP" (03 1, t%) = b(v; p) u(t®) — alyn (1), 03 1) — Aitm(yzv(u,t’“) —yn(p,t" 1) v p), VoY, VEeK, (21)
is the primal residual. Note that here N = (Npy, Nau).

The critical observation is that the field variable y(u,t*), Vk € K, is not, in fact, some arbitrary member of
the very high dimensional finite element space Y'; rather, it resides, or “evolves,” on a much lower dimensional
manifold — in effect, a P 4+ 1 dimensional manifold — induced by the parametric and temporal dependence.
Thus, by restricting our attention to this manifold, we can adequately approximate the field variable by a
space of dimension Np;, Ngy < N .1 This observation is fundamental to our approach, and is the basis of our
approximation; we confirm the rapid convergence in Section 6.

3.2. Computational procedure

In this section we develop offline-online computational procedures in order to fully exploit the dimension
reduction of the problem [3,17,22,34]. We first express yn (i1, t*) and ¥y (u, t*) as

=2

pr

ynn (1, tF) CFF, (22)
1

N(,u'v tk)

3
Il

L1n general, the field variable will be smooth in p. This may be deduced from the equations for the sensitivity derivatives;
the stability and continuity properties of the partial differential operator are crucial. Note, however, that the proposed method
does not require great regularity of the field variable in x; hence non-smooth domains (sharp corners) pose no impediment to rapid
convergence.
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and
Nd u

Natk Z \Ian Natk (23)

respectively. We then choose as test functions v = (j}ir 1 < n < N, for the primal problem (17) and
v = (M 1 <n < Ngy, for the dual problem (18). (We prefer Galerkin over Petrov-Galerkin for purposes of
stability.)

It then follows from (17) that y, (k. t*) = lyn1 (. tF) yn2(,t*) oo yw N, (1, )] € RNer satisfies

(MR (1) + At AR (1) 5 (1 85) = MF (1) g (" 71) + A B () u(t®),  Vk €K, (24)

with initial condition yn (1, t%) =0, 1 < n < Ny, Here, My (1) € RNer>*Ner and AR (n) € RNerXNer are SPD
matrices with entries My, (1) = m(¢", (T 5 p), 1 < i, < Nppy and AR, 5(0) = a(¢ G p), 1 <4, 5 < Ny,
respectively; and BY (u) € RNer is the control vector with entries BY/, (1) = b(¢"; ), 1 < i< Ny

Invoking the affine decomposition (9)—(11) we obtain

Qm
MR, (1) = m(G, ¢G5 p) Z@q ENCHE (25)
A%i,j(u) = a((}", ?rv Z@q Cpr) (26)
BY () = b4(CP"5 Z@q ) b(¢P), (27)
which can be written as

Q'm QU. Qb
MR =3 O MR, AR () =3 O30 AR, BY () = 3Ol BY", (28)

q=1 g=1

where the parameter independent quantities MY ¢ € RNvr*Nex - ART? € RNoXNox - and BR'? € RNer are given
by
M]Ii[rgj = mq(cz'pragjpr); 1< Z,j < Npr,ma)u 1< q < va

AR =al(¢", ), 1<4,5 < Nprmax, 1 <¢ < Qa, (29)
By = b, 1 <4 < Nprmaxs 1 <0< Qu,

respectively.

A similar computational procedure for the dual problem (18)—(19) and the residual correction term in (20) can
also be developed. The details of this derivation and the definitions of the necessary quantities are summarized
in Appendix A.1.

The offline-online decomposition is now clear. In the offline stage — performed only once — we first solve
for the ¢?*, 1 < n < Nprmax and CS“, 1 < n < Ngumax; we then compute and store the p-independent
quantities in (29) for the primal problem, (91) for the dual problem, and (94) for the output estimate. The
computational cost is therefore O(K (Npr max + Ndu,max)) solutions of the underlying A-dimensional “truth”
finite element approximation and O(( pr max + Ngu,max + NprmaxNdu,max)(Qa + @m)) N-inner products; the
storage requirements are also O((NZ; ax + Ngu’max + Npr,maxNdu,max) (Qa + Qm))-

In the online stage — performed many times, for each new parameter value u — we first assemble the reduced-
basis matrices (28), (90), and (93); this requires O((N2, + N3, + NprNau)(Qa + Qm)) operations. We then
solve the primal and dual problem for y N(u, t*) and W (u,t*), respectively; since the reduced-basis matrices
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are in general full, the operation count (based on LU factorization and our LTI assumption) is O(ngr + N3+
K(N3.+Ng3,)). Finally, given Y %) and W (i, t*) we evaluate the output estimate sy (u, t*) from (92) at a
cost of O(2k Ny Nay); note that the calculation of all outputs sy (i, t*), Vk € K, requires O(K (K + 1) NprNay)
operations.

Thus, as required in the many-query or real-time contexts, the online complexity is independent of N, the
dimension of the underlying “truth” finite element approximation space. Since Ny, Ngy < N we expect
significant computational savings in the online stage relative to classical discretization and solution approaches.

Finally, we note that classical model-order reduction techniques, such as modal decomposition [12] and
POD [2], require the evaluation of a new set of eigenmodes or basis functions — and thus a return to the (very
fine) “truth” approximation — for each new parameter value encountered. In contrast, reduced-basis methods
do not need to return to the “truth” approximation in the online stage, and are therefore far more efficient in
evaluating input-output relationships for many different parameter values.

4. A POSTERIORI ERROR ESTIMATION

From Section 3 we know that we can efficiently obtain the output estimate, sy (u,t*), for the output of
interest, s(u,t*): the online complexity depends only on Npr and Ngy, the dimensions of the reduced-basis
spaces for the primal and dual variable, respectively. However, we do not yet know if sx(u,t*) is indeed a good
approximation to s(u,t*), i.e., is |s(u, t*) — sy (p, t*)| < €.), where €| is a maximum acceptable error? Or
conversely, is our approximation “too good,” i.e., is |s(u, t*) — sn(u, t%)| < €5, — that is, is Ny, or Ng, too large,
with associated detriment to the online efficiency? It should also be evident that the approximation properties
do not only depend on the size of Ny, and Ng,, but also on the choice of the sampling sets SR,YN and S?V‘;u and
associated reduced-basis spaces Wy’ and Wg! .

We thus need to develop rigorous a posteriori error estimators which will help us to (7) assess the error
introduced by our reduced-basis approximation (relative to the “truth” finite element approximation); and
(i) devise an “optimal” and efficient procedure for selecting the sample sets S}zfrpr and Sj{,‘;u. Surprisingly,
a posteriori error estimation for reduced-basis approximations has received very little attention in the past. A
family of rigorous error estimators for reduced-basis approximations of a wide class of elliptic PDEs is introduced
in [22,34,41-43]; we will now extend these ideas to time-dependent (parabolic) partial differential equations.
Our approach here is a simplification and generalization of earlier efforts in this direction [39].2

We remark that the development of the error bounds presented below is not limited to the reduced-basis
approximation described in this paper: with suitable hypotheses, we may consider “any” stable ODE or PDE
system and associated reduced-order model.

4.1. Error bounds

4.1.1. Preliminaries

To begin, we assume that we are given positive lower bounds for the coercivity constants, a(u) and o(u):
Ga(p) : D — Ry satisfies
alp) > a(p) > a6 >0, YueD, (30)

and 6(p) : D — Ry satisfies
o(p) > 6(p) >d60>0, VueD; (31)

2 Concurrently with our submission, Rovas, Machiels, and Maday submitted a manuscript [38] summarizing the earlier work [39].
Although our paper here and [38] address common issues, the two approaches differ significantly in the class of problems treated
(known [38] vs. unknown temporal forcing/controls here), in the output families considered (scalars [38] vs. functions of (discrete)
time here), in the temporal treatment (continuous in time or arbitrary-order Discontinuous-Galerkin discretization [38] vs. low-
order finite-difference here), in the sampling procedures (log-random [38] vs. greedy [9] here), and also in the emphasis on a prior:
convergence results (rigorous [38] vs. empirical here). As a result, the a posterior: error estimators and associated computational
procedures (e.g., for the necessary adjoints) are quite different, as are the families of possible applications.
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various recipes for this construction can be found in [34,44]. We next introduce the dual norm of the primal
residual

RP*(y: tk
e (u,t*) = sup M, Vk € K, (32)
r vey  |lvlly
and the dual norm of the dual residual
Rdu . tk
5‘}\}: (1, %) = sup M, Vk € K, (33)
. vey  vlly
where .
RY(v; pu, t7) = —a(v, U (, t%); ) — A—tm(v, Uy (p, tF) — U () ), Yo €Y, Vk €K, (34)
is the dual residual. We also specify the inner products
(v, w)y = a(v,w; tref(s)), Yv,w €Y, (35)
and
(Uv w)X = m(v, ws ,u'ref(s))a Vo, w e 'Y, (36)
for some constant reference value(s) fires(s), and recall that || - ||y = (-, -)i,/Q, II-Ix =, )%2

We now present and prove the bounding properties for the errors in the primal variable, the dual variable,
and the output estimate. Throughout this section we assume that the “truth” solutions y(iu,t*) and W(u,t*)
satisfy (3) and (12), respectively, and the corresponding reduced-basis approximations yx (i, t*) and ¥ (u, t*)
satisfy (17) and (18), respectively. We emphasize that our error bounds are very classical, based entirely on
standard stability results invoked in a priori analyses [35]; the critical new ingredient — tailored to the reduced-
basis context — is the offline-online computational procedure of Section 4.2.

4.1.2. Primal variable
We obtain the following result for the error in the primal variable.

Proposition 4.1. Let eP"(u, t*) = y(u, t*) —yn(u, t*) be the error in the primal variable and define the “spatio-
temporal” energy norm

k 2
Wwﬁmwwaﬁmmmmm+2%m%ﬁmwﬁmmm>, Yo eY. (37)
k'=1

The error in the primal variable is then bounded by
[leP" (s t)IIPT < AR (1, t*), V€D, VK €K, (38)

where the error bound A‘;\;pr (u, t*) is defined as

At i 7 2 2
AP k = E pr k
Npr (/J/’t ) (OAZ(‘LL) ~= EN[,r (/J/at ) ) ’ (39)

and 5%; (11, %) is the dual norm of the primal residual defined in (32).

Proof. We immediately derive from (3) and (21) that eP*(u,t*) = y(u, t*) — yn (u, t*) satisfies

(€ (1, ), 03 1) + At ale? (1 1), 05 1) = m(e (u, 571, 05 ) + At RP (v i, ), Yo € Y, Vk €K, (40)
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where eP*(11,t%) = 0 since y(u,t°) = yn (i, t°) = 0 by assumption. We now choose v = eP*(y,t*), invoke the
Cauchy-Schwarz inequality for the cross term m(eP™(u, t*=1), eP*(u, t*); 1), and apply (32) to obtain

m(eP" (p, ), € (1, £5); 1) + At ae” (s, %), € (1, t*); 1)
< mE (P (1, t7), €T (pa, t%); 1) mE (P (0, 5 7L), €9 (pay 5L p0)
+ AR (") | () ly, VhkeK. (41)

We now recall the identity (for c € R, d € R, p € Ry)

1
2 || |d| < FCQ + p* &2, (42)

which we apply twice: first, choosing ¢ = m: (eP™(p, t*), P (u, t%); ), d = m%(epr(u, th=1) ePr(p, t*=1); 1), and
p =1, we obtain

1 r r 1 r — r _
2 m2 (P (p, t7), €27 (p, t7); 1) m2 (P (p, tF 1), €T (1, 1) )
< m(eP (p, 57 1), € () )+ (Pt (s ), € (u, tF); )y (43)

and second, choosing ¢ = 55’\;” (11, %), d = [|eP"(u, t*) ||y, and p = G(p)2 we have

—_

T T T 2 ~ T
2 R, (1 t7) [l (. t5)ly < ERy (1 t7) "+ ) €™ (s, )] (44)

a(p)
Combining (41), (43), and (44), and invoking (7) and (30), we obtain
m(eP (ju, £5), € (s t7); pr) — m(eP (p, t771), €2 (s 571 )
At
+ At a(eP (u, t7), eP" (1, t7); 1) < ) X (u,tk)Q7 Vk e K. (45)
) Ner

We now perform the sum from &’ = 1 to k and recall that eP"(u,t°) = 0, leading to

k k
’ ’ At ’ 2
m(epr(ﬂatk)a epr(uatk); ,LL) + Z At a(epr(u’tk )7 epr(uatk ); ,LL) < d(u) Z E?\;pr(u,tk ) ) Vk € K’ (46)
k=1 k=1
which is the result stated in Proposition 4.1. (I

4.1.3. Dual variable

Before proceeding with the error bounds for the dual variable we have to pay special attention to the final
condition of the dual problem. The primal error at time zero, eP*(u, t°), vanishes (for our zero initial conditions)
and therefore does not contribute to the error bound. For the dual problem, however, the error at the final
time t5 1 edu(y t5+1) = W(p, t5+1) — U (u, t5F1) is — in general — nonzero since W (u, t5+1) is not necessarily
a member of Wﬁ,‘ju Instead, we obtain from (13) that ed%(y, t5+1) satisfies

m(v, e (p, 54 Y); 1) = RY (v ), Vo €Y, (47)

where

RYf (v; ) = £(v) — m(v, Uy (i, t5T ) 1), Yo €Y, (48)
is the residual associated to the final condition. It can be shown that ed"(yu,t%*1) satisfies the following
bound [34,43].
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Lemma 4.2. The error e (p, t5+1) = W(p, t5+Y) — U (p, t5+1) ds bounded by

N E%f (1)

e (") x < AN (0) = &d(b , (49)

where
o RY1 (v
e/ () = sup T30 (50)
vey |lvllx
is the dual norm of the residual associated to the final condition. O
It directly follows from Lemma 4.2 and (47) that
m(e (u, ), e, 50 ) = RIS (e (£ ) < e (1) e (Y | x
N v 2
< G(p) AN, () (51)

Note that for the special case in which the bilinear form m is parameter-independent, we can guarantee
that W(u,t**1) is a member of Wg" and thus e?"(p, £ 1) is identically zero.
We are now ready to prove the bounding property for the dual problem.

Proposition 4.3. Let ed(u, t*) = W (u, t*) — W (u,t*) be the error in the dual variable and define

K 2
o, )11 = <m(v(u,t’“),v(u,t’“);u) + 3 a((u ), ot ); ) At ) : (52)

K=k
The error in the dual variable is then bounded by
1€ (u, )| < AR, (1, 87),  Vp e D, Vk €K, (53)

where the error bound AY: (u,t*) is defined as

K

Z ha (s t™) +0(u)Aff§l,(u)2) : (54)

ANdu (:u’7 - (

and 3, (1, t*) is the dual norm of the dual residual defined in (33).
Proof. We immediately derive from (12) and (34) that e (u, t*) = U(u, t*) — U (u, t*) satisfies
m(v, e (u, t%); p) + At a(v, e (u, t7); 1) = m(v, e (u, t*); p) + At R (v; i, t%), Yo €Y, Vk € K, (55)

with final condition m (v, ed"(u, t5+1); u) = RY7(v; u),Yv € Y. Choosing v = e9%(y, t*), invoking the Cauchy-
Schwarz inequality, and applying (33) we obtain

m (e (u, t7), e (1, t7); 1) + At a(e™ (u, t7), e (u, t7); )
< m (e, L), € (p, 5 L); 1) mE (8 (p, 67, €2 (1, 805 1)
+ At eq (1, 87) e (i, ) ly, VR € K. (56)
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We now apply (42) twice: first, With ¢ =mz (e (p, thY), e (p, tF); 1), d = mz (€9 (u, t7), e (u, t5); 1), and
p = 1; and second, with ¢ = e (1, %), d = [|e?(u,t*)|ly, and p = a(p )2. Invoking (7) and (30), we arrive at
m(eM (), e (pu, t7); 1) — m(e™ (pu, t571), € (p, £V ) 1)

At
+ At a(e™(u, t7), e (1, t*); p) < — E‘Ji\}jiu(u,tk)Q, Vk e K, (57)

a(p)
We now perform the sum from &’ = k to K and invoke (51) to obtain
m(e™ (p, %), e (p, t7); ) + Z At a(e®™ (1), e, t"); 1)
k'=k
At K 2 ] 2
<= W t") Fo(w AN (1), VEEK, (58)
a(p) 5=,
which is the result stated in Proposition 4.3. O

4.1.4. Output bounds

Finally, the error bound for the output estimate is given in the following proposition.

Proposition 4.4. Let the output of interest, s(iu,t*), and the reduced-basis output estimate, sy(u,t*), be
given by

s(u, 1) = L(y(u, %)), VueD, Vk €K, (59)
and
k
sn () = C(yn (1)) + > RPT (W (p, t57FFF) 1K) AL, Ve D, Yk €K, (60)
k'=1

respectively. The error in the output of interest is then bounded by
s (i, t*) — sy (p, t7)| < A%(u, t*), Vu e D, Vk €K, (61)
where the output bound A®(u,t*) is defined as
A (p, ) = AR (") AR (st 75, (62)
and Agfpr (u, t*) and A?\};u (u, t*) are defined in Propositions 4.1 and 4.3, respectively.
Proof. To begin, we recall the definition of the dual problem for the output at time t*, L € K, given by
m(v, Pr(,t°); ) + At a(o, o (u,t%); 1) = mv, Yo (p, 4 )ip), Yo eY, (K2)L2k>1,  (63)

with final condition m(v, ¥z (i, t£T1); 1) = £(v), Yo € Y. We now choose v = eP(u, t*) = y(u, t*) — yn (1, t*)
n (63) and sum from k = 1 to L, to obtain

L
Z epr :u’atk wL(/j/a tk/) - ?ﬂL (/J/atk +1 Z At a epr(/j/a tk ) ¢L (/J/a )7/1/) =0. (64)

k'=1
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This equation can be rewritten in the form

L
Z (P (o t™) = €™ (u t¥ 1), b (o ™ ); 1) — m(eP (o t7), o (1, #7715 o)

L
+ 37 At a(e? (u, 1), pr (it ) p) =0, (65)

k=1

where we used the fact that eP*(u,t’) = 0. We now note from the final condition of the dual problem that
m(eP* (p, t7), thr (p, tE1); ) = £(eP" (1, t*)) to obtain

L
0(eP* (p, t- Z (€P" (1, t7) — P (g, % 71), o (1, £ )5 1) + Z At a(eP (p, t7), r (s ) ). (66)
=1 k=1

We next choose v = 9 (u, t*) in the error equation for the primal variable, (40), and sum from k =1 to L, to
find

L
Z (P (p, ) — P (py tF' 1), o, (1 %)y 1) + Z At a(e” (1), (1) 1)

k=1
L
= > R (o, 8% ); p,t") At (67)
k=1
From (66) and (67) we thus obtain
L
0(eP" (u, th)) = Z RP™(hr, (1, t7); 1, 7)) At (68)
k=1
L
=) RP(W(p, KT 8 At (69)
k=1
From the definition of s(u,t*) and sy (i, t*), and (69) we now obtain
k
s(p, 1) = s (u, t7) = (e (s 1) = D RPI (W (p, 5 FH); 0, t7) A (70)
k=1
k
= > RPN, tRNTIE) = Wy, 5 ) A (71)
k=1
k
= > R (™ (u, ) ) At (72)

k'=1
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Invoking (32) and the Cauchy-Schwarz inequality we arrive at

|5(p, %) — s ()] < Z R t™) [l (57 |y At (73)
k'=1
3 k 3
<Zs (1.t At) <Z e, 15 RH) 2 At) | (71)
k'=1 k'=1

Let us first bound the second term on the right hand side. From (7) and the fact that &(p) < a(p), Yu € D,
we obtain

[[ed™ (e, tHFH 13 < a(e?™ (p, tHTFRY e (p KRR ) Ve D. (75)

a(p
Performing the sum from k&’ = 1 to k leads to

k

k
u — ! 1 u — ! u — !
> [le® (u, KT At < ) > ale®™ (u, tKTER) e (u, TR ) At (76)
k'=1 k!

A

1
1 K
= Do ale®™(utF), e (u tF); 1) At (77)

K
L( > ale®™(u "), e (u, 1) p) At (78)
v

i o
+m(€d“(u7tK_k+1),edu(u,tK_k“);u)) (79)
1 du K—k+1y[du)?

= a0 (e (.t ™) (80)
where the second inequality follows from the coercivity of m(:,-; 1) and the last equality from the definition (52)

of the ||| - ||[**-norm. Finally, inserting (80) into (74) and invoking (53) and (39), we obtain
|5(,u, tk) — SN (,u, tk)| < Arjgpr (:ua tk) A?\;;u (:u’ tK_k—H)? (81)
which is the result stated in Proposition 4.4. (I

4.2. Computational procedure

We now turn to the development of offline-online computational procedures for the calculation of A/ (,u, tF),
A‘}V‘;u (u, %), and A® (1, t*). The necessary computations for the offline and online stages — by Constructlon rather
similar to the elliptic case [34] — are detailed in Appendix A.2. Here, we only summarize the computational
costs involved.

The computational cost in the offline stage is (to leading order) O((Npr,max + Nau,max)(Qa + Qm)) solutions
of the underlying “truth” finite element approxmlatlon and O((N2, nax + Niumax) (@2 + QuQum +Q32,)) N-inner
products; the storage requirement is O((NZ; inax+ Ny max) (@ +QaQm+Q37,)). In the online stage — given a new
parameter value p and associated reduced-basis solutions y N(u, t*) and W (p, t*), Vk € K — the computational
cost to evaluate A®(u,t%), Vk € K, is O(K (N2, + N3,)(Q2 +QaQm+Q32,)). Thus, all online calculations needed
are independent of N.
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5. ADAPTIVE SAMPLING PROCEDURE

Our error estimation procedures not only allow us to determine the accuracy of the output estimate but
also to pursue a more rational construction of the sampling set SR,YN (and S?V‘;u) and associated reduced-basis

space Wy’ (and WR® ). The crucial point is that the error bound AR (1, t*) (respectively, AG® (p,t%)) is an

accurate surrogate for the true error |||y(u, t*) —yn (i, t*)|||P* (respectively, ||| W (u, t*) — W (u, t%)]||4%) that can
be very efficiently calculated in the limit of many queries. We may thus perform an exhaustive search over the
parameter-time space to find the best sample sets S}ifpr (and S?V‘;u): in essence, a snapshot procedure in which
only the snapshots retained must actually be evaluated.

The sampling procedure for the primal and dual problem is very similar; we thus focus only on the primal
problem. Also recall that the control input sequence u(tk ) is assumed to be known — either a prescribed function
or the impulse (see Sect. 2.2).

5.1. Greedy algorithm

To begin, we assume that we are given a sample set Sﬁfrpr and associated reduced-basis space W}\’,; We then
choose the next sampling point based on the following two steps: first, we search in parameter space and select

the parameter value p* for which AR (u,t%) is maximized,?

pr

p* = arg max AR (u, t%); (82)
HEEFR pr
we then select the timestep t*~ for which the temporal rate of change of Aﬁfrpr (u, %) is largest,
k* pr ky _ APT k—1
" =argmax(Ay (u,t7) — A (1t77)). (83)

Here, Zr C (D)™ is a random parameter test sample of size np; since the marginal cost to evaluate Agfpr (, t5)
is small, the random sample can be very large, i.e., np > 1. We then append p* = (u*,tk*) to Sg,rpr to
form Sg,rpr 41> and hence Wf\’,i 41> and update the reduced-basis approximation and error estimation procedure

accordingly. We repeat this process until the maximum error bound at the final time ¢t over Zp is less than a
desired (most stringent anticipated) error tolerance €iolmin: this determines Npr max-

We note that our sample selection process is not truly optimal: given the prescribed error tolerance €l min,
there are undoubtedly parameter samples with fewer than Ny, max points that suffice. Unfortunately, the latter
can only be identified by prohibitively (combinatorially) expensive calculation, and thus we must resort to
heuristic approaches. Our particular heuristic, described above, is of the “greedy” [9] variety: we focus on just
the next sample point and just the currently largest error with no regard to more global objectives. In actual
practice, as we shall see in Section 6, this carpe diem philosophy indeed leads to good samples; but we are not
able to characterize the degree of sub-optimality relative to truly optimal samples.

We elaborate on three refinements. First, we invoke a normalized error bound for the sampling procedure to
avoid dependence on the magnitude of the forcing term (the control input): in particular, we normalize with
respect to ||lyn(u, t)|||P*, which can be calculated online in only O(K N2,) operations. Second, we are careful
to orthonormalize the basis functions (P* with respect to the (-, )y inner product by (say) Gram-Schmidt: this
guarantees, for example, that the condition number of the reduced-basis matrix Ay (u) is bounded from above
by g—‘(’) for all N. Third, as regards initialization, we simply set j1 = fimin and choose (¥ = y(u1,t*) # 0 for
some small k, i.e., we select (" = y(u1,tt) for u(t!) # 0. This choice has a simple justification: the adaptive
sampling procedure is likely to select samples corresponding to transient behaviour which, in most cases — and
certainly for the impulse input — occurs during the first few timesteps (also see the numerical results in Fig. 4).

3 Note that A‘;Vrpr (i, t*) is a nondecreasing sequence in k and the maximum therefore always occurs at k = K.
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5.2. Extensions

The extension of the adaptive procedure to the case of multiple control inputs is straightforward. If the
control inputs are given, the sampling algorithm can directly be applied; however, if the control inputs are
unknown, e.g., in the optimal control context, we can simply adjust the impulse approach. We begin with
an impulse in the first control input — all other control inputs are set to zero — and generate the basis using
the standard algorithm. When the adaptive procedure terminates, we set the first control input to zero and
the second control input to the impulse and restart the adaptive sampling — initialized to the already existing
sample set S}'i,rpr and associated reduced-basis space WJ{’,Z In effect, the multiple control input scenario simply
adds an “outer loop” to the standard algorithm.

We may also consider nonzero initial conditions. In the case of a parameter-independent nonzero initial
condition, we simply set ([* = yo and apply the standard algorithm. For (affinely) parameter-dependent initial
conditions yo(p) we may write

Q,
yo(p) = %) yd, VYueD, (84)
g=1

where the yl € Y, 1 < ¢ < Q,, are given members of Y; only the functions SH (#):D— R, 1 <q<Qydepend
on . In this case we initialize W}\’,i to span; <,<q, {yd}, and then apply the standard sampling algorithm of
Section 5.1 (with initial condition yo(p)). In both these cases we retain the condition eP*(y,t°) = 0.

Note that the case of multiple control inputs with nonzero initial conditions is a straightforward combination
of the previous two cases. We first generate a reduced-basis for the nonzero initial condition (with zero control
input); given this basis, we then further adapt to the control inputs using the impulse approach (for zero initial
condition).

6. NUMERICAL RESULTS

We now turn to a particular numerical example related to transient heat conduction. We consider the design
of a heat shield, one segment of which is shown in Figure 1. The domain ), a typical point of which is (z1, z2),
is thus given by Q = {0, 10] x [0, 4] }\{(]1, 3[x]1,3[) U (]4,6[x]1,3[) U (]7,9[x]1,3[)}. The left boundary, 0Qout
(x1 = 0), is exposed to a hot temperature (here normalized to unity) for ¢ €]0,¢s]; the right boundary as well
as the top and bottom boundaries are insulated. The internal boundaries 0€2;, — corresponding to the surfaces
of the three square cooling channels |1, 3[x]1, 3[, ]4,6[x]1, 3[, and |7,9[x]1, 3] — are exposed to a (normalized)
zero-temperature air flow. The (non-dimensionalized) heat transfer coefficients for the non-insulated boundaries
0Qout and 00y, are given by the Biot numbers Biyy; and Bijy,, respectively. Our input parameter is hence
p= (pay, i(2)) = (Biout, Biin) € D = [0.01,0.5] x [0.001,0.1] C RP=2. Our output is the average temperature
of the structure, which serves as a surrogate for the maximum possible temperature of the (to-be-protected)
right boundary for ¢ € [0, co].

The underlying partial differential equation is the heat (diffusion) equation.  The (appropriately
non-dimensionalized) governing equation for the temperature y(u,t*) € Y is thus (3), where Y C Y° = H1(Q)
is a linear finite element truth approximation subspace of dimension (exploiting symmetry) A" = 1396. The bi-
linear and linear forms are given by m(w, v; p) = [, wv, a(w,v;p) = [, Vw Vo+ p faQout WU+ fi(2) fé‘Qin wo,
and b(v; p) = p1) f(mout v; these forms admit obvious affine representations (9)-(11) with @, = 1, @, = 3, and
Qb = 1*. We also define the inner product (w,v)y = [, Vw Vo+0.01 fﬁQout wv+0.001 fﬁQ;n ww, corresponding
to (35) for pres = (0.01,0.001); we may hence choose &(p) = 1 in (30). The output can be written in the
form (4), s(u,t*) = K(y(u,lzk)), Vk € K, where £(v) = [Q|~! [, v is clearly a very smooth functional. We shall
consider the time interval I = [0, 20] and a timestep At = 0.2; we thus have K = 100.

4 Note that the bilinear form m happens to be parameter-independent in this example, and thus ed"(u,t5*1) = 0 here. We
thus have no (computational) need for (-,)x.
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FIGURE 1. One segment of the heat shield.

In Figures 2 and 3 we show the temperature variation over the heat shield at different points in time and
for different parameter combinations. We first note that for larger values of ji(;) the temperature is, overall,
much higher than for smaller values of ji(;). Also, for larger values of ji(2) more heat is removed through the
first cooling channel; for smaller values of ji(2), however, the heat penetrates deeper into the structure and the
temperature tends to be higher and more uniform over the heat shield.

Before discussing the convergence properties we present numerical results for our adaptive sampling proce-
dure. For purposes of illustration, we construct a reduced-basis space for the (one-)parameter set D; = [0.01] x
[0.001,0.1], i.e., we assume (1) = 0.01 is fixed. We initialize the procedure with ST = (y(2) min = 0.001,¢')
and set the desired error tolerance (for the primal energy norm) to €tol,min = 1 E-3. We plot and tabulate
the resulting sample set S%rpr in M(g)-tk space in Figure 4 — we need Ny, = 15 basis functions to obtain the
desired accuracy. We note that for this problem the adaptive sampling procedure selects all the samples on the
2y = 0.001 axis before selecting any other samples. Also, samples taken from only near the extreme parameter
values (minimum and maximum) in D; are sufficient to guarantee the desired tolerance everywhere in Dy; in
general, this is not the case.

We now present convergence results for the full two-parameter numerical example. The primal and dual
samples in D = D x I are constructed according to the adaptive sampling procedure in Section 5; we obtain
Nprmax = 22 and Ny, max = 21 for €ol min = 1 E-3. (We do not consider here optimization of the primal and
dual effort given desired output accuracies.) We first define the effectivity associated to the primal and dual
error bounds as

AR (1 tF)

P, th) = —2 T 85
) = e e T (%)
and . i
AR, (1, 17)
du ky — Nau \[™
") = 86
1) = i o, gy %)
respectively. Similarly, the effectivity for the output bound is defined as
X A (p, tF
W) = ) . (57)

[s(pst%) = s (1, %)

The effectivity serves as a measure of rigour and sharpness of the error bounds: we have 7P (u, t*) > 1, Vu € D,
since AP*(u, %) is a true upper bound to the error in the ||| - |||P*-norm; and ideally we would like 7P" (1, t*) ~ 1,
Vu € D, so as to obtain a sharp bound for the error. (Similar arguments apply to the dual and to the output.)

In Table 1 we present, as a function of Ny, (= Ngy), AP LAY and 7% APY is the max-

s
max,rel? max,rel? max,rel

imum over Srest Of A?\/Fpr(ﬂatK)/|||yN(Ny;tK)|||, nPT is the average over Erest X I of A%pr(u,tk)””y(u’tk) _
yn (i, )], A} s rel 18 the maximum over Srest of A5 (u, t5) /|sn (s, t5)], and 7 is the average over St
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= - _ 10 _ _ _ 410
Ry = 0.5, Ry = 0.001,t=t Ry = 0.5, Ry = 0.ALt=t

_ _ _ 4100
Ky = 0.5, Mgy = 0.001,t=t

FIGURE 2. Temperature in the heat shield at ¢ = ¢! = 2 and t = ¢!%° = 20 over the domain Q
for (a) p = (0.5,0.001) and (b) x = (0.5,0.1).

of A%(p,ty(1))/|s(ps ty(1)) — sn (1, ty(p))]. Here Eqest € (D)4 is a random input sample of size 400; p, =
arg Max ez e, |||YNmax (1 E|], ps = argmax,esq., [N (15 t5)| (note the output grows with time), and
ty(u) = argmaxey |s(u, t*) — sy (i, tF)|. We observe very rapid convergence of the reduced-basis approxima-
tion. Furthermore, as we may expect, A®(u, t*) converges roughly as the square of A‘ﬁpr(u, t*); we see that for
only Npr = N4y = 8 the error in the output is less than one percent. Also, the effectivities are very good: O(1)
for the primal error bound, and O(10) for the output bound; note the latter are worse than the former as our
bound cannot take into account any correlation between the primal and dual error. (We do not at present have
good a priori upper bounds for the effectivities; see [34] for treatment of the elliptic case.)

In Table 2 we present, as a function of Ny, (= Ngy), the online computational times to calculate sy (y, t*) and
A% (u,t*), Yk € K. The values are normalized with respect to the computational time for the direct calculation
of the truth approximation output s(p,t*) = £(u(u,t*)), Vk € K. We note that even for the largest value
of Npr(= Nau) the calculation of sy (u,t*) and A®(u,t*) is approximately 100 times faster than the direct
calculation of s(u, t*). (The growth with NN, is less than expected due to memory-access issues.) We emphasize
that the reduced-basis entry does not include the extensive offline computations — and is thus only meaningful
in the real-time or many-query contexts.
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= - _ 10 _ _ _ 410
u(1)—0.01, p(z)—0.001, t=t p(1)_0.01, Heo) =01, t=t

_ _ _ 4100 _ _ _ 4100
My = 0.0,y = 0.001, t=t My =001,y =01, 1=t

FIGURE 3. Temperature in the heat shield at ¢ = ¢! = 2 and t = ¢!%° = 20 over the domain
for (a) p = (0.01,0.001) and (b) p = (0.01,0.1).

We can now define lower and upper output bounds
sy (1 t7) = s ( t7) = A% (s t7) < s, t7) < s, t*) + A% (s t7) = s (). (88)

We know that s} (i, t*) (respectively, sy (i, t*)) are certifiably upper (respectively, lower) bounds for the true
output s(u,t*) — see Proposition 4.4; that these bounds are accurate — see Table 1; and that these bounds may
be evaluated very fast online — see Table 2. The bounds may thus serve to ensure a feasible design®, a “good”
design, and a fast design process or real-time decision [29].

5For example, to honor an optimal-control constraint of the form s(p, tk) < Tmax We may conservatively impose s}(u,tk) <

Tmax .
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thO

FIGURE 4. Sample set SY; for D1 = [0.01] x [0.001, 0.1] and Ny, = 15.

1072

M2
n || pbr | kBT
11 0.001] 1
2 ||0.001| 2
3] 0.001] 3
4 | 0.001 4
51 0.001] 7
6 | 0.001| 12
7 1 0.001| 24
8 | 0.001 | 40
9 || 0.001| 82
10 || 0.100 1
11|/ 0.100 | 3
12 || 0.100 | 10
13 || 0.100 | 22
14 |1 0.090 | 5
15 || 0.091 | 47

107

TABLE 1. Convergence rate and effectivities: N, = Ng,.

Nyl A

pr
max,rel

™

AS

max,rel

4
8
12
16
20

1.6 E-00(5.44
6.3 E-02]1.55
1.0E-02(1.03
3.2E-03|1.02
8.8E-04|1.01

1.6 E-00
6.7E-03
2.6 E-04
1.5E-05
1.1 E-06

95.63
30.92
8.43
11.45
17.43
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TABLE 2. Online computational times (normalized with respect to the time to solve for
s(u, t*),Vk € K).

Npr|lsn (i, %), VEk € K|AS(u, t%), Vk € K|s(p, t*),Vk € K
3.3E-03 3.2E-03 1
8 4.1E-03 3.3E-03 1
12 4.9E-03 3.4E-03 1
16 5.6 E-03 3.0E-03 1
20 6.5E-03 3.6E-03 1

A. APPENDIX: OFFLINE-ONLINE COMPUTATIONAL PROCEDURE
A.1. Reduced-basis approximation

We summarize here the reduced-basis approximations and necessary quantities for the dual problem and the
output estimate (for the primal problem, see Section 3.2).

For the dual problem we define W (u, t*) = [Un 1 (11, %) Uno(p, t*) ... Uy n,, (1, t%)]T and obtain from (18)
that

(MR (1) + At AR (1) W (1) = M () Y (1", VE €K, (89)
where
Qum
Z 0% (1) My, and A (u Z 04(u) AV, (90)

with entries )
MNui?j = mq(czdu,gj(_lu)’ 1 S Z7j S Ndu,ma)u 1 S q S Q'm;
A(Il\}li(,lj = aq(g;iu7c;lu), 1< Z7j < Ndu,ma)u 1< q < Qa; and (91)
L?\;lz = E(C'?u)7 1<i< Ndu,max-

Note that W (u, t5+1) is calculated from MU (p) W (p, t5+1) = L%
Finally, we evaluate the output estimate, Vk € K, from

k
sn(pat*) = LN Ty (%) + > WR (u, 5 7HF)
k'=1

{ B0 () = A0 08 = 5080 (13008 =y ) b (02)

where
Q?’Nr Q(l
MR () = 0%, (1n) M, AR () = > 0d(p) AR, and By Z Of(p) BN, (93)
q=1 q=1

with entries .
M]%r;,;q - mq(cldu’cjpr)’ 1 S i § Nduima‘x7 1 S] S Npr,maxv 1 S q § Qm;
d . .
A?\;l]uq aq(cldu’ijr)’ 1 S t § Nduima‘x7 1 S J S Npr,maxv 1 S q § Qa;
d .
BNuiq = bq(cldu)v 1 S ? § Ndu,maxa 1 S q S Qb; and

LIID\;z = E(Czpr)v 1 S { S Npr,max-

(94)
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The offline-online procedure is described in Section 3.2

A.2. A Posteriori error estimation
In this section we discuss the calculation of the primal and dual error bound. For the primal error bound

we first note from standard duality arguments that

RPT(y: tk
B (1, 4) = sup L) (95)
P vey  vlly
= (1" (s t") v (96)
where éP*(u,tF) € Y is given by
(97)

(épr(uatk)a U)Y = Rpr(v; ,ufvtk)a Yv ey,

(97) is effectively a Poisson problem for each t* € I
From (21) and the affine assumptions (9)—(11) it thus follows that éP*(u, t*) satisfies

Np:
(&7 (. %), Z O} (1 )= {Z A t*) (2,

n=1
) (ynn (s t") — ynn (u, t771)) ma(CEr, )} . Y ey.

v)

I M‘Q

It is clear from linear superposition that we can express é(u, tF)

Np:
Z@q u(t*) B — Z{Z O (1) ynn (. t*) APY,

n=1
+Z _@q yNn(Matk) - yNn(Natkil)) Mg,rn} ’ (99)

P (u

where we calculate

Bt €Y from (B, v)y = b(v), Yo eY for 1 <q<Qy,
Vo eY for 1 <n < Nppmax, 1 <¢<Qa, (100)

= (¢, v),

AP, €Y from (AP, v)y
=mi(¢?

MY, €Y from (MSZ, v)y ,v), Vo €Y for 1 <n < Nprmax, 1 < ¢ < Qm;

note B, A, and M are parameter independent
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From (96) and (99) it follows that

et Z O (1) OF (1) ult®) u(t®) AP
q,9'=
36 @FQMMM%?
g=1n=1 q’'=1

+ Z O, (12) (ynn (1, t*) — ynvn (i, 1)) AP T)

q_l

.S { > OL0) O () vl )y 1, 1) AL,

n,n/=1 q,¢'=1

+ Z CEA (1) (unn (s t™) = Y (s 1)) (ynome (1 t°) =y (s, £971)) ADE
q,9'=

+Z Z O (1) OF, (1) ynn (11 t*) (ynme (1, *) = ynvmr (1, 1)) Af;;’ﬁ/} (101)
q=1q¢'=1

where the parameter-independent quantities AP" are defined as

Apr,bb — (B, By, 1<q,q¢ < Qy;
AP — 2 (B Ay, 1<q<Qpy 1<¢' < Qay 1 <0 < Nppmaxs
AP = — 2 (BY MY )y, 1< < Q16 < Quy 157 < Nprm (102)
Ao = A A7 vs 120,04 S Qoy LS00 < Nprnas
AP = 2 (AR M)y, 1S Qay 150 < Qs 1< 7,0 < Npmas
APEIT! = e (ME MY )y, 10,6 S Qs 1S 10" < Nprmax.

The computational procedure for the dual error bound follows arguments similar to the primal error bound
presented in (95)—(99). Thus, we first solve for

Adv €Y from (AZ,,v)y = a?(¢e" U), Vo eY for 1 <n < Ngymax, 1 <¢q<Qq,

q,n>
Mgu €Y from (M3 v)y =mi((v), Vo €Y for 1 <n < Naumaxs 1 < ¢ < Qms (103)
and then evaluate the dual norm from
Ndu
e = 3 { 5™ 08008 (1) o 1) s £ ALES

n,n’=1 q,9'=1

+ Z (_.)q ) (\Ian(Ma ) \Ian(,ufvthrl)) (\IINn/(Natk) - \Ian’(,ufathrl)) Agzqn:?
q,q9'=1

Qo Qm .

+ Z Z @q \Ian(,u'v ) (\IINn/(Natk) — Uy (,u'athrl)) Aq;lqaz} (104)

g=1q'=1
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where the parameter-independent quantities A" are defined as

, 1 .
q:’qu/n/ - (.Adq}ll7.Az’,nl)Y) 1 <_ q7 ql <_ Qa; 1 <_ n? nl <— Ndu,max:
, ] . )5
q;zlq/n/ — At (-Aq,na Mq’,n’)Y7 1 <_ q <_ Qa; 1 <_ ql <_ QWH S n; nl < Ndu,IIlaX7 ( )
d ,mm u du
/s ;Ll%/ = —:12(Md,n,M1/7n/)i/7 <_ Q7ql <_ QT)’H 1 < n)n < lvdu,max-

Finally, for the contribution due to the error of the dual problem at the final time we first solve for

LY €Y from (LY ,v)x = £(v), Yv ey,

106
MZ{IGYfrom (Mifl,v)X:mq( dup), Vo €Y for 1 <n < Ngumax, 1 < q < Qm; (106)

we then evaluate the dual norm from

Nau @m Nau Qm
v 2 e bm / e omm
ent, () =AY LN 01 (1) \Ian(MK“){AqJ + 30D 08 (1) v (AL } (107)

n=1q=1 n’'=1q'=1
where the parameter-independent quantities A¥7 are defined as

A‘I’f,zz — (E\ij,[:‘ll)x,

T, 0 N

Aqr{ =2 (Mq,{z;E\Pf)X; 1 <q<Qm, 1 <n < Naymax; (108)
v, v v

Aq,,.{q;’:;n - (Mq,’IJfL;Mq/{n/)X7 1 S Q7q/ S Qm; 1 S n7n/ S Ndu,max-

The offline-online decomposition is now clear. In the offline stage we first compute the quantities BP*, £Y7,
APtAuand MPEAwYs from (100), (103), and (106) and then evaluate the AP44¥7s from (102), (105), and (108);
this requires (to leading order) O((Npr,max + Ndu,max)(@a + Qm)) expensive “truth” finite element solutions,
and O((NJ, pax + Ngumax)(QZ + QaQm + Q32,)) N-inner products. In the online stage, given a new parameter
value p and associated reduced-basis solutions QN(,u,tk) and W (u,t*), we perform the sums (101), (104),
and (107) and evaluate the error bound from

s At S, 2\ ° At X . L2 ent (w)
A (Ma tk) = <d(u) Z E?Vpr(ua tk ) ) m Z E?\/'du (:U/atk ) + W P Vk € K7 (109)
k'=1 k'=K—k+1

it directly follows that the online operation count for A®(p, t*), Vk € K, is O(K (N2, 4+ N3,)(Q2+QuQm+Q%)).
Thus, all requisite online calculations are independent of the dimension of the underlying “truth” finite element
space, N.
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