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AN ASYMPTOTICALLY OPTIMAL MODEL FOR ISOTROPIC
HETEROGENEOUS LINEARLY ELASTIC PLATES*

FERDINANDO AURICCHIO!, CARLO LOVADINA? AND ALEXANDRE L. MADUREIRA®

Abstract. In this paper, we derive and analyze a Reissner-Mindlin-like model for isotropic heteroge-
neous linearly elastic plates. The modeling procedure is based on a Hellinger-Reissner principle, which
we modify to derive consistent models. Due to the material heterogeneity, the classical polynomial
profiles for the plate shear stress are replaced by more sophisticated choices, that are asymptotically
correct. In the homogeneous case we recover a Reissner-Mindlin model with 5/6 as shear correction
factor. Asymptotic expansions are used to estimate the modeling error. We remark that our derivation
is not based on asymptotic arguments only. Thus, the model obtained is more sophisticated (and
accurate) than simply taking the asymptotic limit of the three dimensional problem. Moreover, we do
not assume periodicity of the heterogeneities.
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INTRODUCTION

Laminate slender structures are often adopted in practical applications for the excellent ratio between me-
chanical performances and weight. However, in terms of modeling they present several challenges.

In fact, although occupying a three dimensional domain in space, slender bodies are characterized by having
a one- or two-dimensional “aspect”. Accordingly, dimension reduction models are posed in domains with at least
one dimension less than the original problem, but the model solution should approximate as close as possible
the original three-dimensional domain solution.

The modeling complexity is particularly significant for the case of slender structures made of heterogeneous
materials, also in the case of two dimensional planar plate-like bodies. There have been numerous modeling
attempts trying to incorporate the influence that the heterogeneity has on the solution in such problems (see
for instance [4,10], and references therein).

In this paper, we derive (and analyze) a version of the Reissner-Mindlin equations for the case of a plate
made by isotropic heterogeneous materials. To reach this goal, we use the approach of [1] for the development
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of a model. Such a technique relies on a wvariational approach and it is based essentially on two ingredients: the
choice of a variational principle and the choice of proper subspaces.

Due to the material heterogeneity, in the following we need to develop an ad hoc variational principle, which
is different from the ones adopted in [1], effective only for the case of homogeneous materials. Moreover, we
also have to modify the subspaces in which we look for the solution; in fact, the classical polynomial profiles for
the shear stress valid for the case of homogeneous materials are now replaced by more sophisticated choices. In
particular, such new profiles are derived through considerations based on asymptotic expansions.

As a result of our analysis, we obtain equations (25)—(28) defining our candidate for approximating the three
dimensional heterogeneous plate problem solution.

We would like to emphasize that a plate model based on variational principles differs substantially from a
model which results from considering asymptotic limits. Indeed, the former is defined by a system of singularly
perturbed equations, and the corresponding solution presents a complex behavior with respect to the thickness.

On the other hand, models originated by asymptotic considerations are of a different nature. The best
known example is the biharmonic plate model (¢f. [6,7,9] for homogeneous isotropic plates, and [5,13] for the
heterogeneous case). The corresponding equations do not depend singularly on the plate thickness, and usually
have limited applicability, as shown in [3, 6].

The outline of the paper is as follows. In the next section, we describe the traditional variational approaches
and why it is not possible to use them. In Section 2, we detail the variational principle upon which we base
our derivation and present a description of the proposed model. Finally, in Section 3, we prove the consistency
of our solution and some other convergence results. We postpone to various appendices most of the details
regarding derivation of the model, asymptotic expansions, and convergence results.

Before proceeding, we introduce and explain some notation. We use one underbar for first order tensors
in three variables, two underbars for second order tensors in three variables, etc. Similar notation holds with
undertildes for tensors in two variables. We can then decompose 3-vectors and 3 x 3 matrices as follows:

u g g
’l_/L = ~ y = T .
u3 o° 033

Moreover, throughout the paper we make use of the following operators that assigns for a given tensor its
moments:

(S

]

~
—& —&

I"(h) = 571%1/ h(z3)zk des, I%(h) = Efk*l/ Q(Ig)xlg dzs,

€ €
I*(h) =7 F1 / h(zs)ah dos, I%(h) = F! / h(x3)ah dos.
N A e N N N

1. PLATE MODEL CONSTRUCTION BY VARIATIONAL APPROACH

We counsider a linearly elastic body occupying the three-dimensional domain P¢ = x (—¢,¢), where € is a
bounded two-dimensional domain. Clamped on the lateral boundary 0Pf = 92 x (—¢, ), the body is under the
action of a surface force density g° on its top and bottom 0P = Q x {—¢,¢}, and a volume force density f°.
The equations of linear elasticity state that the displacement u® : P — R®, and the stress ¢° : P® — RS;H?{
satisfy

{AU6 = e(u®), —divgs = f° in P7, W

u® =0 on OF}, o°n = g° on OPL,
where e(u®) = (Vu® + YT u®)/2 is the symmetric part of the gradient of u®, and A is the compliance tensor.

Limiting the discussion to an isotropic material, the compliance tensor A is defined as

1+v
E

[
=

T- @}, (2)
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for every second-order tensor 7, being § the identity tensor. The Young’s modulus £ and the Poisson’s ratio v
are material parameters, which might depend on the transverse variable x3, being however independent of the
planar variable z.

A way to systematically derive two dimensional plate models is the variational approach proposed in [1].
This procedure consists in choosing a variational principle, which corresponds to a weak formulation of (1).
The plate model is then derived restricting the test and trial spaces to suitable subspaces.

In [1] the following two different variational principles were considered to treat the case of isotropic and
homogeneous bodies.

e The couple (u®,0¢), solution of Problem (1), is the unique critical point of the functional

1
J(g;):5/5ﬁl;:;d£+/lxy-div;d£+/lxi-yd£ (3)

on L?(P¢) x By, where X4e = {0 : 0 € H(div, P?), on = g° on 0P }.
Following the variational gf)proacﬂ of Tl], p_late models are derived restricting (3) to particular subspaces
of EQ (P?) x X4, characterized by having specific polynomial dependences in the transverse direction.
It is interesti_n_g to notice that not all choices of subspaces lead to a well-posed PDE system, as well
as some specific choices lead to models that, although well-posed, are divergent in a sense that we
make clear later on. It is also interesting to recall that, starting from functional (3) and adopting two
different subspaces, it is possible to obtain two versions of the Reissner-Mindlin model, both with the
shear correction factor 5/6. By “version”, we mean that the left hand side of the equations are the same
as the standard Reissner-Mindlin ones, up to the shear correction factor, while the right hand side may
differ.

e The couple (u®,0®), solution of Problem (1), is the unique critical point of the functional

J*(y,z):%/ 4z:zd£*/ g(y):zd£+/ i~2d§+/ g-vdz
- e =T T Ps - Pe oPs

on {ve H(P?) : v=0ondP} x L*(P°).

Again, modeling is possible by searching for critical points in subspaces with certain polynomial de-
pendence. It is interesting to notice that the minimum energy models are a particular instance of this
approach, and that the simplest model derived using this approach is not a minimum energy model.
Finally, we recall that starting from the functional (4) and adopting specific subspaces, the resulting
system is a variant of Reissner-Mindlin model, with shear correction factor 1. The other models based
on (4) are either more complicate than Reissner-Mindlin or divergent.

—
W
N~—

1.1. Definition of model consistency

As discussed in the introduction, every plate model is supposed to approximate the 3D solution for the
limiting “thin” plate case. Accordingly, we say that a plate model is consistent, or convergent, if for every

“reasonable” choice of loads it holds

|l = uE g ey
lim
e—0 ||'l_],EHH1(P£)

=0, (5)

where u® are the 3D displacements and EM ¢ are the model displacements.
More precisely, let us suppose that there exist e-independent loads f and g defined as f: Q x (—1,1) — R3,
g:Qx{-1,1} — R? and such that

. ) 3 e . (6)
(£a5x3)7 g3(£,1’3) = 393(%751'3)7

{ ,Z(%a j?)) = Eflf(ﬁa €£3)7 f3(£7'%3) = 572]0??(%75@3)7
g
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for 3 € (—1,1). Also, let us assume that the functions
D(i3) = v(eds), FE(ds) = BEleds)  for &5 € (—1,1),

are independent of € and, since there is no risk of confusion, we still write v and F, even in the domain (—1,1).
Under these hypotheses, as detailed in Appendix B, u® converges asymptotically to

ur(x) =

<€£1(£) gg&z)? <§(£)> |

where ¢ L and (9 solve the following system of equations
div [1°(A —ediv |I'(A7! VO}:_[O Y —2e71¢%¢ inQ,
i | 12047 £(¢h)] - sdiv [ 1A AT D] =1 -2
e div div {él(é—l)g(g)} — edivdiv {12(% eV )} =—'(f5)
— I (div £9) —25_1divg5’° —2e72g5° in Q,

0
¢t =0, gf%%:o on 09.
with él defined as
1
ar =15 - Luipg, ®
and with the even and odd parts of g defined as
£,¢ 1 £ £,0 1 £
9 (@) =5lg° (@) + gz, o)), ¢°(2) = 5[g°(z.0) —g°(z, —9)]. 9)

We say that the plate model is consistent, or convergent, if condition (5) is satisfied for all loads such that at
least one of the functions ¢! and ¢§ are nonzero.

Remark 1.1. Note that [12] uses a slightly different definition of consistency.

Remark 1.2. Note that (7) couples the membrane and bending problems. Nevertheless, if v and E are even
functions (symmetric plates), then it is easy to see that (7) decouples into the membrane equation for S ! and

the biharmonic equation for (.

1.2. Problems with the Hellinger-Reissner principle

Taking into account the previous considerations, it would be natural to choose functional (3) as a starting
point to derive a plate model also for the case of heterogeneous materials. Unfortunately, the direct application
of functional (3) is not possible since, due to the heterogeneity, it leads to divergent models, as discussed below.

Let us consider the case where g3 = 0 and v and E are even functions of z3. Since the three-dimensional
problem (1) decouples in bending and membrane equations, for the sake of simplicity we consider only the
membrane contribution.

The simplest model based on (3) is obtained by assuming that trial/test in-plane displacements and in-plane
stresses are constant along the thickness (cf. [1] for the details)

~

Wa) = (). g0 =g @ =0 2w = ng (), (10)
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for some 7 and o. Searching now for critical points, we obtain the following membrane equation
~ ~

div [4[0(14)_1 e(n)] =—J9f%) —2e7 g in Q.
~ N N ~ ~o ~

(11)

On the other hand, for this specific (uncoupled) problem the 3D in-plane displacement field u® converges
asymptotically to e¢*, solution of (cf. (7))

div [I9(A7Y) e(e I}IO ) —2e71¢% in Q. 12
iv [ 10047 gleh] = 1) 2 g (12)
Hence, the obtained membrane model is divergent since for a general heterogeneous material

0 —1 0 —1
A1) £ 1047,

(13)

Remark 1.3. Note that for homogeneous plates 419(A)~! = 19(A~1); accordingly, the above membrane model
N N N
is consistent, since %M =n= Egl.

To summarize, the extension of the techniques detailed in [1] to the case of heterogeneous plates leads to the
following two difficulties:

e the variational principle (3) is no longer suitable;
e polynomial profiles in the transverse direction are no more satisfactory.

In particular, the second point is due to the fact that now the profiles for the stress tensor components have

a complicated shape, depending on the material heterogeneities. Accordingly, assuming polynomial profiles for

all the unknowns may lead to a poor representation of the stress tensor in the transverse direction.
In what follows we overcome these difficulties by:

e choosing a different variational principle;

e choosing a subspace for the stress tensor which takes into account the heterogeneity of the plate.

2. A NEW MODEL
2.1. A new functional

As shown in equation (13), the processes of inverting and homogenizing do not commute in the case of

heterogeneous tensors, yielding an incorrect constitutive relation for the plate planar components. To overcome
this difficulty, we try to impose directly in the model the following planar constitutive equation

v
ocf=A"te(u)+ =0, A1,
g < N(N) By 2

(14)
To reach this goal, we first introduce the space Sy, defined by

(15)

(16)
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defined on L?(P%)x Sge. It is easily seen that (u®

u € L?(P¢)x X4 is the unique critical point of functional (3),
if and only if the couple (u¢,s®) = (u®, B~'o®)
(

%)
€ L?(P°) x Sge is the unique critical point of functional (16).

Since s = B_lge, it follows that it holds (c} 15))

v
sT=ew) + posd =40, sT=0% s =0k (17)
Moreover, we have that (u®, s°) € L*(P¢) x Sy satisfies the weak equations

/ ABSE:QEngr/ u® -divBtdz =0 for all £ € S,
= € - (18)
fevde for all v € L*(P?),

where So = {s : Bs € ¥ }. The model we are going to derive is based on the weak formulation (18) and,

similarly to [1], it will be obtained by looking for critical points of J® within suitable subspaces ;2 (Pf) x é‘ga C
L*(P7) x Sge-

Remark 2.1. We notice that Auricchio and Sacco in [4] already used the constitutive equation (14) to develop
their model.

2.2. Subspace choice

Our choices of profiles for displacements and stresses are based on the asymptotic analysis of the three-
dimensional solution. To obtain the simplest possible convergent model, we decided to exclude the profile of
the asymptotic limit of 055. As we describe in Appendix B,

ey (56N (@) — w3V E(z)
*(a) ~ Ale(e(@) -mYQRE@) + (19)

e
o°(x) ~ Vdiv¢(z)p™(zs) + 2 VAG(@2)p"(ws) +e°p' (@) + -,

I9(£%) B T Py
m 1—v2 —1 —1
= - de,
P (s) PE)° /_ 11, % /_ 2%
I'(£%) B g

b 1—v2/ _—1 -2

= M=) g — —~ _¢d 20
P(@s) P(E) " /, A /, R (20)

573 : € €,e 2 — e 5 -2 ¢
gl(g)m< 7€i d§+2g’)/€ H—ydffg 2 g [fdE—¢ QQ (%75).

Remark 2.2. Note that p™(+¢) = p®(£e) = 0. Moreover, 52Ql(§,5) = g°(z,¢) and 5QQZ(£, —€)=—g°(z,—¢).
Moreover, Ql depends only on the load.
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Remark 2.3. We remark that the leading terms of the variables involved in (20) have the following shapes in
the transverse direction:

a linear polynomial for u®;
a constant for u§;

a linear polynomial for s = Ao®;
~ %N

a linear combination of the functions (in general: not polynomials) p™, p® and ]le for s°.

~2 N
We are now ready to introduce the subspaces L (P€) C EQ (P*?) and é‘gs C Sy, respectively for the displacement

and the stress-related unknowns, by setting

éQ(PE) _ { ufM = (N(N) —39(z )> } ’ (21)

w(z)

~

oy s™(z) + e tazsb(x) sBM (22)
= —(~ ™ o~ v , 22
g SRM ggao(g) +e 130395’2(%)

~

1 Ty

Il

where 1, ¢, w, s™ and s? are functions defined on Q.
~ I R

Moreover, for the shear stress s EM there are two possibilities, since p™ and p® can be linearly dependent.
This occurs for instance, if v is constant, and consequently p™ = 0. Hence, we assume that

(23)

™D (s) + s()pt(zs) if P, pP are lin. indep.,
sP(z)p"(z3) otherwise.

2.3. Model derivation
Restricting the test and trial spaces as discussed in subsection 2.2, problem (18) reduces to find

QQ(PE) X é’ga solution of

(ERM’ iRM) c

/ ABSRM:ELngr/ fM . divBtdz=0 forallt €5,
- : (24)

7/ divBs™ .odz= [ f°v for all v € L (P*).
PE

~2 A
Due to the structure of L (P¢) and §'ga, the above system (24) can be seen as a system whose unknowns are
the following functions, all defined on the mid-plane Q:

the unknowns 7, ¢ and w related to the kinematic fields;
the unknowns zm and zb related to in-plane stress;

the unknowns s® and s™ related to shear stress.

In particular, our approximation to u® is given by

RM _ (Q(g) x3f(£)) . (25)

u =
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From the weak formulation (24) it is possible to show that 7, ¢ and w are uniquely determined by the following

system of partial differential equations on €:

~

ediv [IO(AI) g(g)} — 2 div [II(AI) g(qg)} = EQLO + €4L1 in Q,

(g)] +eC%(¢ — Vw)

763L5+€3L2+€5L3 in €,

where

1
di1 d
H 12) if dy1dag — (di12)* # 0,

°(p") . (o0 .
- otherwise,
22 \01
2(1 2(1 2(1
dyy = 1° (M@mﬁ), dyy = I° (Mpmpb) doo = I° (7( ) (pb)Q)-

The loads are given by

_ —170/ pe —2 &, _ -3 |70 v e, 1 v e
Lo = — 1 I0(f%) —2e7 2%, 1) = —¢ [I<1_V)Yg3°+l(1_y)Yg3e},
€ —2 € — v €, v €
L= 2 L= [P () Vet () T
_ _ y m y IO m
lo = e 2I0(f5) +2e7395¢, 5= ({0(—2(15 Lplpm) 10(2F4 )glpb))f\g(jo(g)b))).

Details relative to the computations to go from (24) to (26) can be found in Appendix A.

(26)

(27)

(28)

Remark 2.4. Note that the definitions of the ;s are such that they are independent of ¢ if the scaling (6)

holds.

After 7, ¢, and w have been determined, the computation of s M. ERM

post-processing. In particular the fields s™ and s® are the solution of the algebraic system

, and sZM can be recovered as a
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while the fields s™ and ﬁb are computed as

(zm 2b) = (¢ + Vw) (I°(p™) I°(p*)) M — &2 (10(2(1E+D)£lpm) IO(%QW’)) M. (30)
Finally, the stress components are given by (cf. (17))

_ 14
O’RM —A ISRM + 0'3]?31\/157 O’RM RM RM
A N N 1— I~

(31)

Il
2w
Q
w
w

Il
Q
w M
o
8
S~—
+
()
L
8
w
Q
w M
~
—
2

~

Homogeneous materials

When the plate is composed of homogeneous material, the equations (26)—(30) considerably simplify. Since
the material functions v and E are symmetric, the equations decouple into membrane and bending parts. The
membrane equation reduces to

14

- 25divé_1 e(n) = eI%(f%) + 295" + 2
n=0 on o0.

Vgs® in Q,
1—p ~73 (32)

Equations (32) are the same as derived in [1], although the two derivations are based on different choices of
spaces.
For the bending equation, we have

2e3 5 FE 2v
——divA™! = - =3y — g2 S inQ
g Wvd e Fegr @Yl =l —egg— 5 Ve" in,
5 F . - ce o0 (33)
661+lev(gfyw)—F+2g3 + —divyg in Q,
w=0, ¢=0 on 0f).

35_113(f6)+§f5_2ga’0,
4 ~ 12 ~o 3 ~ (34)

1 5
F= _152 div I'(f°) + 552 div I?(f°) +I°(f3).
The problem defined by (33)—(34) differs from the bending problem found in [1]. Indeed, the right hand side
of the (33) is new, and it incorporates higher order moments of [ Notice also that we recover a model of

Reissner-Mindlin type, with shear correction factor 5/6.

3. MODEL CONSISTENCY AND SOME CONVERGENCE RESULTS

3.1. Model consistency

We now study the consistency of our model, by performing an asymptotic expansion with respect to ¢ for
both the 3D displacement solution and the model displacement solution. The key point for proving that (cf. (5))

.y _HRMHHl(ps)
lim
e—0 ||’l_1,€||H1(pa)

=0 (35)
is to recognize that the leading terms of both the expansions coincide. More precisely, as shown in Appendix B,

the 3D displacement solution u®(x) admits the following expansion

u®(z) = ur(x) + higher order terms (36)
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where X .
w(o) = (¢ TR, 7
On the other hand (¢f. Appendix C), the model displacement solution Q_LRM (x) can be written as
u™ () = uf™(z) + higher order terms (38)
where ) .
i) = (1, ). (39

We have the following result.

Lemma 3.1. For the leading terms uy and ™ defined by (37) and (39), it holds
ug, = up.

Proof. From (59) of Appendix B, we have that the terms ¢ and ¢§ involved in ur(z) (cf. (37)) are uniquely
determined by

~ NN ~oN N Z

div {10( Delg )} —div {II(A De(Ve )] = —c'I0(fF) —2e 775 in Q,

divdiv [ 1A ¢(¢h)] - divy | P24 (T )| = < 217055)

NOW (40)
— e N (div f7) = 262 div g*° —2e7%g5" in Q,
0
QIZO, ngé;%:() on 9.
On the other hand, from (74) of Appendix C, we have that 7!, ¢°, w° € Hj(f) solve
div [1°(A71 l]d' {IlA1 O}Z,
iv [ 1047 e(0h)] - i [ 147 (90| = 1
divdiv |11 (A" l]d' di {IQAI v O}d Ly — L, (41)
iv ivg(g )g(n) ivdiv %(% S(Nw) ivieg—1y
¢" =V’ =o0.
Hence, QNSO = on and Ow®/dn = 0, so that 7N)1 and w are determined by
div [1°(A™1 l]d' [IlA_l Vo}l,
v | 12(47) ea)] — i 147 9| = 1
div div [Il(Al) e(nt)| — div div {IQ(A D) e(VwO)} =div g — Iy, (42)
~ I N ~ 1 N N Mo ~
0
n' =0, wozai:O on 0f)
~ on

Recalling (28), we see that system (40) is the same as (42). It follows that ¢! = 5! and ¢§ = w?, so that

up, = ufM, g
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In the result below, we prove the consistency of our model. To be able to obtain relative convergence estimates,
we shall assume that that either ¢§ # 0 or S L' £ 0. We shall actually assume this hypothesis throughout the

paper.

Theorem 3.2. Let u® and u™ be defined by (1), and (25)-(28). Then there exists a constant C = C(S, f, g)
independent of €, such that

e — "™ g

- ) < Ce. (43)

[usl[mr2 (pe)
Proof. In this proof, we consider only the case when the third component of ur, i.e. ¢9, is not identically zero.
The case when ¢§ = 0 but S 1 £ 0 can be handled with the same technique. Since up = ny , from the triangle
inequality it holds

v — ™ pey _ lluf — urllmspe) + [[uf™ — u™ | g pe) (44)
l[u [ (pe) B (w1 (pe)
From Theorem B.1 of Appendix B it follows
lu® = urllerpey < /. (45)
On the other hand, since
1 0
rvyy v ((En(x) —n(z)) —23(¢°(z) — ¢(z))
up ™ (z) —u = ( wO(g) —w(z), (46)
from Theorem C.1 of Appendix C an integration along x3 leads to
[uf™ = ™ g ey < e, (47)
Collecting (45) and (47) we obtain
[u® = urlla pey + ui™ = w™ (| pey < e (48)
Furthermore, a lower bound for u® easily follows since
| (pey = llusllen pey 2 168 Mmooy — 10§ — Gl ey > e/, (49)
for € sufficiently small. Hence, from (44), (48) and (49) we have
ut — ul™|| g1 pe
|u® = u™ | (pe) < Ce. (50)
w2 (pe)
O

Remark 3.3. From the proof of Theorem 3.2, it is easily seen that we have indeed

llu® — w1 (pe) [[ug — ufM ||

() < Ce.

< Ce,

|us || e (pe) usl 1 (pe)
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3.2. Other convergence results

In this subsection we collect some results concerning the modeling error for the stress field. Since the proofs
are rather involved, we postpone them to Appendix D, for the sake of readability. We begin by recalling that o°
is the 3D stress solution (cf. (1)), while of* is the model stress solution recovered by (31).

The next Theorem gives an error estimate for the planar stress components.

Theorem 3.4. There exists a constant C = C(Q, f, g) independent of €, such that

e _ sRM
IIg g 2P < o2,

g%l L2(pe)

Regarding the convergence of the shear stress, we could obtain weaker results. In particular, due to boundary
layer effects, only interior estimates have been developed. Nevertheless, the following theorem shows O(e)
convergence for the averaged shear stress.

Theorem 3.5. Let Qo be a domain such that Qo C Q. Then there exists a constant C = C(, 0, f,9)
independent of €, such that

[1°(o — o M) L2 ()

< Ce.
11°(°) I £2(20)

Theorem 3.5 can be used to obtain interior convergence estimates for the shear stress (not ounly for its average)
in two particular situations.
The first one concerns the case of symmetric plates under bending, as displayed by the following corollary.

Corollary 3.6. Assume that v and E are even functions. Assume also that the loads induce a pure bending
state, i.e.

o ¢ is an odd function, and f5 is an even function, with respect to xs;
£ __ g,0 &€
e g°=1(9%95)

Let Qg be a domain such that Qo C Q, and set P§ = Qg x(—¢,€). Then there exists a constant C = C(£2,y, [ 9)
independent of €, such that

Ua—O'RM 2
lg* g™ Ny _ .

llocllz2(pg)

The second case is when the polynomials p™ and p® are linearly dependent functions. For instance, this occurs
whenever v is constant. Indeed, we have the following result.

Corollary 3.7. Assume that p™ and p® are linearly dependent functions. Let Qg be a domain such that Qg C Q,
and set P5 = Q x (—¢,¢€). Then there exists a constant C = C(Q,Qo, f, g) independent of e, such that

||£E - QRMHH(Pg)

< Ce.

llocllLz(pg)

APPENDIX A

In this appendix we present the arguments necessary to obtain the model described in Section 2.3. Throughout
this derivation, we assume that (21), (22) and (23) hold. Also, we consider that p™ and p® are linearly
independent. When these polynomials are linearly dependent, the computations are analogous and simpler.
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During the computations, we need that

14 v v
s bos i
Ar=1""14+0 coanddBs=1 140 1y ] (51)
= =T T33 % tr(;) - E s % ~FE tr(é g)

The equations (29), together with the boundary conditions for 7 and ¢ in (26), are obtained from the first
equation of (24), by considering

ta) = (im(g) +0x3£,b(£) 8) ’

where t™, t* € H*(Q) are arbitrary.
By considering next

(x)p™(x () pb(x:
1(x) = < 0 £ (x)p™( 3))7 1(x) = < 0 t7(z)p”( 3)>, (52)

[t (z)p™ (x3)]" 0

~

in the first equation of (24), we conclude that

C204+v), ,om m ¢ m “f20+v) |
/ u(z P+ sPp)p dxaz/ (=¢+Vwp dx3*€2/ gglp das,

— E — — E
T2(L4+Y) o bobyb ) b o [F2(L4v) 4
T(g p" 4+ s'p)p’das = (¢ +Vw)p'drs —¢ — R dxs.

Equation (30) expresses the solution of the above algebraic system. It follows also that w = 0 on 9f2.
Next, we consider the second equation of (24). By taking variations of test functions of the form v(z) =
(v(z),0), we find

€ €
div/ A7 (™ 4 e tags®) dag = — fodxs —2g%°.
~ N ] ~ e 2z

Using the first equation of (29), we obtain the first equation of (26). By considering v(z) = (z3v(z),0) we find

€

€ € 6pl
(gmpm + gbpb) das = 7/ x3 [ dos — 52/ 3= dxs, (53)

€
div/ 23A71(5m+€711'38b)d1'3 f/
~ N N ~ _. Ozs

—& —& —&

where we integrated by parts the second integral above. Using (30) we obtain that

s™I0(p™) + s"T°(p") = C¥ (=g + Vw) — % 15. (54)

~

Therefore, the second equation of (26) follows from (53), the second equation of (29) and from (54).
To obtain the final equilibrium equation, we consider v(z) = (0,0, v3(x)). Hence, it follows that

€ €
div/ (gmpm + gbpb) dag = —3ly — £2 div/ ]N)l dxs.

—€ —€

Using then (54), we obtain the third equation of (26).
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APPENDIX B

As we mention in the introduction, to find out the suitable profiles for the shear stress, and also to derive
error estimates, we look at the asymptotic expansion for the exact solution u®. We do not give here a complete
description of the expansion, but we only mention the basic ideas and some final results. This expansion for
heterogeneous plates generalize the work of Dauge and Gruais [8]. See also [11], where the asymptotic for a
general elasticity problem is investigated. The first step to obtain an asymptotic expansion for u® is, as usual,
to introduce the change of variable (z,x3) — (z,23) = (z,e 'x3), which maps the domain P* = Q x (—¢,¢)
onto © x (—=1,1). Thus, the 3D elasticity problem

—divA~e(u) = f° in P*,

u® =0 on OP;, (55)
(u)n = g° on OPF,

can be accordingly transformed into a problem (depending on the parameter ¢) defined on the fixed domain
Q x (—1,1). By assuming that:

e there exist e-independent functions f: Q x (=1,1) — R3, and g : @ x {—1,1} — R3 such that

i(gaiﬁ) :Eilis(gasﬁ%)a f&(%aig) =€ 2f§(l‘,€1’3), (56)
Q(%; i'i) = 5_2g8(£a 53733 ) g3(£a i'i) = 5_393(33751'3)7
for &3 € (—1,1);
e the functions
D(i3) = v(eds), E(is) = E(eis)  for i3 € (—1,1),
are independent of «;
an asymptotic expansion for u® reads as follows
() ~ <Eg1(§) — 3 YC:?(%)) . <5£2(£) — 3 YC%(%)) +€2< 0 )
- = () () u3(z, e as)
eC3(z) — 23V (E(x
+ EQQQ(g,e_lp,s_lms) + &2 < ¢ Cg(;)N Cs(N)) + €3§3(§,5_1x3) +---. (57)

Above, gk Q- RE ¢ Q—Rand Qk : Q x (—=1,1) — R3 are functions independent of e. Moreover, the
boundary correctors g}k, needed to capture the boundary layers of the 3D solution, are functions which decay
exponentially to zero with e~!p, where p is the distance of a point z € () from the boundary 0f). Inserting the
formal expansion (57) into (55), one recognizes that the functions S k+1 and (¥ can be determined by solving

2D partial differential equations on (2. In particular, the functions ¢ Land (Y entering in the leading term

~(e¢H () — 23V E(x)
ur(z) = ( () ) (58)



AN ASYMPTOTICALLY OPTIMAL MODEL FOR PLATES 891

of the expansion (57) solve the problem

cdiv | 12047 £(¢)] - ediv | A (T = 1) - 277 o

cdivdiv | (A7) (6] - eaivaiy | P (T @) = )

—I'(div %) — 2e7 " div g™° — 2e7?g5° in Q,

(59)

0
¢'=0, C;?:%%:o on Of).

Furthermore the functions yk are defined by solving a Neuman problem in each vertical fiber, i.e., these prob-
lems are posed in the one-dimensional domain (—1,1), and are parametrized by z € (). These functions are
e-independent and satisfy

1
/ WF (x,#3)dis = 0.

— '~

-1
The asymptotic expansion for the stress comes from formal substitution of (57) in the constitutive equation
0¢ = A~ e(u®). Hence

a' 0 1 1 1 1 2 a® o 1
of(z) ~e |~ (z,e7 w3) +eE(z,e” pe w3) +e | Sr 7 | (z,e7 a3)

- 00 o“ 0
22 1 1 ¢ g 1
+ 223 (x, e p, e tg) 4 &3 ST Ty | (meeT ) e
= \X o' ol )
where gk correspond to boundary layer terms, and gk are defined in Q x (—1,1). It can be shown that the

components of g’“ are determined by

~ _ o _ ~ _ 14
g (z,ds) = A7 e (@) + A7 (P -8 VG + T 08

T3
gk(ac,fcg) = / (— div gk_l - 5k,2[) d§ — dk29(x, —1), (60)

T3
Hhyaia) = [ (= divg" " = duafs) d — duaga(z, 1),

-1

where 0y ; denotes the Kronecker symbol. In particular, from (60) it follows

) = [ (~dv AT e - T - £) e gl -1, 1)

T3
ol (z, #3) = / (— divo? — fs) d¢ — gs(z, —1).
-1
Although the first term of the asymptotic expansion of ¢ is given by (61), the first equation of (59) can be
used to provide an alternative expression of gQ. More precisely, after an easy but cumbersome calculation, we
find that

0(z, &) = Vdiv (' (z)p™ (e23) + VA (2)p°(ed3) + p'(z, eds), (62)

~
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where (cf. (20))

I°(12%) " g By
m 1—v2/) _—1 -1
= — —dé — d
p (I?)) IO(%)E /_6 1+ v E € /_6 1 _ 2 ga
INfs) o, (™ E = g
b 1—v2) _—1 -2
2) = d¢ — —=&d
piws) e /_a A /_a T— 2%
l g ? : " FE s [ 2
p(z,23) = 7( f€d€+296’2)/ ——d{—e [fdE—e"g%(z, —e).
LR =\ LS L Ty L e

Even though the expansion (57) is formal, it is possible to derive asymptotic error estimates using the technique
of [8]. Considering the error function (cf. also (58))

er € _ sgl(g)—xgyg}?(g) — € —url(x
@ = - (W o) ) - w)

RS

[BS]

e
N
5

Il
[BS]

m
|8
S~—

~—
™
N
MRQH ;
w mw
cgZQM
~_—
—
R
™
-
8
w

one has the following result.

Theorem B.1. Given u® and c* as in (63), there exists a constant C = C(%, f,g) independent of e, such
that -

[ y SCE2 [us ey < O, (64)

<0 o8] apey < O (65)

e o

Ha Ce?, ||a
5] ~

er||L2(P5) = erHL?(PE
Moreover, let Q be a domain such that Qo C Q, and let P§ = Qg x (—¢,¢). Then there exists a constant
C=C(Q,, f,g) independent of €, such that

||E ) = Ce/2, Hg ) S Ce™l?, ||U 3

53l 2 sy < O (66)

e e Nz

APPENDIX C

In this Appendix we briefly report some results about the asymptotic expansion for the solution of our
Reissner-Mindlin model (c¢f. (26)-(28)). We closely follow the arguments of Arnold and Falk [2], in which a
detailed asymptotic analysis is provided for the bending problem of an isotropic and homogeneous plate.

The first step is to apply the divergence operator to the second equation of (26) and subtract the third
equation of (26) from the result, to obtain

Adivg = e YD) Adivy — div Ly + Iy — €2 div 13, (67)

1*(D)
where D = E/(1 — v?). Applying the Laplace operator to the third equation of (26) and using (67), we get

I*(D)
cs

eI’(D)A’w —I'(D)Adivy =e(ly — div 1) —® div I3+ e [— AdivI°(p") + Adiv [5+ Aly].  (68)
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Above, the function gl, the constant C*® and the I;s are defined by (20), (27) and (28). Next, we assume the
following formal expansions

where g)l are boundary corrector terms. Note that there is no boundary layer for w or 7.
We also remark that, due to the choice (21), the expansion (69) implies that for the model displacement

solution Q_LRIVI (z) we are supposing that
u™ () = uf™(z) + higher order terms (70)
where
(o) = (1 D), ()

Disregarding the boundary correctors for ¢, formally substituting the above expansions in (26) and matching

the terms with the same power of e, we find that w’, 5’ and ¢’ solve

div | 1°(A! i“}—d' [11 A1 i]:ai lo+diol1,
liv | 1°(A77) e(n™) | —div | I1(47) e(¢)] = biolo+dizls
Il(D) Adiv :IliJrl — IQ(D) A2 wi = (5i,0(diV LQ - l4) + (51',2 div ig
I?(D . .
751-72% |:Ad1V£O(£l)+Ad1VL5+Al4:|, (72)
CS i v 7 = —di Il A*l 1—1 :| di |:IQ A*l i—2 :|
(¢' - Y gV[g (A7) g™ | +div | IH(47) ¢(¢7)
+ 0i,2 [{O(Ql) — 15 +L2] +dials.
In particular, by taking ¢ = 0 in (72), we have that Ql, QO, and w? satisfy
div [I°(A7Y) e(p")| —div [I'(A™ 0}1,
iy {% (47 ¢y )] v [% (A7) (@] = Lo
IY(D) Adivy! — 12(D) A%W° = div 15 — Iy, (73)
¢° —Vuw’ =0.

Recalling that D = E/(1 — v?) and (cf. (8))

E FEv

1+VL+1—V2 ~ A~

A7l =
% a3
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it is easily seen that (73) can be alternatively written as

div [IO(A—l) g(gl)] — div {Il(A‘l) g(@bo)} -

~ |l ‘& L

e~

05

2™

div div [11 (A7) g(gl)] — divdiv {IQ(Al)

(Vwo)} =div g — Iy,
S FAYe Y L

It is possible to estimate the difference between the leading terms in (69) and the exact Reissner-Mindlin
solution, as stated in the theorem below. The basic ideas behind such proof is to first use (72) to obtain
regularity estimates for the individual terms in the expansions (69), and then substitute a truncated expansion
in the original system (26). Regularity results for (26) imply that adding more terms in the asymptotic series
leads to smaller errors, by construction of the expansion. This is done in details, albeit for a simpler version of
Reissner-Mindlin system, in [2].

Theorem C.1. Let n, ¢ and w be the solution of (26). Assume that Ql, q~§0, and w° solve (73). Then, for
every positive integer k, there exists a constant C = C(S2, f, g, k) independent of € such that

e Mg —en'llar@) + llw — llze) + 11¢ — ¢°llm @) < Ce. (75)

APPENDIX D

In this appendix we present proofs of the convergence results of Section 3.2.

Proof of Theorem 3.4. We recall that we wish to prove the estimate [[o° — oM | 12(pe) < CEI/2HU€||L2(PE). We
also recall that (cf. (14) and (31))

_ v _ v
ot =A"e(u)+ ——a5;, oM =ATTM 4 — M
~ 1—-v ~ N N 1—-v

Thus, from the triangle inequality, we obtain
llo° - gRMHH(Ps) <c <|| e(u’) - ;ZRMHLQ(PE) + llossll2(pe) + HU:)IEMHL?(PE))
<c(lle() - e(eg! = w3 Tz + 15" = e(e¢* — 23T )l n2(pe)
+ llossllapey + oM | z2gpe) ). (76)
From the two-dimensional Korn’s inequality in  and the first estimate of (65), we have
) = e(e¢" — 25 ¥ llzape) < ce® (77)
From (65) of Theorem B.1, the estimate ||03]|p2(pey < c£'/2, it follows that
lo5sll2(pey < lloss — e03sllnz(pe) + e2llodsllpa(pey < ce®. (78)
Next, from the definition of ¢25¥ in (31), (9), and the scaling assumption (6), we have

o35 || L2 (pey < g2 (79)
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To bound the term ||sRM - e(sn — 3 V<3)||L2(Pa), we first recall that (cf. (22)) s RM s +€’1z32b, where
(s™, s°) is the solution of system (29). Therefore, since Lemma 3.1 implies £1 Ql and YCg = q~50, we get
8™ — e(e¢! =23V )llezpe) = 8™ = elen' — 238" L2 (pey
< [ls™ = e oy + e as(s" + e e (@Dllaper.  (80)
Defining 5™ := s™ — e e(n') and s°"? := s¥ + ¢ e(¢”), we see from (29) that the couple (ie’“’m, i"’b) solves
IO A*l Ser,m+Il A*l er,b %A Y e —c 1 *8[1 A*l e 0
194 )5 4+ AT 570 = 1A eln —en') —<THA D eg— ¢°)
0 v €,0 1 v e
200+ 1 e
+1 <1—V)g3 NJF (1—1/>g3 ~
Il A*l er,m +I2 A*l Serb Il A*l e —c 1 _512 A*l e _ 0
I A5+ PPAT)570 = A eln—ent) — =12 (A7) g6 — )
v v
Il £,0 12 6,25
+ (1 )93 J+ (11/)93 9

Therefore, for every x € €, we have

er,m er,b _ €,e
57+ s < e (leln — =) +el e(@— 01 +195°1 + 1951
where | - | denotes the usual algebraic norm for tensors. Hence, using (6) and Theorem C.1 we get
5™ | 2oy + 57"l 2(pe) < ™2 (81)

Collecting (76)—(81) we obtain
lo® - gRM”Lz(PE) <é (82)

Moreover, proceeding as in (49) we find the following lower bound for ¢
0%l L2(pey = ellalzzpe) = lo® — g |l L2(pey > /2, (83)

for e sufficiently small. The theorem now follows from (82) and (83). O

Proof of Theorem 3.5. We wish to obtain ||£0(g RIVI)”L?(QO) < C’5||IO( N2y We first recall that
(cf. (31) and (23))
g™ = e2pl(z) + s™(2)p™ (w3) + 5" (2)p" (3).

~

We focus on the more difficult case of p™ and p® linearly independent (otherwise the computations are easier).
From the triangle inequality it follows that

122" = 2™ |20y < 127 2y + 1272 =

L2 QO HL2(QO)’

where o is defined in (63) and 22 (x) = g2 (z, e~ 1z3). Using Cauchy-Schwarz inequality, we find that

€ 1/2
(/ |ger|2 dx3)
—&

HEIO er (25)1/2 — (25)1/2”ger < 084, (84)

HL2(Q ) = HLz(PS) =

L2(0)
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where Theorem B.1 is used to obtain the last inequality (cf. (66)). Using (53) and (29), we have that

I9(o®M) = cdiv IY(A™Y)s™ + eI?(A7 1) s + eT1(f5) 4 2¢°°

(g iv AT 8™ +el(A7)s" +e LN (fF) +2g
. — 1%
— el (A ely) — v A @)+l (1) Ve
2 v €, 1 s
+el (m)y%ws{ ([°)+2g%°. (85)

Using (61) and integrating by parts, we gather that

/e gQ(.’€71x3)dx3 _ /E (zg /glm (7 diVé* g(£1 _ EYC:?) — J:) d¢ — g(g, 1)) dzs

—€ —€ —1

= /E et [divAT! g(gl —elag Yg‘g) + i(-,g_lxg)] dzz —2eg(z,—1)

e ~ R

1
v [ (dvatug -evd - £) ae (56)

-1
Substituting the first equation of (7) in (86), we obtain

1963 =divit(a—! Drdivi?(A Y e(V
(6%) = div I'(A™) ¢(¢1) +div (A7) e(Y

~ S~ ~

) +IN(f)+2e2g>. (87)

Therefore, from (85) and (87) we get

126" = 0% | gy < lediv IMA™ e = e¢") = 2 div (A7) (& = T |y + =95

~

el G + 6~ T Bl + cloflnian <o (5%)

where the final inequality follows from Theorem C.1 and Hypothesis (6). Combining estimates (84) and (88),
we conclude that

I <o

HLz(Qo)
The result follows since from Theorem B.1 and the definition of g , it holds

> g2 O

H£0(€€)HL2(QO) =

Proof of Corollary 3.6. Our aim is to prove that

of — O'RM
R T

llocllz2(pg)

As before, let 3°(z) = 0*(z,e™ 'x3). From the triangle inequality and Theorem B.1, we have

o= — oMl L2 (pey < |0 — €263 || 12(pey + l0™ — €262 || p2(pe) < 0™ — €262 p2pe) + ce™/2.

RM

In the pure bending case, o simplifies as

RM bob o 21
=sp t+ep.
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Hence, from the definition of QQ and (62), we obtain

122" = 28| a0y = 10" = € T AR LG 20y = 5" = & Y A G220 [ 1°6")].

Using (88) we get

Hﬁb — €2YA<§)||L2(QO) < 053.

Thus, it follows that

oM — 26| 2(pe) = 1Pl L2(—eo)lI8” — €2 V A L2(0) < €7/,

and the result is a consequence of |[o°||L2(ps) > ce®/2, O

Proof of Corollary 3.7. We recall that we are considering the case of p™ and p® linearly dependent. Therefore,
let a € R such that p™ = ap®. Then, using the same notation of the proof of Theorem 3.6, we have that

5° = (aVdiv(" + VA

It is enough now to proceed as in the proof of Theorem 3.6. O
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