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A SECOND ORDER IN TIME INCREMENTAL PRESSURE CORRECTION
FINITE ELEMENT METHOD FOR THE NAVIER-STOKES/DARCY PROBLEM *

YUNXIA WANG!, SHISHUN L1> AND ZHIYONG S1>*

Abstract. In this paper, we give a second order in time incremental pressure correction finite element
method for the Navier-Stokes/Darcy problem. In this method, the Navier-Stokes/Darcy problem is
solved in three steps: a convection-diffusion step, a projection correction (incremental pressure correc-
tion) step and a Darcy step. In this way, the Navier-Stokes/Darcy equation is solved in a fractional step
way, which is a decoupled method. In order to decouple the equation, we use the numerical solutions at
the last time level to give the interface conditions. The stability analysis shows that the second order
in time incremental pressure correction finite element method is unconditionally stable. The optimal
error estimate is also given. Finally, we present some numerical results to show the efficiency of the
method.
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1. INTRODUCTION

The free flow coupling with the porous media flow has received a great deal of attention in the area of scientific
computing due to its many important applications in modeling groundwater flow, filtration processes, petroleum
reservoirs. Different numerical methods have been provided, such as unified stabilized finite element formulations
for the Stokes/Darcy’s flow [2]; super—convergence analysis of finite element method for the Stokes/Darcy
system [1]; a posteriori error estimate for the Stokes/Darcy [12]; Robin—Robin domain decomposition methods
for the steady—state Stokes—Darcy system [6,10,14] and so on. In 2012, Layton et al. [32] gave four non—
iterative, sub—physics, uncoupling methods by splitting the Stokes/Darcy problems into the Stokes and Darcy
problems. In [17], fully—mixed finite element method was given by Gatica et al. In [34], a decoupled finite element
method for the Stokes/Darcy flow was given. In 2012, Shan, Zheng and Layton [37] presented a decoupled
method using different time steps in different domains. In [45], a local discontinuous Galerkin (LDG) method
for the Stokes/Darcy flow was given by Vassilev and Yotov. For the Navier—Stokes/Darcy coupling problem,
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several iterative methods were presented by Badea, Discacciati and Quarteroni [3,13]. The two-level method
for the Navier—Stokes/Darcy problem was given by Cai et al. [5] in 2009. Girault and Riviere [18] presented a
discontinuous Galerkin approximation of coupled Navier—Stokes/Darcy equations with BJS interface condition.
In [42], we gave the decoupled modified characteristics finite element method for the time-dependent Navier—
Stokes/Darcy problem. In this paper, we focus on the model of the Navier—Stokes equation in the surface region
coupling the Darcy’s law in the subsurface region [13], which is described by a mixed Navier—Stokes/Darcy’s
model. The first important thing is the interface conditions between the Navier—Stokes flow and the Darcy’s flow.
This model was firstly studied by Beavers and Joseph [4], they gave the interface condition (named Beavers—
Joseph (BJ) condition) on the interface between the surface flow and the subsurface flow. Then, this condition
was simplified by Saffman [36], who got the Beavers—Joseph—Saffman (BJS) condition. A coupled finite element
method for Navier—Stokes and Darcy problem with the Beavers—Joseph interface condition was present by Zuo
and Hou [47].

Projection methods are widely used to approximate the incompressible time-dependent Navier—Stokes equa-
tions. Its original version was introduced by Chorin [11] and Temam [44] in the late 1960s. There are three
families of projection methods: pressure—correction [15,29,38,43], velocity—correction [27] and consistent split-
ting scheme [28,35,41], which is also called gauge method [16]. On the other hand, the projection method can be
seen as the fractional a splitting step method, but as the pressure is not a dynamic variable, the usual methodol-
ogy for fractional step method can not be applied directly [21]. The incremental pressure correction method for
solving the Navier—Stokes equation was given by [20,22]. There are many works on this method [23-26, 39, 40].
In this method, an advection—diffusion step was considered and a projection correction (incremental pressure
correction) step was considered in the second step.

In this paper, we give a second order in time incremental pressure correction method for solving the free flow
coupled with the porous media flow, which is governed by the Navier—Stokes/Darcy equation. This method is
implemented in three steps. Firstly, a convection—diffusion equation is solved. Secondly, a projection correction
(incremental pressure correction) is done. Finally, the Darcy flow is solved in the porous media domain by the
second order in time method. To decouple the Navier—Stokes flows and the Darcy flow, the numerical solutions
in the last time level are used on the interface. The stability analysis shows that our method is unconditionally
stable. The error estimate yields the optimal convergence order. In order to show the effect of our method, some
numerical results are presented. The numerical results show that our method is effective, which confirms our
theoretical analysis.

The rest of this paper is organized as follows. In Section 2, the functional settings of the Navier—Stokes/Darcy
equation are presented. In Section 3, the second order in time incremental pressure correction finite element
method is proposed. In the following Section 4, we derive stability analysis for the new algorithm. Section 5
presents the error analysis. Finally, some numerical examples are presented in Section 6.

2. FUNCTIONAL SETTINGS

Let 2 C R%(d = 2,3) be a bounded domain, which is decomposed into two non-intersecting sub-domains
Q7 and (2, separated by an interface I', namely 2 = 27U £2,,2; N 2, = () and 2; N 2, = I'. We suppose
the boundaries 0f2; and 02, have the Lipschitz conditions. From the physical point of view, I" is a surface
separating the domain {2 filled by a fluid from and a domain {2, formed by a porous medium.

Let T > 0 be a finite constant, the fluid flow is governed by the Navier—Stokes equation as follows

u, — V- (2vD(u) —pI) + (u-V)u+ Vp = f(z,t), x€ 2 x(0,T],
V-u=0, x e 2 x(0,7T],
u(z,0) = ug, x € 2y,

u=0, x € 002:\I" x (0,T],

(2.1)
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where u(z, t) represents the velocity of the fluid flow in 2y, p(«, t) is the pressure, f(x,t) represents the external
body force, and v is the kinematic viscosity, D(u) is the deformation tensor defined by D(u) = $(Vu+ (Vu)7).
The porous media flow is governed by the following equation in 2,

SO¢t+v'up:fp(w7t)a ‘TG“Q]DX (OaT]a

u, = —-KVg, z € 2, x (0,77, (2.)
¢(x70) = ¢07 T e Qp?
¢ =0, z € 0,\I" x (0,7,

where ¢ is the piezometric head, u, is the fluid velocity in the porous media (2,. K represents the hydraulic
conductivity tensor, for simplicity, we assume that K = diag(Ky,...,Kq) with 0 < K; € L*(£2,), i =1,....,d
which means the porous media is homogeneous. We assume that K is uniformly bounded and positive definite
in §2,, i.e., there exist constants Kmin, Kmax > 0 such that

Kmin|1'|2 <Kz -z< Kmax|x|2, a.e. T € §2,.
Using Darcy’s law, (2.2) can be rewritten in the parabolic form
Sopr — V- (KV¢) = gp(x,t), x € 2, x (0,T].

For the Navier—Stokes/Darcy model, the interface conditions of the conservation of mass, balance of forces and
the Beavers—Joseph—Saffman condition are imposed by

u-ny+u,-n,=0, on I x(0,T], (2.3)

0 1
p—unfa—;f—i—iu-u:g(b, on I'x(0,7T], (2.4)
—VTi@:&uw;,i:lﬂ,...,d—l, on I'x(0,7T]. (2.5)

Ony trace(K)

Here, g is the gravitational acceleration, « is a positive parameter depending on the properties of the porous
medium and must be determined experimentally. The condition (2.3) can be rewritten as

K 2%

an,’ on I'x(0,7T]. (2.6)

u-ny=
Remark 2.1. The term %u - u arises naturally from the momentum equation written in divergence
form [7,8,18,31].
Define W = Hy x H, and Q = L?({2;), where
Hf:{ve(Hl(_Qf))d:V:O on ON\I'},
H,={peH' (2,):¢=0 on  0,\I'},
V={veH;:V-v=0}.
The spaces Hy and H), are equipped with the following norms
[ullz; = [ID(u)le;,Va € Hy,

[9llm, = IVele, Vo € Hy,
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where ||-||p := || - || L2(p) means the L?-norm on the domain D. We equip the space W with the following norms

lwllo = \/(w, 1), + 950(6, B)a, Yoo = (,6) € W,

lwllw = /v(Va, Vu)a, +g(KV6, Vo), Yo = (u,0) € W,

where (-,-)p refers the inner product in the corresponding domain D for D = {2; or (2,. The weak form of the
time—dependent Navier—Stokes/Darcy model reads as follows: find w = (u,¢) € W and p € @ such that

[we, 2] + a(w, 2) + B(u,u,v) — b(v,p) = (F, 2),Vz = (v,¢) € W,
b(u,q) =0,Y¢ € Q,
w(0) = w, (2.7)
where
[we, 2] = (g, V) o, + 950 (D1, V) g, »

a(w, z) = ay(w,v) + ap(¢,9) + ar(w, 2),

7)) (v - 7)ds,

af( ) B QV(ID)( Qf * Z/ \/ trace
ap(¢,) = g(KVo, Vi) g,
a[‘(w7 Z) = a['(ll, ¢; V7¢) = CI((va) - 01(1/)7 u)7

cr(, ) :g/qu-nfds,

1 1
B(u,v,w) = (- Vv,w)o, + 3 (V- u)v,w)g, — 5 (wv,wn,),

2 17
b(v,p) = (,V - V)a,,
(F.2) = (f;v)a; +9(fp.)a,
Here, we define the Stokes operator A (see [46] and the references therein) by
(Au,v)g, = (AY?0, A ?v) o, = (Vu,Vv)g,,Vu,v € V.

Lemma 2.2. [33] The bilinear forms az(-,-), ap(-,-) satisfy

ostav) < max {v + 1, 22l vl (23)
2 a < 2 2 o 2

ostu) 2 vl + =3 [ (o= vl + et 29)

ap(0, V) < Kaxl|0|| 1, 10 1, , (2.10)

ap($,¢) > Kuinll|F, - (2.11)
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The trilinear form B(-, -, -) satisfies the following properties ([18,46])

B(u,v,w)=—-B(u,w,v),Yue H(2)NV,v,w € Hy, (2.12)
|B(u,v,w)| < C|lAu| o, [[VV]ellvie,, Vua € D(A),v,w € X, (2.13)
1B, v, w)| < Cllul 2 [l 219V, [wlla,, V€ DAY, v,w € X. (2.14)

3. THE SECOND ORDER IN TIME INCREMENTAL PRESSURE CORRECTION FINITE ELEMENT
METHOD

For each positive integer N, let {7, : 1 < n < N} be a partition of [0, 7] into subintervals J,, = (tn—1,tn],
with t, = nr, 7 = T/N. With the previous notations, we get the time discrete incremental pressure correction
method for the Navier-Stokes/Darcy problem (2.1).

Algorithm 3.1 (Time discrete incremental pressure correction method).
Step 1. Find u"** € Hy, such that

3ﬁn+1 _ 4un + unfl
2Nt

— V- (2vD@" ™) — p"I) + ((2u™ —u" ) - V)a" T = f(tpa1). (3.1)

Step 2. Find (u"™!,p"*!) € (Hy, Q), such that

3u"t! — 3ant!
2/t
V-u"t! =0, (3.3)

+ V(" —p) =0, (3-2)

Step 3. Find ¢}"' € H, such that

3¢n+1 _ 4¢n + ¢n—1

5o I

— V- (KVG") = fyltns).

The weak form of the method is easily given as follows.

Algorithm 3.2 (Weak form of the time discrete incremental pressure correction method).

Step 1. Find u"** € Hy, such that

~n+1 4 n n—1
<3u u’+u ,V> +af(ﬁn+1,V) +B(2u” _ un717ﬁn+1,v)
2/t o,
+ CI<2¢n - ¢n_1vv) - b(V,p”) = (f(thrl)aV).Qf- (34)
Step 2. Find (u™*!,p"*1) € (Hy,Q), such that

3un+1 _ 3ﬁn+1 )
MO V) (vt ) =0, (3.5)
( 2Nt o

b(u™ ™ q) = 0. (3.6)
Step 3. Find ¢"! € H,, via

g 3¢n+1 _ 4¢n + ¢n71
920 2Nt

,w> K™, V), — erlih, 20" — ) = g(f, (tns1)s ),
N

P
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Let Sy, be a quasi-uniform partition of £2; U (2, into non-overlapping triangles if d = 2 or tetrahedra if d
= 3, indexed by a parameter h = maxgeg, {hx : hx = diam(K)}. We introduce the finite element subspaces
Wh:HththCWanthCQ,

Hpp = {vi, € Hy N CY'(2)% vy |k € Po(K)?, VK € 3y},
Qn={qn € QN H"(2);qn|x € Pr(K),VK € 3y},
Hy, = {¢n € H,NC°(2); 91|k € P(K),VK € Sp},

where P;(K) is the space of piecewise polynomials of degree £ on K, £ > 1, k > 1 and [ > 1 are three integers.
Here, we assume that (Hyp, Q) satisfy the discrete LBB condition, i.e., there exists a constant 8 > 0 such that

b
sup (Vha <Ph)

2 Bllenllo, Ve € Qn.
vhE€Hyp vahHO

Remark 3.3. Here, we chose Q) C H L(£2) as in references [19,22], which is different for the classical finite
element space Qp, C L?(02).

Under the above notations, we give the second order incremental pressure correction finite element method for
the Navier—Stokes/Darcy problem as follows.

Algorithm 3.4 (Second order incremental pressure correction finite element method).

Step 1. Find ﬁZH € Hyy, such that

~n+1 n n—1 ~n+1
th> +ay(@, ", va) + B(2uy —upT 0y, vp)
25

3apt! —4up 4 upt
PN

+ cr(207 — o7 vi) = b(vi, pi) = (f(tns1), Vi) e, - (3.7)

Step 2. Find (u}™',pi'*t") € (Hyp, Qy), such that

3un+1 _ SﬁnJrl
(hQAth7 Vh) - b(VhapZ—H —pp) =0, (3.8)
2y
byt g,) = 0. (3.9)

Step 3. Find QSZH € Hyp, via

950 (3¢z+1 — 4o + 4y

AL Mﬁh) + 9KV, Vi) o, — cr(vbn, 2uf, —up ') = g(fp (2, tni1),%n) 0, (3.10)
(P

P

4. STABILITY ANALYSIS

In this section, we turn our attention to the stability analysis of the projection method. We give the following
lemma firstly.

Lemma 4.1. [32,34] There exists a constant C > 0, such that

ler(¢, )| < Cyllola, lulla, - (4.1)

Then, we can get the stability as follows.
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Theorem 4.2 (Stability). The second order incremental pressure correction finite element method is uncondi-
tionally stable, in the sense that

[up 1S, + 120y — "Hn+ ||u’+1 2uj, + w, |7
I ! !

+ 4AtuZH”+1HHf —i—AtZ/ (@ r)2ds

tmce

ant? = ;
+ ——IVp WS, +39A Y IKYAVEG,

i=1

+yg <||<z>"“||9 + [|2¢ptt — ¢2||%P+Z||¢3;“—2¢2+¢21||%p>
=1

CAt 4Atg
< — Z”f i+1)|lr- w2y T ZH!Ip )%,

Proof. For convenience, we define §;a” = a™ — a™ !, and §i;a™ = §;(6;a™ 1), for all the function a. Letting

vy, = 4Ata T in (3.7) and using 2(3a™ ' — 4a” + a1 a1t = a2 4 2" — a2 + |0pa T2 — |a”]? —
|2a™ — a™~1|?, we have

sntl 1 =ntl

2 (3up ™! — 4up +up Tt uy >fo

_ n+1 n—1 ~n+1 n+1 n+1l ~n+1
=2(3up™ —4up +up Tt uy )Q +6(ay " —uy A

(?;uZ"'1 dup+up” ! uZH uZ'H) +2 (3u"'H dup+up” 1 uZ“) +6( ntl_ "'H ﬁZH).

From (3.8), we have (3u}™" —4u} +u}™" ﬁZ“ Z“)Qf =0, then
2 (3l~lZ+1 quff +upt uZ“)Qf
= up PG, — lple, + 123t —u S, — 120 —o* S, + up ™t = 2w + w7,
+ 3[lay D, +3llay T —wp G, - 3w, (4.2)

Via (2.12), we deduce

~ k _
Blla S, — 2l G, + 120 = utG, — [2uf —w TG, 4t - 20w G,

— |ju + 3||artt — ”H + 4Nty ||antt + At / ~"+1 -7)%ds
g2, + 3] R R SR
+ 40ter (295 — ¢yt T —AAHV - apt ph) o, = A0 (ts), 1) g, (4.3)
In order to estimate the term 4Ath(u "H,pﬁ), setting v, = 4At2Vp?! in (3.8), we have
ni1 oy _ 8O O .
Antb(a ™ pp) = ——— (V" = pR), Vph)
N 4A 4A

= 5 IVBhllG, = 5= 1Ver G, + == IVET = pi)la, (4.4)
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Letting v, = AtV (p) ™ — p) in (3.8), we have

—pp))

T e A A (e

<3 HV( n =l llun T =@ e,
It means that
AtV (™ = i) lle, < §I|U”+1 ap e, (4.5)
Combining (4.4) and (4.5), we have
n n At n 4At2 n an
—2Atb(ap T pp) > 3 —— Vo5, — —=—IIVoil%, = 3Atluptt —aptt|1g, . (4.6)

Using (4.1), we get

Alter(20) — o~ ap ) < CgAt(loplm, + llon ™ )Gy 1,

Aty C’gAt

< o g, + o (||K1/2V¢hlln + KAV, (4.7)

Via Cauchy—Schwarz inequality, we have

n Aty CAt
ADH(f(tngr), 0y Dy < =0 7, + == ) 110 (4.8)

Setting vj, = 4Atu}™ in (3.8) and noticing b(u} ™, pp ! — pi) = 0, we deduce
I IS, — o TS, + ™ — et = o. (4.9)
Combining (4.3), (4.6), (4.7), (4.8) and (4.9), we arrive at

i ™S, — luple, + 20y — "II%f = [[2u; —u" o, + up = 2up +up G,

N 4At2
n+1 ~n+1 2 n+12
B A B T A A S )
_ Cyit CAt
< SRRV, + 1K R, + ) By (4.10)

Letting 1, = 4At¢"+1 in (3.10), we have
9So(loh 1%, — lohle, + 11205 — ohle, — 1207 — 65 1%, + o™ — 20h + 657 1%,)
+ 4gOtKPVORTE, = 40ter (63T 20y — uf) + AAH(fy(tar), 8, -
Using (4.1), we get
Alter(op™ 20 —up ™) < CgAt|op | a, (uf | m, + IIUZ_llle)

CAt .
<% (u upllf, + e, + ||K1/2V¢ I, -
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Using the Cauchy-Schwarz inequality, we deduce

C/Atg

kmin

490t (gp(tns1), 05 e, < lgp (tns1)l1%, + ||K1/2V¢”“||2p~

Then, we get

9So(lentH 1%, — lorlls, + 12077 — ¢nll%, — 120% — n 1B, + loptt — 261 + on'1%,)
4M\tg ) CAt

+ 3gAKY AV G, < =gyt I, + 5 (il + o~ I, ) (4.11)
Combining (4.10) and (4.11), we arrive at
[y 1%, — | h\|nf+|\2u"“fu"||_%,f||2uz "R, = 2ug a1,
+ antv|[ap 3, +At/ (@t 7)2ds
+ 28 oy, 4Atznvmgf T 3g ARV 2,
+ gSo(llon™ID, — Iorlle, + 12057 — onlle, — 1207 — on 1%, + lon™" — 205 + o7 H1%,)
g%(nff”?whng + (|2 H?)JJF%W( tns1) |3 >+ﬁt9||gp< w1,

+ g (Il + o, )

Summing it from 1 to n, we have

n
S, + 20t =i, + > ag™ - 2w, + w7,

+ 4Atuz [, 1%, + AtZ/ (@t r)%ds

trace

4At \V4 n+1 3a/\t - Kl/QV i+12
+7|| Dy, H9f+ g ZH o, e,

=1

n
+ 950 <|¢"+1||9 + 1200 = oplln, + > lleh — 265 + ¢§:1%p>
=1

C’gAt N
S Ko S IEYAVE, + » — > )10,

i=1 i=1

N C’At
+ D llgp (i) Z [ 1%, -

k
min i=1
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Using Gronwall’s lemma, we deduce

n
Il FH IS, + 20t =i, + > ug™ - 2w, + w7,

4 4sz [, + AtZ/ (G )y

trace

ANE? - 4
+ 7||Vp”+1an + 39Atz IIK”QWSZ“II?zP

=1

+gso<hﬂ”1m2+wu¢”“——wm%,+§:n¢?l—2¢z+¢ﬁﬂ?%>

i=1

S

4Atg
(i) 17 v T Zng tiv)lID, -

Therefore, we complete the proof. O

5. ERROR ANALYSIS

In order to get the error estimate of our method, we define the projection operator Pj, : (w(t),p(t)) €
(VV7 Q) - (Phw(t)7php(t)) S (Whth)vv.t € [07T] by

a(Ppw(t), zn) + b(zn, Pup(t)) = a(w(t), z) + b(zn, p(t)), Yz, € Wy, (5.1)
b(Prw(t),qn) = 0,Yqn € W, (5.2)
We give the following lemma.

Lemma 5.1. [34,37] Note that Py, is a linear operator, and for any (w(t),p(t)) € W x Q and (v(t),q(t)) €
W xQ,

Pu(w(t) = v(t)) = Pow(t) — Prv(t),
Pu(p(t) — q(t)) = Pup(t) — Prq(t).
Furthermore, under certain smoothness assumption in (w(t),p(t)), we have the following error estimates
[Prw () = w(t)|[w < Ch,
[1Pup(t) = p(t)llo < Ch,
[Praw (t) — w(t)llo < Ch%.

Using this lemma and inverse inequality, we can easily get

| Paw(®) w1 < C.

Define wj! = Pyu(ty,), 0} = Pup(t,) and ¢} = Pr¢(t,,), we obtain the following theorem.
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Theorem 5.2. If u, p, u;, ¢ and ¢; are sufficiently smooth, then the second order incremental pressure cor-
rection finite element method has the following results

n
ler 1%, + 12657 —enll, + > llen™ — 2, + et 13, + Mtz e I,

+ 4Nt / ez-‘rl ds + n+1 + 2 n+l n St
Z \/W m)* i W, + 11207 e, Z” w1,

1=1
+ 2gAtZ K2V G, < C(AL% + hY).
i=1
where e} = wp —up, ey =wp —uy,n; = @) — ¢ and C is a positive constant independent of At.
Proof. Subtracting (3.7) for (2.7) with z = (v,0) and using (5.1), we get

SénJrl o 4en + en71 N N n
h bt i) Aap@ T va) +er(eptt — 268 — on ), va)
2N\t 2,

+ b(va, 05 = pi) + B(u(tusr), ultnr), vi) = B2uj —up ™, @y vi)

= Ry va)a, + (BRI vi) g (5.3)

Su(ty, —du(t, e ntl_ g n | rn—1
where Rg"'l = Bultnsn) ;A(tt rultezy) W (tn+1), Rn+1 = %v B = QZH
" =u(t,) —wy.

Similar as (4.4), we have

~n—+1 n—1 ~n+1
2 (3eh —dep +e,7 &)

—pp = 5&2“ +¢ep and

) o,
= llen 1%, — llenll®, + 112e5™" — elln, — lI2ef —e" o, +[leh™ — 2ef +ep 15,
+ 3llen G, +3len T —epTn, — 3llen G,
Letting vy, = 4Ate} ™ in (5.3), we deduce
e 1%, — llerll, +112e5™" — ells, — lI2ef —e" Mo, +lley™ — 2eft +ep (13,

+ 3llen G, +3len T — eh IR, - slleh IS, +4Atvley I,

#ane [ S s A1 I, — ekl + 167 —eil)
+ ANter(eptt — (201 — dph), en ) + AN}, BR) + AAtB(u(tns1), u(tyi1), &)
—4AtB(ul, aptt vy)
= ANO(V (5w ), Ver T o, +AAHRT & o, + AAL(RTT & g, (5.4)
Using Lemma 5.1 and Taylor’s formula, we obtain
ANHRYT &5 ) g, = 2(3(u(tns) — wi ™) — 4(u(tn) —wpy) +3(u(tn—1) —wp ™), e,
< CAH([(ultnr1) — i ella, + [(altn) = wi)illo,) €8 Ia,

At
< CAth* + —V||~"+1||Hf.
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Using Taylor’s formula and Cauchy-Schwarz inequality, we get
204(Ry ™ &), < 20| RGT | 5-1p) 185 1,

At
< LH &3, +onts. (5.5)

Adding some terms, we deduce
B(u(tyi1), u(tns1), € ) — B(2u, —up= aptt et
= B(0uu(tnr1), u(tnr1), €5 Y) + B(2(" = (" u(tnr), &) + B(2wh —wp ™1 (ML e
+ B2&y — & wpt &t + Bwp —wp T et &) - B(2en — & et et

We give the estimate for each term on the right-hand side, which is mainly relying on the following inequalities
and equalities.

B(0wu(tni1),u(tngr), €4 ) < Cllduu(tne) o, lAa(tng) o, 167 | a,
< OO uge(tngr) | Lo () [ Au(t na )l 1€

<cart+ LI,

B(2¢" = ¢"hu(teg), &) < COl2¢" = ¢, At ) e, 1657 1w,
< CR2(|[ull oo (ar2) + 1Pl o)) AU (En i) [ 2, 185

<Ch'+ — ||~”“||Hf-
B(2wy —wy ™, ¢ et < CllAQwR — wi Tl IC e, ey e,
< Ch'+ ||~”+1\|Hf.
B(2ef; — e~ wy eyt < CIIAw"“IIQf(IIeZII%f +llep S, + *II~”+1HHf-

B(2e" — et eyt et = 0.
B(2wy —wp~t &t et = 0.

Then, we have

2AtB(u(tps1) ultysr), 841 —2AtB2u? —up ' aptt &pt!)
4 4 n|2 n—12 Aty et
< OAHAE + 1Y) + COH(|lef G, + e I1,) + =~ l18h Iz, - (5.6)

Via (4.1), we get
cr(pp™ = Qo5 — o) &) = er(op ™ = 208 +ep ) ey — T e

< 20290t @it =205 + &)l llen ™ | a,
+ CogOt(llop™ = oill, + i llm,)ley ™

< Cgitt + C(llnp Nz, + Iy~ I,) + *HN"HIIH, (5.7)
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Furthermore, by (3.8), we have
3en+1 _ 3én+1
—h—h vy ) = b(vp, et = B) = 0. (5.8)
YA\ o,
In order to give the estimate of 2Atb(e ”H, B1), letting vy, = 4AtV S}, we deduce

ABIEH, B) = — S ARV — 51), V),

4At n 4At2 n 4Nt2 n
— Ve I, - IV(eh + 805 DG, + ——IVERT = BRIIE,
4 4NE?
< AV IG, = IVaRllG,) + CAE + == V(e = BRI, (5.9)
Taking vy, = 2AtV (e} — 87) in (5.8), we have
AtV (™ =BG, < *lle"+1 & e, IVEER™ = Blle;-

It means that,
AUV — 8, < Slle — & o,
Then, we arrive at
~Nn mn 4 n n n "”ﬂ

—AO(ET BY) = ALV G, — [IVaRllG,) — OO = 3llel ™ — &G, (5.10)

Letting v, = 2Ate; T in (5.8), we have
lep M 1%, — Ier ™%, + lep™ — &y ™5, =0. (5.11)

Combining (5.4), (5.5), (5.6), (5.7), (5.9) and (5.11), we arrive at

ey 1%, — llerlls, +lI12ep™ — eZH%f —[2ef; — "o, + lleh ™ — 2ef + e D,

+ 2At||e ~"+1 +4At/ ~"+1 -7)2ds
< OOH(A + h*) + CN(HeZH?zf + HeZ*lH?of) + OO, + COt g I, - (5.12)

Subtracting (3.10) from (2.7) with z = (0,;,) and using (5.1), we get

3 n+1 4 n—1
5 M, M, + 1
20\t

,w) KV Vg, — cr(n ™ — 2uf +up )
0.

P

= Ry bn) o, + (RET, ¥n)a, (5.13)

where REFY = gy (ty ) — 20Unt) =40t 4o(tnon) oy gt = 3($(tn+1)=0p ) =4(@(t) =)+ (@t %) Tt fllows

24t
from (5.13) with 1y, = 4+
gSo(llmy W%, — N le, + 120" —mile, + 16wy ™ 15, — 1208 — 0y~ HI%,) + 49 At K2V,

= 2Ater (Wit — (2uf —wp ™) +AAKRT ) g, + AR 1 ) g

p*
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Using Taylor’s formula, we get

ABHBE 1), < OO + S22 T 2,
Using Lemma 5.1 and Taylor’s formula, we have

ABHBL 1+ )a, < OOt + S20 K20y 7,

Using (4.1) and Lemma 5.1, we deduce
ANter(nyt wptt —2uf +u )

<20t i lwop ™ = 20+

< gAt|KY 2y R, + e llen ™ = 2u +up T,
n CyAt n
< gAH[KY PVt + T I I+ 2llen i, + leh )

Cg/\t

< CAt
o * Kmin

_ gt
(lerllz, + llen™"IF,) + = I 2V g,
Then, we arrive at

950(||77n+1||9 ||77h||(2 + 2t - 77h||9 + H<5tm"+1\|np = [12n, — ny 1||r2 )

Cgt
Kmin

+ 290t [KPVEt G, < OO + (IlehllF, + ller™ 113, )- (5.14)

Combining (5.12) and (5.14), we obtain

lleh ™ 117, — lenll, +lI2e;™" — EZH?zf — [12e} —e" o, + llowen G,

e T e R LA R DY
trace(K
2 =, + B I, — 1207 — [, + 29 AR,

SCOHAE + 1) + CAt(leq [T, + ey 115,) + Cﬁtl\nﬁllfqp + OOty

Summing over the above inequality and using Gronwall’s lemma, we have

leh 1%, + l12eh™ —ehlls, + Z lef,"™ — 2ej, +e;, |15, + Mtz &, 113,

&, m)ds + TG, + 120p T =i, +le5tm”1||n,,

N /
Z \/trace =

+ 290t [[KYAVn T, < C(AE + 1Y),
i=1

Therefore, we complete the proof. O
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This theorem is not optimal. In order to give the optimal results, we give the following lemma firstly.

Lemma 5.3. Under the hypotheses of Theorem 4.1, we have
3168 1S, + 32 15:85" — Grel 1D, + lloeer THIG, + [120ief ™" — deel |13,

n
3At
+ ) llower S, +

Ve g,

+ 950(||5t77n+1||9 + 1200 = bumpy ”Q + Z ||5ttt7ln+1||(2 )+ 31/2 ||5t~l+1||Hf

=1
< C(A? + hY)
and
les*! =& la, < C(AL + 1.

Proof. From (5.3), we get

358) ! — 46el + Sref !
2/t

’vh> +ap (88 va) + er(Sepp ™t = 61205 — o), va)
2y

+ b(vh,éte;fl — 0pyy) + B(u(tn41), utns1), va) — B(2uy, —uy 1,ﬁ2+1,vh)
+ B(u(tn),u(tn),vh) — B(QUZ L uZ 2,ﬁ2+1, h) = (5tR6L+1,Vh)_Qf + (5,5R1L+1,Vh)_of.
Letting vy, = 4At5téz+1, we deduce

2 (36,817 — 4diel + el L 0,80t Y) L AAtap(6,80 T, 6,80 T) + AALD(6,Ep T, 5,87

Q;
+ 4AtC]((5tg0n+1 — 5,5(2@52 — ) 5t~n+1) + 4AtB(u(tn+1), ll(tn+1), 5téz+1)
— AALB(2u} —up a5, ~”+1) +4AtB(u(ty), u(t,), &)t
—AAtB2uy ! —up R aptt S8t = (6, Ry, 681 g, + (6 RYT, 681 g, (5.15)
For the first term, we have

2 (30,85 — 4oy + drel 1, G

=6(6, 8" — et ep g, +2(30e) T — 4d,ef + Gt S8 T — Sef T g,
+ 2(36e) T — ddef + o)t Ge) T g, = L+ I + I
Then, we get
Iy = 3|16e€) |G, + 3ll0eey ™! — deep TG, — 3lloien D, -

Using (5.16) and noticing b(e}, qn) = 0, Vg, € M}, we deduce

I = 2b(36,e) T — 45ef + St Gy T — 5,810) = 0
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We can also have

Iy = ||6re %, + 1200el ™ — deepilln, + lIuwer IS, — 0l — [120:e); — drel ™15,

From (5.8), we have

( 3§tez+1 - 3§téz+1

N ’Vh> 2, —b(vh, 0ep Tt —681) =0

Letting v;, = 8At25,V 3} in (5.16), we deduce

At
4Atb(5te"+1 5,5 n+1) 8 ((;tVﬁh,(Stvng_l — 5tV6h)
4At 4Nt
5 (19:V 5315, - ||5tV€"+1||9f)+ 18:Ver ™t — 8. VBRI,
4At n 4At n o
5 (10:Ve 1%, — 10V, %)) Vertt =6 VE%, -
Taking vj, = AtV(6,e) T — 6,67) in (5.16), we have
ALV (Seep™ = 881§ < *Hdts"“ =8Bl e ™ — aiep |,
It means
AtV (Seen = 88 lo < *||5ten+1 5i&n oy
Then, we get

YN

ANth(5 87T 6,87 >

Using (4.1), we get
cr(Bipptt — (26,07 — Sy ), &ptY)
= cr (0ot = 26,07 + 0r0f N 0i8p ) + er (20imy — Syt 68t
< 20591000t — 2000 + Seoh Hla, 16eER T 11,
+ Cog([|8em, ™ 1, + 6emi e, )16:85 |1,
< CgAt* + C(|6em; |77, + 16em I Fr,) + *||5t~”“||Hf
Similar as (5.6), we have
ANtB(u(tpi1), utng1), 087 — AAtB(2u) —up~t aptt, 6,801

+ AAB(u(t,), ult,), 5,80) — AALB(2u) T — up 2 a5, ~"+1)

< COHOE + 1) + CAH(||6ieh ][5, + ey 7, + 1deer2I1%,) + ||5t~”+1HHf-

S 16:VeR G, — 10:VerlG,) — CAL = 3™ = 85315,

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)
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Then, we arrive at
316, 1%, +3lle ™ —

drey %, — Blldeer IS, + el TG, + (12006 —

3N .
T(II5tV€Z+1||29f —[l6:Verl,)

+ 3|8 [ H, < COAHAL + ) + CA(|6ier]|5, + 16ief !

+ COt([16eny 17, + 116y~ 1F,)-

+[10ueel IS, — lloiehl|S, — 126cel — deep 17,

1%, + lloer~21%,)

From (5.13), we have

36yt — 40, + Senp
gSO( = 2Amh = a¢h> +g(K& Va1 Vi) g,
t 9]

P

— cr(¥n, ST = 26,u) + Sup ) = (5tR£L+171/)h)Qp + (5th+l,¢h)Qp

Letting 1y, = 45t77;:+1, we deduce

9S00 1%, — N0t |15, + 120 = Semit %, + 6wy, T IS, — 12005 — Semp 1%,
+ 4gAt||K1/25tV17”+1HQ = 2Atc[(6t77h+1 6tw”+1 — 26uy, + 6tu271)

(5tRn+1 5t77n+1)(2 +(5tR3+1 6t7’n+1)

P

Using Lemma 5.1, we get

4Atc;(5tnh+1 5tw"+1 — 20iup + 5tu}f*1)
< 2At||0my, +1||H ||(5tw"+1 —26;up + 5tu271||Hf

CyAt
< gAHKY 26,V + Kg 6wt — 26,07 + Sl

2
iz,
Cg/t _
< gAt||K1/26tv77n+1HHp —+ 7[{19 - (H(Stttw}?"’l"%p —+ 2H6teZ||§{f + ||5teZ 1||2Hf)
min

CgA

< OAE + —— L(lore ehlar, + el I7,) + g At 6K 2Vt

Then, we arrive at

9So(l18emy M 1%, — N0emit 1%, + 128emy " = Seni |G, + I8eeeny ™ 1%, — 12005 — ey~ 115,)

+ 29 AL[KV26, V|5, < CAAL + b + Cl;gm

min

(l6:eh I3, + lloeer, ™ 17, )-

5teZ||?2f

1493

(5.21)

(5.22)

(5.23)
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Combining (5.21) and (5.23) and using Gronwall’s lemma gives that
3lloeel G, + 32 16,65 — Grel IS, + lldeer IS, + [120ieh™" — diel |15,

- N 3AL? .
+) e TS, + 7||5tv WS,

+ 950(||5t772+1||9 + (1200 — 5t77h||n + Z ||5ttt77n+1||(2 + 31/2 ||5t~l+1||Hf

i=1

< C(A? +hY). (5.24)

From (5.16), we get

16:Vey, (lleh ™ lla, + 11885 llo) < C(AL + b/ At.

3
) <
lo; < 57
Letting v;, = e't* — & in (5.8), we have

3||en+1 ~n+1||9f _ 2Atb( n+l n+1 (5 €n+1 6t9}7:+1)

< 2Atllep ™ — &y o, (Ve o, + 11007 2)) -

Namely,
lep ™ — &h ™o, < 28t (Ve e, + 16071 2;)
< C(A +h?).
Based on Theorem 5.3, we can get the following theorems, which give the optimal error estimate. (I

Theorem 5.4. Ifu, p, us, ¢ and ¢; are sufficiently smooth, then the numerical method has the following results

e I, + l12eh™ —e"|%, + Z leht" — 2ej, + e, 1%,

+ 20t > et F, + 2008 > K2V 2,

=1
+ 95 <||77n+10 +l2m T = aplG, + Z ||5ttn’+1np> < C(Ot*+ b7,

Proof. Using (5.3) and (5.8), we have

n+1 n n—1
<3eh — de} + e}

S v ) (@) + (o - 204 0w + o)
2y

+ B(u(tn41),u(tns1), va) — B2up —up ' ap ™ viy) = (RGT vi) o, + (RYT, vi) g, (5.25)
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Letting v, = 4Ate) ™ in (5.25), we deduce
leh 1%, — llenll®, +l12e5™" —enlls, — l12eh —e" Mo, + lep™ — 2ef +e; 7',

+ A0tap (@) ef ) + Alter(Op T = 205 + o e ) + AAtB(u(tng1), ultng1) €)Y

— ANtB(2up —uph ap e ) = AA(RET ef T o, + AN R ef T g, (5.26)
By (5.8), we have
(éz+1,vh)gf (eZH7 Vi)as, Vi € V.
So, we get
(- A~"+1,v Jo, = —(AeZ“,vh)gf,Vvh € V.
Namely,
af(é;;+1,vh)gf = af(e2+1,vh)gf,Vv;L € Vh. (5.27)
Then, we get
ag@ " ep ), = ap(ey ™ en g,

Adding some terms, we deduce
B(u(tyi1),u(tnsr),ept) — Bul —up =t artt ep )
— Bt ), ulbg ) ) + BRC = ¢ ultg), e ) + BEwp — il ¢ e )
+ B(2e) — e} L wptt ef ™) + B2wy —wp e el ) — B(2e" — et &t ep ).
We give the estimate for each term on the right-hand side.

B(0uu(tns1), ultnsr), e ) < Clowultnsn) o, [ Aultur) o, e 1,
< COPJlune(tnsn) | (o) lAu(tns) 2, e o,

<CAt+ || e, -

B(u(2¢" = ¢"Hultar) ey ™) < Cl12¢" = ¢l [Multnga) e, lley ™,
< CR(|[ull oe a2y + Pl ety AW s 1) 2, Nl ]

< Cht+ Loty

B(2wy —wy =, ¢ ep ) < CllAQwR — wi Tl IS e lleh i,

< Cnt + e,

B(2ej — e~ wy ™ ey ™) < Ol Awp TG, (e, + lley ™ IG,) + *II en I,
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B(2e" — e 7 &, o) < Ol + e I, Nl
< ClllenllZ, + lleh ™ 17, lle™ Iz, + 16 H e,
B2w)l —wpt &ptt efth) = B(2w) — wi Tt eptt — et et
< O([Awgllop + Ay o) ler ™ — ey ™l llen ™ lu,
< C(A 4+ hY) + ||e"+1||Hf.
Hence, combining the above inequalities, we arrive at
ANtB(u(tysr), u(tny1), et — 4AtB(ul, ap ZH)
SONHAE + 1Y) + CAt(leq]s, + llen 1%, + ||~"“||Hf~ (5.28)
Via (4.1), we get
cr(en™ = Q2en —dh e ™) = er(on™ =200 +op ey ™) + ey — et
< 2Cagllon ™ = 20 + ol llen i, + Cog(llnp L, + 0y~ ) llen ™ 1,
< Cg(At' + ") + C(IK >V |15, + [IK 2V~ [5,) + *H e, - (5.29)

Then, we arrive at

leh 1%, — llenll, +l12e™" —enlls, — 125 — ehll,

+ llep ™t —2ef + e G, +20tv|ep T,

< CgOt(At + ') + COH([K2Vnp|5, + IKY2Vn~H5,)

+ CAOt(leq IS, + llen " I1%,)- (5.30)
Combining it with (5.14), we have
leh ™ 1%, — llenll, + [12e; " — ehld, — l2eh —e" MG, +lleh™ — 2ef +ep "3,

+ 20tv]|ep I, + 20K AV [S,
+ gSo(llmy %, — Ihlia, + 1205 ™" =%, + 0wy IS, — 120 — 0y~ 1S,
< OAHAE + 1Y) + COH(|K2Vni|5,, + 1KY 2V~ I, ) + Cont(leqllF, + llep " I17,)-

Summing it for all n» and using Gronwall’s lemma, we deduce

n
lleh 1%, + 11265 —e™lI5, + > llet — 2, +e, 17,

+ 20t ) llept G, + 200t > K2V g

i=1

+ gSo(lmy 1S, + 1200 =15, + Z 160y 1%,) < C(AE* + hY).

i=1
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Using triangle inequality, Lemma 4.1 and Theorem 4.2, we have the following theorem. O

Theorem 5.5. If u, p, us, ¢ and ¢ are sufficiently smooth, then the numerical method has unconditionally
optimal convergence in the sense that

[a(tnsr) —upt e, < C(AE + R?),
A ultusy) — w3, < O(AE + 1),
¢(tns1) — &5 |0, < C(AE + h?),

AtZW(th) - nH”H < C(AE* 4 h2).

6. NUMERICAL EXPERIMENTS

In order to show the effect of our method, we give some numerical results in this section. Let £2; = [0, 1] x [1, 2]
and 2, = [0,1] x [0, 1] with interface I" = (0,1) x {1}. The exact solution is

ur(z,y, 1) = [2%(y — 1) + y] cos(t),
uz(x,y,t) = [—gx(y - 1)3] cos(t) + [2 — wsin(7z)] cos(t),
p(z,y,t) = [2 — wsin(mz)] sin(0.57y) cos(t),

o(z,y,t) = [2 — wsin(mx)][1 — y — cos(my)] cos(t).

The initial conditions, boundary conditions and the forcing terms are given by the exact solution. The finite
element spaces choosing the MINT elements (P1b — pl) for the Navier-Stokes equation in {2¢, and the linear
Lagrangian elements (P1) for the Darcy flow in (2,. Here, we use the software package FreeFEM++ [30] for our
program.

We introduce a more accurate approach [34,37] to examine the orders of convergence with respect to the
time step At or the mesh size h due to the approximation errors O(At™) + O(h"2). Then, we assume that

U (@, tm) R 0(2, b)) + C1 (@, 1) AT 4 Co(@, £ )R
Thus, we can get

A
o7 (@, tm) = vpy (2t Ao

Pu,h,i = r ’
th/Q(x tm) — vh/4( )i 2r2 — 1

ooms = M @t) = o Pt 4 =20

v, 0t At/2 At/4 ~ Tor _
oy 2 (@, tm) — v H(@t) e 271

Here, v can be u,p or ¢, and i can be 0 or 1. We see that p, i, pv,At,i approach 4.0 or 2.0, the convergence
order will be 2.0 or 1.0, respectively.

We focus on the convergence orders with respect to the spacing step h, and study the errors by fixing time
step At = 0.01 and varying spacing steps h = 1/2,1/4,1/8,1/16 and 1/32, respectively. Tables 1 and 3 present
the errors between the numerical solutions and the exact solutions for ¥ = 1.0 and 0.1, respectively. We see that
the errors diminish with the spacing step h becoming small. Tables 2 and 4 show the convergence orders with
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TABLE 1. The numerical results at 7" = 1 with At = 0.01 and v = 1.0 for different h.

1/h lw(M—ufllo  IV@@-ullo [¢(M—onllo  IV@T—o)llo
[ullo Tulo [¢(Mllo VoMo
2 0.257995 0.413694 0.599459 0.628726
4 0.0676178 0.208795 0.19486 0.358805
8 0.0266151 0.113212 0.0543885 0.187161
16 0.0254737 0.07329 0.0146734 0.0948262

32 0.0265727 0.0599137 0.00634115 0.0478979

TABLE 2. Convergence order of O(h") T' =1 with At = 0.01 and v = 1.0 for different h.

Uh  lup’ —uppsllo V(i —upp)llo 88" = dnjelle V(R — ¢nya)llo

4 0.211291 1.41723 0.158424 1.4032
8 0.05651 0.724435 0.0511751 0.795905
16 0.0148815 0.365974 0.0145124 0.414817
32 0.00409845 0.184518 0.00373865 0.208951
Pu,h,0 Pu,h,1 Pé,h,0 Po,h,1
8 3.73901 1.95632 3.09573 1.76302
16 3.79733 1.97947 3.5263 1.91869
32 3.63101 1.98341 3.88172 1.98524

TABLE 3. The numerical results at 7' = 1 with At = 0.01 and v = 0.1 for different h.

1/h lw(M—ufllo  IV@@-ullo  [¢(M—dnllo  IVE@T)—oM)llo
Tullo [ullo [EXERIIN VoMo
2 0.273388 1.79847 0.204781 1.61703
4 0.0729364 0.872048 0.0667661 0.922836
0.0614678 0.58033 0.0185896 0.482675
16 0.0710409 0.518779 0.00638197 0.247708
32 0.0750778 0.513098 0.0053065 0.131462

TABLE 4. Convergence order of O(h") T' =1 with At = 0.01, and v = 0.1 for different h.

Vh  |luy —uppllo IV —unplllo 66 = Snpllo V(@ — nye)llo

4 0.216266 1.60015 0.158111 1.40296
8 0.0693707 0.832826 0.0516311 0.797819
16 0.0191222 0.416906 0.0148361 0.4166
32 0.00642024 0.213692 0.00383535 0.210017
Pu,h,0 Pu,h,1 P¢,h,0 Po,h,1
8 3.11755 1.92135 3.06232 1.7585
16 3.62775 1.99763 3.48009 1.91507

32 2.97843 1.95097 3.86827 1.98365
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respect to the spacing step h for v = 1.0 and 0.1, respectively. We see that py n0 and pg n,0 are nearly 4.0, and
Puh.1, Pon1 approach 2.0. It suggests that the convergence order in space for the L?-norm of u; and ¢, are
O(h?), the convergence orders in space for the H'-norm of u;, and ¢, are O(h').
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