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ANALYSIS OF A STABILIZED PENALTY-FREE NITSCHE METHOD FOR THE
BRINKMAN, STOKES, AND DARCY PROBLEMS

LAURA BLANKY, ALFONSO CAI1AZzO!, FRANZ CHOULY?,
ALEXEI LOZINSKI® AND JOAQUIN MURA*

Abstract. In this paper we study the Brinkman model as a unified framework to allow the transition
between the Darcy and the Stokes problems. We propose an unconditionally stable low-order finite
element approach, which is robust with respect to the whole range of physical parameters, and is
based on the combination of stabilized equal-order finite elements with a non-symmetric penalty-free
Nitsche method for the weak imposition of essential boundary conditions. In particular, we study
the properties of the penalty-free Nitsche formulation for the Brinkman setting, extending a recently
reported analysis for the case of incompressible elasticity (Boiveau and Burman, IMA J. Numer. Anal.
36 (2016) 770-795). Focusing on the two-dimensional case, we obtain optimal a priori error estimates
in a mesh-dependent norm, which, converging to natural norms in the cases of Stokes or Darcy flows,
allows to extend the results also to these limits. Moreover, we show that, in order to obtain robust
estimates also in the Darcy limit, the formulation shall be equipped with a Grad-Div stabilization and
an additional stabilization to control the discontinuities of the normal velocity along the boundary. The
conclusions of the analysis are supported by numerical simulations.
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1. INTRODUCTION

The Brinkman problem [10], originally proposed as an alternative model approach for the flow in porous
media, is obtained as a modification of the Darcy model by equipping Darcy’s law with a resistance term
proportional to the fluid viscous stresses, targeting on a better handling of high permeability regions.

In order to introduce the model problem of interest, let us consider a connected domain 2 C R", n = 2,3,
with boundary I' := 9€2, and let us denote by mn the outer unit normal vector on I". Our model problem is
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described by the following system of partial differential equations

—V - (perVu) +ou+Vp=f, inQ, (1)
V-u=g, in 2, '
where u : @ — R" represents the fluid velocity field, p : & — R is the fluid pressure and f: Q2 - R™", g: Q@ — R
are given data. In (1.1), the parameter peg is called effective viscosity, while o is given by the ratio between
the fluid viscosity and the permeability of the porous medium. Depending on the values of the aforementioned
parameters, the system (1.1) describes a whole range of problems between the Stokes (¢ = 0) and the Darcy
(et = 0) models.
However, this transition does not depend continuously on the physical parameters. In particular, the standard
boundary condition for peg > 0 is

u=0, onTl, (1.2)

(essential boundary condition on the velocity u), whereas for u.g = 0, it has to be replaced by the condition

u-n=0, onl, (1.3)

which is appropriate for the Darcy problem. Likewise, when focusing on the weak counterpart of (1.1), one
has to consider different natural functional settings for the Stokes/Brinkman (peg > 0) and Darcy (ueg = 0)
problems.

These aspects affect also the discrete formulation of (1.1) and the strategies for its numerical solution. In the
context of finite element methods, the different regularity properties of the limit problems (Stokes and Darcy)
are reflected in the choice of the finite element spaces used for the velocity and the pressure: stable and efficient
elements for the Stokes problem might not provide accurate or stable approximations in the Darcy case, and
vice versa (see, e.g., [9,12,29]). Moreover, the discrepancy between the boundary conditions in the limit cases
at the continuous level implies that imposing essential boundary conditions on the velocity space does not allow
a smooth, parameter-dependent transition between (1.2) and (1.3), in particular at the discrete level.

Our work is motivated by the solution of direct and inverse problems in clinical applications involving flows
in porous media. Hence, the numerical method shall be robust with respect to different flow regimes, in order to
handle unknown physical parameters, and, at the same time, require relatively low computational cost, allowing
for the numerical solution in a reasonable time.

One strategy to achieve a common discretization for both, the Stokes and the Darcy problems, which will be
adopted in this paper, consists in using finite element pairs suited for both cases, possibly including stabilization
terms. Among the different possibilities, we focus on equal-order (linear) finite elements, combined with a
Galerkin Least Squares (GLS) and a Grad-Div stabilization, that guarantee stability for the pressure and
control on the divergence of the velocity. This setting, with a particular focus on the Brinkman, Stokes and
Darcy problems, has been deeply analyzed, e.g., in [3], considering different choices for the scaling of the
stabilization terms. Other options, which have been proposed in the literature, are based on Py /Py (stabilized)
finite elements (analyzed in [12] for the Stokes-Darcy coupling and discussed in [23] for the Brinkman problem),
Taylor-Hood, MINI, and Py /Py (stabilized) elements [22,28], as well as Py, /P{sS [15].

In order to tackle the issue of the need of different boundary conditions depending on the (Stokes or Darcy)
regime, we focus on the weak imposition of essential boundary conditions via a Nitsche method. This approach,
originally introduced in [31], has been extended, applied, and analyzed in several contexts, including coupled
Stokes—Darcy problems (see, e.g., [12,15] among others), and the general Brinkman problem (see, e.g., [22,
23,28]), demonstrating that it is able to yield a robust transition between the two different flow regimes. In
its pioneer version [31], the Nitsche approach was formulated as a consistent symmetric penalty method, for
which stability was guaranteed choosing the penalty parameter sufficiently large. This assumption was relaxed
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considering a non-symmetric version proposed in [20], for which stability was proven for any strictly positive
value of the penalty parameter.

We investigate the so-called non-symmetric penalty-free Nitsche method, i.e., assessing the stability of the
approach even without the presence of a penalty parameter. In this case, the method can be interpreted as a
Lagrange multiplier method [33], where for the Brinkman problem the normal fluxes at the boundary and the
pressure play the role of Lagrange multipliers. The stability of the Nitsche method without penalty was first
shown in [11] for convection-diffusion problems, and more recently extended to compressible and incompressible
elasticity [5] and to domain decomposition problems with discontinuous material parameters [4]. Moreover, in
the recent study in [24] concerning isogeometric analysis, it was shown that the penalty-free Nitsche method is
able to outperform the standard symmetric variant in some situations (conditioning of the stiffness matrix for
patch coupling).

The unconditional applicability in presence of variable physical parameters is our main motivation for ad-
dressing and investigating the properties of the penalty-free Nitsche method for the Brinkman problem. In this
case, the main challenges are related to the fact that stability has to be shown for the pressure (in the case of
equal-order finite elements) and the velocity at the boundary. For the latter, it is important to observe that due
to the differences in the limit problems (e.g., in the boundary conditions (1.2) and (1.3)), the natural norms to
be controlled depend on the physical range.

The main focus of this paper is the stability of a finite element formulation for the Brinkman problem,
equipped with weakly imposed boundary conditions via a non-symmetric Nitsche method for the special case of
a vanishing penalty parameter. Namely, our main result concerns the stability, the robustness, and the optimal
convergence in a natural norm of the formulation obtained by combining a penalty-free Nitsche method and a
stabilized equal-order finite element method. We show that the proposed finite element method is inf-sup stable
in the whole range of physical parameters, including the limit values peg = 0 or 0 = 0. Moreover, our analysis
shows that the inf-sup constant does neither depend on peg nor on o, but only on the regularity properties of
the mesh and on the stabilization parameters. These results thus extend available estimates recently provided
in [22,28] using a similar discrete setting (stabilized finite elements), where the symmetric Nitsche method was
analyzed focusing on a nondimensional version of (1.1) which does not allow to control the divergence of the
velocity and excludes the case o = 0.

To establish the stability of the Nitsche method, we follow a path inspired by the analysis in [5] for the
incompressible elasticity, but proposing a simpler argument. As next, we discuss the stability estimate in the
Darcy limit g = 0 (or in the more general case #¢* — 0), in which only the control on the boundary normal
velocity is required. We show that, focusing on the case of two-dimensional polygonal boundaries, an additional
stabilization to control the discontinuities of the normal velocity along the boundary is required. To tackle this
issue, we introduce a corner stabilization, which penalizes the jump of the normal velocity solely on the corners
of the discrete domain and allows to obtain the aforementioned robust stability estimates and optimal a priori
error estimates in a mesh-dependent norm.

The paper is organized as follows. In Section 2 we introduce the problem setting, the finite element formula-
tion, and enunciate the main stability and convergence results. Section 3 is dedicated to the technical proofs,
while numerical experiments are presented in Section 4. Section 5 contains conclusive remarks.

2. A PENALTY-FREE NITSCHE METHOD FOR THE BRINKMAN PROBLEM

The purpose of this section is to introduce the stabilized finite element method for the Brinkman problem,
the penalty-free Nitsche method for imposing essential boundary conditions, and to state the related stability
and convergence results.

2.1. The weak formulation

In what follows, we will assume to deal with a two-dimensional domain £ C R? (i.e., setting n = 2) with
polygonal boundary T'. In this setting, let us consider the Sobolev spaces (see, e.g., [1,21]):
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Hy(Q):={ve H (Q) : v|r =0},
H iy 0 (2) 'Z{UGLQ(Q) : VoveL?(Q), (v-n)|r =0},

2(Q) {eL2 :/nq:o}.

We will denote by curved brackets (-,-)a the L?-scalar product on A C Q, while (-,-) g Will be used for
integrals evaluated on the boundary, i.e., for any £ C I'. For the ease of notation, the subscripts € and T’
will be omitted, simply denoting with (-,-) and (-,-) the scalar products in L? (Q2) and L? (T), respectively.
Furthermore, a bold faced letter will indicate the nth Cartesian power, e.g., H' (R) = [H 1 (R)}". Finally, we
will denote with ||-||, the norm on L? (€2), and with ||Hi and |- |7 the norm and semi-norm, respectively, on the
Sobolev space H* () (see, e.g., [6], Defs. 1.3.1 and 1.3.7).

With the above notations, we now introduce the bilinear forms

Al(u,p); (v,9)] = presr (Vu, Vo) + o (u,v) = (p, V- v) + (V- u,q),
L(v,q):= () +(9:9) -

In the case yeg > 0, the weak formulation of problem (1.1), (1.2) reads as: Find (u,p) € Hg () x L3 (Q)
such that

(2.1)

Al(u,p); (v, @)l = L(v,q), VY (v,q) € Hp () x L§ (). (2.2)

Detailed proofs of the well-posedness of problem (2.2) for f € L* (Q) and g € L (R2) and the corresponding
basic theory can be found in, e.g., [2,7,9,21].

Depending on the given boundary conditions and the regularity of the given data, in the case peg =
(Darcy limit), the weak solution to the mixed form of problem (1.1) can be sought either in H gy o (€2) x L3 (€2
corresponding to the boundary condition (1.3) or in L* () x [H* (Q) N L3 (22)].

0
)

2.2. The discrete formulation

Let us assume that the polygonal computational domain € admits a boundary conforming (fitted) family of
triangulations {75}, i.¢., that the discrete domain and the original domain coincide for all h. The parameter
h denotes a characteristic length of the finite element mesh 7j,, defined as h := maxre7, hr, hr being the
diameter of the cell T' € 7;,. Furthermore, we will denote by G the set of edges belonging to the boundary I'
and with hg the length of E € Gj,. Since we assume that 2 is polygonal, its boundary can be decomposed as
the union of Np straight boundary segments and we denote by C the set of corner nodes of 7;,. We will assume
that all considered triangulations are nondegenerate, i.e., there exists a constant Csg > 0 independent from h,
such that

Vh >0, VT €7y: h—T < Csr, (2.3)
pT
where pr is the radius of the largest inscribed sphere in T'. This property is also known as (shape-) regularity,
see page 124 of [13] and Definition 1.107 of [18]. In particular, it is assumed that there exists a constant 7y > 1
such that h}f 1o, for any pair of adjacent edges E, E’ € Gj,. For the validity of the arguments discussed in
this paper, we assume that the mesh satisfies also the condition

no <74 4V3~13.9. (2.4)

Moreover, we require that the triangulation is such that all triangles cover an area larger than the boundary
triangles. Formally, let By, := Uz, 7ar 20T be the union of all triangles which have at least a node on the
boundary. We assume that

[ Bh| < w|€] (2.5)
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with w < 1 and independent from h.
In order to define the discrete problem, let us introduce the quantity o > 0, representing a typical physical
length scale of the problem, and the parameter

V= fio + olg? (2.6)

(which has the units of a viscosity). The length £ has been introduced mainly for the purpose of consistency
of physical units (see, e.g., the discussion in [3]) and it is assumed to satisfy £o > hr, for all T € {74}, -
Let us now introduce the finite element pair

Vi={v, e HH(Q)NC’(Q) : vp|lr €P1(T), VT €Ty},
Qrn={m Ly Q)NC’®Q) : qulr eP1(T), VT €T},

and consider the problem: Find (up,pn) € Vi, X Qp such that
Ap [(wn,pn) s (Vn, qn)] = Li (Va,an) .V (Vn,qn) € Vi X Qn, (2.7)
with
Ap[(w,p)5 (v, )] = Al(w,p); (v, 0)] + S50 [(w, )5 (0, 0] + 5757 [(w, )]
— (et Vo - 1, v) + (pn, v) + (peg Vo - n,u) — (qgn, u) + S,?,’;hs (u,v), (2.8a)
Ln (v.4) = L (v.q) + S50 [(w,0)] + S5 0] (2.8b)

In (2.8a) and (2.8b), A[(u,p);(v,q)] is defined in (2.1) and we introduce a stabilization belonging to the
non-symmetric GLS method

s h3
SaZm S [, p) s (v, Q)] = Y —- (eu+Vp,ov + Vo),
TeT),

oL 12 (2.9)
LS, s,rhs L
Sha (v, q)] =a Y L (fov+Va)y,
TeT,
as well as a Grad-Div stabilization
SO 1 )] =0 (V- u, V- v),
we o L(u,v)] ( ) 2.10)

Si?’rhs [v] =0V (g, V- v).

Additionally, we employ a stabilization term, later referred to as corner stabilization, given by

S [(w,0) = pr Y [ n] (@) ([0 7] () 2.11)

xeC

where
[u-n](x)=u(x) ng—u(x) ng =u(x) (ng—ng)=u(x)-[n] (2.12)

denotes the jump of u - n at a corner node x € C := {x, : FE,E' €T such that t = ENE’ and ng # ng },
with E, E’ being the two boundary edges adjacent to x.

In the above definitions, «a, 4, and p are non-negative dimensionless stabilization parameters, which will
be assumed to be independent from the mesh size and constant in space. Notice that, in the case of non-
homogeneous boundary conditions, the corresponding right hand sides, consistent with the boundary terms
introduced in (2.8a) and with the corner stabilization (2.11), have to be included.



2154 L. BLANK ET AL.

The stabilized formulation (2.7) can be regarded as a consistent extension of the pressure stabilizing Petrov—
Galerkin method (PSPG, [8]) that was introduced in [17] as an unconditionally stable (o > 0), non-symmetric
formulation of the Stokes problem. This method can be interpreted as a non-symmetric modification of the
method proposed in [25], known as Galerkin Least Squares (GLS) method, and for this reason we will refer to
it as the “non-symmetric GLS method”.

As it will be shown in Section 3, the stabilization (2.11) is one of the main ingredients of our method. This
additional term is used in order to prove robust stability estimates, in particular in the Darcy limit (pueg = 0 or
o < 1), in absence of the Nitsche penalty term.

Remark 2.1 (On the GLS stabilization terms). Note that for (2.9) since the velocity is approximated using a
first order Lagrange finite element space, it holds (—=V - (peg Vup)) |7 = 0, which allows the simplified expression
we are using. The formulation can be analogously extended to the general case of equal-order finite element pairs
Pi/Pi (k > 1). In these cases, the aforementioned term has to be included in the residuum of the momentum
balance equation.

Remark 2.2 (On the Grad-Div stabilization terms). The usage of the Grad-Div stabilization (2.10), originally
proposed in [19] (see also, e.g., [26] for further detailed more recent discussions), is motivated here by the need of
controlling the L?-norm of the divergence of the velocity in the Darcy limit. However this term is also necessary
in order to provide stability with respect to the normal velocity on the boundary (see Sect. 3, Lem. 3.10 for
details).

Remark 2.3 (On the corner stabilization). As will be shown in the following analysis (see Lems. 3.9 and 3.10),
the corner stabilization is strictly required here to provide control on the normal velocity at the boundary, in the
Darcy limit (pe = 0). More precisely, the control of the corresponding boundary norm is achieved through the
mixed term (gn,u), hence, the need for the corner stabilization depends on the chosen finite element pair. In
particular, the choice of a continuous pressure space (and a continuous velocity space) as in this manuscript, does
not allow to control the normal velocity at the boundary in corner points via {gn,u), where n (and therefore
also the normal velocity u - n) is discontinuous. Note, that the corner stabilization term is indeed proportional
to the jump of the normal vector at corner points (see Eq. (2.12)).

Remark 2.4 (On the discrete setting). The main focus of this paper is the analysis of the penalty-free Nitsche
method for the Brinkman model. The non-symmetric GLS, the Grad-Div, as well as the corner stabilization
are motivated by our choice of the discrete setting (P; /Py stabilized finite elements) valid for both the Stokes
and the Darcy problems. However, it is worth noticing that the stability estimates which will be proven for the
penalty-free Nitsche method and are based on the usage of linear finite elements for velocity and pressure, do
not rely on this particular choice of the bulk stabilization, and they can be straightforwardly extended to other
approaches (e.g., PSPG or symmetric GLS).

We conclude this section by introducing the norms considered in our analysis:

2 2 Heff 2 v 2 2
I p) I = llell* + D 6 he lullg s+ D T"u'nE||o,E+pVZ|HU'nH ()]
Eegy B Eecgy 2 xzeC ( )
2.13
Ipll; h3 2
+70+a Z 7T||Vp|O,T7
TeT,

with 6 := £ € [0,1] and

v
2 2 2 2
llell™ := pest [Vl + o [[ullg + 6 IV - ull.

As it will be shown in the next section, the scaling by # is necessary in order to obtain robust estimates also in
the Darcy limit (ue = 0). We also observe that, if o = 0 (Stokes limit), the scaling factor is equal to one. In this
case, the velocity norm is analogous to the norm used (for the displacement) in the context of the penalty-free
Nitsche method for incompressible elasticity [5].
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2.3. Stability and convergence results

This Section enunciates the main results of this paper, concerning stability and convergence of the proposed
penalty-free Nitsche method (2.7). The technical proofs will be discussed in detail in Section 3.

Theorem (Inf-sup stability). Let Ay, [(upn,prn); (v, qn)] be the bilinear form defined in (2.8a), «,d,p > 0, and
tett, 0 = 0 with peg + o > 0. Then there exists a constant 3 > 0, independent from h and from the physical
parameters, such that

A .
inf s ( n [(@nh,pr) 5 (Vh, qn)] ) > 8.
(wn ) VX QMO0.0} \ (wr.gn)e Vi x @\ {00} \ M (wn, Pl Il (vn, @)l

The inf-sup constant B depends only on the stabilization parameters and on the shape regularity of the mesh.

This statement assesses unconditional stability with respect to the physical parameters, including the limit
cases 0 = 0 or e = 0. Moreover, we also show that, for small values of the stabilization parameters, it holds

5 =0t (o +5)

Theorem (A priori error estimate). Let «,0,p > 0 and peg, 0 > 0 with peg + o > 0. Moreover, let (u,p) be
the solution of (1.1) with the appropriate boundary conditions and (uyp,pp) be the solution of problem (2.7).
Assuming (u,p) € H? (Q) x H (), it holds

(e = wn, p = pr)lll, < 7 (Cu llully + Cp lplly) (2.14)

where Cy, and C, are independent from h and for small respectively moderate values of stabilization parameters

it holds
Co=0(2)  and C’p:O(111>.
B v282 3

With respect to the a priori estimate (2.14), let us observe that it reduces to standard estimates in the Stokes
and in the Darcy limits, for o = 0 and peg = 0, respectively (see, e.g., [3]).

One of the main implications of the above Theorems is therefore the fact that the penalty-free Nitsche
formulation possesses a convergence and stability behavior that is comparable to the standard formulation
(where essential boundary conditions are imposed in a strong sense) and to the classical (penalty) Nitsche
method (see, e.g., [23,28]).

For the sake of completeness, it is worth observing that, in order to obtain the robust convergence estimate
(2.14), the scaling of the stabilization terms with the viscosity v defined in (2.6) is a necessary requirement.

Alternative formulations were analyzed, e.g., in [3], for the Brinkman problem with strong imposition of
boundary conditions. There, it was shown that stability and optimal error estimates can also be obtained by
scaling the stabilization of the Darcy terms with respect to the mesh, replacing v by vr := peg + oh3. on each
triangle T' € 7;,. An analogous scaling as well has been analyzed in [30] (stabilized finite elements for the Darcy
equation) and in [28] in the context of a rescaled Brinkman problem with a symmetric Nitsche penalty method
(limited to the case o > 0). However, as it will be shown in the next section, the scaling (2.6) is used in order
to uniformly control the boundary velocity for peg,o > 0.

3. PROOF

In this section, the proofs of the aforementioned Theorems, claiming inf-sup stability and convergence of the
proposed method, will be discussed in detail.
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3.1. Preliminaries

Let us begin by introducing some basic notation and stating a few results that will be utilized in the upcoming
analysis.

Let E be an edge of the mesh, and let us denote by T'g a triangle attached to E. Then, the following discrete
trace inequality is valid (see, e.g., [6], (10.3.8); [14], Lem. 4; [34], p. 28)

- 2 - 2 2
hE1 ||UHL2(E) < epr (hTi ||U||L2(TE) + ||VU||L2(TE)> ) Yoe H' (Tg), (3.1)

where e¢p > 0 is a constant, only depending on the shape regularity (2.3) of the mesh.

Under the assumption of shape regularity (and assuming h < 1), there exists a constant ¢; > 0, independent
of h and T, such that for all v, € P (T), k > 0, and for all T € 7}, it holds the following inverse inequality
([18], Lem. 1.138).

HVUhHL2(T) < Clh:;l ”UhHL?(T) : (32)

Combining (3.1) and (3.2) one can conclude also that there exists a constant cpry such that, for any element-
wise linear (on the mesh 7},) function vy, it holds (see, e.g., [27], Lem. 3.1, [34], Lem. 2.1)

2 - 2
lorllze gy < eorthgy 1onllze i) - (3.3a)

> hlVon - neljag < cont Vol (p,, > for E € G (3.3b)

Let us denote with I ,f Z the Scott-Zhang interpolator onto the finite element space V', [18,32], which preserves
essential boundary conditions on I'. Then, for I,m € Ny with 1 < | < oo, there exists a constant csz > 0,
depending on the geometry and on the mesh regularity, such that the following approximation properties hold:

vosm<l: |77 ()|, o <cszllvlg. YveH' (Q),Vh, (3.4a)
l
Vi<2: Y hillo— L )|, 5 < cszbip vl gy, Yo € H (S(T)), Vh, VT € Ty, (3.4b)
m=0

where S(T") denotes the union of all cells in 7, which have a vertex in common with T
Finally, let T ,f be the Lagrange interpolator onto V. Then, there exists a constant cr,, > 0 such that, for all
for I,m € Ng with 0 < m < 2 and [ € {1,2}, it holds (Theorem 1.103 of [18)]):

o = Iy ()|, 7 < crahy ™ vl g, Yo € H'(T). (3.5)

3.2. Stability

As next, we will focus on the inf-sup stability of the discrete bilinear form (2.8a) with respect to the mesh-
dependent norm (2.13). Throughout the proofs, the introduced constants depending on the physical parameters
or on discretization parameters (mesh size, mesh topology, finite element spaces, stabilization parameters) will
be explicated and discussed, in order to allow the reader to follow the derivation in detail and, eventually, to
clearly assess the role of the physical parameters within the derived estimates (especially in the limit cases).

The first result concerns the coercivity of the bilinear form (2.8a) in a norm which is weaker than (2.13).

Lemma 3.1 (Coercivity in a weaker norm). Let o > 0, §,p = 0 and pes,0 = 0 with peg + 0 > 0. Then there
exists a constant Cy = Co(a) > 0, independent from the physical parameters and h, such that

2
An [(onsan)s (0n,00)) > Co <|||vh|||2+pu2|[[vh @[ +a Y T ||th||§,T), (36)

xeC TeT;,

for all (vy,qn) € Vi X Q.
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Proof. Let (vn,qn) € Vi, X Qp, then there holds

h2 h2

2 2 2 2

An [(vn,qn) 5 (v, an)) = pest [Vonlly + o lloallg +a T/T IVanllo - + ao® D 7T lvallo,z
TEeT, TET,

+ 200 Z (Van,vn) + 80|V - oull§ +pr Y [vn - n] ().
TeT;, xeC

Using the Cauchy—-Schwarz and Young inequalities we obtain

1 oh?
A0 00): nsan)] > g [90nl + 0 oull 4 a0 (1= 1) 5= O Joul
TEeT,

h2
+ vV vnllg + o 3 llon -] @) + (1 -)a 3 “L |Vl r

xeC TEeT),

and since # < "p o < 1 we get with € < 1 the bound
2 o 2 2
Ap [(Vnsqn) 5 (Vn, qn)] = et [Vorllg + (1 +a-— g) o llonlly + V[V - vnlly

for Y llon nl @F + (1 -2)a 3 T Vg2,

xelC TeTy
In order to obtain the stability estimate, we choose € such that %5 < e <1, so that (1 + o — %) and (1 —¢)

are strictly positive. Taking € := <\ [+ a— > these two coefficients coincide, and we obtain

A [(0n,an) 5 (vn,an)] 2 prest [[Vonllg + 60 [V - onllg +pv Y l[on - n] ()

xeC
2 h 2
+(1—e) | ollvnllg+a D — IVanlloz | -
TGZL
The proof is concluded defining
Coi=1 -9 3.7
pi=1—e=1-— Z+a+§ (3.7)

O

Remark 3.2 (On the behavior of Cy). Notice that the constant Cy introduced in (3.7) is a decreasing function

of « satisfying Cy(0) = 1. In particular, Co = O(1) for small and moderate values of . Note that the estimate
(3.6) holds also (trivially) for o = 0.

The following lemma provides stability in the L?-norm of the pressure.

Lemma 3.3 (Pressure control). Let o > 0, §,p > 0, and peg,0 = 0 with peg + 0 > 0. Then, there exists
a constant C1 = Cq (,6) > 0, independent from the physical pammeters and h, such that, for all (up,pp) €
Vi X Qn, we can find a function vy, € V', that satisfies

pn s h3 [heft
V O -y unll® + o > 7T|\Vph||§,:r+ > o heE unlly 5 | - (3.8)

TeTy, EcgGn

Ap [(un, pn) ; (vn,0)] >

N |
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Proof. Let (un,pn) € Vi, X Qp. Since pp, € Qp C L (£2) (due to conformity), there exists exactly one v, €
H} (Q) and a dimensionless constant éq (that only depends on ) such that ([21], Cor. 2.4)
1
Vv, = — Ph, (3.9a)

o
[Vvp,lly < W [pnllo - (3.9b)

Let now vy, := I (vp,) be the Scott-Zhang interpolator of the function v, onto V. Due to the H'-
stability of the Scott—Zhang interpolator (3.4a), property (3.9b), and the Poincaré inequality ([18], Lem. B.61),
there also holds

EQCQ

ca
[Vorlly < " llonllo and [vnlly < lpnllo » (3.10)

with a constant cq that only depends on the domain and on the regularity of the mesh. Moreover, according to
(3.4b), it holds

1 2 1 2 —~ 2 2
> 7z v, —wnllgr < > hTC%Zh’_zl" IVvp,llo,sr) < ¢sz” [Vop,llg (3.11)
TcT, T TcT, T

with ¢g7° = ct, (maxrer, #5 (T)). Here, #S (T') denotes the number of triangles contained in S (T") which
depends on the regularity of the mesh.

Since the Scott—Zhang interpolator preserves essential boundary conditions, it holds v, € H (1) (2)NVy, such
that the boundary terms involving v, vanish. Using the decomposition v;, = vp, — (vp, — v;) and integration
by parts for the term (v, — v;,) € H{ () we get

Ap [(un, pr) 5 (0, 0)] = pegr (Vun, Vor) + o (up,vn) — (P, V - o)
h2
+« Z —T(Juh+Vph,m:h)T+(5l/(V-uh,V~vh)
TeT), v
+ (e VUp, - 1, up)
= piet (Vup, Vop) + 0 (un, vn) — (pr, V - vy, ) — (Vpu, vp, — vp)
h2
+« Z —T(Juh+Vph,(wh)T+(51/(V-uh,V-vh)
TeT), v
+ (e Vop, - m,up) .

Using the Cauchy-Schwarz inequality, the equality (3.9a), the inequality (3.11) and ||V - vy]|, < n? ||Voy| 0
we obtain

1

2
1 1 1/ 1 ||
An (s pn) s (0r 0)] = =l (i [Fnlly) IVonllg = 0% (o lfunlly) lfonllo + 2

1

2
—Csz< 7 , ) Vv, [l — ao Z ohz [unllo.z lvnllo.r
TeT), TeT,

=T
2

70[20'}1

TeT)

—Sv? v - uh||0n21/2 |Vorll, (3.12)

=:T5
+ (et VUp, - 1, up) .
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The terms 7; and 73 introduced above can be estimated using the Cauchy—Schwarz inequality and the
1
2

inequalities (3.10), yielding
oh? 1 1 1
Ti=ao ) —Elunlloz lonllor < ao? unlly o [vally < ca ac? [lunl,

TeTh~~

<1

and
3
1
> o [lunl,

L (h2\? [ohZ\? h2. )
T=a 3 ot (") (22) 19mlorlonlor <o 5 "2 19m1E
TET, N ) TeT,
<1
3
W e\l
> I;F”VthO,T> 7%0 (3.14)

lac
222 pall, < Cna<

h2 :
2 1
Sa ( Z 7T ||Vph|0,T> o=

TeT), TEeTH
For the boundary term we apply the Cauchy—Schwarz inequality, the inequality (3.3b), and the estimate

=

(3.10) to derive
3

Heft 2

> l[wnllo, g

(Eegh he

> peth |Von 'nElg,E>

Eegp
Meft
) (z = |uhu§,E)

1
3 2
X ¢hrr (Neff E vah”O,TE
Eegy

=

(et VR - My up) < (

=

Eegy
1
(3.15)

1 h i
< cachrr H]ié“o (M%H) i
———

=0

EcgGy

2
Meff
(Z - ||uh|§,E) -

[N

P llo

1
V2

Inserting (3.13), (3.14), and (3.15) into (3.12), using the estimates (3.10) and (3.9b), and rearranging the

, I )

= ca (1 IVunly) S8 = ca (1) 0¥ funly
%

) Ipall,

terms one obtains
2
_ Il

v

- (Csjgz +cm/a> (a

—cq (né)% (51/ IV - uhHg)

Ap [(un, pn) ; (vn, 0)]

1

h2. 9
S "Z IVl

TeT),
%
||Ph||o.

1
3 ||pall 3 Mefr 2
. — cChry Z 0 h; ||“h||0,E o

1
2
4 Eegy

R 2
cszla + coa) 25 L2
——» CqNo, CoCDTI

We now define
C} := max {cg (14a)?, (
e
and using the Young inequality we obtain the estimate
1 lpally 2 h 2 et 2
An[(wn,pn) s (v, 0)] 2 5 =2 = O | lunll* +a Y —E | Vplor+ Y 05— lunlos |
2 v it v ' o hg '
h h

“ﬁth,(71:=:3(73
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Remark 3.4 (On the behavior of Cy). The constant C; in (3.8) depends only on the stabilization parameters
a and §, and on the domain €2, and its discretization (through the constants n,cq, éq, c¢sz, and cprr). In
particular Cy ~ % for a < 1.

The next step concerns the stability of the proposed formulation with respect to the boundary velocity. To
this aim, we will show that the skew-symmetric Nitsche terms in (2.8a) yield a stable formulation by defining
two particular test functions that provide control of the boundary norms of the velocity.

The construction of the first test function and its main properties are stated in the following lemma.

Lemma 3.5. For any uj, € V), we define wy" € V', such that, for each mesh node x, it holds

wn _ Jun(z), for zeT,
wy" (@) = {0 for @eQ\T. (3.16)

)

Then the function wy™ satisfies the following properties:

(1) There exist two positive constants co and ¢y, depending only on the reqularity of the mesh, such that

Heff

(e V" -m,up) > co Y lnllg 5 — ertters [ Vunllg - (3.17)

Eegn
(2) There exists a constant ca > 0, depending only on the regularity of the mesh, such that

2 Meff 2
o< ) S llunllo s (3.18)
Eegp B

Up

prett [|[Vwy,

(8) There exists a constant cs > 0, depending on the mesh regularity, such that
lwy," [y < es llunlly (3.19)
(4) There exists a constant ¢z > 0, depending on the mesh regularity, such that

i[5 < Ehi (IVwi |5 7 YT € T, (3.20)

Proof. Let us consider u, € V), and let w}" € V), be defined as in (3.16). In the following proof, for an edge
E € Gy, with vertices x; and @2 we will denote the (unique) attached triangle by T = conv {xg, 1, x2}.

(1) In order to prove (3.17), let us introduce wg: R? — R? as the linear function that coincides with w}* in
T'r and extends it everywhere in R2. Since w}" (xo) = 0, it holds

wEg (CCL)

Vw? - n =
(Gui ) = 22

where x| is the perpendicular foot of the vertex &y and hg, | is the height of the triangle T'r with respect
to the edge E. Depending on the shape of T'g, ; might fall inside or outside the edge E. Formally, there
exists an a € R, such that

) =ax1+ (1—a)xe, |a|+|1—al <M, (3.21)
where M > 0 depends only on the mesh regularity constant. Hence, by adding and subtracting u;, we can
reformulate

w, 1 1
(Vwy" - n,un)p = (wp (L), un)p = ((wn, un) p — (un —we (L), un)g)
he, 1 he, 1
h 1 1
= (-l g ) = 7= (un —we (1) un) - (3.22)
he, 1 \hE ' he,1
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Exploiting (3.21), the linearity of wg, and the fact that wg coincides with u, on E, we get, for all x € E,

lu () —we (z1)] = [un () — (aun (21) + (1 — a) up (22))]
< (laf lun () — up (21)] + 1 — al [un (z) — un (x2)])
<M (lup (x) — up (21)] + |[un () — up (22)])
<2M hg [(Vup) |15,

where | - | stands for the Euclidean norm. Since Vuy, is constant on T g, it holds also

IVunllo.r, = |Tel? [(Vun) |z, (3.23)

from which we deduce
[(Vun) [rp| < chp! IVunlly 7, »

where the constant ¢ > 0 only depends on the regularity of the mesh. The above arguments allow to
conclude

3 1
lun —we (x1)l g < <hi pmax|up (2) —wg (@) <2MAg |(Vun) lrp| <crhp[Vunlor, . (3.24)

with ¢p := 2Me. Thus, applying the Cauchy—Schwarz inequality, the inequality (3.24), and the Young
inequality yields

2

HuhHo B+ —

1
(up —wg (TL),un)y <crhp

Combining this inequality with (3.22) leads to

1 hE Heff ”u
2hg1 \ hE

(e VW™ - m,up) p >

h
2 2 E 2
, ) —cr St (Meff HVUhHo}TE> :

The proof is concluded taking the sum over all boundary edges and defining

1 h h
¢o := = min { E } and = CF {E}, (3.25)

2 EeGn | hg, 1 2Eegh hg, 1

which are only dependent on the shape regularity of the mesh.

First of all, since wy" and wy, coincide on F, it holds ||'wh’1||0 5= ||uh||0 - Moreover, let us consider a
triangle T' = conv {xg, T1, T2} such that TN T # ), assuming (without loss of generality) that xo & T,
x1 € I, and denoting with NV € {1,2} the number of vertices T has on the boundary.

Using the linearity of uy,, it holds, for an appropriate ¢ > 0 depending only on mesh regularity,

N

2 .
D, dTAT#0,
va’;:h”g'r < Cl;‘uh (:B )| 1 7é®

0, otherwise.

Hence, denoting by Nr the total number of boundary nodes, and by c¢yg the maximum number of tri-
angles adjacent to a boundary node (which can be bounded, e.g., depending on the smallest angle of the
triangulation 73), one can write

Nr
ff
pe [ Vi[5 < penne D fun (@) < ea 3 5
i=1 Eegy,

where ¢, depends only on the regularity of the mesh.
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(3) The inequality (3.19) can be proven using scaling arguments similar to the previous ones, observing that
w;” and wy, coincide on each boundary edge.

(4) Also the inequality (3.20) follows by standard scaling arguments, exploiting that w}" is a component-wise
linear function that vanishes on interior nodes of the mesh.

O

Remark 3.6 (Extension to higher order finite elements). It is worth noticing that an analogous of this lemma
can be also proven for higher order finite elements, using the same definition of the function w}" with different
definitions of the constants co, ¢1, co, and c3. In particular, some of the equalities (due to the fact that both wu,

and w)" are linear), e.g., (3.23), have to be replaced with inequalities obtained by proper scaling arguments.

Using the above defined function w),", the next lemma allows to state stability of the boundary velocity.

Lemma 3.7 (Boundary control —I). Let «, 6, p, piefr, 0 = 0 with peg +0 > 0. For any (up,pr) € Vi, X Qp, there
exist a function wy, € Vi, and a constant Cy = Cy (, §) > 0 which is independent from the physical parameters,
from wy, and from h, such that

c Loff h2
A () (w0 > 23 05 g2~ € <|||uh|2+a ) jnwhné,T)

Eegy he TeT,
where ¢y is the constant defined in Lemma 3.5.

Proof. For a given pair (un,pn) € Vi, X Qp, let wy, := 0w} ", where w}" is the function defined in Lemma 3.5.
Then, we get

Ap [(un,pn) s (wp, 0)] = Opegr (Vup, Vwp™) + 60 (cup, wp”) — 0 (pegVuy - n, wi™) + 6 (peg Vwp™ - n, up)

u u h‘2 u
— 0 (pn, V-wp") + 0 (ppn,w,") + ab Z —T(auh—i—Vph,owhh)T
TeT), v
+ 600 (Vo up, Vewi) + pv0 Y [[uy - n] (z)].
xzeC

Observing that the corner stabilization is always positive and that 0 < 1, using the Cauchy—Schwarz
inequality, and the inequalities (3.17)—(3.19) leads to

2
3,3 1 Heft 2 2
Ap [(wnspn) 5 (W, 0)] = —c3 plg [Vunlly 82 < Z 0=~ ||uh|o,E> —oc [lunllg

<1 Ecgn he
ff
—0 <,ueHVuh -n, 'w}l"h> +co Z 2] Heff ||uh|\(2) B — Clieff ||Vuh||g
peg, B ’ (3.26)
€Gn
I
=0 (pn, V- wp) + 60 (phm, wit) + b Y 7 (oun + Vpn, 0wy )
TeTh
+0v0 (V- up, V- -w,").
Combining the Cauchy-Schwarz inequality, the trace inequality (3.3b), and the fact [[wy," ||, 5 = luslly 5 we

obtain

2
1 1 f
0 (e Vuuy - 1, wit) < (eorupten)® [Vunlly 0 37 05 a5 |
<1 Eeg hE ,
< h
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which, inserted in (3.26), yields
%
1 1 1 Meft 2 2
Ap [(un,pr) 5 (wh, 0)] = — (05 +Cfm) e IVunl ( > o . ||Uh||o,E> —ocs [lunllg
Eegy B
oo Y 05 funlly g — caprs [ Vun
Ecgn
h2 (3.27)
—0 (pn, V- wp™) + 0 (ppn, wp™) + b Z 7T (cun + Vo, ow;" ).

TeT,
=:Q1 "

=:Q>
+0v(V-up, V-wp").

=:Q3

In order to bound the term Qi, we use the integration by parts formula, the Cauchy—Schwarz inequality, the
inequalities (3.20), (3.18), and 6v = peg to obtain

h2 2 v ) 2
Q1= 0(Vpn,wii*)p <0 (a >, L ||vph,3,T> (Z = Wi oz
TeT),

TET, TeT, T
1 1
h2 2 1 5\ 2
< <OZ Z 7T ||Vph||(2),T> (92V03a||vwzho)
TET,
1 1
CQCE % hr_2l—v 2 ’ /’1/ T 2 ’
(S
<(22) (0 S Z1vmlie ) (X 05l ) - (3.28)
TeT, EcGy B

Next, we observe that the term Qs, coming from the pressure stabilization, can be bounded using the Cauchy—
Schwarz inequality, Young’s inequality, and (3.19) as

2
1
1 h2 2 ’ O'h2 2
>—ba2 (a Y TV > —Lo|wpn
Qo > —ba (a » | pho,T> ” o ||wj;

2
oT — Oaocs ||lun|ly
TeT, TET) —~—~
<1
1
h2 2 : 1 2
>—(a Y ZVnlor| (a0) csllunlly — aoes |[unlg
TeT, v

h3 2 2
a 7T IV pnllo,r — (€3 + c3) ao [[unlfg - (3.29)
TeT,

Finally, (3.18) and (u@)% = ,ue%ﬁg allow also to conclude

Qs > =0 (v0n)* |V - willy (v0)* [ Vawopt |, > — (dnea)* (6017 - aalff)” (Z 0L ||uh||§,E> . (3.30)

We observe that scaling the test function by 6 allows to, on the one hand, assure coercivity in the chosen
norm, and, on the other hand, to obtain a parameter-independent estimate for the terms involving vV - wy,.

Eegy
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Notice as well that the scaling by 6 implies that the test function vanishes in the Darcy limit (peg = 0). Inserting
(3.28)—(3.30) into (3.27), and reordering the terms yields

eff
Ap [(wn,pn) s (Wi, 0)] = co Y 0 l;lE wnlls g = expent [[Vunlls = (cs + a (c3 + cs)) o [l
Eegh

1
2
3,3 3 Heft 2 1 h3 2
—(c5+csn)usff||wh||o<§:9,;E ||uh||o,E) -39 > T lIvelior

Eegy TEeT,,

003\ 2 h3 .
— <2a3> <Oéz 7T vPh”%j) (Z Huhno E)
T E
1 % Heff :
— (0neg)? ((5uHV~uhH§) <Z 0 HUhHo E) :

Eegy

Applying three times the Young inequality yields, for any € > 0,

eff
Ap [(wn,pn) ;s (Wi, 0)] > co Y 0 liLTE [enllf g = expert [[Vunlls = (cs + a (c3 + cs)) o [l

Eegy,
1 1 2
<622+61%T1> 2 € Heff 2
— e [Vunlly — 5 D 05 unlly 5 — aZ T||Vph||0T
2e 2 hE
E€gy, TEeT),

203 h2. 2 € Heoff 2

— ||V - = 0
o (a; x| phuo,T) : (; e |uh||o,E>
6n02 5 Lot
= (6w IV wuallf) - 2(2 6 5

Eegy,

Choosing € = ¢ allows to conclude

1 1 2
2 2
(Cz + CDTI)

C f
An () (o, 0] = 730 055 g — | e+ et | V|
Eeg €0
h
1 coc3 h2
~(ara@rea)oluli- (1422 )a 3 L 1vmi,
acy fen v '
oncy
= 22 (G0 IV - unlf)
co
The proof is completed defining
(ch + b ’
) +CDTI) 1 963 Ones
Cy := - 2 -+ =
2 max ¢ ¢1 + . ; (C3 +a (03 + 03)) 4 aco 3 o

O

Remark 3.8. The constant Cs depends on the stabilization parameters a and §, and for o < 1 we have
Cym L.
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The last step needed to show the fulfillment of the inf-sup condition is related to the control of the normal
velocity at the boundary, which is particularly relevant in order to guarantee stability towards the Darcy limit,
i.e., for olg? > test and especially peg = 0.

It is worth recalling our assumption (2.4) on the mesh, stating that for any two adjacent boundary edges
E,E’ € G, it holds

hg
hg

We observe that this assumption is weaker than quasi-uniformity of the mesh, as it only restricts the ratio
between the lengths of adjacent boundary edges.

Moreover, let us also recall that the mesh is assumed to satisfy (2.5), i.e., that the area of all triangles together
is strictly larger than the area of the boundary triangles.

<o < 7T+ 4V3 (=13.9). (3.31)

Lemma 3.9. Let us assume that the family of triangulations {T}nh>o satisfies (3.31) and (2.5). For a given
up, € Vi, let us define ;" € Qy as the function whose values at the boundary nodes are uniquely defined to
satisfy the L?-projection property

w 1
(g™, on) = — E . (un -ng,on)e, Yon € Qn, (3.32)
EcGn

and its value at the interior nodes is given by a constant cq, chosen in order to satisfy fn " =0.
Then the function q," has the following properties:

(1) There exists a constant ¢y > 0, depending only on 19, such that

2 1 2
Z hellay" o g < ca Z 7 lun - nEll 5 - (3.33)
E€G Eeg, F

(2) There exists a constant cs > 0, depending only on 19, such that

1

@) > 5 Y o fun e neld - e 3 llun -l (@) (3:34)
Eegh xeC

(3) There exists a constant cg > 0, depending only on the properties of the mesh, such that

g 115 < e Z — ||uh nglo s (3.35)
E‘Egn
and
> IVt < cact Z ||uh npllf o - (3.36)
TeT), Eegh
Proof.
(1) In order to prove (3.33), let us restrict for simplicity, and without loss of generality, to the case of a boundary
with a single connected component. In this case, let us number the boundary nodes as x1,...,xy and the

boundary edges as F1,..., Ex such that the edge F; connects the nodes x; and @; 1, for alli € {1,...,N}.
Moreover, we identify &1 with @1, so that the above defined convention is well-defined also for ¢ = N. To
simplify the notations, let us abbreviate h; = hg, and ¢; = ¢;" (x;). We now consider a function ¢, € Qy,
defined at each node x; of the mesh by

on (1) = hiqi, w; €T,
" lep,  otherwise,
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where ¢, is a constant defined in order to have fQ ¢p = 0. On any boundary edge E;, by the linearity of ¢;"
and ¢y, application of the Simpson rule yields

i
/ @ on = G (2hiq} + (hi + hit1) @iGi+1 + 2hit1G74 1)
E;

and

hi
= 37 (@7 + Giqit1 + aiq) -

We will first prove that there exists a constant ¢ > 0, independent from ¢, and h;, such that

/Iq"hl2 C/ " en- (3.37)

If ¢; = 0, (3.37) holds if ;= < ¢, d.e., with ¢ > 1. Assume now that ¢; # 0 and set 1 := ‘“ and t := qi;l.
The inequality (3.37) then reduces to

1+t+t2<

DN O

(2+ (L+n)t+2nt?).
Since n > 0, n € [1/n0,m0], and 1+t + ¢ > 0, for all t € R, the above condition is equivalent to

2+ (1 t + 2nt2
f +(L+n)t+2n

2
75 <N<1o L+t+t
teR

> 0.

Since the polynomial in the denominator is always strictly positive, the whole infimum is positive if the
numerator as a polynomial in ¢ is strictly positive for all ¢ € R and for all n € [1/ng,n0]. This is the
case if and only if its discriminant does not have real roots for the selected range of 1. The discriminant
of this polynomial is D () = (1+ 77)2 — 16m, which vanishes if n = 7 & 4v/3 and is strictly negative if
ne (7T-—4v3, 7+4V3) = <7+4\/§, 7+4\[) Hence, D(n) is negative if ng < 7 + 4v/3 (i.e., assumption
(3.31)). Estimate (3.37) is therefore proven by setting

-1

2+ (1 t + 2nt?
¢ = é(?’}o) (= max 4 7o, 2 L inf + (1 i n) —’2_ i
7 <n<nno +i+t
teR

The assumption M < np yields also, on any boundary edge E;

hivi (i)’
- llenll z, < b <1+ - +( - ) ) G5 m, < (LFmo+ 1) hillgi 5.6, (3:38)

Summing (3.37) over all boundary edges and using (3.32), the Cauchy—Schwarz inequality, (3.38), and the
Young inequality yields

Z %5 ||q#h||0E <qh s n) = —¢ Z hME, Oh)E
Eegy EEgh
1 1
. 1 s\ 1 2\
<o X St ) [ 2 el
EcGy B Eegn E

~[ € 1 2 1 2
< ¢ (2 Z e lun - nely s+ % (1+770+77(2)) Z he qgho,E> :

EcgGy, EcgGn
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Choosing ¢ := ¢ (1 + 1o + 773) leads to

1

2 ~ 2
Z he llg," 0,E <é (1+770+77§) Z hinuh'nEHO,E'
EecGn E€gn

Estimate (3.33) is obtained defining ¢4 := ¢? (1 + 19 + 73 ), which only depends on 7.

To prove the second inequality, let us consider the function ¢, € @y, such that, at the mesh nodes z, it holds

up - n(x), forz e '\ C,
o (x) = % (up -ng () +up -ng (), forxeC,with E, E' two adjacent boundary edges,
Cps otherwise,

with a constant c, defined in order to have fQ ¢r = 0. Remember that C is the set of corner nodes at the
boundary.
Using (3.32), the Cauchy—Schwarz, and the Young inequalities we obtain, for any ¢ > 0,

1
— gy un ) = = (g3 on) — (@i un - —on) = Y 7 (un - me,on)p - > g unne — o)
Eecgy B EcGp

1 1 .
= @IIUWnEHE,Ef >, 7 (U, Uy e — On)E — > (g un - nE —on) g

Eegn EeGn E E€gn

S 1 € 2 1 2 € T

> > o\ 5) lunmelop = - llun-ne —wnlop) -5 > hellg ey (3:39)
E€gn B EeGn

The function (up - n — ¢n) |Eeg, is different from zero only on boundary edges that are adjacent to a corner.
In particular, let us consider a corner node x. € C with an adjacent edge F = T;@.. It holds

[(un -nE —on) (xc)| = % [un - np] (z)) and  (up-np —on) (z;) =0,

which yields (Simpson rule)

1
lun - ne — enlls p = 15 Tun - nel (@) (3.40)
’ 12
Thus, inserting (3.33) and (3.40) into (3.39) and choosing ¢ := T:—l we obtain
1 1 2 2
g m) > 5 S gl es Y [ ] @)
E€Gy ¥ zeC
with ¢5 := 41 which only depends on ng.

To prove (3.35), let us first introduce a continuous, element-wise linear function ¢;", which coincides with
¢;" on the boundary I" and vanishes at all the interior nodes, and a continuous, element-wise linear function
1y, vanishing on the boundary and equal to 1 at all the interior nodes. Let us observe that, using an argument
analogous to the one of Lemma 3.5 (omitted here), it holds

> < enn Z he gy
Eecgy

Up

llg ; (3.41)

0,E°

where cyp is the maximum number of triangles adjacent to a boundary node. Moreover, we have

@ = qo" + cqtbn.
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From [, ¢;" = 0 we obtain

Up

Jo " g |l | Bnl2
Cqg = — and leg| < 02
! fn Vn ! fn Yn

is different from 0 only on Bj. Hence, using the assumption (2.5),

[l |Bnl2 1Q|2|By|* w3
g |, < (wah g llo < { 1+ 1qr =g,y ) 16" lo < {1+ 7= | g™ o~ (3:42)
Q

Since 0 < w < 1, the coefficient inside the parentheses is always strictly larger than one (and it approaches one
on fine meshes). Inserting (3.41) into (3.42) and using (3.33) we obtain (3.35) with a constant ¢g depending
on ¢NB, Mo, and w. Finally, (3.36) can be obtained combining the inverse inequality (3.2) on each triangle
and (3.35):

since g™

2
Z h’_QZ“qu;LLh”QT CI Z ||q;LLh||0T \CGCI Z Huh nEHOE

TETh TeTn Eegh

Finally, we are able to show control of the normal velocity for arbitrary values of physical parameters.

Lemma 3.10 (Boundary control —II). Let d,p > 0, a > 0, and peg, 0 = 0 with peg +0 > 0 and let us assume
that the family of triangulations {Tp}n>0 satzsﬁes (3 31) and (2.5). Then, for any (up,pr) € Vi, X Qp, there
exists a function ¢, € Qp and a constant C5 = Cs (, 8, p) > 0 independent from the physical parameters, from
uyp, and from h, such that

Eegy, zeC TEeT),

v h2
An [(wn,pn); (0,qn)] > Z > e lun - nsll§ 5 — Cs (Illuhll2 +pr Yy |lun-n] @) +a - IVphllﬁ,T) :

Up

Proof. Let (up,pn) € Vi, X Qp, and let gy, := vq,", where ¢, is the function defined in Lemma 3.9. Using the
Cauchy—Schwarz inequality, the Young inequality, and (3.34)—(3.36), we obtain

Ap [(wn,pn) 3 (0,)] = (V- un, vgp) + Y 7T (oup + Vpn, vVg")p — (vg,", un - m)

TeTy

S 1 s 2 h h‘T 2 1 2 h
Z =6 [V - unlly - Hq lo—a o? o llunllo r + 25 IIVq [

2e v 2e

TeTn
h2 wp |12 Up,
—ay T V HVthOTJrV ||th lo.r ) — v {gy" un-n)
TeT),

1 € v

> (5 550 a) > il nel = 2pr Y ffw ol (@
Eegy, xeC
1 2 1 O'h2 2 1 h2 2
= V||V uplly — a5 Z —L 7 [|up| 0T — 45 Z — ”vPh”oja
2e 2e v 2e v
TETh ~~ TET,
<1
for any €,¢’ > 0. The proof is completed choosing & = % and & = Sac Saced®” and defining
2¢
(3 := max {65, Tﬁ 4o 6601,4040661}
p

which depends only on the shape-regularity of the mesh and on the three stabilization parameters. [
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Remark 3.11. As stated in Section 2.3, the scaling of the stabilization terms by v is a necessary requirement
in order to obtain stability estimates independent from the physical parameters. In the argument used for the
last proof, using an element-dependent scaling vz := jieg + oh3. (a suitable alternative for the case of essential
boundary conditions, see, e.g., [3]) instead of v for the Grad-Div stabilization does not allow to uniformly bound
the term (V- up, vg;™).

Remark 3.12. The Lemmas 3.9 and 3.10 highlight the role of the corner stabilization. This stabilization is
required here in order to allow control on the normal velocity at the boundary through the integral (¢gn,u). We
observe that the corner stabilization is only required to prove stability in the Darcy limit (peg = 0). In fact,
restricting to the case of a positive effective viscosity, Lemma 3.7 is sufficient to assure the required control on
the velocity at the boundary. In other words, the Lemmas 3.9 and 3.10 (and the following Thm. 3.14) imply
stability of the penalty-free Nitsche method for the mixed Darcy problem with continuous, linear finite element
spaces.

Remark 3.13 (On the behavior of C3). Notice that, in order to assure the validity of Lemma 3.10, both,
Grad-Div and corner stabilization, are required (i.e., 0, p > 0). In particular, it holds C3 = O (5’1 + pfl) for
small values of § and p. Moreover, as already observed in Remark 3.7, a > 0 is not strictly required.

The previously proven Lemmas allow to prove inf-sup stability of the considered formulation (2.7), which is
stated in the following theorem.

Theorem 3.14 (Inf-sup stability). Let a,d,p > 0 and peg,0 = 0 with peg + o > 0, and let us assume that
the family of triangulations {7y, }r>o fulfills the assumptions stated in Lemma 3.9. Then there exists a constant
B > 0, independent from the physical parameters and from h, such that

. ( Ay [(wn, pn): (vn, 1) )) 5 8.

inf
(wnpn) €V xQu\{0.0} \ (wy,01)eVix @i\ {0,003 \ (@, pr)ll 1 (vss an)lll,

Moreover, 71 = O (ofl (ofl +(0+ p)_1>), for a,d,p < 1.

Proof. Let (up,pp) € Vi X Q. For the sake of simplicity, let us introduce the following notation:

2

2 lpall Heft 2 v 2

o= ll(un,p)ll; — 2= > 0= Junllg g — > — llun-ngsl g,
v hE h

EegGy Eegp
Ipalls
51 = 3
v
Heff 2
§2 1= Z 0 he H“h”oﬂa
Eegy, E
v 2
Ei= Y 7 llun - nelop,
Eecgy, E

such that |||('u,h,ph)mi =&y + & + & + &35. Now we can rewrite and summarize the estimates proven in Lemmas
3.1, 3.3, 3.7, and 3.10 as

Ap [(wn,pn);Cy " (wn, pn)]

z o,
An [(un,pn) ;2 (01, 0)] > €1 — 201 (€ + &)
> & — 20 (§0 + &0+ &3),
Ap [(wn, pn) 1 4eq " (Bw, 0)] > & — 4702507
3 .
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Summing up the last two inequalities leads to
Ap [(unspr) s (deg 0wp  dvgi™ )| > (&2 + &) — Cao,

where Cy = 45)2 + 4C'5. Consider first a test function (Z}L,T}L) € V5, x Qp, of the form

(z%nr}ll) . (1 - 771) C (uhaph) + T (400 10wh 74ngh) ’

depending on a parameter 77 € (0,1) which will be determined later. It holds

Ap [(wn,pn); (z),11)] = (1 —m — @2771) §o+m (&2 +&3)-

b 62+2 "2

Hence, defining

gives (1 —n — 62771) =1 and thus

Ay () (k)] > = ! = (@t eatE).
2

Next, consider a test function (z,%, 7',21) € Vi x @y, of the form
(22,72) := (1= m2) (Co +2) (2h,7) + 2 201, 0),
depending on a parameter 7 € (0,1) to be determined later. This yields

Ay [(un,pn); (z5,17)] = (1= n2 — 2C1m2) (&0 + &2 + &3) + m2&a.

2= 50 2 )

1
2C + 2

Therefore, the choice

leads to

Ap [(wn,pn) s (22,78)] 2 s (Co+ &+ &+ &) = | (wn, )l

1
2C + 2

It remains to control the norm of the above constructed test function (zh,rh) From the properties of vy
stated in (3.10) we have

2
2 2 2 2 llpn |l
ll(wr, 0)I, = prest [Vonllg + o vnllg + 0w [V - vallg < g (1 + nd) 70

Moreover, from Lemma 3.5, and equations (3.35) and (3.36) we infer
2
(3", 0)I;, < (C§ + o+ Oney + 1) [ (wn, o) 7,

h2 2 v 2
10wl = L g2 40 3 M g2, < e (14 ack) 0 gl
TeT,, E€gy E
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Hence, since 0 < n; < % and 0 < g < %, we can estimate

—~ 2
22 r) I < w3l 2on, 0)l17 + (1= me)? (G2 +2) I (=hs i) I
~ 2
< llwn, 0 + (1 = m2)* (Co +2) " n (1652 (0w, 0)II7 + 1601 (0, v} I )
+ (1= m)*C I Can, o)

N 2 ( (2 +cy+6ney +1 _
. <Cg(1+na>+4(02+2) <( rathetl) ., (1+ac%>>+co2> s ) 2
0

which allows to conclude

An [(unspn) s (27:75)] = B s o)l [ (25 72) [,

with

_1
2

~ 2 2 ) 1
B=(201+2)7" (Q (1+n8)+4(C;+2) <<C‘°’“2 thneatl) (1+ac%)> +002>

Co

The behavior for small values of stabilization parameters follows from Cy = O(1), C; = O (oz_l), Cy
O(a™),and C3=0 (6" +p71).

3.3. Convergence

Firstly, let us observe that the discrete, stabilized, penalty-free, non-symmetric Nitsche formulation (2.7) is
consistent with problem (1.1):

Lemma 3.15 (Consistency and Galerkin Orthogonality). Assume that (u,p) € H?(2) x HY(Q) solves (1.1)
satisfying either (1.2) (if pege > 0) or (1.3) (if pee = 0). Moreover, let (up,pr) € Vi, X Qp be the solution of
(2.7). Then,

Ap [(w —up,p —pn); (Vn,qn)] =0, YV (Vn,qn) € Vi X Qp.

The result follows from the consistency of the discrete formulation and the conformity of the triangulation.

The next lemma is related to the quality of the approximation with respect to the mesh-dependent norm.

Lemma 3.16 (Approximability). Let o, peg > 0 with peg + o > 0. Let IF (-) and MF (:) be the Lagrange
interpolation operators onto V', and Qy,, respectively. Moreover, let us assume that (u,p) € H? () x H* ().
Then it holds

1
(e = 1 () ,p = ME @) < Buh? |v (140 + 2e0) [[u]3 + = (1+a) [pll}] (3.43)

v

where cL, is the constant defined in (3.5).
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Proof. We start by estimating the bulk terms of the triple norm using the property (3.5) of the interpolation
operators:

ot |V (u = I () [y + 0 = I (w)[g + 30 [|V - (w = I ()

1 h3
o =M @)llg o Yo LY (= M@)o
TeT;,

< prerrcd B [[ul)3 + ocd bt w3 + noved b2 |[ull;
1 9 h? 9
=~ Ipl + ot 1l

1
< tat? || o+ ot s | Jull+ (5 (1)) ol
—— v
<v
For the additional boundary terms related to the penalty-free Nitsche method we get with (3.1):

Heff L 2 v I 2
0B o g @+ S (a1 )
Eezgh his " o Eezgh he " e

Sepr 3 e ) (h = I @)g g, + 9 (= I @)l r,)
TE: EGQh

< CDT (,U/eff + V) C%ah’Q ||’LL||§ .

Finally, we observe that the interpolation error due to the corner stabilization term vanishes since the Lagrange
interpolator is exact on mesh nodes. The inequality (3.43) is obtained summing up all the above estimated
terms and observing that g, och? < v. O

Theorem 3.17 (A priori error estimate). Let «,d,p > 0 and pier,0 = 0 with peg + o > 0. Let (u,p) be the
solution of (1.1) and (wn,pn) be the solution of problem (2.7). Let us assume (u,p) € H? () x H' (). Then
it holds

(e = un,p = pr)lll, < crah (CulJully + Cp llply)

with

1
2

=
N

1
+ = (2 (2eprepT)

Cy = I/% (1 +nd + QCDTI) 3

+n (5% +1) +1+ (2ep1)% +a? +a)}

and

1 1 1 1 1 1
Cp=v"2 |:(1 +a)? + E ((QCDT)2 + a2 +Oé+5_2):| .

Proof. The proof is based on the combination of the inf-sup condition (Thm. 3.14), the Galerkin orthogonality
(Lem. 3.15), 3.16, and the approximation properties of the interpolation operators. Let us consider the Lagrange
interpolants of the solution vy, := I (u) and g5, := M} (p), and decompose the error as

I(w —wn,p — pr)ll, < (e =0, —an)ll, + l(vn — wn, an — i)l

Exploiting the inf-sup stability (Thm. 3.14) and the Galerkin orthogonality (Lem. 3.15), it holds:

1 |Ap [(w — vh,p — qn) ; (wh, )]
e — 2 — o)l < (2 = wep — )l + sup [ Il
B (whn,ri) eV xQr\{(0,0)} | (wn, 70)]l1,
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Next, we bound |Ap, [(w — vp,p — qn) ; (W, 71)]]- For the bulk terms related to the weak formulation of the
Brinkman problem we obtain

et (V (w —vn) , Vwy, uHIIV( —'vh)llo i IV wnlly < crapdeh lfully llwn, )l
o

)
o (u — vp, wp) 5l —wnlly o2 [lwnlly < cLac?h? Jully [[(wn, ra)],,
|_( _Qhav 'UJh)

(V- (u—wn),7n)

The GLS stabilization terms yield

(00) % [lp = aully 61)* 1V - willy < cra (52) 2 Allplly (I (wn, 7)ls,

<
<
<
<VEIV - (= n) o v F [I7lly < era () * B uly [l (wn, o)l

h2 1
a Y (o (u—wn),own)p| < cLaaoh® ully |(wn, ra)ll,,
TET,,

h2 1
ay —- (o (w=wn), Vru)g| < cra (a0)? W2 lully [ (wn, ) s
TeT),

h2 _1
‘a > "LV (p—an)own)p| < craavEhplly [I(wn,a)lly,

TE'Z’h
h% 11
a — (Vo =), Vri)p| < caazv™2hplly [[(wn, )5,
TeT,

while for the terms related to the Grad-Div stabilization, we obtain

<D @2V (u—v)llog (60)7 IV - whllor

TeT,

0 Z v(V-(u—wvy),V-wy)p

TeT),

1
< cra (nOv)2 hflully ([ (wn, )l

The additional terms related to the penalty-free Nitsche method can be controlled as follows:

1 1
2 2
Heff
etV (w = 03) - 1y wi)| < pil ( > he |V (u—vp)- nE|§E> < > P ”whllg,E>

Eegy Eegn

[N

Nc
< bt ( > eon (IV (= on)llg g, + b 9 (V (= vh»né,TE))
Tg:

97 EecgGy

I Cwns )l

1
< cra (2vept)? hlully [ (wn, ra)ll5,

1
2
( E hE et ||th'nE|(2),E>

Eegp

Nl

1 1 2
(et Vwn - m,u —vp)| < pig ( > = lu— Uh||o,E>

Eegn

[N

1 _
< (KeficpTCDTI) ( > hr (||U —onllo g, + e, IV (u — 'Uh)|(2),TE>>
Tk

: E€gy

2
x ( Z Hefr ||vwh||o,TE>
Tk

: E€Gp

2

1
< cra (2pesepTeDTI)? B ||U||2 Il (wh, Th)mha
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[N

1
2
v 2
( Z e [|wp, - "E|0,E>

Eegy

hg 2
[(p = qn, wp - M)| < < Z W lp— Qho,E>

EegGy

Lo
< cra (20m)? v 2 R lplly [l (wns )l

1 : :
[((w —vp) n,rp)| < ( Z e [[w— ”h|(2),E> < Z he ”rh“g’E>

Eegy Eegy,

[N

1 — 2 2
< (eprepTiv)® ( > (hTi [u—vnlor, + IV (u— vh)|o,TE>>

TE: Eegh,

1
> oz, \ *
>< _
14

TE: Eegh
1
< cra (2eprepTiv) ® hllully (| (wn, ma) |, -

The terms related to the corner stabilization vanish as the Lagrange interpolator is exact on mesh nodes. The
proof is concluded summing up all the contributions and using Lemma 3.16. (]

4. NUMERICAL EXAMPLES

The goal of this Section is to validate the results of the analysis of the penalty-free Nitsche method (2.7)
against numerical experiments, especially testing the robustness of the formulation with respect to the physical
parameters peg and o.

To this aim, we consider in Sections 4.1 and 4.2 two examples defined on the unit square, i.e., £ := (0,1)°
and discretized using uniform triangular meshes obtained by regular refinements (see Fig. 1). In what follows,
the four boundary components of © will be referred to as I';, ¢ = 0,1,2,3, with Ty := {(,0) : z € [0,1]},
I :={(1,y) : y€[0,1]}, T2 :={(x,1) : x € [0,1]}, and '3 := {(0,y) : y € [0,1]}.

In both examples, we compare the results considering different values of the stabilization parameters. The
common legend for all forthcoming plots is shown in Figure 2. In particular, line colors will denote different
values of o (GLS stabilization), line styles will be related to § (Grad-Div stabilization) and line markers will
refer to the value of the characteristic length £g.

Finally, we show in Section 4.3 the numerical results for a more realistic example of a Brinkman flow in a
heterogeneous porous medium. In all cases, the numerical solutions have been computed using the finite element
library ParMooN [35].

4.1. Example I: A generalized Poiseuille/Brinkman flow

The first example, taken from [22], is based on the functions

u(z,y) = (w1 (z,y),0)", (4.1a)
0.71 <1 _ exp((l—yl)\/E)+e:p(y Neoff)) , if % > O,

up (z,y) = ro (Vi (4.1b)
o1, if Lt — 0,

p(z,y):=0.5—uz, (4.1c)
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)
’Level‘ hr ‘ # Cells (Triangles) ‘ # Dofs (v, p) ‘ (0’.1) (L1)
0 1.41421 2 (8,4)
1 0.707107 8 (18,9)
2 0.353553 32 (50, 25)
3 0.176777 128 (162, 81)
4 0.0883883 512 (578, 289) I's Iy
5 0.0441942 2048 (2178,1089)
6 0.0220971 8192 (8450, 4225)
7 0.0110485 32768 (33282, 16641)
8 | 0.00552427 131072 (132098, 66049) ®
9 [0.00276214 524283 (526338, 263169) 0,0) (0)
1)

FIGURE 1. Left panel: characteristic element size, number of elements, number of degrees of
freedom for the uniform triangular meshes used for the numerical computations. Right panel:
meshes corresponding to Level 0 (black) and Level 1 (black/grey).

x- a=0.1, §=0.1, lg=0.1 a=1, §=01, lo=01  -x- a=10, §=0.1, lg=0.1
“e- a=0.1, §=0.1, lo=1 a=1, §=01, lo=1 ~e- a=10, §=0.1, lo=1
s a=016=1, flo=0.1 a=1, §=1, flg=0.1 s a=10, =1, lo=0.1
o a=01 6=1, lo=1 a=1, §=1, flo=1 o a=10, §=1, lo=1
x- a=0.1, §=10, lg=0.1 a=1, §=10, lg=0.1 - a=10, §=10, ly=0.1
o a=0.1, §=10, lo=1 a=1, §=10, lg=1 o a=10, §=10, lo=1

FIGURE 2. In each plot, we compare the errors varying the GLS stabilization parameter o
(orange: 0.1, yellow: 1, purple: 10), the Grad-Div stabilization parameter ¢ (dashed line: 0.1,
solid line: 1, dotted line: 10) and the characteristic length ¢q (crosses: 0.1, circles: 1). (Color
online).

which solve the Brinkman problem (1.1) (for ¢ > 0 and peg > 0) for f = 0 and g = 0, and with Neumann
boundary conditions on the left and right boundaries

_J—=05n, only,
(~Vu+pl) n= {+0.5 n on Ty

and homogeneous Dirichlet boundary conditions on top and bottom boundaries
u(z,y) =0, onTyUTs,.

Figure 3 depicts the velocity profile (u;(y)) for a few values of u.g and o. Notice that, for smaller values of
the ratio ¥, the solution has a boundary layer near the Dirichlet boundaries. As observed in [22], imposing
strongly the Dirichlet boundary conditions might lead to strong unphysical oscillations (so-called overshoots
and undershoots) near the boundary, since the mesh is not fine enough to resolve the boundary layer.

4.1.1. Convergence

We performed numerical simulations in two different physical regimes, considering peg = 0 =1, i.e., £ =1,
and pre = 0.001, o = 10, thus £ = 0.0001.
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1.0
0.14
0.12 0.8
0.10
0.6
50.08 8
35 s
0.06 e, 0.4 _
= 0=0.00001 " —- ueff_g.ggggl
A —< 0=0.0001 " —#— et =0.
0.04 /f o =0.001 M —— Herr=0.001
e —— 0=0.01 AN 0.2 —o— Het=0.01
0.02 /‘/ —4— 0=01 —8— e =0.1
. / —— 0=1 \\ e Pefr=1
/4 —— 0=10 b\ > Heff =10
0'0%.0 0.2 0.4 0.6 0.8 1.0 O'%.O 0.2 0.4 0.6 0.8 1.0

y y

FIGURE 3. Example I: The function u;(y) defined in (4.1b) with fixed peg = 1 for different
values of o (left panel) and with fixed o = 1 for different values of peg (right panel).

o 0
0.5}
3 g 1t
e S
] []
z Z-15
> >
o o
= = 9
[ []
c c
w w
= =25
o o
£ £
L w -3t
35
4l L L L L 4l L L L L
2.5 2.1 1.7 1.3 0.9 2.5 2.1 .7 1.3 0.9
h h

FIGURE 4. Example I: Error in the mesh dependent norm (2.13) against the mesh size (levels
3-9) in double logarithmic scale, for the cases (pesr,0) = (1,1) (left panel) and (pes, o) =
(0.001,10) (right panel). A dashed line with slope equal to one is also shown. For comparable
values of peg and o, choosing larger values of o (purple) and smaller values for lo (crosses)
yields less accurate results. (Color online).

The convergence of the error in the mesh dependent norm (2.13) is shown in Figure 4, comparing the results
for different values of the parameters «, J, and £q, described in Figure 2. We observe that, in both cases, the
predicted convergence rate is obtained in the considered range of stabilization parameters. We also notice that
the magnitude of the error slightly increases, the larger « is chosen. The Grad-Div stabilization parameter seems
to have a similar effect on the results. Notice that, due to the absence of corners between Dirichlet boundaries,
the corner stabilization is not necessary for this example, i.e., p = 0.

In Figures 5 and 6 the different components of the velocity and pressure errors (including the error with
respect to the velocity on the boundary) are depicted for the same values of the stabilization parameters, see
Figure 2. The theoretical convergence order 1 is obtained in all cases.
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]
W

Velocity Error (L2)
A
Velocity Error (H1-Seminorm)
A

5 5l
-6 -6
7 7k
-8 8l L L L L
-2.5 -2.1 1.7 -1.3 -0.9
h
0 or

'

=N
0

-
T

Velocity Boundary Error (L2-Norm)
A b D
) dy A b D

1}

(-]
]

-]

Normal Velocity Boundary Error (L2-Norm)

o
] ' '
w N -

)
(3,

1
(3,

Pressure Error (L2-Norm)
A

Velocity Error (L2-Norm of Divergence)
A

-6 -6
7k k4N
8l L L L L gL L L L L
-2.5 -2.1 1.7 -1.3 -0.9 -2.5 -2.1 1.7 -1.3 -0.9
h h

FIGURE 5. Example I: Velocity and pressure errors against the mesh size (levels 3-9) in double
logarithmic scale, for the case (fefr, o) = (1,1). The lines with slope equal to 1 (dashed) and 2
(solid) are also shown. In all cases, decreasing the parameter « (orange: 0.1, yellow: 1, purple:
10) improves the absolute accuracy of the results. (Color online).
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FIGURE 6. Example I: Velocity and pressure errors against the mesh size (levels 3-9) in double
logarithmic scale, for the case (g, o) = (0.001,10). The lines with slope equal to 1 (dashed)
and 2 (solid) are also shown. In this case, the choice £q = 1 (circle) and 6 = 10 (dotted line)
yields lower errors in the velocity, whereas the choice £ = 0.1 (crosses) performs better w.r.t.
the magnitude of the pressure errors.
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For (peg,0) = (1,1), the best results are given by the choice « = 0.1, § = 0.1, and ¢q = 1, except for the
divergence error of the velocity which reduces with increasing Grad-Div parameter (hence o = 0.1, § = 10, and
lo=1).

The plots for (uesr, o) = (0.001, 10) reveal that only, the divergence of the velocity, the normal velocity at the
boundary, and the pressure errors do depend significantly on the considered parameter variations. Moreover,
except for the L?-norm of the pressure error, the results with g = 1 are in general better than the ones with
Lo = 0.1, when keeping the other parameters constant. In the excepted case, the situation is vice versa. It seems
like the divergence error and the pressure error behave contrary to each other with respect to the stabilization
parameters.

4.1.2. Conditioning

For the above described physical settings, we also performed numerical tests concerning the effect of the
stabilization parameters on the conditioning of the resulting finite element matrix.

Therefore, we considered a fixed characteristic mesh size (h = hr & 0.02 for all T € 7}, corresponding
to refinement level 6 in Fig. 1), and computed the condition number of the coefficient matrix for two differ-
ent combinations of the physical parameters, namely, (pe,0) € {(1,1),(0.001,10)} and four different values
(0.01,0.1,1,10) for o and ¢ (fixing one of the two parameters to one). Moreover, we compared lo = 0.1 with
lo = 1 and since in this example Neumann boundary conditions are imposed on the left and right boundaries,
the corner stabilization was not needed, i.e., we set p = 0. The results are shown in Figure 7. In all cases, the
condition number has been computed using the routine cond.m available in MATLAB R2018a.

With respect to the GLS parameter, the results show that the condition number is largest when choosing very
small values of «, decreases for increasing «, and remains almost unchanged when « > 0.1. This is consistent
with the fact that the GLS stabilization is required for the invertibility of the finite element matrix and it
suggests, considering also the convergence results discussed in Section 4.1.1, that, 0.1 is the optimal order of
magnitude for . For the same values of «, Figure 7 (left) also suggests that increasing peg + ol yields an

increase in the condition number. This result could be explained by observing that the pressure-pressure block
ah%—

introduced by the GLS stabilization, i.e., the contribution due to the term (Vp, V¢)1, is multiplied by o
€ Q
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Therefore, one can expect that an increase in the denominator produces an effect similar to a decrease in o with
respect to this term.

From Figure 7 (right) we observe that increasing the Grad-Div stabilization parameter § yields an increase in
the condition number of the matrix. This behavior could be a consequence of the fact that the divergence-free
constraint can only be enforced with respect to the chosen finite element pair (regardless of the penalization
imposed on V-u). Also in this case, it is important to observe that the matrix contribution due to the Grad-Div
stabilization is multiplied by (Meﬁ + al%). Therefore, it shall be expected that the condition number results
from the interplay between the stabilization and the physical parameters.

4.2. Example II: A trigonometric Darcy flow

The next example (see, e.g., [3,12]), focuses on a pure Darcy flow (i.e., peg = 0). Namely, we consider the
velocity-pressure pair

w(@,y) = <u1 (a:,y)> _ (—27rcos (2mrz) sin (27ry)> ’

uz (z,y) —2msin (27x) cos (27y)
p(x,y) := osin (2rx) sin (27y) ,

which solves problem (1.1) for peg = 0, f = 0, g = 872 sin (27 sin (27y), and with boundary conditions

2msin (2rz)  on Iy,

) —2wsin(2my)  on I'y,
u-n(z,y) —2msin (2rx)  on Iy,
2msin (27ry)  on I's.

4.2.1. Convergence

Numerical simulations have been performed considering o € {0.00001,0.001,0.01,0.1,1, 10,1000, 100000}.
The errors in the mesh dependent norm (2.13), for o € {0.001,1,1000} and different values of the stabilization
parameters, are shown in Figure 8. We recall that the legend is described in Figure 2. As apparent, the mag-
nitude of the errors increases with increasing o, whereas the overall behavior changes very slightly. Small GLS
parameters and g = 0.1 yield smaller energy errors than the other options.

Figure 9 contains the error components with respect to the velocity for ¢ = 1. This represents any value of
o, since this parameter has no influence on the behavior of the considered norms.

Finally, Figure 10 visualizes the reduction of the pressure error component with respect to different mesh
resolutions for o € {0.001,1,1000}. As reflected in the energy norm, basically only the magnitude is influenced
by a variation of ¢ in a significant fashion.

Altogether, the predicted convergence rate was obtained for all combinations, nevertheless, the choice a = 0.1,
0 = 0.1, and £ = 0.1 seems to lead to the best result. Note, that a variation in the corner stabilization parameter
did not result in any change of the convergence behavior, such that p = 1 was fixed.

4.2.2. Conditioning

As next, we investigated numerically the dependence of the conditioning of the coefficient matrix on the
stabilization parameters, considering o € {0.001,1,1000} and four different values of a and ¢ ranging from
0.01 to 10. An additional study has been performed varying the corner stabilization parameter p. However,
since we did not observe any significant impact on the condition number, only the outcome for the case p = 1
is visualized here. As in the previous example, we considered the mesh refinement level 6 and computed the
condition number using the routine cond.m available in MATLAB R2018a for I = 0.1 and Il = 1. The results
are displayed in Figure 11.

For moderate and large values of o, the results are quite in line with the ones obtained for the previous
example (Sect. 4.1.2). Namely, the condition number is large for small a (GLS stabilization) and tends to
increase when increasing ¢ (Grad-Div stabilization). Moreover, o = 1000, at least together with lg = 1, appears
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to be the setting with the worst conditioning. As observed before, the increase in o3 can be expected to produce
an effect analogous to a decrease in « or an increase in § (i.e., worsening the conditioning).
A different behavior is obtained for the case ¢ = 0.001. In this situation, the condition number increases
with a (Figure 11, left), suggesting that the conditioning worsens when the pressure-pressure block (which
2

is proportional to i’;} ) is much larger than the block diagonal of the velocity-velocity (which scales with
Q

o1+ E+813)).

I

In the case of a varying Grad-Div stabilization parameter we observe that, for a very small value of ol3, the
matrix contribution due to the Grad-Div terms remains small, which can explain the fact that the condition
number in Figure 11 (right — orange line, green line with crosses) stays almost constant (in the considered range
of 9).

In conclusion, Figure 11 confirms that the condition number is strictly related to both, physical and stabi-
lization parameters, and, in particular, that the conditioning might be qualitatively very diverse for the same
stabilization parameters but very different physical settings. However, a more detailed study is out of the scope
of this publication.

4.3. Example III: An example from groundwater flows

Finally, we consider the following example, taken from [16]. All physical quantities are considered in ST units.
In this case, a rectangular domain of length L = 12[m] and depth H = 8[m], i.e., Q := [0,12] x [0, 8], is
considered. Within 2, we distinguish between a free flow region ¢ with peg = 0.01 and o = 0, a moderately
permeable region Q, 1 with peg = 0 and 0 = 100, and a low permeability region €, » with peg = 0 and o = 10°,
see Figure 12. An outflow condition (natural boundary condition) is imposed on the right boundary, by setting

(e Vu — pll) - m = 0, for z = 12,
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F1GURE 12. Example I11I: Sketch of the domain, showing in different colors the different physical
regions Q¢ (red), 1 (green), and €, o (yellow). (Color online).
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FIGURE 13. Example III: The magnitude of the velocity over the whole domain (left panel) and
the magnitude of the velocity with velocity vectors within the porous region Q1 U Qp o (right
panel).

while essential boundary conditions are imposed via the penalty-free Nitsche method on the left (parabolic with
maximum velocity 0.1 [m/s]), top (homogeneous), and bottom (homogeneous) boundaries:

u = (uq, 'LLQ)T = (—0.4y2 + 0.4y, O)T, for x =0,
u=0, for y =0, resp. y = 8.

The simulation has been performed on a non-uniform mesh containing about 11K vertices, which has a
slightly higher resolution at the implicit interfaces defined by the boundary of €2 5. The results for the velocity
are shown in Figure 13, while pressure isolines are depicted in Figure 14.

5. CONCLUSIONS

In this paper, we proposed and analyzed a stabilized equal-order finite element formulation for the Brinkman
model combined with a non-symmetric Nitsche method. We investigated the properties of the recently introduced
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Ficure 14. Example III: Pressure isolines.

penalty-free Nitsche approach, which is used to weakly impose essential boundary conditions without the need
of a penalty parameter.

We proved that the proposed penalty-free method is unconditionally stable with respect to the stabilization
parameters — used for stabilizing equal-order finite element spaces and Grad-Div stabilization — and with respect
to the physical parameters. In fact, we obtained inf-sup stability independently from the value of the effective
viscosity and medium permeability, valid also in the limit regimes of Stokes (o = 0) and Darcy (pesr = 0) flows.
Furthermore, optimal a priori error estimates in a mesh-dependent norm were derived, showing that the penalty-
free Nitsche formulation maintains the accuracy properties (in terms of convergence order and dependence on
the physical parameters) of traditional approaches (strong imposition of essential boundary conditions) and of
the symmetric Nitsche method.

Focusing on the case of two-dimensional polygonal boundaries, in order to prove the robust stability estimate
we included an additional corner stabilization, assuring stability of the normal velocity along the boundary
in the Darcy limit. The possibility of avoiding the corner stabilization, also in connection with different finite
element pairs and in the context of three-dimensional applications, is a subject of current investigation.
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