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RECONSTRUCTION OF ISOTROPIC CONDUCTIVITIES FROM
NON SMOOTH ELECTRIC FIELDS

MARC BRIANE®

Abstract. In this paper we study the isotropic realizability of a given non smooth gradient field
Vu defined in R%, namely when one can reconstruct an isotropic conductivity ¢ > 0 such that oVu is
divergence free in R%. On the one hand, in the case where Vu is non-vanishing, uniformly continuous in
R? and Auw is a bounded function in R?, we prove the isotropic realizability of Vu using the associated
gradient flow combined with the DiPerna, Lions approach for solving ordinary differential equations
in suitable Sobolev spaces. On the other hand, in the case where Vu is piecewise regular, we prove
roughly speaking that the isotropic realizability holds if and only if the normal derivatives of u on
each side of the gradient discontinuity interfaces have the same sign. Some examples of conductivity
reconstruction are given.
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1. INTRODUCTION

In Electrophysics there are some constraints implicitly satisfied by the electric field in a prescribed conductive
material. For example, Alessandrini and Nesi [2] have shown that a smooth periodic electric field cannot vanish
in dimension two, while it may vanish in dimension three as proved in [3, 6]. This three-dimensional specificity
of the electric field allows us to derive a surprising property of the Hall effect: the sign of the Hall voltage is
indeed inverted in a three-dimensional metamaterial inspired by a chain mail armor. The anomalous Hall effect
has been first proved theoretically in [5], then it has been simplified and validated experimentally in [12]. Very
recently it has been emphasized simultaneously in Physics Today [14] and Nature [15].

Conversely, starting from a regular gradient field Vu # 0 in R? (1) the natural inverse problem is to reconstruct
from Vu a possibly isotropic conductivity o which satisfies the conductivity equation

div(oVu) =0 in R% (1.1)

The gradient field Vu is then said to be isotropically realizable. This reconstruction problem has been widely
studied in the literature in terms of uniqueness, stability or instability, and algorithms of approximate solution
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IWhen d = 2, Vu # 0 in the periodic case (see [2]), otherwise it is obvious that there exist solutions with Vu vanishing
somewhere. A treatment of such cases can be found in [1]. The case d = 3 is quite different, since Vu may vanish somewhere in the
periodic case (see [6]).
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(see, e.g., [10, 13] and the references therein). The isotropy constraint is actually appropriate in Materials
Science, since composite materials are built from isotropic phases. Moreover, the homogeneous conductivity
equation (1.1) is satisfied by the local electric fields in periodic composites. We have proved in [7] that any
gradient field Vu which is non-vanishing and regular is isotropically realizable in R?. The main ingredient of
this construction is the associated gradient flow

0X
E(t, z) =Vu(X(t,z))

X(0,z) =u.

for t € R, x € R (1.2)

The dynamical approach of [7] forces the regularity v € C3(R?). However, this smoothness is not compatible
with most of composite materials where the gradient is only piecewise regular (for instance regular in each phase
of the material). The purpose of the present work is to extend the results of [7] to less regular gradient fields.
To this end, we study two independent cases which are respectively developed in Sections 2 and 3.

In Section 2 we assume that the gradient field Vu is continuous in RZ. The idea is to modify the strategy
of [7] applying the celebrated approach of DiPerna and Lions [9] for solving ordinary differential equations in
suitable Sobolev spaces. More precisely, we prove (see Thm. 2.1) that any gradient field Vu in I/Vli)cl (R4 is
isotropically realizable in R? if

Vu is uniformly continuous in R?,  Au € L%®°(R?) and iﬂgdf [Vu| > 0. (1.3)

Moreover, any positive function o € LS (R?) with o=1 € LS (R?) is shown to be a suitable conductivity if and

only if roughly speaking (see Rem. 2.3) there exists F, a set of Lebesgue measure zero, such that

a(;g)x)) = exp </0 Au(X(s,z)) d8> , VteR,VzeR'\E, (1.4)

where X(-,2) is the gradient flow (1.2). Assumption (1.3) improves significantly the regularity u € C3(R%)
which is needed in [7]. But the price to pay is that the reconstruction of an appropriate conductivity is much
more delicate. In particular, by [9] the flow X (-,z) of (1.2) is only continuous for almost everywhere z € R9.
However, condition (1.3) is not still satisfactory since it excludes most of the Lipschitz continuous potentials u
which naturally arise in composite materials.

In Section 3 we study the case of a piecewise regular gradient Vu in a domain Q of R? composed by n
“generalized” polyhedra € (i.e. obtained from polyhedra through a smooth diffeomorphism). The continuous
potential u agrees in each set Q to a function ux € C?() such that the trajectories of (1.2) flow from an
inflow boundary face (on which the outer normal derivative of uy is negative) to an outflow boundary face (on
which the outer normal derivative of uy is positive), while the other boundary faces are tangential to Vuy (see
Fig. 1). We prove (see Thm. 3.7) that there exists a piecewise continuous conductivity o solution to equation
(1.1) if and only if for any contiguous polyhedra 2; and €y of €, the normal derivatives satisfy the condition

8u]' - auk - ) au]- auk .
o 0 on 90, N Oy, or 5% v >0 on 9Q; N OQy,. (1.5)

In the first case the common boundary face 9€2; N €Y, is tangential to the gradient, while in the second case
0Q; N0y, is an inflow (resp. outflow) face of ; and an outflow (resp. inflow) face of Q. Actually, the picture
is a little more constrained: We need to consider a so-called Vu-admissible domain Q (see Def. 3.5). Figure 2
represents a Vu-admissible set, and Figure 3 represents a non-admissible one.

We construct step by step a suitable piecewise conductivity ¢ such that ¢ = o in ) as follows. If o}
is already constructed in €2;, by [4, 16] (see Prop. 3.1 for details) there exists a unique positive function
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o1, € C1(Q,) solution to the equation div (03 Vug) = 0 in 4, and equal on the inflow or outflow face 082 N oYy,
to the boundary value v, € C (BQj N an) which ensures by virtue of (1.5) the flux continuity condition

Ouj  Ouy
oo =

o — g, OB 082 N OY,. (1.6)

So, the piecewise continuous function o = oy in € is a solution to the equation div(cVu) = 0 in the
distributional sense of 2.

In Section 4 the results of Section 3 are illustrated by the case of piecewise constant gradients in some
triangulation (see Fig. 4), and the case of the gradient of a function u € C(R?) defined by u(x) := g+ (x1) +
f(za,...,2q) in each half-space {£x; > 0}.

Notation

int (A) denotes the interior of a subset A of R9.

e C(A) denotes the set of continuous functions in a topological space A.

e C*(A) denotes the space of k-differentiable functions in a subset A of R%, and C¥(A) denotes the subspace
of C*¥(A) composed of functions with compact support in A.

2'(Q) denotes the distributions space in an open set  of R%.

¢ denotes a positive constant which may vary from line to line.

2. CASE WHERE THE GRADIENT FIELD IS CONTINUOUS
For u € W2 (R%), the gradient flow X = X (¢, ) associated with Vu is defined (if possible) by

loc

0X

—(t,x) =Vu(X(t,x
8t( ) (X(t,2)) fort € R, z € R (2.1)
X(0,z) =u=.
Theorem 2.1. Let u: R — R be a function satisfying
u € Wli’cl(]Rd), Vu is uniformly continuous in R?,  Au € L>®(R?), i]éldf |[Vu| > 0. (2.2)

Then, there ezists a positive function o € LS. (RY) with o~1 € LS (RY), solution to the conductivity equation

div(cVu) =0 in 2'(RY), (2.3)

the flow X (-, x) is well defined by (2.1) for a.e. x € R, and o satisfies the following: for any t € R, there erists
a set Ey, of Lebesgue measure zero depending on t, such that

U(;((;UL)) — exp (/0 Au(X(s,2)) ds) , Vz eR\ E,. (2.4)

Conversely, if there ezists E, a set of Lebesque measure zero, and a positive function o in LS (R?) such that

o(;((?x» - </0 Au(X(s,2) s (2)

holds for anyt € R and any x € RY\ E, then o is solution to equation (2.3).



1176 M. BRIANE

Remark 2.2. Assumptions (2.2) replace the smoothness u € C3(R9) which is needed in [7].

Remark 2.3. The set F of Lebesgue measure zero where formula (2.5) is not satisfied by x does not depend on
t, while the set E; does depend on ¢ in formula (2.4). Hence, formula (2.5) is stronger than (2.4). Both formulas
are equivalent if for instance X, Au and o are continuous.

Proof of Theorem 2.1. Let (pn)n>1 be a sequence of mollifiers satisfying
pn € C®(RY),  supp (pn) C B(0,1/n), p, >0, / pn(z)da = 1. (2.6)
Rd

Denote u,, := p, * u € C(R?). Since by (2.2) Vu is uniformly continuous in R¢, the sequence Vu,, = p, * Vu
converges uniformly to Vu in R?. Hence, by the last inequality of (2.2) there exists a constant m > 0 such that

inf |[Vu,| >m >0 for n large enough. (2.7)
R

Let X, (t,z) be the flow associated with Vu,, defined by

X,

t, = Vu, (X(t,
ot (&) un (X (t:2) for t € R, x € R (2.8)
Xn(0,2) =a.

By (2.7) the regular case of Theorem 2.15 in [7] shows that there exists a unique function 7,, in C*°(R?) satisfying
un (Xp(m0(2),2)) =0, VaeR? (2.9)

and that, denoting

Tn (T)
on(x) := exp (/ Auy (X, (s, 2)) ds) for x € RY, (2.10)
0

we have
div (6,Vu,) =0 in RY (2.11)

and

U((;;((i):v)) = exp (/0 Auy, (X, (s, 2)) ds) , Yz eRY VteR. (2.12)

The main difficulty is now to pass to the limit n — oo in equations (2.10), (2.11), (2.12). To this end, we will
use the approach of DiPerna and Lions [9] for solving ordinary differential equations in Sobolev spaces. First of
all, note that by condition (2.2) the field b := Vu satisfies the condition (49) and (70) of [9], i.e.

b
Tr € L®RY), be WL (RY?Y and divb € L>®(R?), (2.13)

since any uniformly continuous function f(x) in R¢ is bounded by an affine function of |z|. Hence, by virtue
of Theorem IIL.2 in [9], the flow X,,(-,z) converges in Cjo.(R) to the unique flow X (-, ) € C*(R?)? defined by



RECONSTRUCTION OF CONDUCTIVITIES 1177

(2.1) for a.e. x € R% Moreover, X satisfies the semi-group property: for any ¢ € R, there exists a set Fj, of
Lebesgue measure zero depending on ¢, such that

X(s+tx)=X(s,X(t,2)), VseR, Vo eR\E,. (2.14)

The image measure Ax (t), for ¢ € R, of the Lebesgue measure A by X (,-), i.e. defined by
/ edx(t) = / p(X(t,2))dz, Vo€ C(RY), (2.15)
R R

has a density in r(¢,-) € L>(R?) with respect to the Lebesgue measure, which satisfies for any ¢ € R,
eflt‘ HAUHLOO(Rd) S T(t, ) S elt‘ HAUHLOO(Rd) a.e. in Rd, (216)

or equivalently, for any ¢t € R and for any ¢ € C.(R%), ¢ > 0,

e—\t|uAuuLm<Rd)/ cp(x)dxg/ sOdAX(t)SewlAuuLW)/ o(z) d. (2.17)
Rd Rd Rd

We will need the following result satisfied by the flows X,, and X.
Lemma 2.4.

(i) If f € LL (RY) then fo X € LL (R x RY).

loc loc

(ii) Let f € LL (RY), let K be a compact of R, and let I be a bounded interval of R. Then, we have

loc

lim /K/I |f(Xn(s,2)) — f(X(s,2))| dsdz = 0. (2.18)

n— oo

(iit) Let f, be a non-negative sequence of Ll

of R, and let I be a bounded interval of R. Then, we have

(R?) which converges strongly to 0 in Li (RY), let K be a compact

loc

lim /K/Ifn(Xn(s7;v)) dsdz = 0. (2.19)

n—oo

(iv) Let F e LP(RYN for N e N, p € [1,00), let G € L¥ (RN with compact support, where p' is the conjugate
exponent of p, and let p, be a sequence in C°(R) satisfying (2.6) with d = 1. Then, we have

Jim /Rd/an(s)F(X(s,x)) ~G(x)dsd:c=/RdF(x)~G(x) da. (2.20)

n—oo

The proof is divided in five steps.

First step: Convergence of the sequence 7,, defined by (2.9).
On the one hand, since by (2.2) there exists F, a set of Lebesgue measure zero, such that for any © € R\ E,

d

a(u(X(t,x)) = |Vul*(X(t,2)) > iﬂgdf |Vu|* >0, VteR,

there exists a unique 7(x) € R such that

u(X(7(z),x)) =0 for ae. x € R% (2.21)
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On the other hand, by (2.9) we have
Tn (T)
un (@)| = |un(2) = un (Xn(ma(2), 2))| = / IVu,|? (X (t,2)) ds | > m? |7,(2)| ae. z€R% (2.22)
0

Hence, since u,, converges uniformly to u in any compact set K of R?, the sequence 7,, is bounded in L>°(K). Let
x € R? be satisfying (2.22). Up to a subsequence still denoted by n, 7,,(x) converges to some 7, in R. Using the
uniform convergence of X, (-, z) to X (-, ) and passing to the limit in equality (2.9) we get that u(X(Tg;, m)) =0,
which by uniqueness of 7(x) implies that 7, = 7(x). Therefore, we obtain for the whole sequence

lim 7,(z) = 7(z) for a.e. x € R% (2.23)

n— oo

L (R x R?) by Lemma 2.4, applying Fubini’s theorem to the function

(R x RY), we can define the measurable function ¢ by

Since 7 is measurable and Auo X € L
(t,z) — Ljo,r(2)) (t) Au(X(t, 1,‘)) in L1

loc

7(x)
o(x) :=exp (/0 Au(X(s,z)) ds) for a.e. z € RY. (2.24)

Second step: Strong convergence of the sequence w,, := Ino, to w := Ino in L _(R?).

loc
Let K be a compact set of R?. We have

Tn (2)
/K lwp () —w(z)|de < /K /0 |Au(Xn(s,x)) — Au(X(s,m))|ds de =:E,
n (x)
+/K /0 ’Aun — Au’ (Xn(s,x)) ds | dx =: E? (2.25)
Tn (2)
Jr/K /( : |Au(X(s,x))’ds dx = B3,

Since by the first step the sequence 7, is uniformly bounded in any compact set of R?, there exist a bounded
interval I of R such that

1 — u S, T sdxr.
Eng/K/I|Au(Xn(s,x)) Au(X (s,2))| dsd

Hence, applying the limit (2.18) of Lemma 2.4 with f := Au, we get that E} tends to 0. Similarly, applying
(2.19) with the sequence f,, := Au, — Au = p, * Au — Au which converges strongly to 0 in L _(R?), we get

that E2? tends to 0. Finally, since 7,, is uniformly bounded in the compact K and Au € L>(R?), by convergence
(2.23) and the Lebesgue dominated convergence theorem we get that

OSESSC/ |7 — T]dz — 0.

K n—oo

Therefore, passing to the limit n — oo in (2.25) we obtain that the sequence w,, converges strongly to w in
L (R%).

loc

Third step: Derivation of the conductivity equation (2.3).
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By (2.10) the function w,, is defined by
()
wy(T) = / Au, (X, (s,2))ds for z € R (2.26)
0

Since by the first step 7, is bounded in any compact of R? and Awu,, = p, * Au is bounded in L>(R%), the
sequence w,, is bounded in Lﬁfc(Rd). Hence, by the second step the sequence o,, = e“» converge strongly to
o =e" in Ll _(R?). Moreover, the sequence Vu,, converges to Vu in Cjoc(R?). Therefore, passing to the limit in
equation (2.11) we get that o is solution to the conductivity equation (2.3) in the distributions sense. Finally,
both o and o~! belong to L2 (R?), since o is the limit in L] (R%) of the sequence o,, = e which is bounded
in L (RY).

Fourth step: Proof of formula (2.4).

Formula (2.12) reads as
¢
Wy () — wy (Xn(t,2) = [ Aup(Xn(s,2))ds, VteR, VoeR™L (2.27)
0

On the one hand, writing
|wn (Xn(t,x)) — w(X(t,x))f < |w(Xn(t,x)) — w(X(t,x))| + |wn — w|(Xn(t,x)),

applying limit (2.18) with f := w, and applying limit (2.19) with f,, := |w, — w| which converges strongly to 0
in Ll _(R?) by the second step, we get that

w, (X, (t,))) — w(X(t,-)) strongly in L} (R?), for any ¢ € R. (2.28)

n—roo

On the other hand, let K be a compact set of R? and t € R. We have

/K’/OtAun(Xn(s,x)) ds—/OtAu(X(s,x))ds da

< ‘/f/ [|Au(Xn(s,:E))fAu(X(s,x))|+’Auanu‘(Xn(s,x))]dxds
0 K

Then, applying successively limit (2.18) with f := Aw and limit (2.19) with f, := |Au,, — Au| in [0,¢] X K, we
get that

t

t
/ Aup (Xn(s,x))ds — Au(X(s,x))ds strongly in Lj, (R?), for any t € R. (2.29)
0

n—oo 0

Therefore, using the limits (2.28) and (2.29) in (2.27), there exists E;, a set of Lebesgue measure zero depending
on t, such that for any ¢t € R,

¢
w(z) —w(X(t,z)) = / Au(X(s,z))ds, Vze R\ E,. (2.30)
0
or equivalently formula (2.4).

Remark 2.5. A direct proof of (2.4) would consist in replacing = by X (¢,x) in the definition (2.24) of o(x)
and to use the semi-group property (2.14), to obtain the desired formula (2.4). However, since the function 7
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involving in (2.24) is only defined a.e. in R? by (2.21), it is not clear that for an admissible point x of 7, X (¢, x)
for t € R, is also an admissible point of 7.

Fifth step: Formula (2.5) implies the conductivity equation (2.3).

Let o be a positive function in L2 (R?) satisfying formula (2.4). First of all by (2.2) the function b(¢, z) := Vu(z)
satisfies the assumptions (x), (%) of Theorem II.3.1 in [9] and assumptions (49), (70) of Theorem IIL.2 in [9].
Then, by virtue of Theorem I1.3.1 in [9] and Theorem IIL.2 in [9] the function o (X (¢, z)) is solution to the
transport equation

% [0(X(t,7))] = Vu(x) -V, [0(X(t,2))] in 2R xRY). (2.31)

Moreover, taking the derivative with respect to ¢ in (2.5) (at this point (2.4) seems to be not sufficient) we have

O o (X(0)] =~ o(X(2)) Au(X(t,2)) 0 (R x R,

Equating the two previous equations we get that
V. [o(X(t2))] - Vu(z) + o(X(t,2)) Au(X(t,z)) =0 in 2'(R x RY).
Since Vu € Wli)’Cl(Rd)7 the previous equation can be read as
div, [o(X(t,2))Vu(z)] = o(X(t,2)) [Au(z) — Au(X(t,2))] in 2'(R x R?),

which implies that for any ¢ € C°(R) and ¢ € C>°(R?),

/ / o(t)o(X(t,z))Vu(z) - Vi(z) dt dz
oo (2.32)

= [ 0w (xte0) [Au(x(02) ~ duto)] et

Taking ¢(t) = p,(t) in (2.32) and applying the limit (,2'20) of Lemma 2.4 with F = ¢,0,0Au in L? (R?) for
pi= d%lp and respectively G = Vu - Vb, 9 Au, ¢ in LP (R?) with compact support, we obtain that

/Rd o(z)Vu(z) - Vip(z)de =0, VY € CF(RY),

or equivalently the conductivity equation (2.3).

Proof of Lemma 2.4.
(i) Let I be a bounded interval of R and let K be a compact set of R%. We have for any ¢t € [ and = € K,

| X (t, 2)| < |a| + ‘/0 |V, (X (s,2))| ds|.

Moreover, the uniform continuity of Vu in R? and the equality Vu,, = p, * Vu imply the existence of a constant
¢ > 0 such that

[Vun(y)| < clyl+¢, VneN, VyeR%
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We thus deduce that

’Xn(t,x)|§c+c VneN, Vtel, Vo e K.

t
/ | X (s,2)| ds |,
0

Hence, by Gronwall’s inequality (see, e.g., [11], Sect. 17.3) there exists a constant ¢ > 0 such that

| Xn(t,2)| <cetll, VneN, Viel, VreK. (2.33)
Therefore, there exists a compact K of R? and FE, a set of Lebesgue measure zero, such that
X, (t,z),X(t,z) e K, VYneN, Vtel, Ve K\E. (2.34)

Let f € Ll _(R%), and let f,, be a sequence in C2°(R) which converges strongly to f in L} .(R?). We will show
that f,, o X converges strongly to some function g in L*(I x K). By Theorem I1.3.1 from [9] and Theorem III.2
from [9] fn o X isin LL (R x R?). Let O be a bounded open set of R? containing the compact set K, and let
¢ be a non-negative function in C.(O) which is equal to 1 in K. By (2.34) and estimate (2.17) we have for any
pqeN,

[ X = fyxan|ardae < [ae [ o) | 5(X(00) = (X2 da

:/Idt/Rdz/;|fp—fq|d)\x(t)SC/O|fp—fq|~

Hence, f, o X is a Cauchy sequence in L'(I x K) and thus converges strongly to some function g in L'(I x
K). Therefore, due to the arbitrariness of I, K the sequence f, o X converges strongly to some function g in
L, (R x RY).

Finally, by estimate (2.16) we have for any bounded interval I of R, any bounded open set O of R? and any
function ¢ € C.(0),

/dt/ of dAx (t) /dt/ r(t,z)dz = lim dt/ r(t,x)dx

R4 n—oo

= lim dt/ ofndAx(t) = lim // (efa) (X (t,2)) dxf/dt/ ) g(t, z) dz,
n—oo R4 n— oo Rd R

which, due to the arbitrariness of I, O, ¢, implies that fo X =g € L] (R x RY).

(ii) Let I be a bounded interval of R and let K be a compact set of R%. Let ¢ € C2°(R?) be an approximation
of f in L'(R%). We have

limsup/K/I|f(Xn(s,x)) — f(X(s,2))|dsdx

n—oo

< limsup/ /|cp(Xn(s,x)) — (X (s,2))|dsda (2.35)

n—oo

+limsup//|f ol (X sm))dsdx+//|f o|(X(s,x)) dsda.

n—oo
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On the one hand, the uniform convergence of X,,(-,z) to X(-,z) in I combined with the continuity of ¢ yields
that

/I‘SO(Xn(S,SU))—sO(szHds — 0 ae z€K,

n—oo

and estimate (2.33) combined with the continuity of ¢ gives that
/ lo(Xn(s,2)) —o(X(s,2))|ds < ¢ ae z€K.
I
Hence, by the Lebesgue dominated convergence theorem

lim / /I’Lp(Xn(s,x)) — (X (s,x))|dsdz = 0. (2.36)

n—roo
Then, since by (2.34) there exists a set F, of Lebesgue measure zero, such that
lg(z) <min (14(X(t,2)),14(Xa(t,2))), VneN, Vtel, Vo eR\ E, (2.37)

using the estimate (2.17) satisfied by the image measure Ax (s) with Au and the similar one satisfied by Ax, ()
with Au,, we get that

imsup [ [ 17 = ol(x sx>)dsdx+//|f o (X (5,2)) ds da
) (X (s,x))dxds—i—// (1z1f —l) (X(s,2)) dads

< limsup//
n—oo

:ngs;ip/éd Y)|1f — ¢l(y) Ax, (5)(dy) ds+// W) |f — ol(y) Ax (5)(dy) ds
<cllf = el iy

Therefore, putting this and limit (2.36) in (2.35) we deduce the desired limit (2.18).

(iii) Let I be a bounded interval of R, let K be a compact set of R%, and let K be a compact set of R? satisfying
(2.34). Let f,, be a non-negative sequence of Li (R%) which converges strongly to 0 in L{ (R?). Repeating the
argument of (i¢) using inequality (2.37) and the estimate (2.17) with X, in place of X, we get that

limsup/ /fn dsd:c <hmsup// (lf(fn)(Xn(s,z)) dsdz
n— 00 n—00 R4
< 1imsup// y) fn(y) Ax, (s)(dy) ds
n—o00 Rd

< climsup || full L z) =0,
n— oo

which yields (2.19).

(iv) Let F € LV (RY)N for N € N, p € [1,00), and let G € L? (R?)N whose support is included in a compact
set K of R%. Consider a compact set K of R? satisfying (2.34) with I = [~1,1] and K, i.e. there exists a set E,
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of Lebesgue measure zero, such that
1 (X(ta) =1, Vte[-1,1], Vae K\E.

Let ® € C>°(RY)N be an approximation of F in LP(K)N. By (2.6) we have

/ / pn(s) F(X(s,2)) - G(x)dsdz — / F(x)-G(x)dx

R JR R4
= /]Rd /}an(s) [@(X(s,z) — ®(2))] - G(z)ds
+/Rd /]an(s) [(14(F —9))(X(s,2)) — (1x(F — ®))(z)] - G(z) ds dz.

Then, by the Holder inequality combined with estimate (2.16) we get that

limsup‘/Rd/an(s)F(X(s,m))-G(w)dsdx—/ F(z) - G(x)dx

e e (2.38)
< 1im_)sup /Rd /Rp”(s) [@(X(s,x)) — ®(x)] - G(z)dsdx |+ c||F — Pl 1o gyn IGl Lo () -

By the continuity of ® we have

/an(s) [®(X(s,2)) — ®(z)]ds — 0 ae. z€R™

n—oo

Moreover, we have

< 2||®f| poo(rayy  ave. T € RY,

/R pu(s) [B(X (5,2)) — B(2)] ds

so that

<c|G(z)| ae xecR

‘(/R pu(s) [®(X (s,2)) — (2] ds) -G(x)

Hence, since G € L'(R%)"N due to its compact support, the Lebesgue dominated convergence theorem implies
that

lim /Rd /an(s) [®(X(s,2)) — ®(2)] - G(x)dsdx = 0.

n— oo
Using this in (2.38) we thus obtain limit (2.20). O

3. CASE WHERE THE GRADIENT FIELD HAS JUMPS

In this section we will consider a gradient field which is piecewise regular in a finite number of so-called
gradient-admissible domains.
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3.1. Gradient-admissible domain

The starting point is the following result first due to Bongiorno, Valente [4], and well reformulated by Richter
[16].

Proposition 3.1 ([16], Lem. 2). Let Q be a bounded domain (i.e. a connected open set) of R, and let u € C?(Q)
such that

inf [Vu| > 0. (3.1)

Let T'_ be the inflow boundary of 2, i.e. the subset of Q2 on which the outer normal derivative of u is negative:
g—}j < 0, and let 'y be the outflow boundary of 2, i.e. the subset of 2 on which the outer normal derivative of
u 18 positive: % > 0.

Then, each point of 0 belongs to a unique trajectory t — X (t,x) which flows from T'_ to T'y. Moreover, there
exists a unique positive function o € C*(Q) taking prescribed values on T'_ (resp. on T'y) which is solution to
the equation div (cVu) =0 in Q.

Remark 3.2. Actually, in [16] the existence and the uniqueness of the conductivity o taking previous values
on the inflow boundary I'_ is proved under the weaker assumption

igf (min (|Vul, Au)) > 0.

However, we will need the stronger condition (3.1) in the sequel.

Proof of Proposition 3.1. The proof can be found in [16]. We will give another expression of the conduc-
tivity o following Theorem 2.1. Let v be a positive function in C(I'_). For a fixed x € €, the trajectory
t € [r_(z), 7 (z)] = X(t,2) flows from the inflow boundary I'_ to the outflow boundary T';, where 7_(z) <
0 < 74(x) and X (74 (), x) € T'+. Let y = X (7, z) be a point on the same trajectory. Note that by the semi-group
property of the flow we have

X(T_(a:),x) = X(T_(y),y) = X(T_(y),X(T,x)) = X(T_(y) +T,x),

hence 7_(y) = 7—(x) — 7. Now, we can define the conductivity o, along the trajectory by

T_(z)
oy (X(t, 7)) :=v(X(7—(2),2)) exp </t Au(X(s,z)) ds) for t € [1—(x), 74+ ()] (3.2)

Formula (3.2) does not depend on the point y = X (7, ) on the same trajectory, since

t+1

Au(X(s,y)) ds = Au(X(s+7,2))ds = Au(X(s,x))ds,
/T(y) (X(e9) /T(I)T (Xt m,2) /T(r) (X(e2)

which implies that o, (X (¢,y)) = 0 (X (t + 7, )). Moreover, it is immediate that formula (3.2) implies formula
(2.5). Therefore, by Theorem 2.1 o, is a solution to the equation div (¢,Vu) =0in 2, and o, =y on I'_.

Conversely, consider a positive function o € C1(Q) such that div (cVu) =0 in Q, and 0 = v on I'_. From
the equality Vo - Vu + 0 Au = 0 in 2, we deduce that for any x € €,

% In (0(X(t,2))] = —Au(X(t,2), Vi€ [r(2), (@),
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Flow trajectories

FI1GURE 1. The trajectories in 2 flow from I'_ to I';.

then

oz

U(X(t,)x)) = exp (/Ot Au(X(s,x)) ds) , Vte[r—(x), 74 (x)].

This combined with (3.2) implies that for any = € ,

o) ew) (O N o
TX o @n2) oK (@e) p</ Au(X (e, ))d>‘w(x<v_<x>,x>)'

Therefore, we obtain that o = o in Q, which shows the uniqueness of the conductivity o.,. ([

We can now state the definition of a gradient-admissible set.

Definition 3.3. Let 2 be a bounded domain of R%, and let u € C2(Q). The domain € is said to be Vu-admissible
if condition (3.1) holds.

Remark 3.4. The boundary of a Vu-admissible domain 2 is split into the inflow boundary I'_, the outflow
boundary I'; | and surfaces which are tangential to Vu. Figure 1 shows a two-dimensional Vu-admissible domain
Q with two boundary curves which are tangential to Vu.

3.2. Piecewise regular gradient field

In connection with Definition 3.3 of a gradient-admissible set, we focus on a so-called admissible domain
defined as follows.

Definition 3.5. Let © be a bounded domain of R%. The set Q is said to be admissible if it is decomposed
into “generalized open polyhedra” (obtained from polyhedra through a smooth diffeomorphism) Q; j for j €
{1,...,ng} and k € {1,...,n}, where some of the domains €; ; may agree, satisfying:

(i) each polyhedron Q; x is a Vu; -admissible domain with wu;, € C?(Q;x);

1) each internal face of the chain Q p — Qo — -+ — Q,, , made of ni contiguous domains, is an inflow

%) h int 1 f f the chain Q Qo Qn,, de of tig d ins, i infl
boundary for one domain and an outflow boundary for the contiguous domain, or equivalently

Buj,k 8uj,17k
ov ov

>0 ondQrNON_1 foranyje{2,...,ng}, (3.3)

where v is the outer normal of 9€; ;
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i~ — q
<
Q) %
;7
______ ) ___1’1
:91.4;1<<0 \\\
00, N\
=X AN
Flow trajectories
Boundary of Q

—-—- Surfaces tangential to the gradient
—-—- Inflow(i) or ouflow(o) boundary faces

FIGURE 2. An admissible domain 2 composed of n = 4 chains.

(731) each external face of the chain Qq 5 — Qo — -+ — Qp, 1 18
o either a boundary part of 02,
o or a surface tangential to some Vu; y,
o or an inflow or outflow boundary of Q4 ; which is (possibly) connected to another chain Q = Q; ; —
QQJ — s = an7j.

Example 3.6.

1. Figure 2 represents an admissible domain 2 composed of the n = 4 chains

Qi — Qo1 — Q31 — Q1
Q1 =12 = Qo2
1=z Qs — Q33
91’4 — 92’4.

The three first chains are connected to the same set €21 ;. The fourth one is separated from three others
by surfaces which are tangential to the gradient.

2. The domain  of Figure 3 is composed of n = 1 chain made of 4 Vug-admissible sets. It is not admissible,
since the chain Q7 — Qs — Q3 — Q4 has an external boundary which is neither a boundary part of 0f2
nor a surface tangential to some gradient Vuy. This creates a conflict for defining a suitable conductivity
o) in each domain Q (see Rem. 3.8, 2).

Theorem 3.7. Let (2 be an admissible domain composed of Vu; ,-admissible open sets §1; . for j € {1,...,nk}
and k € {1,...,n}, according to Definition 3.5, and let v € C(Q) be such that u = ujy, in Qj . Then, there
ezists a piecewise continuous positive conductivity o such that

{aﬂk,eCl(QkJ) forje{l,...,nx} and k € {1,...,n}, 5.4)
b 3.4

div (cVu) =0 in 2'(Q).



RECONSTRUCTION OF CONDUCTIVITIES 1187

Flow trajectories

Boundary of Q

—-— Inflow or ouflow boundary faces

FIGURE 3. A non-admissible domain Q with n = 1 chain: Q1 — Qo — Q3 — Q4.

Conversely, let € be a bounded domain of R? composed of n generalized polyhedra ., and let u be a function
in C(2) such that up = g, € C?(Qx) and Q. is a Vuy-admissible domain for k € {1,...,n}. Assume that
o is a positive function in C(Q) such that oy := O € CH( Q) and div (cVu) =0 in 2'(Q). Then, for any
contiguous polyhedra §2; and §, the common face I';y := 082 N Oy, is either a surface tangential to Vu, or
an inflow (resp. outflow) boundary of Q; and an outflow (resp. inflow) boundary of .

Proof of Theorem 3.7. The idea is to construct in each chain Q1 — Qo — -+ = Qp,  for k € {1,...,n},
successively the conductivities oy ,...,0p, k. To this end, the conductivity o;_;  being constructed in the
domain Q;_1 ;, for some j € {2,...,n,}, we will choose a suitable positive continuous function v; j on the inflow
or outflow boundary face 0€Q; , N 02,1 , which

e determines the conductivity o; ; in the Vu; p-admissible domain €); , by Proposition 3.1,
e satisfies the flux continuity condition through the surface 0€2; , N 981 .

For k € {1,...,n}, fix the conductivity equal to 1 on the inflow or outflow boundary face of Q4 j, which by
Proposition 3.1 determines a unique conductivity o1 x € C*(Q &) such that div (o1 xVu) = 0 in Q.

Next, using an induction argument we will construct a suitable piecewise continuous conductivity along the
chain Q j; — -+ — Q,, . Assume that for some j € {2,...,n}, we have built a piecewise conductivity o = o;
in Q;  for i € {1,...,5 — 1}, solution to the equation

div (eVu) = 0 in int [Ql,k U U (e Ul

where I'; i, := 0€Q; , N1 0Q;_1 i is the common face of 2, and Q;_1 ;. By the condition (3.3) on I'; ; there exists
a positive function v;, € C(T'; 1) such that

Oujk _ o Otk
J ) aV

Tik 5, onT;y, (3.5)
where v is the outer normal of 0€2; ;. Since by the assumption (i7) of Definition 3.5 T'; ; is an inflow or outflow
boundary face of the Vu; ;-admissible domain €, by Proposition 3.1 there exists a positive conductivity
ojr € C(Q, ) taking the value 7, on T'j; and solution to the equation div (c;,Vu) = 0 in ;. Then,
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equality (3.5) reads as the flux continuity condition through I'; ;. It follows that the conductivity o := o, in
O, for i € {1,...,7}, is solution to the equation

div (0Vau) = 0 in int[ QU UL, (Qix U ri’k)} ,
which concludes the induction proof. Therefore, we has just constructed a piecewise continuous positive function
0 =055 in Q) solution to div(cVu) =0 in int[Q U UJE, (2% UT; k)] (3.6)

Now, according to Definition 3.5 consider the partition (K;)i<i<p of {1,...,n} such that the sets Qi
agree to the same set Q; , (k; € K;) for any k € K; and i € {1,...,p}. Since for each i € {1,...,p} the chains
Dy = Qo — -+ = Oy, i are connected to the set Q 1, for any k € K;, by the definition (3.6) of the piecewise
continuous conductivity ¢ we thus have

div(eVu) =0 in int( U [Q15,, U UZky (Qp U I‘j’k)]> for any i € {1,...,p}. (3.7
keK;

Moreover, by the assumption (¢i¢) of Definition 3.5 we have

% =0 ond ( U [Ql,ki u U;ZQ (QjxU I"j,k)]) \oQ foranyie{l,...,p}. (3.8)
keK;

Let ¢ € C°(Q). Therefore, integrating by parts and using (3.7), (3.8) we get that

P
/0Vu~V<pdx:Z/ oVu-Vedz =0,
@ i=1

ke x, [k, UUTE, (Q5,5UT,1)]

which implies that the piecewise continuous conductivity o of (3.6) is solution to the equation div (cVu) =0

in 2'(Q).

Conversely, let 2 be a bounded domain of R? composed of n generalized polyhedra , for k € {1,...,n}. Let
u € C(2) be such that uy := Ui, € C?(Q), and Q. is Vug-admissible. Assume that o is a positive piecewise
continuous function such that oy, = o € C1(Q) and div (6Vu) = 0 in 2'(Q2). Consider two contiguous
polyhedra §2; and €2, the common face of which I'; j, := 09, N 09, is not a surface tangential to Vu. The flux
continuity condition through I'; ; reads as

Ou; ou
oF a—lj = oy, a—: on Ty, (3.9)

where v is the outer normal to 9€2;, which implies that

an auk
1k T,
9 v >0 onlyy

Therefore, I'; , is an inflow (resp. outflow) boundary face of €2;, and an outflow (resp. inflow) boundary face of
Q. The proof of Theorem 3.7 is now complete. ([l
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Remark 3.8.

1. In the case of Figure 2 the domain €2 is composed of 9 polyhedra €2 grouped into 4 chains with 11
internal faces. The step by step construction of Theorem 3.7 reads as follows:

e We prescribe the conductivity on the say inflow face 9§ 1 N 0823 of €1, which determines the
conductivity oq ;. Then, 091 1 N 0Q2 1 and 92y 1 N Oy 2 are outflow faces of € ;.

e We choose successively the conductivities on the inflow face 9€; 1 N9y of Qs 1, the outflow face
0021 NONs 1 of 31, and the outflow face 931 N I of Q4 1, which determine the conductivities
02.1,03,1,04,1 ensuring the flux continuity conditions on 9§21 1 NI 1, 021 NON3 1, 031 N Oy 1.

o We choose the conductivity on the inflow face 91,1 N0 2 of s o, which determines the conductivity
09,2 ensuring the flux continuity condition on 09 1 N 02 2.

e We choose successively the conductivities on the outflow face 94 ; N 0Q2 3 of s 3 and the inflow
face 0y 3 N 003 3 of Q3 3, which determine the conductivities 02 3,03 3 ensuring the flux continuity
conditions on 9Q; 1 NNy 3, 0 3 N O3 3.

o We prescribe the conductivity on the say inflow face 9§21 4 N 92 4 of € 4, which determines the conduc-
tivity o1 4. Then, we choose the conductivity on the ouflow face 9€; 4 N 9 4 of Q9 4, which determines
the conductivity o2 4 ensuring the flux continuity condition on 9€; 4 N 9 4.

e The 4 remaining faces 9241 N0 2, O 2 N N3 3, 02 3 N O 4, 02 1 N O 4 are tangential to the
gradient, and thus satisfy the flux continuity conditions.

2. In the case of Figure 2 the domain 2 is made of one chain composed of 4 polyhedra. For example, we
prescribe the conductivity on the say inflow face 923 N 9 of Q. Then, the flux continuity conditions
on the faces 921 N 0Ny, 9Ny N 0N3, 003 N Iy determine successively the conductivities o in € for
k=1,2,3,4. But then the flux continuity condition on the face 9Q2; N 9Q4 does not hold in general.

4. EXAMPLES

4.1. Example 1

Let € be an open set of R? which is star-shaped with respect to the origin. Let &1,...,&, be n > 2 non-zero
vectors of R? such that the open cones

{Qk:{5§k+tfk+1,,5,t>0} forl1<k<n-1 (4.1)
4.1

Q, = {sfl —|—t§n,,s,t>0} for k = n,
do not contain any vector §;.
Consider a function u € C() of finite element type P; (see, e.g. [8], Sect. 2.2), i.e. there exists constant
vectors A, € R? such that
Vu= A, inQ forke{l,...,n} (4.2)
This imposes the flux continuity conditions
M — A1) & =0, VEe{2,...,n} and (A1 —A\,)-& =0. (4.3)
Up to decrease the value of n we can also assume that

A — A1 #£0, YeEe{2,...,n} and A — A, #0. (4.4)

Similarly to the case of Figure 3 (see Rem. 3.8, 2) the chain Q; — Qs — -+ — Q, does not satisfy the
condition (#ii) of Definition 3.5. Indeed, the existence of constant conductivities oy in € satisfying the flux
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Flow trajectories

Boundary of Q2
-=--- Surface tangential to the gradient
——- Inflow or ouflow boundary faces

FIGURE 4. Triangulation of © by the cones 1, 5, Q3, and Q4 = int (94)1 U (24,2) with & || As.

continuity condition (3.9) reads as
oy det (&, A\k) = op—1det (&, A—1), V€ {2,...,n} and o,det (&, \,) = ordet (&1, A1),

which thus implies the constraint

n

H t (Ek, Ak) = det (&1, Ay H t (Ey A—1) - (4.5)

A less restrictive alternative is to assume that for some &k € {1,...,n}, say k = n without loss of generality,
there exists a vector £ € R? satisfying

£\ {0} and £ A (4.6)
Hence, defining the subsets of €,
Q1= {sf—i—tém ,8,t > 0} and €, 9= {sg—i—tfh ,8,t > 0}7

we have

% =0 ond0,1 NI,s CRE. (4.7)
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Therefore, by (4.2) and (4.7) the chain Q, 2 — Q; — --- = Q,,_1 — Q,, 1 satisfies the conditions (¢) and (%)
of Definition 3.5 (see Fig. 4 and compare to Fig. 3). Then, taking into account conditions (4.3) and (4.4) the
condition (i¢) of Definition 3.5 is equivalent to

det (&, A\g) det (€, A—1) >0, Yk € {2,...,n} and det (&, A;)det (&1, A,) > 0. (4.8)

Therefore, by Theorem 3.7 Vu is isotropically realizable in  if and only if condition (4.8) holds true. Finally,
due to condition (4.8) a suitable piecewise constant conductivity is given by

det (&1, \n)
det (&1, A1)

det (€1, An) 1y det (&5, A1)
det (51,)\1) =2 det (fj,)\j)

det 51, - det fJ, j— 1
det (£1, A j=2 det (&5, A5)

1 in Qnyg.

in Ql

in Qy for2<k<n-1

in le

Remark 4.1. We can also extend the previous two-dimensional example to dimension three replacing the open
cones (4.1) as follows. Let Q be an open set of R? which is star-shaped with respect to the origin. Let &,...,&,
be n > 3 non-zero vectors of R3 such that the open cones

Qije =QN{r&+s& +t&, st >0} if det (&,&,&) #0, (4.10)
do not contain any vector &. For example, if (e1, €2, e3) is a basis of R® and n = 6 with
§1=e1, &a=e2, {3 =e€3, &4 = —€1, & = —e2, & = —e3,
there are 8 open cones of type (4.10).

4.2. Example 2
Let f be a function in W22 (R4~1) for d > 2, and let g, h be 2 functions in C?(R) such that
f satisfies condition (2.2) in R4,
9(0) = h(0), (4.11)
g',h' are uniformly continuous in R and ¢'(t) h'(t) #0, Vt € R.

Consider the function v € C(R?) defined by

(x1) + f(2') if (x1,2") € Q1 :=(0,00) xR

g\xr
(4.12)
uz(xl Ni=h(zy)+ f(2) if (z1,2") € Qg 1= (—00,0) X R,

so that u satisfies the conditions (7) and (i44) (which is empty there) of Definition 3.5. Moreover, the function
Vu is piecewise continuous in R?, and condition (i) of Definition 3.5 is reduced to

9'(0) 1'(0) > 0. (4.13)
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Due to the separation of the variables z; and 2/, the gradient flow X = (X3, X') associated with Vu; satisfies

7(15,561) :g/(Xl(t,lL‘l))

Xl(ovxl) =T, ' d
fort e R, & = (x1,2") € RY,

oxX'
W(t,x') = Vz/f(X’(t,:L‘))
X'(0,2") =2

which yields

Xi(t,a1) =G (t+G(z))

X1(0,21) =,
/ fort € R, x = (x1,2') € RY, (4.14)
a;i (tvx,) = Vz’f(X/(tax))
X'(0,z) =4

where G~! is the inverse function of the primitive G of 1/¢’ in R such that G(0) = 0. For a.e. z € R%, the
flow X (-, z) reaches the surface {z; = 0} at the time 71 (2) = —G(x1) which implies X; (71 (x),21) = 0. Then,
by Theorem 2.1 and formula (2.24) with uy, for any constant A > 0, the gradient Vu; is realizable with the
continuous conductivity

—G(z1)
o1(x) = Aexp (/0 [9" (X1(s,21)) + Apr f(X'(s,2"))] ds) for z € RY,

which using the change of variable t = Xy (s,z1) = G~ (s + G(z1)) yields

! 7G($1)
o1(x) = A 9(0) exp </ Ay f(X'(s,2)) ds) for a.e. z € R%. (4.15)
0

Similarly, the gradient Vusy is realizable in R? with the continuous conductivity

/ —H(z1)
oo(z) = f?((;)l)) exp (/0 Ay f(X'(s,2")) ds) for a.e. z € RY, (4.16)

where H is the primitive of 1/A" in R such that H(0) = 0. Choosing A = h’(0)/¢'(0) > 0 by (4.13), we get the
flux continuity condition across the interface {x; = 0}, i.e.

o1(0,2) %(O,x’) = 05(0,2) %(o,x’) = K(0) for ' € R
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Therefore, the gradient Vu is realizable with the piecewise continuous conductivity

1 (0) AN o . d-1
- exp z/f(X (s,:c)) ds if € (0,00) xR
g'(z1) 0

o(z) = (4.17)

h/(O) —H(z1) A , , ' B i
p exp o f(X'(s,2"))ds | if x € (—00,0) x RI™L.
W (x1) 0
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