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NUMERICAL APPROXIMATION OF DYNAMIC DEFORMATIONS
OF A THERMOVISCOELASTIC ROD AGAINST AN ELASTIC OBSTACLE

MARIA I.M. CopPETTI!

Abstract. In this paper we consider a hyperbolic-parabolic problem that models the longitudinal
deformations of a thermoviscoelastic rod supported unilaterally by an elastic obstacle. The existence
and uniqueness of a strong solution is shown. A finite element approximation is proposed and its
convergence is proved. Numerical experiments are reported.
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1. INTRODUCTION

We study the following hyperbolic-parabolic system
O — Ore = —aug;, 0<z<1, t>0, (1.1)

buyy —o, =0, 0<x<l1, t>0, (1.2)
where 0 = u, + Cugr — af, with initial conditions

0(z,0) = 0p(x), u(z,0)=up(x), uz,0)=ui(z), 0<z<1, (1.3)

and boundary conditions

w(0,8) =0, 6(0,8) =04, —6,(1,1)=k0(L,1), t>0, (1.4)
o(Lt) = —lu(L,0)~ gl, 130, (15)

which models the deformations along the x-axis of a linear, homogeneous, thermoviscoelastic rod occupying in
its reference configuration the interval I = [0, 1]. The temperature, the axial displacement and the stress of the
rod are denoted by 0(z,t), u(z,t) and o(x,t), respectively. At its left end the rod is clamped and has constant
temperature 4. The right end is free to expand or contract and may be in contact and, possibly, penetrate an
elastic obstacle with rigidity 1/e > 0 located at distance g > 0 from the rest position. We assume that there is a
heat exchange with the obstacle. Here a, b > 0 are constants given in terms of physical parameters, a is usually
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small, ¢ > 0 is the coefficient of viscosity and k > 0 is the coefficient of heat transfer. When € — 0 in (1.5) the
resulting boundary condition is the Signorini’s condition for contact with a rigid obstacle. In this work, linear
viscous effects have been included in the equations of linear thermoelasticity. We refer to Carlson [1], Day [4]
and Jiang and Racke [8] for physical background and mathematical modelling.

A related dynamic problem was studied by Elliott and Qi [7]. In that paper, the rod is only thermoelastic
(¢ = 0) and a regularization of the problem with elastic obstacle is used to prove existence, without uniqueness,
of a weak solution to the limiting case ¢ — 0. The existence of weak solutions to the thermoviscoelastic contact
problem with a rigid obstacle was shown by Kuttler and Shillor [10] in the case that the heat exchange coefficient
is a continuous function or a graph that depends on the distance between the free end and the obstacle.

In order to prove existence and uniqueness of a strong solution to (1.1)—(1.5) it is important the presence
of the term (u,; that makes it possible to obtain the necessary a priori estimates to pass to the limit in the
associated Fourier-Galerkin formulation. A finite element method is proposed to numerically approximate the
present model. Convergence to the solution of the continuous problem is proved and some numerical experiments
are presented.

If the acceleration of the rod is small, the term buy is usually neglected and the resulting problem becomes
quasi-static. This situation was considered by Copetti and French [3] where existence and uniqueness of a strong
solution, for both elastic and rigid obstacles, was established and a numerical approximation was proposed and
analysed. The quasi-static contact problem for a thermoelastic rod and an elastic obstacle was studied by
Copetti [2]. In [9] Kim considers dynamic contact problems with elastic and rigid obstacles for a viscoelastic
rod with long memory. Existence of solution to dynamic thermoviscoelastic contact problems in R™ with friction
and contact condition for the displacement velocities was proved by Eck [5] and Eck and Jarusek [6]. Numerical
approximations by finite element and finite difference methods to the problem that models the deformations of
an elastic rod against a rigid obstacle were proposed by Schatzman and Bercovier [11].

Results on dynamic contact problems in thermoelasticity and thermoviscoelasticity modelling the deforma-
tions of a rod against a stationary obstacle, elastic or rigid, are scarce and the present work is a contribution
to the numerical solution of such problems.

Throughout the paper C' denotes positive constants that may depend on data and are not necessarily the
same at each occurrence.

2. EXISTENCE AND UNIQUENESS

For completeness, we prove in this section that there exists a unique solution to the above problem. We
follow similar ideas as in [7] and [3] .
Let us introduce Hi(I) = {x € H*(I) | x(0) = 0} and assume that b = 1 for simplicity.

Theorem 2.1. Given 0y € H?(I), 0(0) = 04, 0o(1) = 0p.(1) = 0, ug € H2(I) N Hp, up(1) = 0, uo(1) < g,
and u; € H2(I) N HY(I), u1.(1) = 0, there exists a unique {0, u} satisfying equations (1.1)—(1.5) with

0 €L>(0,T;H (1)), 0,un, 00 € L= (0,T; L*(1)) N L* (0, T; Hy(1)) ,
u,uy € L® (0, T; HE(I)) , bp, tige, 0 € L (0,T; L*(I)) .

Proof. Introducing the following change of variables

G(Z,t) - e(xvt) - 90(1'); ﬂ(xvt) - u(xvt) - uo(:c) - tul(z)a
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it results that 6, @ satisfy, Yw, v e H(I),
(0,0) + (B2 + B2 w2) + @ (@t + w10 w) + KA1, (1) = 0

L (1,8) + o (1) — glsv (1) = 0.

(e, v) + (@a + Cligt — af — af + uoe + (t + ) ury, Ux) +

Let V™ = span{¢;}™,, where {¢;}2; C C*°(I) is an orthogonal basis for H}(I) and orthonormal for L*(I),
and look for

0" (x,t) = zm:ci(t)@(x), u™(x,t) = idi(t)@-(m),
i=1 i=1
satisfying, Vw, v € V™,
(07, w) + (07 + 0oz, wy) + a (uly + urz, w) + kO™ (1,¢) w (1) = 0, (2.1)
(0 ) (0 Uy — ™ — afly g+ (4 Q) + ™ (L) uo () — glov () =0, (22)

with initial conditions 6™ (z,0) = u™(x,0) = u}*(x,0) = 0. Since the nonlinearity involved is Lipschitz continu-
ous, this initial value problem has a solution on some interval [0, 7"™]. The a priori estimates established below
allow us to conclude that the solution can be extended to the whole interval [0, T] for any given T.

Taking w = 6™ and v = ui* we find that

1d
2dt

1d
i 1? + Cllu” + oo [w™ (1,8) +uo (1) — g%

1d

m||2
12 + 5

d
SO+ 16 1% + k(6™ (L,1)* +

N =

1
= = (o2, 05") — a(u12,6™) + (o — uoz — (T + Q) w1z, uzy) < O+ 5 (IO 11 + 0™ 11 + ¢lluiial|*) -

Thus, Gronwall’s inequality implies that

T

T T
||9’"(~,T)||2+/O ||9ZL-"||2<115+1<3/O (Gm(lvt))thJrIIUT(~,T)|I2+IIU?(~,T)|I2+C/O gy *dt

+%W%Lﬂ+ﬂdnfﬂi§0

Substituting 0;" for w gives

1d

9m2
10712 + 5 2

k
9m2 v
o212+ 3

d m m m m
& (9 (Lt))Q = (GOxaezt) - a(uzt +u1$79t )
d m 2 m||2 2 1 m||2
< =g (Bor, 05) + @ ([uzi|® + el ) + 516511

By virtue of the previous estimate we deduce that

T
/ 163" 1% dt + (165" (-, T)|* + k(6™ (1, T))* < C.
0
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Differentiating equations (2.1)—(2.2) with respect to ¢t and setting w = 0}, v = u}} it results

<671+ 10+ K67 (1, 1)) + alec, 07) =0,

1d
7 (i 12+ Nugel1?) + Cllugiell* — a(6;" uify) + " (1) +uo(1) — glufi (1,2)

N |
CL|Q_,

1 ¢
= (e, wfy) < g llwall” + 3 il

Hence, for § > 0,

IIt9 I+ 107217 + k(07 (1L 0)* + 537 (gl + 1wil?) + S lufiel® < €+ 55 (1,4)* + 5 (uiz (1,1)%,

l\3|H
CL|Q_,

2dt

Observing that

1 1
wumzéu%m ﬁﬂﬁ:£U%M

and taking 0 = (/2 we obtain, recalling that fOT lum||2dt < C,
1 m 2 2 ’ m 2 1 m 2
167G + ||19 tll"dt + & (915 (L,8)%dt + S llwi (- )

BT+ 5 [ TP < €+ 5 (107 GO + i (o))
We need to estimate ||07"(-,0)|| and ||Jujf(-,0)||. Letting ¢ = 0 in equations (2.1) and (2.2) we get Yw, v € V™,
(9?(7 0); ’LU) = _(901'; ww) - a(ulx; ’LU) = (901'1'; ’LU) - a(ulwi)v
(ug(a 0); ’U) = (a90 — Uox — Culzavaz) = *(aﬂOaz — Uozz — Culazxav)a

and it follows that 6(-,0) and u?(-,0) are bounded in L?(I). Using the above estimates, we can select subse-
quences, denoted by {#™}, {u™}, such that

O™ — 0, u™ — @, ul* — @y weakly x in L=(0,T; Hy(I)),
o7 — 0, weakly % in L>(0,T; L*(I)) and weakly in L?(0,T; H5(I)),
ul — Gy weakly * in L°°(0,T; L2(I)) and weakly in L?(0,T; Hx(I)),
0™ (1,-) — 0(1,-) weakly * in L>=(0,T).

We infer also that «™(1,-) — a(1,-) in H'(0,T) weakly, and the fact that the injection of H*(0,T) into L*(0,T)
is compact implies that u™(1,-) — @(1,-) in L?(0,T) strongly. Noting that

ITu™ (1) 4+ uo(1) = gl = [a(1, ) + uo(1) = gl ll 20,7y < ™ (1) = @1, )l L2(0,m)
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we deduce that
[u™(1,) + uo(1) — gl — [a(1,-) + uo(1) — gl 4 in L*(0,T) strongly.
We can then pass to the limit and reverse the change of variables to find that

(0, w) + (0, wy) + a(ugzs, w) + kO(1, t)w(l) = 0,
(t0,0) o+ otz — a8, 2) + [u(1,£) — gl (1) = 0

hold for every w, v € H5(I). By the standard argument, the existence result follows. The argument used by
Copetti and French in [3] yields the H? regularity for u(-,t) : from the defining equations,

Uy + Uz = al + o
and therefore,

% (et/cum('7t)) - %(ae('vt) + U('at))et/c'

Integrating in time we obtain

Ug (-, t) = e H/¢ <um(, 0) + % /Ot(a9(~, s)+o(, s))e5/<d5>

and differentiating with respect to x we find that ug, (-, t) € L3(I).
Let us suppose that {6, u'} and {62, u?} are two solutions. Setting 6 = 6! — 62, u = u
w = # and v = u; in the weak form above, we have

I — 42, and choosing

1d 1
S (1617 + [l + sl 2) 1022+ 8 (0 (1,0)) el < ([ (1,6) = ], = [u? (1,8) = 9], ) e (1,6) = 0.

Observing that

1 1 2 2, ¢ 2
E ([u (]wt)*g}_;,_* [u (]wt)*g]_i_) ut(lat)' S CHUIH +§Huazt|‘
the uniqueness of the solution follows from Gronwall’s inequality. O

Remark 2.2. Let us observe t}}at a generalized energy associated to the model considered here decays as time
tends to infinity. Substituting 6(z,t) = 0(z,t) + Oar(z), with r(z) = cx — 1, ¢ = k/(k+ 1), in (1.1)—(1.2) we
find that {6, u} satisfies, Vw, v € HL(I),

(ét, w) n (9 wm) + a (ugg, w) + kO (1,)w (1) = 0, (2.3)
(ug,v) + (um + Cgy — al + abar, vm) + %[u (1,t) —g]4v (1) =0. (2.4)

Choosing w = § and v = u; it results that E(t) = 1 (|01 + [|ue||® + [|uz || + Llu(1,t) — g13) +aba(r, uy) satisfies

| &

E(t) <0,

[oN

t

which implies that

d

1 1
5 (5 (1002 Bl s 2+ 1,00 1) + 0a(0,0) + ata ) ) < 0.
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3. NUMERICAL APPROXIMATION

In this section we extend the numerical scheme of Copetti and French [3] to the present situation.

We denote by S C Hi(I) the space of continuous piecewise linear functions defined on a equidistant
partition 0 = zg < z1 < ... < zs = 1 of I into subintervals of length h = 1/s and, given v € Hg(I), we indicate
by Phv the HE projection onto S% defined by ((PAv —v)s,n.) = 0 Vn € S%, which satisfies

Plv — v in Hy(I) strongly as h — 0, |[[(Phv).| < ||vell, Pho(z;) = v(x;).

The Galerkin approximation to (2.3)-(2.4) is to find ©", U™ € S}, such that, Yw, v € Sk,

1
x (0" — 0" w) + (0, w,) + Ait (Ur —Ur "t w) +kO"(Dw(l) =0, n=1,...,N, (3.1)
! (U™ =20 '+ U2 0) 4+ (UL} — a®" + ab g7, v )—i—i (U2 —Ur 1 v)
(At)2 bl x y Y At x x y Y
1
+E[U"(1)fg]+v(1):0, n=2,...,N, (3.2)

where O = PR(0y + 0ar), U° = Phug, Ul = U° + AtPlu; and At = T/N.
To implement (3.1)—(3.2) for n = 2,..., N, we need to solve two coupled systems of equations at each time
step and the following iterative procedure was used:

1 n n— n a nl— — .
E(G l_@ 1,w)+(@z7l,UJ;c)+E(Uz’l LUt w) kO™ (1w (1) = 0, 53)
]. n n— n— n n C n .
(At)2 (U A _oun-l 4 U Q,U)Jr(Usza@ ’lJFa@AT’%)JFA_t(Uz’l*Uz 1’%)

where ©™0 = @71 and U™Y = yn—1,

Defining
o" = ZC?% U= Z d?nlv
i=1 i=1
with {n;}5_, the usual basis for S, we find that ¢™! and d™' solve the algebraic systems
(M + AtK + AtkB) ™ = Mc™™! + aC (@”—1 - dn’l—l) :
(M + (A0 + AL) K) d™' = 2M + AKCK) d" ™ = Md"™? = (A1) abaz
+ (At aCT Mt — (AL)? [d?’l_l - gLrg/e,

where

M;; = (ni,m5), Kij = MizsMjz), Bij = ni(L)n; (1), Cij = 0innja)s {2} = (7, M)
Convergence as [ — oo of the sequences generated by (3.3)-(3.4) to the unique solution of (3.1)—(3.2), for a < 1
and At < €, follows as in the work of Copetti and French [3].
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4. STABILITY

It is our aim in this section to derive general a priori estimates for our discrete scheme.

Theorem 4.1. The sequences {©™,U"} generated by (3.1)—(3.2) satisfy the stability estimate
n . _ ) n o n . ) n . _ )

Yol = T+ lem P + At [lOp]" + kAt (6°1)" + 6 — &+ 9

i=2 i=2 i=2 i=2

+ A 80+ S = U U+ - [U”() g> <cC

where 67 = (U™ — U™ 1) /At forn > 1 and C > 0 is a constant independent of h and At.

Proof. Taking w = AtO™ in (3.1), v = Atd? in (3.2) and adding the resulting equations yields

1 _ _ _ _
(107 =@ 17 + |©"[* — [O"H|%) + At OF||* + kAt(O" (1)) (||5” e s A (e ([

_ _ At
(07 = Tz 2+ ORI = 102 7H) + Awflog. 17 + —[Um(1) — glvd5 (1)

l\DI»—l

r Y ux

At
= —Atafa(r,6",) < CAt + 7<II5Zz||2-
Noting that

AU™(1) = gl465 (1) = [U™(1) = gl (U"(1) =g + g - U™ (1) = [U"(1) = g]} — [U"(1) = g+ (U"'(1) — g)

and summing over n, we find

<Z|@l Ch 1|2+|@”|2) +Atz 1©%1* + k(' (1) <Z 67, — 53;1||2+||5Z|2>

=2 =2

1 (N i . AtC
t3 (Z U — UM + U ||2) ZIM AP+ U (1) = g3

=2
< O+ S10Y + 1517 + NUAI) + o[ (1) — o3

It follows from the definition of U, U! and the properties of P% that the last three terms on the right hand
side of the above inequality are bounded. It remains to estimate ||©!|. We have

1
(187 = O + 1O — [€°]1%) + Atl|O;|* + kAHO(1))* = —a(U; — U, ©')
1
<a’|U; - U7 + ;10

and hence ||©!]| < C. O
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Corollary 4.2. We have that

2 n
+§:MV @1HF+WWW+k§:®Z —O 1)+ kO™1))2 < C.

= =1

@zl

Proof. Setting w = O™ —©" 1 in (3.1) gives

A%H@” -0+ %(H@Z — ey P +llexl® — lox~H*) + g(((%"(l) - 0" (1) +(0"(1))* — (0" (1))?)

a a®At
—___(Ur — Un—l on — @n—l < n |2 o — @n—l 2
-, )< S+ H
and the desired estimate is now a consequence of the previous Theorem after summation over n. We also used
that At||61,]1% < T|lu1e|/?. O

Theorem 4.3. There exists a positive constant C, independent of h and At, such that

Z 155+ = G511* + 11651 11* + Atz 1655117 + kALY (@5 (L)) + D I =N+ [y

=2 =2 =2 =2

Y Gkt = Sl 1o ? + CAtZ I <c

1=2
where Y™ = (67 — 6"~ 1) /At for n > 2.

Proof. Writing equations (3.1) and (3.2) for n + 1 it follows that, for all w, v € Sk,
(6,1 — 65 w) + A0 wy) + aAt(yET w) + kAL, T (Dw(1) = 0,
1
(Y™ =" 0) + ARG — ady T+ (gt ) + — (UML) = gy — [0 (1) — gl )u(1) = 0.

n+1

Choosing w = 55”'1, v =y and adding the resulting equations yields

1 mn n mn n mn mn 1 n n n n
5(H59+1 — 0 1P+ g THIP = 1165 11%) + Atllog,I* + kA5 (1)) + 5y P = 1)
1
+ AL ) + CA P = —;([U”“(l) — gl —[U™(1) — gl )" (D).
Since

(U () — gl — [0M(1) ~ gl mw“<|ngwwn n) )]

CAt
Loy + S5 2

I /\

22C
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and At(67 1 ynt) = (g ontt — 67 ) we find, after summation over n and using Theorem 4.1

5 2 155" = a)1% + ||<5”“H2 + Atz 1655117 + k’AtZ (51
=2

=2

22w+1 AP+ 5l

=2

—_

[\

n
7 1 ?
5 D N8 = Gl + S0 17 + Atz P <C+ 5 (||59H2 + 17217 + 165 11)-
i=2
Let us estimate the last three terms on the right hand side. We have, from equations (3.1) and (3.2)

1
5196 = 31* + 110511 — 19611%) + Atl|og, I” + kAL (1)) + adt(13, 55) =

1
21 + (U2 = a®® + abar + (o5, 72) + Z[U(1) = g47*(1) = 0.

Substituting U? = U + At2, ©2 = ©! + Até} and 62 = 6, + Aty? gives

1
5165 — 3% + 10711 — 19611%) + Atllog, [ + kA5 (1)) + [1v?]1* + CAtl|z ]

1
(165 = duall + 103511 — 1602 11) + = [U*(1)

l\D|>—‘

- g]+72(1) = _(U; - a(@ - HAT) + C(suz)’ya:)

Now,

= Uy = a(©' = 0ar) + (0,0, 72) = — (U] + (At + () (Piun ) — a(©° + Atdy — Oar),77)

1 a At CAt
—(toe + (At + Quiz — a(0° = 0a7),77) + alt(55,77) < C+ 5[V + ||<59H2

Iz II?

where integration by parts and the hypothesis on the initial data were used. The definition of U, the assumption
that u1(1) = 0 and the properties of P} yields v%(1) = (U?(1) — U°(1))/(At)2. Thus,

1

[U%(1) — gl47*(1) = e [U*(1) — g+ (U*(1) =g+ g —U°(1))

= EEV o — ZE U0 = A0 =) = 0.

Therefore,

1 1 CAt
§(H5§ — 8511 + 103 11%) + At[167,11” + kAH(55 (1)) + §||72H2 +5- V2llI”

1
+ 105 = Ouall® + 1105 11%) < (1% 11* + 100 11%)

l\3|H
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From Corollary 4.2 we have that At||d5||* < C and we need to show that [|d] is bounded. Writing equation (3.1)
for n = 1 yields, Yw € S},

(65, w) + (AtSs, + 02 wy) + a(8L,, w) + kO (1)w(1) = 0.
Since (0%, w,) = (0oz + cfa,ws) = chaw(1) — (Bozz, w) we find that, Vw € Sk,
(65, w) + At(6p,, ws) + a(d,w) + (O (1) + cha)w(1) — (Bpzs, w) = 0.

Taking w = &} and observing that ©'(1) = Atd4 (1) — cf4/k we obtain
1
19511 + Atll g [1* + Atkdg(1)* = (Gowe — a0y, 09) < 00aal® + @601 + 51061

and the statement of the theorem follows. O

Remark 4.4. Note that, similarly to the continuous case, the proof of Theorem 4.1 yields

En — En—l

<0 =2,...,N
At — n ) ) )

where 1 1
B = (10" + 18212 + U212 + Z[U™ (1) = g]3) + aba(r UZ).
5. CONVERGENCE

We proceed to prove that the numerical method converges.
Given £ € C*°(0,T), we define the piecewise, constant in time, functions

N N N
O A() = O (), uhANE) =Y UN(1), €3 =D &N (),
i=0 i=0 i=1
where ! is the characteristic function of [(i — 1)At,iAt), and £ = £(¢;), and the piecewise linear, continuous

in time, functions a2, §hA such that a2 (iAt) = U?, §2(iAt) = ©. We introduce the operators

Uh’At(t) _ ’LLh’At(t _ At)

h,At _ T
dulA(t) X t € [0,7],
SulAt(t) — sulAt(t — At)
’Y’U,h’At(t) _ At le [Ata T]7
0 t € [0, At).

It follows, from Theorems 4.1, and 4.3 and Corollary 4.2, that we can extract subsequences such that, as h,
At — 0,

oAt g, gDt 9 in L°°(0, T; HL(I)) weaklyx,
WA oy A suP A sy in (0, T; HL(I)) weaklys,
SOMAL 0, yu AT sy in L°°(0,T; L2(I)) weaklys,
56mA 0, Aul At gy in L2(0,T; Hy(I)) weakly,

9hAt(1,.) — 0(1, ) in L0, T) weaklys.
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Furthermore, 42%(1,-) — u(1,-), €2t — ¢ in L?(0,T) strongly. Since

N N
[ 241, ) = AL ey < A (UFL) = UTHD))? < Aty ||U; - U P
i=1

i=1

and

™21, ) = gls = [u(l,) = gl |l < u2(1,) = u(l, )]
< ™21, ) = @21 ) p2om) + 185241 ) = u(l, )lz20,m),

the stability estimate given in Theorem 4.1 implies that
[w"24(1,-) = gl — [u(l,-) — g]4 in L*(0,T) strongly.

Let n € HL(I) be arbitrary. We set w = PRy and multiply (3.1) by At¢"~! and sum over n, n = 1,..., N.
Then, recalling the strong convergence of w,

T T
007w+ (05, w2) + albul A w0t + (1) [ k64102 0t =0,
0 0

Passing to the limit as h, At — 0 we find that

T
A(whm+w%mo+m%mm+wWmewx@M=o

which implies

(Gt; 7’) + (995; 7793) + a(umta 7’) + k@(l, t)ﬂ(l) =0
a.e. in (0,T). Next, we take v = Phy, x € H5(I), and multiply equation (3.2) by At&"~! and sum over n,
n=2,...,N, to obtain

T T
/«w“%»ﬂ%m+®@“*wMUW%mm&%W+%/Mwmﬁfdwm&%W:&
At At

Passing to the limit as h, At — 0 it results

T 1 T
/0 ((ute, X) + (o + Cuar — af + abar, x2))E()dE + = /O [u(1,8) = glyx(1)&(E)dt = 0

€

and therefore,

1

(utta X) + (U’l + Cu;ct - 0/9 + 0/9,47", X:C) + E[U(:l’t) - g]"l‘X(l) =0

a.e. in (0,T). Because 60"t — 0, in L2(0,T; HL(I)) weakly implies that ©°(-) — 6(-,0) in Hj(I) weakly and
we have that ©° — 6y + 0ar in HL(I) strongly, we conclude that 6(x,0) = p(x) + 047. In the same way, the
convergence of §u/At and yuAt leads to u(z,0) = ug(z) and us(z,0) = uy(z).

6. NUMERICAL SIMULATIONS

We now present some numerical calculations.
In our computations, we let a = 0.017, g = 0.1, 84 = 10, h = 1/250 and At = 0.001. The initial data were
Oo(x) = 04(cos 2wz —sin 0.57x), ug(z) = 0 and u; (z) = 20z(z —1)?. Numerical integration was used to compute
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FIGURE 1. €e=0.01, k=1, ( =0.2.

the matrix M. For each experiment we show the displacement at x = 1 and = = 0.5 and the velocity of the
deformation and the stress at the contact point.

First, we took e = 0.01, k = 1 and { = 0.2 and then we increased the coefficient of viscosity to ( = 1. When
¢ = 0.2, initially, the solution is oscillatory with intervals of contact with penetration (u(1) > g) and separation.
In both experiments, we observe contact at later times. The rough behaviour of u; is due to the fact that the
obstacle is almost rigid. See Figures 1 and 2.
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FIGURE 2. € =0.01, k=1, ( =1.

In the third and fourth experiments, we let ¢ = 0.01, k = 100, with coefficients of viscosity ( = 0.2 and ¢ = 1,
respectively. Again, during some time, we saw intervals of penetration and separation but the system evolved
towards a state with no contact with the obstacle with the stress at the contact point equal to zero (Fig. 3).
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FIGURE 3. € =0.01, £ =100, ( =0.2.

Figure 4 shows the results for the last experiment, when the obstacle is more elastic with e = 1, k = 1 and
¢ = 0.2. As expected, the solution is oscillatory and smoother. At first, it is seen a large penetration in the
obstacle with the oscillations damping out as time progresses.
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In all experiments, convergence towards a stationary solution, as described in [2], seems to take place. When
¢ =1, a rapid stabilization is observed. Also, as reported previously by Copetti and French [3] and Copetti [2]
to the quasi-static problem, the temperature profiles were virtually identical when ¢ and e changed. The decay
of the energy when € = 0.01 and k = 1 is shown in Figure 5 where ln(E" + 0.01) is plotted against time.
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