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UNIFIED FORMULATION AND ANALYSIS OF MIXED AND PRIMAL
DISCONTINUOUS SKELETAL METHODS ON POLYTOPAL MESHES *:**

DANIELE BOFFI! AND DANIELE A. D1 PIETRO?

Abstract. We propose in this work a unified formulation of mixed and primal discretization methods
on polyhedral meshes hinging on globally coupled degrees of freedom that are discontinuous polynomials
on the mesh skeleton. To emphasize this feature, these methods are referred to here as discontinuous
skeletal. As a starting point, we define two families of discretizations corresponding, respectively, to
mixed and primal formulations of discontinuous skeletal methods. Each family is uniquely identified
by prescribing three polynomial degrees defining the degrees of freedom, and a stabilization bilinear
form which has to satisfy two properties of simple verification: stability and polynomial consistency.
Several examples of methods available in the recent literature are shown to belong to either one of
those families. We then prove new equivalence results that build a bridge between the two families of
methods. Precisely, we show that for any mixed method there exists a corresponding equivalent primal
method, and the converse is true provided that the gradients are approximated in suitable spaces.
A unified convergence analysis is carried out delivering optimal error estimates in both energy- and
L?-norms.
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1. INTRODUCTION

Over the last few years, discretization methods that support general polytopal meshes have received a great
amount of attention. Such methods are often formulated in terms of two sets of degrees of freedom (DOF's)
located inside mesh elements and on the mesh skeleton, respectively. The former can often be eliminated
(possibly after hybridization) by static condensation, whereas the latter are responsible for the transmission
of information among elements, and are therefore globally coupled. To emphasize the role of the second set
of DOF's, these methods are referred to here as “skeletal”. Skeletal methods can be classified according to the
continuity property of skeletal DOFs on the mesh skeleton. We focus here on “discontinuous skeletal” methods,
where skeletal DOFs are single-valued polynomials over faces fully discontinuous at the face boundaries. Since
this terminology is not classical in the sense of standard finite elements, we explicitly point out that here
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single-valued means that interface values match from one element to the adjacent one. Discontinuous, on the
other hand, refers to the fact that skeletal DOFs are discontinuous at vertices in 2d and edges in 3d.

Let 2 < R% d > 1, denote an open, bounded, connected polytopal set, and let f € L?(£2). To avoid
unnecessary complications, we consider the following pure diffusion model problem: Find w : 2 — R such that

—Au=f in 0,
(1.1)
u =0 on o1.
We introduce a unified formulation of discontinuous skeletal discretizations of problem (1.1) which encompasses
a large number of schemes from the literature. As a starting point, we define two families of discretizations
corresponding, respectively, to mixed and primal discontinuous skeletal methods. Each family is uniquely iden-
tified by prescribing three polynomial degrees defining element-based and skeletal DOF's; and a stabilization
bilinear form which has to satisfy two properties of simple verification: stability expressed in terms of a uniform
norm equivalence, and polynomial consistency. Several examples of methods available in the recent literature
are shown to belong to either one of those families. We then prove new equivalence results, collected in The-
orems 6.4, 6.5, and 7.2 below, which build a bridge between the two families of methods. Precisely, we show
that for any mixed method there exists a corresponding equivalent primal method, and the converse is true
provided that the gradients are approximated in suitable spaces. A unified convergence analysis is also carried
out delivering optimal error estimates in both energy- and L?-norms; cf. Theorems 8.2 and 8.4 below.

A fundamental and motivating example is presented in Section 3: it refers to the well-known equivalence
between the lowest-order Raviart—Thomas element [52] and the nonconforming Crouzeix—Raviart element [30]
on triangular meshes. In some sense, the framework presented in this paper extends, with suitable modifications,
this equivalence to recent methods supporting general polytopal meshes.

Polytopal methods were first investigated in the context of lowest-order discretizations starting from different
points of view. In the context of finite volume schemes, several families of polyhedral methods have been
developed as an effort to weaken the conditions on the mesh required for the consistency of classical five-point
schemes. The resulting methods are expressed in terms of local balances, and an explicit expression for the
numerical fluxes is usually available. Discontinuous skeletal methods in this context include the Mixed and
Hybrid Finite Volume schemes of [42,47]. Continuous skeletal methods have also been considered, e.g., in [48].

Relevant features of the continuous problem different from local conservation have inspired other approaches.
Mimetic Finite Difference methods are derived by using discrete integration by parts formulas to define the
counterparts of differential operators and L?-products; cf. [15] for an introduction. Discontinuous skeletal meth-
ods in this context include, in particular, the mixed Mimetic Finite Difference scheme of [21]. An example of
continuous skeletal method is provided, on the other hand, by the nodal scheme of [18]. In the Discrete Geomet-
ric Approach [29], the formal links with the continuous operators are expressed in terms of Tonti diagrams [53].
We also cite in this context the Compatible Discrete Operator framework of [17]. To different extents, all of
the previous methods can be linked to the seminal ideas of Whitney on geometric integration. Other methods
that deserve to be cited here are the cell centered Galerkin methods of [31,32], which can be regarded as dis-
continuous Galerkin methods with only one unknown per element where consistency is achieved by the use of
cleverly-tailored reconstructions.

The close relation among the Mixed [42] and Hybrid [47] Finite Volume schemes and mixed Mimetic Finite
Difference methods [21] has been investigated in [43], where equivalence at the algebraic level is demonstrated
for generalized versions of such schemes; cf. also ([54], Sect. 7) for further insight into the link with submesh-
based polyhedral implementations of classical mixed finite elements. The results of [43] are recovered here as a
special case. A unifying point of view for the convergence analysis has been recently proposed in [44] under the
name of Gradient Schemes. Finally, the methods discussed above can often be regarded as lowest-order versions
of more recent polytopal technologies such as, e.g., Virtual Elements and Hybrid High-Order methods.

A natural development of polytopal methods was to increase the approximation order. It has been known for
quite some time that high-order polyhedral discretizations can be obtained by fully nonconforming approaches
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such as the discontinuous Galerkin method. An exposition of the basic analysis tools in this framework can be
found in [36]; cf. also [33,34] for polynomial approximation results on polyhedral elements based on the Dupont-
Scott theory [2, 10, 22, 46] for further developments. Particularly interesting among discontinuous Galerkin
methods is the hybridizable version introduced in [23, 28], which constitutes a first example of high-order
discontinuous skeletal method.

Very recent works have shown other possible approaches to the design of high-order polytopal discretiza-
tions combining element-based and skeletal unknowns. A first example of arbitrary-order discontinuous skeletal
methods are primal [35,39] and mixed [38] Hybrid High-Order methods. Hybrid High-Order methods were
originally introduced in [37] in the context of linear elasticity and later extended to more general linear and
nonlinear problems (see [41] for an up-to-date introduction including a list of references). The main idea consists
in reconstructing high-order differential operators based on suitably selected DOFs and discrete integration by
parts formulas. These reconstructions are then used to formulate the local contributions to the discrete problem
including a cleverly tailored stabilization that penalizes high-order face-based residuals. A study of the rela-
tions among primal Hybrid High-Order methods, Hybridizable Discontinuous Galerkin (HDG) methods, and
High-Order Mimetic Finite Differences [50] can be found in [25], where the corresponding numerical fluxes in
the spirit of HDG methods are identified. The hybridization of the original mixed Hybrid High-Order method
was studied in [1] (these results are recovered as a special case in this work). We also cite here [40], where the
above ideas are illustrated for variable diffusion problems with more general boundary conditions.

Another framework including both continuous and discontinuous skeletal methods is provided by Virtual El-
ements [11,12]. Virtual Elements can be described as finite elements where the expressions of the basis functions
are not available at each point, but suitable projections thereof can be computed using the selected DOF's. Such
computable projections are then used to approximate bilinear forms, which also include a stabilization term
that penalizes differences between the DOF's and the computable projection. We are particularly interested here
in mixed [13,14,20] and nonconforming [8] Virtual Elements, both of which are discontinuous skeletal methods.

Very recently, other discontinuous skeletal discretizations supporting various polytopal shapes have been
introduced, whose relation with the present framework will deserve further investigation in the future. We
mention here, in particular, the M-decompositions studied in two dimensions in [26] and in three dimensions
in [27]. M-decompositions provide a means to recover within HDG methods the superconvergence properties
of classical mixed methods including, e.g., the Raviart-Thomas and Brezzi-Douglas—Marini [19] methods on
simplicial meshes; see also [5,6] concerning quadrilateral meshes.

The rest of this paper is organized as follows. In Section 2 we formulate the assumptions on the mesh and
introduce the corresponding notation. In Section 3 we recall the classical equivalence of lowest-order Raviart—
Thomas and nonconforming finite element methods. In Sections 4 and 5 we introduce the families of mixed and
primal discontinuous skeletal methods under study, and provide several examples of lowest-order and high-order
methods that fall in each category. In Section 6 we show how to obtain, starting from a discontinuous skeletal
method in mixed formulation, an equivalent primal method. Conversely, in Section 7, we show how to derive
an equivalent mixed formulation starting from a discontinuous skeletal method in primal formulation. Section 8
contains a unified convergence analysis yielding optimal error estimates in the energy- and L?-norms.

2. MESH AND NOTATION

Let H < R{ denote a countable set of meshsizes having 0 as its unique accumulation point. We consider
refined mesh sequences (7, )per where, for all h € H, 7;, = {T} is a finite collection of nonempty disjoint open
polytopal elements such that 2 = UTeTh Tand h = maxrer, hr (hr stands for the diameter of T'). For X R,
we denote by |X|y the N-dimensional Hausdorfl measure of X and, for all T € 7}, we let Ty := |T|;1 Jp
denote the barycenter of T.

A hyperplanar closed connected subset F' of (2 is called a face if |F|4—1 > 0 and (i) either there exist distinct
T1,T5 € 7j, such that F' = 011 n 015 (and F is an interface) or (ii) there exists T' € 7}, such that F = 0T n 0f2
(and F is a boundary face). The set of interfaces is denoted by F', the set of boundary faces by FP, and we
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let 7 := F' U FP. The set of faces partitions the mesh skeleton in the sense that distinct faces have disjoint
interiors and that UTGTh oT = UFef_h F. For all F' € F},, we denote by Tp := |F|{;11 fF x the barycenter of F.

For all T € 7y, the sets Fr := {F € Fj, | F < 0T} and Fi. := Fr n F' collect, respectively, the faces and
interfaces lying on the boundary of T" and, for all F' € Fp, we denote by npr the normal to F pointing out
of T. Symmetrically, for all F € Fp,, Tp := {T € 7}, | F < 0T} is the set containing the one or two elements
sharing F'.

We assume that (7)pep is regular in the sense of ([36], Chapt. 1), i.e., for all h € H, 7} admits a matching
simplicial submesh T}, and there exists a real number ¢ > 0 (the mesh regularity parameter) independent of h
such that the following conditions hold: (i) For all h € H and any simplex S € ¥}, of diameter hg and inradius
rs, ohs < rg; (ii) for all h € H, all T € 73, and all S € T}, such that S < T, phy < hg. We refer to ([36], Chap. 1
and [33,34]) for a set of geometric and functional analytic results valid on regular meshes.

Let X be a mesh element or face. For an integer [ > 0, we denote by P!(X) the space spanned by the restriction
to X of d-variate polynomials of total degree at most I. We also conventionally set P~1(X) := {0 € R}. We
denote by (-,-)x and |-|x the usual inner product and norm of L?(X). The index is dropped when X = 2. The
L2-projector 7 : L*(X) — P!(X) is defined such that, for all v e L}(X),

(thv —v,w)x =0 Yw e PH(X). (2.1)
Let now a mesh element T € 7}, be fixed. For any integer | > —1 we set
Gh = VPHY(T), Ty = {reP(T)" | (r,Vw)r =0 YweP*(T)}, (2.2)

and denote by ﬂ'é;j . LY(T)* - G4 and W%T LY T — @lT the L2-orthogonal projectors on G4 and @IT,

respectively. Notice that (2.2) with [ = —1 gives G;' = VPY(T) = {0 € R%}. Clearly, we have the direct
decomposition

PY(T) = GL ® G (2.3)

For further use, at the global level we also define the space of broken polynomials
PY(T3) = {vn € L*(2) | vy :=vpr e PHT) VT €Ty} .

Throughout the paper, to avoid naming constants, we abridge as a < b the inequality a < Cb with real
number C' > 0 independent of h. We will also write a ~ b to mean a < b < a.

3. A MOTIVATING EXAMPLE

In order to put the following discussion into perspective, we start by recalling an important motivating
example, i.e., the well-known equivalence between lowest-order Raviart—Thomas element and nonconforming
Crouzeix—Raviart element on triangular meshes.

The Raviart—-Thomas element [52] is widely used for the approximation of problems involving H (div; {2)
when 7}, is a matching triangular mesh. A popular implementation of the Raviart—Thomas scheme makes use
of a hybridization procedure, introducing a Lagrange multiplier in order to enforce the continuity of the normal
component of vectors from one element to the other. As a starting point, problem (1.1) is written in mixed form
as follows: Find the flux o € H(div; £2) and the potential u € L?(§2) such that

(o, 7)+ (divr,u) =0 V7 e H(div; 2),
—(dive,v) = (f,v) Vv e L2(12).

Taking the Raviart-Thomas finite element space [52]

RT®(7;,) := {7 € H(div; 2) | 77 € RT(T) := P*(T)* + 2P(T) VT € Tp,} (3.1)
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for the flux and the space of piecewise constants P(7;,) < L?({2) for the potential, its discretization reads: Find
o, € RT(7;,) and uy, € P°(7;,) such that

(oh,mh) + (divTh,up) =0 V1), € RTO(’Z}L), (3.2)
= ( '

—(diVO’h,’Uh) ,’Uh) V’Uh E]P’O('];L).
The hybridized version of (3.2) consists in introducing the space Ay, of piecewise constants on the internal portion
of the mesh skeleton, and in solving the following problem which involves the discontinuous Raviart—Thomas
space RT%Y(7,): Find o, € RT*Y(7},), up € P°(T3,), and A\, € Ay, such that

(O’h,Th) + (diVTh,uh) + 2 Z (Th"n,TF,/\h)F =0 Y15 € RTO’d(%),
TeTh FeFl
—(diven,vh) = (f,on)  Yon € PY(Th), (3.3)
Z Z (ornnre, pn)r =0 Vup € Ap.
TeTn FeF},

The usual way of solving problem (3.3) is to invert the (block-diagonal) mass matrix corresponding to the
variables in RT®%(7;,) and to consider a statically condensed linear system of the form

AN=F

where A is symmetric and positive definite.

Let now NC(7},) be the nonconforming Crouzeix—Raviart space of [30] on the same mesh 7y,; i.e., the space of
piecewise affine functions which are continuous on the midnodes of the interelement edges. Denoting by NCy(7},)
the subspace of NC(7;,) with DOF's lying on 0f2 set to zero, the approximation of problem (1.1) reads: Find
up € NCo(75,) such that

(Viun, Vior) = (f,vn) Yoy, € NCo(73), (3.4)

where V}, denotes the broken gradient operator on 7. The matrix form of (3.4) is
BU =G

with B symmetric and positive definite. It is now well understood that the matrices A and B are identical, as
well as the corresponding right hand sides F and G. This important equivalence is a consequence of the results
of [7,51], [4,24], and has been reported in this form in [54].

A natural question is whether results of this type can be obtained for higher order schemes on general polytopal
meshes. The results that we are going to present aim at describing a unified setting where the equivalence of
primal, mixed, and hybrid formulation can be proved. For a discussion of lowest-order Raviart-Thomas and
Crouzeix—Raviart elements in the framework introduced in the following sections, we refer to Examples 4.6
and 5.7, respectively.

4. A FAMILY OF MIXED DISCONTINUOUS SKELETAL METHODS

In this section we introduce a family of mixed discontinuous skeletal methods and provide a few examples of
members of this family.

4.1. Local spaces

For a given integer k > 0 corresponding to the skeletal polynomial degree, we let [ and m be two integers
such that
max(0,k—1) <I<k+1, m € {0, k}. (4.1)
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Let a mesh element 7' € 7}, be given. We define the following space of flux degrees of freedom (DOFs):

Zhbm = (G5 @ T x ( X w)) . (4.2)

FE}-T

For a generic element 7, of ;’%’l’m we use the notation 7, = (77, (77r)Fery) With 70 = 7g 17 + 7 . For a
fixed Lebesgue index s > 2, we let X7 (T) := {r € L¥(T)?| divr € L*(T)} and define the local flux reduction
map I%hm . £H(T) — ZEE™ such that, for all 7€ XF(T),

kL, . —
1271’317' = (71'([&771“7' + ngT, (ﬂ? (T-TLTF))FEJ__T) . (4.3)

The additional regularity in X" (7T') is classically needed for the face reductions to be well-defined (see, e.g., [16],
Sect. 2.5.1) for a detailed discussion of this point. The space g’;’:l’m is equipped with the L?(T)%-like norm ||| s
such that, for all 7., € ;’%’l’m,

ler 13 o= lrrlF + Y. helrrel?
FE}-T
2 2 2 (4'4)
= lrerld + lrgrld+ Y hrlmrelf,
FG]:T

where to pass to the second line we have used the orthogonal decomposition (2.3). Finally, we define the following
space of local potential DOFs:

UL = PY(T). (4.5)

4.2. Local reconstruction operators

The family of mixed discretizations of problem (1.1) relies on operator reconstructions defined at the element
level. Let T € 7,. The discrete divergence DY : El;lm — UL is such that, for all 7, € g’}”l’m,

(Dhzr,q)r = —(r0.V)r + Y. (rrr @) Ve Up. (4.6)
FeFr

The right-hand side of (4.6) resembles an integration by parts formula where the role of the vector function
represented by T, in volumetric and boundary integrals is played by the element-based and face-based DOFs,
respectively.
The local reconstruction P4 : ;’}’l’m — G% of the irrotational component of the flux is such that, for
all T, e 27",
(P]%IT, Vw)p = —(DZTIT, w)r + 2 (trp,w)p Yw e ]P)kJrl(T), (4.7)
FeFr

where again the right-hand side is designed to resemble an integration by parts formula where the continuous
divergence operator is replaced by DlT, while the role of the normal trace of the vector function represented by
T is played by boundary DOFs.

Remark 4.1. The definitions of D}, and P% are independent of the flux DOFs Ter € Gr.

Finally, we define the full vector field reconstruction S : E?Jl’m — P¥(T)¢ such that, for all 7, € ;’%’l’m,

k k
Srrr :=Prrr + 7157 (4.8)
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The following properties hold:

DLIG T = nh(divr)  Vre XH(T), (4.9)
P?l’;{’}n‘r =T V1 e Gh. (4.10)
Defining the space
Gh if m=0
Sk’m = T ’ 4.11
T {Pk(T)d if m =k, (4-11)

it follows from (4.10) together with the orthogonal decomposition (2.3) and the definitions (4.3) of the reduction
map lkzl}n and (4.8) of S% that
S%l’;{’;«n‘r -7  VreShm (4.12)

which expresses the polynomial consistency of S]%.

4.3. Local bilinear form

Let T € T;. We approximate the L?(T)?-product of fluxes by means of the bilinear form my : gﬁ“" X
;’}’l*m — R such that

mr(gr, Tr) i= (SITC“QT’ Sng)T +ssr(orTr) (4.13a)

= (PI;“QTv P];“IT)T + (U@J”v T@J”)T +ssr(or, Tr), (4.13b)
where the right-hand side of (4.13a) is composed of a consistency and a stabilization term.

Assumption 4.2 (Bilinear form sx 7). The symmetric, positive semi-definite bilinear form sx 7 : ;’}’l’m X
g’}”l’m — R satisfies the following properties:

(S1) Stability. It holds, for all T, € X%"™  with norm |-| s ¢ defined by (4.4),
HITHIQn,T = my (Tp, Tp) ~ HITHQE,T;

(S2) Polynomial consistency. For all x € Sl;’m, with local flux reduction map l’g}n defined by (4.3),

k,lm k,l,m
s (Lixor) =0 vrpe Zpm.

4.4. Global spaces and mixed problem
We define the following global discrete spaces for the flux:

~ k,l,m ~ k,l,m
A k,l,m k,lm )by
P = X DI Eh = {Ih eX,
TeT,

Y Trp=0 VFe;Ei}. (4.14)
TeTr

kL, ) . .
The restriction of a DOF vector T, € X}, ™ t0 a mesh element T € T}, is denoted by T € g’}’l’m, and we equip
~ k,l,m

3,7 (hence also X,°"™) with the L2(£2)%like norm (cf. (4.4) for the definition of || s 1)

”IhHQE,h = Z HITHQZ‘,T’ (4.15)
TeTy
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TABLE 1. Examples of methods originally introduced in mixed formulation.

Reference Name k l m S, T

[52] RT? Finite Element 0 0 0 Equation (4.23)
[21] Mimetic Finite Difference 0 0 0  Equation (4.20)
[43] Mixed Finite Volume

[29] Discrete Geometric Approach 0 0 0 Equation (4.27)
(38] Mixed High-Order >0 k 0 Equation (4.28)
[20] Mixed Virtual Element >1 k-1 0 Equation (4.29)
[14] Mixed Virtual Element >0 k k  Equation (4.30)

The global space for the potential is spanned by broken polynomials of total degree [:
Ul == PY(T,). (4.16)

whlm .

The global L?(2)%-like product on X, is defined by element-by-element assembly by setting, for all @, T, €
~ k,l,m

“~h 9

mp (g, 1)) = 2 mr(ar, Tr). (4.17)
TeT,

~ k,l,m

~ k,l,m
We also need the global divergence operator D} : 3, — U} such that, for all 7, € X,
(Dﬁth)\T = DZTIT VT € Ty,

We consider the following

Problem 4.3 (Mixed problem). Find (o, un) € Eilm x Ul such that,

my, (@, Ty,) + (up, Dhr),) = 0 V1, e ZphT, (4.18a)
= (

—(Dhgp,vn) = (f,vn) Vo € Uy (4.18b)

Using standard arguments relying on the coercivity of my, (a consequence of (S1)) and the existence of a Fortin
interpolator (c¢f. (4.9)), one can prove that problem (4.18) is well-posed; cf., e.g., [16].

Remark 4.4 (Hybridization and static condensation). Various possibilities are available to make the actual
implementation of the method (4.18) more efficient. A first option consists in implementing the equivalent
primal reformulation (6.14) described in detail below; c¢f. also Remark 5.4. Another option, in the spirit of [3],
consists in locally eliminating element-based flux DOFs and element-based potential DOFs of degree > 1 by
locally solving small mixed problems. The resulting global problem is expressed in terms of the skeletal flux
DOFs plus one potential DOF per element.

4.5. Examples

We provide in this section a few examples of discontinuous skeletal methods originally introduced in a mixed
formulation which can be traced back to (4.18). Each method is uniquely defined by prescribing the three
polynomial degrees k, [, and m (in accordance with (4.1)) and the expression of the local stabilization bilinear
form sx r for a generic mesh element 7" € 7;,. A synopsis is provided in Table 1.

Example 4.5 (The Mimetic Finite Difference method of [21] and the Mixed Finite Volume method of [43]).
The Mimetic Finite Difference method of [21] and the Mixed Finite Volume method of ([43], Sect. 2.3) (which
is a variation of the one originally introduced in [42]) correspond to the choice k = [ = m = 0. We present them
together since an equivalence result was already proved in [43]. The equivalence therein also includes the Hybrid
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Finite Volume method of [47] (see also Exp. 5.5 below), suggesting the acronym HMM (Hybrid—Mixed—Mimetic)
used in subsequent papers from the same authors. In the lowest-order case, explicit expressions can be found
for both DY, and S%. = POT: For all 7, € 29,

1

DY.T T
TLT = |T|d

Z |F|d 1TTF, S%IT = P%IT =

Z |Fla—1m7r(Tp — ®r). (4.19)
| Fe]—'

FG]'-T

Following [42,43], T can be replaced by a more general point @ in the above formula: this requires to modify the
definition (4.3) of the local reduction map I kzl%n to preserve polynomial consistency for S%, as recently explained

in [45]. The stabilization is parametrized by a symmetric, positive definite matrix B” = (BL o) Frrers:

Sy T(O'T,TT Z Z STUT nrrg — UTF)BFF’(STTT nrg — TTF/) (420)
FG]:T F’G]:T

In order to have the uniform norm equivalence (S1), the matrix BT should have an appropriate scaling as
detailed in ([43], Eqgs. (4.2)—(4.4)) (the latter conditions are essentially equivalent to (S1)). Straightforward
choices are, e.g., BT = |T|4I4 or BT = diag (hp|Fla-1) pes, - It is worth noting that the original Mixed Finite
Volume method of [42] does not enter the present framework as the corresponding stabilization bilinear form
s2,17(C7: Tr) = Y per, Pr|Fla-10rrTrr violates (52) (it is, however, weakly consistent).

Example 4.6 (The lowest-order Raviart—-Thomas element). We assume that 7" is an element from a matching
simplicial mesh 7;,, and we consider the local lowest order Raviart-Thomas space RT(T") defined by (3.1).
Clearly, the vector space E%O’O contains the standard DOF's for ]R’]I‘O(T) defined by the flux reduction map I %?79
as the average values of the normal components on each face. It can be checked that RT®(T") = span (oF)
with

FG]'-T

T |Fla—1
) =
(PF< ) d|T|d

where Pp denotes the vertex opposite to the face F' (this formula generalizes [9], Eq. (4.3) to any d = 1). For all
F € Fr, the basis function ¢F. satisfies (¢F-nrp)r =1 and (¢f-nrp ) = 0 for all F' € Fr\{F}. Moreover,
inserting +@ inside the parentheses in (4.21), and using the fact that (€ — Pp) = d(Tr — Tr), we arrive at
the following equivalent expression for ¢

(x — Pp) VeeT, (4.21)

T |Fla—1 — |Fla—1 _
- - - VzeT.
@F(a:) |T|d (:EF wT) d|T|d (x :ET) x €
Let now t7 € RT° (T) and T = (TrF ) Fer, = IO % OtT, so that tr = ZFG}-T pLErrp. Straightforward computa-

tions show that
div tp = D%IT, 7TTfT = STTT = PTTTv

with explicit expressions for DJ. and s = PT glven by (4.19). Hence we can rewrite the L2-product of two
functions sp, ty € RTO( ) with DOFs o = I TsT and T, 1= Iz TtT as

(s7.tr)r = (7387, 70tr)7 + (57 — 7987, tr — wotr)r = (STar, ST + ssr(er, ), (4.22)

where, observing that (¢ — 79.¢F)(2) = it (z — ),

Flg_1|F"g-1 _
ssrentr)i= Y Y orpBlprre, Bl = ?TP' & — Er2. (4.23)
FeFrF'eFr d T

From (4.22) it is clear that sx 1 satisfies both (S1) and (S2).
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Example 4.7 (The Discrete Geometric Approach of [29]). Assume T star-shaped with respect to . The
Discrete Geometric Approach of [29] is a lowest-order method corresponding to k = I = m = 0 based on a
stable piecewise constant flux reconstruction obtained by setting, for all 7, € ;%0,0’

St rr = Y |Glaamraed. (4.24)
GG]'-T

In (4.24), for all G € Fr, the restriction of the basis function ¢% to any pyramid Pz of apex Tr and base F' € Fr
satisfies, denoting by hrp the altitude of Prp (i.e., the distance of Tr from the hyperplane containing F'),

T (e —7) ((EF —ZTr)@nrE el ) _
= + - I —Z0), 4.25
(6 Pre T a |TabrF Gla_ibre * @r ~ %) (4.25)

where épg = 1 if F = G, 0 otherwise. In the previous definition, 7 can be replaced by a point xp in T
with respect to which T is star-shaped (as in Exp. 4.5, this requires to modify the definition (4.3) of the local
reduction map I kEl}" to preserve polynomial consistency). We stress that the function L defined by (4.25) is
piecewise constant on the pyramidal partition {Prg}per, of the element T. The local bilinear form my is then

defined by setting, for all op, 71 € 2%0’ ,

mr(er,7r) = (S§er. S92y . (4.26)
Plugging (4.25) into (4.24), and using the second formula in (4.19), we can identify in the expression of S%ga
two L?(T)%orthogonal contributions observing that, for all 7, € X%*° and all F € Fr, it holds

(SETr)1prs = (SYTr)iprr + W78 (SYTrnrEe — TrF) (@1 — FP),

where the first term in the right-hand side represents the consistent part of the flux, while the second acts as a
stabilization. Hence, a straightforward computation shows that the bilinear form my defined by (4.26) can be
recast in the form (4.13a) with stabilization bilinear form

|[Er — Er|3

dhr e (S%QT'"'TF g S%IT"’ITF —TTF)F- (4.27)

ser(gr, Ir) = Z
FE}-T

— = 2
Note that this expression can be recovered from (4.20) taking BT = diag(%

Example 4.8 (The Mixed High-Order method of [38]). The Mixed High-Order method of [38] corresponds to
the choice [ = k and m = 0, for which SI% = PI% holds. The stabilization term is defined by penalizing face-based
residuals in a least-square fashion:

)FG]:T .

ssr(op, Tp) = 2 hp(Skhopnrr — orp, Shrrnre — 7re)F. (4.28)
FG]'-T

When k = 0, this stabilization bilinear form coincides with (4.20) with B = diag(hr|F|¢_1)rer,-

Example 4.9 (The Virtual Element method of [20]). Let d = 2. We consider the Mixed Virtual Element method
of [20] when the diffusion tensor (denoted by K in the reference) is the 2 x 2 identity matrix Is. In this case,
while the DOFs for the flux in ([20], Eq. (3.8)) do not coincide with the ones in (4.2), the resulting method ([20],
Eq. (6.1)) can be recast in the form (4.18). For a given integer k > 1, the underlying finite-dimensional local
virtual space is

S¥™ (T := {tr € H(div;T) n H(rot; T) |
div t7 € PP 1(T), rot tr € P*"1(T), and trpmrp e PF(F)  for all Fe Fr},
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where rot tp := ditro — Oatp 1. Let tp € &7 1(T), and observe that rot t7 does not contribute to defining
div t7 (see [20], Eq. (3.15)) nor the projection on G given by ([20], Eq. (5.5)). As a result, due to the presence
of the stabilization term in ([20], Eq. (5.6)), the first line in ([20], Eq. (6.1)) actually enforces a zero-rot condition
on the discrete solution. Hence, we can equivalently reformulate the method in terms of the zero-rot subspace

6vem’1(r0t0;T) - {tT c Gvem,l(T) ‘ rot tT _ 0} .

This was essentially already observed at the end of ([20], Rem. 6.3). This equivalent reformulation corresponds
to the mixed form (4.18) with polynomial degrees [ = k — 1, and m = 0, and stabilization bilinear form sx
defined as described hereafter. We preliminarily observe that the reduction map Iy, k, k 1.0 (cf. (4.3)) defines an iso-
morphism from &Y™ (roto; T') to Zk F=1.0 " Assume that the scaled monomial ba51s ([20], Egs. (3.6)—(3.7)) has
been fixed for Ek F=1.0 "and denote by SsT 1 the bilinear form on &Y™ (rot; T') x & ™! (rotg; T') represented
by the identity matrix in this basis. The Stablhzatlon bilinear form is then given by

ssr(or,Tr) = sze,r;’l (PI%QT — ST, P’%IT — tT)T , (4.29)
. . vem,1 . _ 7k,k—-10 _ yk,k—1,0
where s7 and t7 are the unique functions of & (rotp; T) such that o = le st and T = Iy 7 tr.

This stabilization amounts to penalising in a least-square sense the high-order differences 71'?;:7% (P’}IT —TG,T)

and (P’I}IT'TLTF — TTF), Fe ~7:T~

Example 4.10 (The Virtual Element method of [14]).

A different Virtual Element method in dimension d = 2 was presented in [14] in the context of more general
elliptic problems featuring variable diffusion as well as advective and reactive terms. In the pure diffusion case
considered here (which, in the original notation from the reference, corresponds to k = Io, b = 0, and v = 0),
the method is obtained by choosing | = m = k with k£ > 0. The underlying virtual space is, this time,

S¥™2(T) := {tr € H(div;T) n H(rot; T) |
div ty € P¥(T), rot t7 € P*"1(T), and (t7-nyp)p € PF(F) for all F e Fr}.

The local flux reduction map 1% Iy, q’ﬂ defines an isomorphism from &¥e™? Zk k, k, which contains the DOF's
defined by ([14], Eqgs. (16)—(18)). The stabilization bilinear form is defined in a snmlar manner as in the previous
example: Given a bilinear form Sy Z on &Y°™(T) x &Y™ (T with the same scaling as the L2(T)%inner
product of fluxes, we set

szr(er. Tr) = Svem ? (SIJC“QT — 87, SIJC“IT - tT>Ta (4.30)

where st and tr are the unique functions of 6vem’2(T) such that o, = IkkksT and T, = IkkktT

This stabilization essentially corresponds to penalising in a least-square sense the high-order differences
Tl'GT(PTTT—T(G, ) and (SI%IT'TLTF—TTF), F € Fp. For further developments on H (div;{2)- and
H (curl, £2)-conforming Virtual Elements we refer to [13].

5. A FAMILY OF PRIMAL DISCONTINUOUS SKELETAL METHODS

We introduce in this section a family of primal discontinuous skeletal methods and provide a few examples
of members of this family.
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5.1. Local space

Let a mesh element T € 7, and three polynomial degrees k, [, and m as in (4.1) be fixed. We define the
following local space for the potential:

Uy = U} x ( X Pk<F>>,

FE}-T

where, recalling (4.5), UL = P!(T). The local potential reduction map llfle :HY(T) — Q];Jl is such that, for all
ve HYT),

ll;},lTU = (TrlT’Uv (ﬂ-;‘U)FE}-T) . (51)

We define on Q’%’l the H'(T)-like seminorm |-||7,7 such that, for all v, € Q];Jl,

loglfrr = IVorl3+ Y hi'lor — ozl (5.2)
FG]'-T

and observe that, by virtue of a local Poincaré inequality, the map |-|y,r defines a norm on the quotient space
k. k.l 7kl 0
QT’* = QT /lU,T]P> (T)a (53)

where two elements of U ];Jl belong to the same equivalence class if their difference is the interpolate of a constant
function over T'. Clearly, dim(Q];J’l*) = dim(gl;’l) -1

5.2. Local gradient reconstruction

Let T € 7j,. The family of primal methods hinges on the local gradient reconstruction operator G’% U ’;;’l —
SE™ (¢f. (4.11)) defined such that, for all v, € U,

(G’%QT,T)T = —(vp,divr)r + Z (vp, TnrP)F VT e S’%’m, (5.4)
FeFr

where the right-hand side is devised so as to resemble an integration by parts formula where the role of the
function represented by v, inside volumetric and boundary terms is played by element- and face-based DOF's,
respectively.

Remark 5.1 (Polynomial degree m). The polynomial degree m does not appear in the definition (5.1) of the
local space of potential DOFs. Its role is to determine the codomain of the discrete gradient operator G’} which,
recalling (4.11), is either G% (if m = 0) or PF(T)? (if m = k).

Adapting the arguments of ([39], Lem. 3) (cf., in particular, Eq. (17) therein), it can be checked that the
following commuting property holds: For all v e H(T),

G’%lllgf,lTU = W]SC:;?V'U, (5.5)

where ﬂ'gg} denotes the L?-orthogonal projector on Sl%’m and the potential reduction map [ ’ICJ’,ZT is defined
by (5.1).
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5.3. Local bilinear form

We define, for all T' € 7}, the local bilinear form ar : Q’%’l X Q];Jl — R as follows:

ar(ur, vy) = (GI;“QTa G]%QT)T +su,r (ur,vr), (5.6)
where, as for the bilinear form my defined by (4.13a), the right-hand side is composed of a consistency and a
stabilization term.

Assumption 5.2 (Bilinear form sy, 7). The symmetric, positive semi-definite bilinear form sy : U ’%’l x U, ’%’l —
R satisfies the following properties:

(S1') Stability. It holds, for all vy € U%' with seminorm |-y defined by (5.2),

”QTH;E,T = ar(up,vr) ~ |ur| 2U,T'

(S2') Polynomial consistency. For all w € P*+1(T), with local potential reduction map l’[}lT defined by (5.1),
SU,T(llfj’lTU),QT) =0 Vur € QIJC*’Z~
5.4. Global space and primal problem
We define the following global spaces of potential DOF's with single-valued interface unknowns:
uprt = Ul x ( X IP”“(F)) . Upyi= {yh eUP |vp =0 YFe ]—"b}, (5.7)
FG]‘—;,,

where the subspace U Zi) embeds the homogeneous Dirichlet boundary condition. For a generic DOF vector
vy, € QZ’Z we use the notation v, = ((vr)rer,, (Vr)rer,), and we denote by vy € Q];Jl its restriction to T'.
We also denote by vy, € U} the piecewise polynomial function obtained from element-based DOFs such that
vpr = vr for all T € 7p,. On Q’Z’l, we define the global H'(£2)-like seminorm |||, such that, for all v, € Qi’l,

?J,h = 2 HQT‘Izj,Tv (5.8)
TGTh

oy

with |- given by (5.2). Following a reasoning analogous to that of ([37], Prop. 5), it can be easily checked that
the map ||-||y,» defines a norm on QZ% We will also need the global potential reduction map f;]”lh cHY () — Q’Z’l
such that, for all v e H!(£2),
k,l
lUJ,,U = ((W%W)TGT’L 7(7r§‘v)F€]:h) :
Clearly, the restriction of I ’[C]’lh to a mesh element T' € 7, coincides with the local potential reduction map defined
by (5.1). Also, I ’;]lh maps elements of H(£2) to elements of U Iiii) Finally, we define the global bilinear form
ap U ﬁ’l x U ]Z’l — R by element-by-element assembly by setting
ah(ﬂhvyh) = 2 aT(ETvyT)'
TGT;,,
We consider the following

Problem 5.3 (Primal problem). Find w;, € Qﬁi) such that

an(u,,v,) = (fron) Vo, e URL. (5.9)

Remark 5.4 (Static condensation). In the actual implementation of the method (5.9), element-based DOF's
can be locally eliminated by static condensation. The procedure is essentially analogous to the one described,
e.g., in ([25], Sect. 2.4), to which we refer for further details.
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TABLE 2. Examples of methods originally introduced in primal formulation. © The High-Order
Mimetic method enters the present framework only for k£ > 1.

Reference Name k l m suU,T
[47] Hybrid Finite Volume 0 0 0 Equation (5.10)
[43] Hybrid Finite Volume 0 0 0  Equation (5.12)
[49] Hybridizable Discontinuous Galerkin > 0 k+1 k  Equation (5.17)
[25] Hybridizable Discontinuous Galerkin >0  Equation (4.1) k&  Equation (5.14)
[39] Hybrid High-Order =0 k 0 Equation (5.14)
[25] Hybrid High-Order >0 Equation (4.1) 0 Equation (5.14)
[8,50] High-Order Mimetic >0 k-1 0 Equation (5.18)

5.5. Examples

We collect in this section a few examples of discontinuous skeletal methods originally introduced in a primal
formulation which can be traced back to (5.9). Each method is uniquely defined by prescribing the three
polynomial degrees k, I, and m (in accordance with (4.1)) and the expression of the local stabilization bilinear
form sy for a generic mesh element 7" € 7;,. A synopsis is provided in Table 2.

Example 5.5 (The Hybrid Finite Volume method of [47] and its generalization of [43]). The Hybrid Finite
Volume method of ([47], Sect. 2.1) corresponds to k = I = m = 0. In this case, an explicit expression for the
gradient operator G5 defined by (5.4) is available: For all vy € U 340,

1

Glop = ——
T,

Y. |Flaivenrr.
FG]‘-T

For every element T € 7, the stabilization bilinear form is such that
n
su,r(ur, vr) = Z |F|d—1h—5%FET5%FET7 (5.10)
FG]‘-T TF
where 7 > 0 is a user-dependent stabilization parameter, hrp is as in Example 4.7, and the face-based residual
operator 0%, : US” — PO(F) is such that
5(7)“FQT =vr + G%QT‘(EF — ET) — VUF. (511)

In the previous definition, T can be replaced by a point @7 which may or may not belong to T' (more general
choices have indeed been considered in [42,43]) In this case, the definition (5.1) of the local reduction map has
to be modified in order to ensure that condition (52’) is verified. In ([43], Sect. 2.2), the following generalization
of (5.10) is proposed: For a given positive definite matrix BY = (BL)p prezy

sur(up,vr) = Z Z 5%FQTB§F/5(1)“F/QT’ (5.12)
FE}-TF'GJ:T

In order to have the uniform norm equivalence (S1’), the matrix BT should have an appropriate scaling as de-
tailed in ([43], Egs. (4.2)-(4.4)). Straightforward choices are, e.g., BT = h% 2T, or B" = diag (hp'[Fla-1)
(see also the following example concerning the latter choice).

FG]'-T

Example 5.6 (The Hybrid High-Order method of [39] and the variants of [25]). The original Hybrid High-
Order method of [39] corresponds to the choice I = k and m = 0. In [25], variants corresponding to [ = k — 1
(when k£ > 1) and [ = k + 1 have also been proposed. Let an element T' € 7}, be fixed, and define the potential

reconstruction operator p’}“ : Q’;ﬁl — P*+1(T) such that, for all U € Q];Jl,

Vphtlop = Ghop and  (phHlog —op, 1)1 = 0. (5.13)
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Notice that the first condition makes sense since, having supposed m = 0, GTvT € G’%. The stabilization bilinear
form is defined as follows:

su,r (up, vr) Z hy 5TFQT75§“FQT)F7 (5.14)
FeFr

where, for all F' € Fr, the face-based residual operator 6% : Qk’l — P*(F) is such that, for all v, € Q];Jl

ok pvp = 7k (pT Vp — Vp — T (pT Yup —vr)). (5.15)

As already observed in ([39], Sect. 2.5), in the lowest-order case k = 0 the face-based residuals defined
by (5.11) and (5.15) coincide, and the stabilization (5.14) can be recovered from (5.12) selecting BY =
diag(hz'|Fla—1)per, (the only difference with respect to (5.10) is the change of local scaling hrp < hp).

Example 5.7 (The Crouzeix-Raviart finite element). We study the solution of problem (5.9) using the Hybrid
High-Order method of Example 5.6 with & =1 = m = 0 but with right-hand side modified as follows:

(fa 'Uh) e (fa p}llyh)a (516)

where (p;llyh)‘T = pruy for all T € 7}, and the local potential reconstruction pk. : Qgio — PY(T) is defined
according to (5.13) but with average value on T set to d}rl > rer, VP With this choice, for all v, € Qg’o it holds

that 7%plu, = prur(Tr) = vp for all T € T, and all F € Fr. As a result, prv, € NCo(7y,), the Crouzele
Raviart space defined in Section 3. Moreover, it can easily be checked that the DOFs collected in U Uy 9 coincide

with the standard ones for NC(7},), so that NCo(7) = span{p}v, | v, € Qh,o}- Using these facts, for all T € 7},
and all F' e Fr the face-based residual operator (5.15) with & = [ = 0 becomes

§rrpvp = —mp(prur — vr) = vr — proy (Tr) -

Denote now by w;, € U 2”% the solution of problem (5.9) with right-hand side modified as in (5.16). Observing
that element-based DOF's do not contribute to the consistency term in (5.6) nor to the right-hand side (5.16),
we infer that the stabilization term is actually enforcing the condition up = prup(Zr) for all T € 7. As a
result, p;uy, coincides with the Crouzeix—Raviart solution (3.4).

Example 5.8 (The Hybridizable Discontinuous Galerkin method of [49] and the variants of [25]). The Hy-
bridizable Discontinuous Galerkin originally proposed in ([49], Rem. 1.2.4) corresponds to the case [ = k + 1,
m = k, and stabilization

su,r(up, vy) Z hpt 7TF ur — up), T (vp — UF))F. (5.17)
F€.7:T

As pointed out in ([25], Rem. 2), this stabilization coincides with (5.14) when [ = k + 1. Motivated by this
observation, variants corresponding to the choices [ = k — 1 (when k > 1) and [ = k and m = k are proposed
therein. It is worth noticing here that the original Hybridizable Discontinuous Galerkin method of [23, 28]
does not fit in the present framework since the corresponding stabilization bilinear form is only polynomially
consistent up to degree k, i.e., it does not satisfy (S2'). Correspondingly, the orders of convergence are reduced
(cf. [25], Tab. 1 for further details).

Example 5.9 (The High-Order Mimetic method of [8,50]). The High-Order Mimetic method of [50] (subse-
quently referred to as Nonconforming Virtual Element method in [8]) provides a high-order generalization of
the concepts underlying Mimetic Difference Methods (cf., e.g., [15]). Its lowest-order version, corresponding to
the case k = 0 and [ = —1, violates (4.1), and therefore does not enter our unified framework. For k£ > 1, on the
other hand, it corresponds to the choices [ = k — 1 and m = 0. To write the corresponding bilinear form, define
the finite-dimensional local virtual space

UNT) = {op € H(T) | Aor e PF"H(T) and (Vor)pnrp € PH(F) for all F e Fr}.



16 D. BOFFI AND D.A. DI PIETRO

Clearly, P*+1(T") < 4*(T'), and it can be proved that l’fjﬁfl defines an isomorphism from U*(7") to Q];Jk% (this

is essentially a consequence of ([8], Lem. 3.1) after observing that the DOF's in U ];Jk% are equivalent to those
defined by Egs. (3.5)—(3.6) therein). Denote by Sio™ : ((*(T) x U¥(T') — R a bilinear form whose representation
in the canonical basis of U*(T') is spectrally equivalent to the unit matrix. The stabilization bilinear form is
obtained by setting, for all up, v € Q];J ,

su,r(up, vr) == 5 2S5 (pht ug — up, pht vy — o), (5.18)

where ur and vy are the unique functions in {4*(7) such that up = 1 Z’E_luT and vy = I Il?,lé“_lnT’ while the

operator p];fl is defined by (5.13). The stabilization (5.18) essentially corresponds to penalizing in a least-square

sense the high-order differences 74 (p%-v, — vr) and 7k (p5t vy — vr), F € Fr, with scaling factor chosen so

that the uniform equivalence in (S1’) holds.

6. FROM MIXED TO PRIMAL METHODS

In this section we obtain from (4.18) an equivalent primal problem by hybridization. The primal hybrid
problem is then shown to belong to the family (5.9) of primal discontinuous skeletal methods.

6.1. Mixed hybrid formulation of mixed methods

~ k,l,m ~ k,l,m
We define the bilinear form by, : X, x Qﬁ’l — R (with spaces X, and Qﬁ’l defined by (4.14) and (5.7),
~ k,l,m
respectively) such that, for all (r,,v,) € EIZ X QZ’I,
b (Th, vp) = Z br (T, vp), br (T, v) := (DypTp, o) — Z (TrF,vF)F. (6.1)
TeT;, FeFr

For further use, we note that it holds for all T € 7, all 7 € ;’%’l’m, and all v € Q];Jl,

br(rr,vr) = —(Ter. Vor)r + Y (rrr, 01 — vp)p, (6.2)
FE}-T

as can be easily checked replacing DlT by its definition (4.6) and accounting for Remark 4.1. Hence, using
the Cauchy—Schwarz inequality and recalling the definitions (4.4) and (5.2) of |-|x r and |-|u,r, we infer the
following boundedness result for by:

br (T, vr)| < |zr| 2 rlor|vr- (6.3)

Consider the following

~ k,l,m

Problem 6.1 (Mixed hybrid problem). Find (g,,u,) € X, x QZ% such that,

VT € Ty, my(op, Tp) + br(tp,up) =0 V1o e ;’%’l’m, (6.4a)
= (

—bn (@p0) = (fron) Vo, e Uy, (6.4b)

where we remind the reader that the local bilinear form mr that approximates the L?(T)%-product of fluxes is
defined by (4.13a).

Compared to the mixed problem (4.18), the single-valuedness of interface flux unknowns is enforced here by
Lagrange multipliers (corresponding to the skeletal DOFs in U fi)) instead of being embedded in the discrete
space. Equation (6.4a) defines a set of local constitutive relations connecting flux to potential DOF's inside each
mesh element. Equation (6.4b), on the other hand, expresses local balances and a global transmission condition.
In what follows, we will eliminate flux unknowns by locally inverting (6.4a), ending up with a problem in the
hybrid potential unknowns only.
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6.2. Mixed-to-primal potential-to-flux operator
For all T' € 73, we define the local mixed-to-primal potential-to-flux operator g%l’m U ’}’l — ;’}’l’m such
that, for all vy e Ql%’l,
mr (g7 "oy, Tp) = ~br(zr,op)  VTpe B (6.5)
Recalling the reformulation (6.2) of by, (6.5) equivalently rewrites
k,l,m
T

vy, Tp) = (Vor, 7e,r)r + Z (vp —vr,7rR)p  YTp e Iyt (6.6)
FE}-T

mr (s

We next state some useful properties for the potential-to-flux operator.

Lemma 6.2 (Properties of the mixed-to-primal potential-to-flux operator). Let a mesh element T € T}, be given
and let sx; 7 be a bilinear form satisfying Assumption 4.2. Then, the corresponding potential-to-flux operator

g’%’l’m given by (6.5) is well defined and has the following properties:
(1) Stability and continuity. For all vp € Q’%’l, it holds

k,l,m
ls7

vr| =7~ |orlur, (6.7)

with norms ||-| 0 and ||-|vr defined by (4.4) and (5.2), respectively.
(2) Commuting property. For all w € P**1(T), we have

klm okl rklm
St lU,Tw = lE,T Vuw. (6.8)

(3) Link with the discrete gradient operator. It holds, with operators G% and Sk defined by (5.4) and (4.8),
respectively, that
Gk =gk oghtm, (6.9)
Proof. Problem (6.5) is well-posed owing to assumption (S1) expressing the coercivity of mp. As a result, g’%’l’m
is well defined.
k,l,m

(1) Stability and continuity. Using (S1) followed by the definition (6.5) of ¢ and the boundedness (6.3) of

br, we infer, for all v, € Q’%’l,

E,l, E,l, k,l, k,l,
ls7 mQTHZE,T < sy myTH?n,T = —br(sy g, vp) < |s7 mQTHE,T

lurlluT-

m

To prove the converse inequality, let 7, € El%’l’ in (6.6) be such that 77 = Vor and 77p = hjp' (vp —vr)

for all F' € Fr, and observe that

kL, k,l, klm
ol r = mr (5" vr 2r) < IS5 " vrl salzrl e = IsE" " vrl salvrlo.

where we have used the Cauchy—Schwarz inequality together with (S1) to bound mp, and the definitions (4.4)
of |-| =7 and (5.8) of |-|vr to infer |T¢|| s, = |vrllu,r and conclude.
(2) Commuting property. Let w € P*T1(T). Using the definition (6.5) of Sl;il’m with vy = l];]lTw and recall-
ing (6.1), we infer, for all T, € E’%’l’m,
mr (5" Lpw, 7p) = —(wpw, Dhrp)r + Y (7w, 7o) p
FG]‘-T
= —(’LU, D’lI‘IT)T + Z (wa 7—TF)F = (V'LU, P’%IT)Tv
F€.7:T

(6.10)
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where we have used the definitions (2.1) of 75 and 7} to pass to the second line and the definition (4.7)
of P% to conclude. On the other hand, using the definition (4.13a) of my followed by the polynomial
consistency (4.12) of S% together with (S2), for all T, € ;’%’l’m we have that

my(Ly 7'V 2r) = (SpLy i Ve, Si2r)r + 5057 V. Ir) (6.11)
= (vasTIT)T = (vw’PTIT)Tv

where the last equality follows from the definition (4.8) of SI% together with the orthogonal decomposi-

tion (2.3). Subtracting (6.11) from (6.10), we infer, for all 7, € X5,

mT(klmIklw IklmeTT) 0,

from which (6.8) follows since mr is coercive on ;’}’l’m owing to (S1).
(3) Link with the discrete gradient operator. Let vy € Q];Jl, T € S’%’m, and set T, = IkZlT 7. Recalling the

definition (4.13a) of mz, and using the polynomial consistency (4.12) of S% together with (S2), it is readily

inferred that
mr (5" vy, Tr) = (S5 0 M T) (6.12)

On the other hand, recalling the definitions (4.3) of l’g}n and (6.1) of br, we get

br(zy,vr) = (vr, DrTy)r — 2 (vr, TrF)F

FG]‘-T
= (vr,wh(divr))r — Y (vr, 7 (TnrE))E (6.13)
FG]‘-T
= (vp,divT)p — 2 (vp,TnTR)p = —(G’%Ehv"')Tv
FG]‘-T

where we have used the commuting property (4.9) of DY, in the second line and the definition (2.1) of 7}, and
7k and (5.4) of G% in the third. To conclude, plug (6.12) and (6.13) into the definition (6.5) of ck bmo O

6.3. Equivalent primal formulations of mixed methods
We start by showing a link among problems (4.18), (6.4), and the following

~ k,lm
Problem 6.3 (Primal hybrid problem). Find (o, u,) € X, U’,; o such that

or = sk, VT € T, (6.14a)
with potential-to-flux operator g’%’l’m defined by (6.5) and w;, solution of

an(uy,vy) = (f,on)  Vuy, € Upg, (6.14b)

where the bilinear form a;, on QZ’Z X Qﬁ’l is such that

anuy,vy) = Y. ar(up,vr),  ar(up,vp) = mr (S5 un, o er ) (6.15)
TGT;,,

The well-posedness of (6.14b) is an immediate consequence of point (1) in Theorem 6.5 below.
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Theorem 6.4 (Link among the mixed, mixed hybrid and primal hybrid problems). For all T € Ty, let sx

vkl
satisfy Assumption 4.2. Let (o, u,) € X}, " Q’Z”i), and let uy, € U,ll be such that upr = ur for all T € Tj.
Then, the following statements are equivalent:

(i) (op,uy,) solves the mixzed hybrid problem (6.4);
(i) o€ Ei’l’m and (o, up) solves the mized problem (4.18);
(i) (ey,uy,) solves the primal hybrid problem (6.14).

Proof. The equivalence (i) <= (ii) classically follows from the theory of Lagrange multipliers. Let us prove
the equivalence (i) <= (iii). We show that if (g,,u;,) solves the mixed hybrid problem (6.4), then it solves the
primal hybrid problem (6.14). Equation (6.14a) immediately follows from (6.4a) recalling the definition (6.5) of
the potential-to-flux operator. As a consequence, it holds for all 7' € 7, and all vy € U ];Jl,

k,l,m o k,l,m k,l,m o
~br (g7,vr) = —br (ST QTaET) = mr (ST Ur, ST ET) = ar (U, V)

where we have used the definition (6.5) of the potential-to-flux operator together with the symmetry of my in the
second equality and the definition (6.15) of the bilinear form ar to conclude. This implies that (6.4b) is equivalent
to (6.14b). By similar arguments, we can prove that if (g,,u,,) solves the primal hybrid problem (6.14), then it
solves the mixed hybrid problem (6.4), thus concluding the proof. O

We close this section with our main result, i.e., the existence of a primal method belonging to the family (5.9)
whose solution coincides with that of the mixed method (4.18) for given stabilization bilinear forms satisfying
Assumption 4.2. In the light of Theorem 6.4, it suffices to state the equivalence with respect to the corresponding
mixed hybrid formulation (6.4).

Theorem 6.5 (Link with the family of primal discontinuous skeletal methods). For all T € Ty, let sx 1 satisfy
Assumption 4.2 and set with gsﬂ’l’m defined by (6.5):

Su,T (QTaQT) =SyT (S?LmETvSI;LmQT) . (6-16)

Then,

(1) Properties of sy . The stabilization bilinear forms sy, T € Ty, satisfy Assumption 5.2;
(2) Link with primal methods. u, € QZ’ZO solves the primal problem (5.9) with stabilization as in (6.16) if and

) whklm kil . _ klm . .
only if (o, uy,) € X, X Qh,o with a;, such that op = ¢7"""up for all T € Tj, solves the mived hybrid

problem (6.4).
Proof.

(1) Properties of syr. Let T € Tp. The bilinear form sy p is clearly symmetric and positive semi-definite. It
then suffices to prove conditions (S1’) and (S2’). To prove (S1’) observe that, for all v, € Q’%’l, we have

k,l,m k,l,
lorller = Is7"" vrlmr ~ |7 " vrl 2,0 ~ [or|vr,
where we have used the definition (6.15) of ar, (S1), and the stability and continuity (6.7) of g’%’l’m. Let us
prove (S2). Letting w € PE+1(T), for all v, € UN' we have

SU,T (llff,lTw»QT) =Sz (S’?l’ml@,lTw’S?l’mQT) =Sz (l’g,%nvw’sl%’l’m%) =0,
where we have used the definition (6.16) of sy, the commuting property (6.8), and (S2).
(2) Link with primal methods. Compare the primal hybrid formulation (6.14) with the primal formulation (5.9)
and recall the equivalence with the mixed hybrid formulation (6.4) stated in Theorem 6.4. g



20 D. BOFFI AND D.A. DI PIETRO

7. FROM PRIMAL TO MIXED METHODS

In this section we show that the primal discontinuous skeletal methods of Section 5 with m = 0 can be recast
into the mixed formulation introduced in Section 4. This closes the circle and shows a precise equivalence relation
between the family (4.18) of mixed discontinuous skeletal methods and the family (5.9) of primal discontinuous
skeletal methods.

7.1. Primal-to-mixed potential-to-flux operator

We assume from this point on that, for a given integer k > 0, [ is as in (4.1), and
m = 0.

The crucial ingredient is the primal-to-mixed potential-to-flux operator g];il U I;Jl — E?l’o such that, for all
Wy € Q’;:l, SI%’ZMT solves

—bT(S?lMTvQT) = ar(wp, vy) Vur € qug“’l- (7.1)
The use of a similar notation as for the mixed-to-primal potential-to-flux operator defined by (6.5) is motivated

by the fact that these two operators share the same properties (compare Lemmas 6.2 and 7.1) and play very
much the same role.

Lemma 7.1 (Properties of the primal-to-mixed potential-to-flux operator). Let a mesh element T € T}, be given
and let sy, be a bilinear form satisfying Assumption 5.2. Then, the corresponding potential-to-fluz operator S’%’l
given by (7.1) is well defined and has the following properties:

(1) Stability and continuity. For all v, € Q];Jl, it holds with norms ||-|s,r and |-|v,r defined by (4.4) and (5.2),
respectively,
k,l
ls7vrlsr ~ |orlor. (7.2)

(2) Commuting property. For all w € P*TY(T), we have
st L = Iy p Vo (7.3)

(3) Link with the discrete gradient operator. It holds, with operators G, PX. and S% defined by (5.4), (4.7),
and (4.8), respectively, that
Gk = Phogh! — sk okl (7.4)

Additionally, SI;JZ defines an isomorphism from Q’%’l* (cf (5.3)) to g’}’l’o,
Proof. Let T € 7y,. To show that g];il is well defined we prove the following inf-sup condition: For all 7, € g’;lﬁo,

br(Tr,v
lrrlsr <S=  sup  ZEDLr) (7.5)

vreUh 0y 1) 12

Let Uy € Ukl be such that Vv, 7 = 77 and v, p vy 7 = hpTrR (Q.,_ 7 is defined up to an element of

1 ];JZT]P’O( ), coeherently with the fact that we write U2 T , in the supremum). It can be checked that |v,.
HTTH > and it holds, recalling the reformulation (6. 2) of the bilinear form by,

HITH22,T = _bT(ITvﬂr,T) < SHL—,T”U,T =S|zr| =7,
which proves (7.5). To prove the well-posedness of problem (7.1) it only remains to observe that, for all v, €
I ];J’VZT]P’O(T ), equation (7.1) becomes the trivial identity 0 = 0, which can be intepreted as a compatibility
condition. Finally, the fact that c ! defines an isomorphism from Uk Uur * to Z'];Jl’o follows observing that g’;;’l is
injective as a result of (7.5) and dlm(Q’}f*) = dlm(gl}l 0.
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Stability and continuity. Combining the inf-sup condition (7.5) with the definition (7.1) of S’%’l, and using
the Cauchy—Schwarz inequality followed by (S17), we get for all v, € U ’%’l that

k.l
br (s vy, wr) _ ar (vp, wr)

sup
|lwr|v.r wr UL {0y 1} |wrllo,r

K,
st vrlsr < sup < |lurl

wor EQ?,Z* \{QU, T }

U,T-

On the other hand, (S1’) followed by the definition (7.1) of SI;JZ and the boundedness (6.3) of the bilinear
form by yields

k,l k,l
”QTH%J,T < ar(vp,vr) = —br(sf vy, vr) < |s7 vr| = rlvr|ur,

which concludes the proof of (7.2).
Commuting property. Let w € PKT1(T). For all v, € Q];Jl it holds

—br (g?’ll’[“jfTw,yT) =ar (l’fjfTw,yT) = (Vw, Gfug)r = —br (l’;{&ng,yT) ;
where we have used the definition (7.1) of S’%’l in the first equality, the definition (5.6) of ar together with
(S2') in the second equality, and concluded recalling the definitions (5.4) of G, (4.3) of l’g{&g, and (6.1) of
br. As a consequence,

br (I§PVw — b Liw,ur) =0 Vo e UL,

which, accounting for the inf-sup condition (7.5), implies (7.3).
Link with the discrete gradient operator. Let vy € Q];Jl and w € P¥*1(T). Recalling the definitions (6.1) of
br and (5.1) of l];f,lT’ we infer that

—br(svp, Lgw) = —(Dhsy'vr, hw)r + Y (S5'vp)re, whw)r
FE}-T
il ) R
= —(Dfsi'vp,w)r + Y. ((F'vp)rr,w)r = (PF o s3 )up, Vu)r,
FE}-T

where we have used the definition (2.1) of 7L, and 7% to pass to the second line and the definition (4.7) of
P’% to conclude. On the other hand, by the definition (5.6) of ar together with the polynomial consistency
of G% (a consequence of (5.5)) and (S2’), we have

ar (QT,l’fjfTw) = (Ghup, Vu)r.

Substituting the above relations into the definition (7.1) of ¢5' we infer that Gr.v, = Phogh!. Additionally,
since we have supposed m = 0, we also have S’% = PI%, thus concluding the proof. O

7.2. Equivalent mixed formulation of primal methods

We close this section by showing the existence of a mixed method belonging to the family (4.18) whose
solution coincides with that of the primal problem (5.9). In the light of Theorem 6.4, we state the equivalence
result in terms of the corresponding mixed hybrid formulation (6.4).

Theorem 7.2 (Link with the family of mixed discontinuous skeletal methods). For all T € Ty, let sy satisfy

Assumption 5.2 and set, for all op, T € ;ch;l,o’

ssaler 1p) i=sur (65 ar, () ' 1r), (7.6)

where it is understood that (gsﬂ’l)_lzT and (gsﬂ’l)_lgT are defined up to an element of l’;j’lTIP’O(T). Then,
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roperties of sy 7. e stabilization bilinear forms sx r, 1" € 1y satisfy Assumption 4.2;
1) P i fssr. Th bilization bili 1, T eT; isfy A on 4.2

< k1,0 i ) . e
(2) Link with mixed methods. (o}, u,) € X, % QZ’}) solves the mized hybrid problem (6.4) with stabilization

as in (7.6) if and only if u;, solves the primal problem (5.9) and, for all T € Tp, o = S’;JZQT with S’%’l
defined by (7.1).
Proof.

(1) Properties of sx.r. Let T € Tp,. The bilinear form sx 7 is clearly symmetric and positive semi-definite. It
then suffices to prove conditions (S1) and (S2). Let us start by (S1). Recalling the definition (4.13a) of the
bilinear form my, property (7.4) for the potential-to-flux operator SI;JZ defined by (7.1), and (7.6), we infer
for all wp, vy € Q’%’l that

mr (s wp, $'vy) = ar(wy, vp). (7.7)

Let now 7, € El%’l’o be such that 7, = SI;JZQT with vy € Q];Jl (the existence of such v, defined up to an
element of [ ’ICJ’,ZT]P’O (T), follows from Lemma 7.1). We have that

lzrlsr ~ lorlvr = lorlar = |27[mT,

where the first norm equivalence follows from (7.2), the second from (S2), and the last one from (7.7).
Property (S1) follows.
Let us now prove (S2). Let x € G be such that x = Vw with w € P¥+(T'). For all v, € Q’;Jl it holds,

k.1, k.l oy —1 7kl k.l
S27T(12,19X7£T vr) = sur((s7) llZ‘JQXayT) = SU,T(lU,TwaET) =0,

where we have used the definition (7.6) of sx r, the commuting property (7.3), and concluded using (S2’).
w kol : . . :
(2) Link with mized methods. We let (o),,u;,) € X, ® x QZ’}) solve the mixed hybrid problem (6.4) with sx
given by (7.6), and we show that wu; solves (5.9) and o = SI;JZQT for all T € 7;,. Making 7, = S’;JZQT with

Ur € Ql%’l in (6.4a), it is inferred
0 = mr (g, s3'vy) + br(sy vr, up) = mr(ey — s'up, s3'vy).
: k1O _ kdprkl . . kel s ]
Since X" = ¢ Uy as a result of Lemma 7.1 and vy is arbitrary in U7, this means that
Or = SI;[MT VT € Tp.
Plugging this relation into (6.4b), and recalling the definition (7.1) of S’%’l, we infer that it holds for all

kol
vy € thoa

(foon) == ) br(ervr) =— Y br(shur,vr) = an(w,,v,),
TeTy, TeTy

which shows that w;, solves the primal problem (5.9). Following a similar reasoning one can prove that, if u,
solves (5.9), then (o}, u;) with o = SI;JZQT for all T € 7}, solves (6.4). O

8. ANALYSIS

In this section we carry out a unified convergence analysis encompassing both mixed and primal discontinuous
skeletal methods. Recalling Theorems 6.4, 6.5, and 7.2, we focus on the mixed hybrid problem (6.4). Let

~ k,l,m

three integers k > 0 and [,m as in (4.1) be fixed, set Xﬁ’l’m =X, X Qﬁii), and define the bilinear form
Ap X’Z’l’m X Xfllm — R such that

An((@n,up), (Thsvp)) = mp(@y, Tp) + bu(Ty, ) — brlay, vy,)-
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>~ k,l,m
Problem (6.4) admits the following equivalent reformulation: Find (o), u;,) € &, x U ]Zlo such that

~ k,l,m
An((@ps ), (Thsv1)) = (f, vn) V(zy,vp) € 2, X QZZO (8.1)

8.1. Stability and well-posedness

We equip the space Xﬁ’l’m with the norm || x 5 such that, for all (7,,,v;) € Xﬁ’l’m,

[ w5 = 12l B0 + T2l s

< kil ,
with norms ||-|| s, on X}, ™ and Il,n on QZ’Z defined by (4.15) and (5.8), respectively.

Lemma 8.1 (Well-posedness). For all (x,,w),) € Xﬁ’l’m it holds

An (X, wh): (Th, 24))

el s oy @mulxn 52
Consequently, problem (8.1) is well-posed.
Proof. We start by proving the following inf-sup condition for by: For all v;, € U Z%,
lvnllvn < sup D (T ). (8.3)
D neE Mg,y [Tl

~ k,l,m
Fix an element v, € Qﬁii), and let T, , € X, be such that, for all T € 7p,, 7,7 = Vur and 7, 7p =
hz'(vp — vp) for all F e Fr. Denoting by S the supremum in (8.3), from (6.2) it is inferred that

HQ}LH?J,}L = bn(Ty n,v4) < S|Ty 4l =0

and (8.3) readily follows observing that, by the definitions (4.4) and (5.2) of the local norms, |1, 7|s 1 =
|vr|lor. The inf-sup condition (8.2) on Aj and the well-posedness of problem (6.4) are then classical conse-
quences of the ||| s p-coercivity of my, (itself a consequence of (S1)) and the inf-sup condition (8.3) on by; cf.,
e.g., [16]. O

8.2. Energy error estimate

We estimate the error defined as the difference between the solution of the mixed hybrid problem (6.4) and
~ A~ kil .
the projection (@,,4;,) € X}, " x QZ’ZO of the exact solution defined as follows:

Gy = ISVl VT eTh, @y = Lju,
where 1, € P*+1(7},) is such that, for all T € Ty, Uy := tp|p is the local elliptic projection of u satisfying

Vip = wévTVu and (up —u,1)r =0, (8.4)

okl .. ..
while I kzl,;" is the global flux reduction map on X, ™ whose restriction to every mesh elements T' € 7}, coincides

with I kzl}n defined by (4.3). Optimal approximation properties for %, on regular mesh sequences are proved
in ([39], Lem. 3) and, in a more general framework, in [34].
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Theorem 8.2 (Energy error estimate). Let u € H}(£2) be the weak solution of problem (1.1), and assume the
additional regularity v e H**2(£2). Then, it holds

l(@n = &noupn = Tp) | xn < B ul e ). (8.5)

~ k,l,m
Proof. The following error equation descends from (8.1): For all (1,,v,,) € X, X QZ’}),

An((ay, — G, uy, —Uy), (Th,v1)) = En(Th, va),

with conformity error

En(Th,vp) 1= (fyon) + br(@p,vp) — mn(@p: Tp) = bu(Ty, Uy)- (8.6)

Recalling the inf-sup condition (8.2), we then have that

~ ~ £
I(@n — 8o — B)lxh < sup h(Ti, n)

e Th L) (8.7)
(zh,vyh)eéﬁ‘l’m\{gx‘h} H (I}” yh) HX’h

To conclude, it suffices to bound & (7},,v;,). Denote by %1,..., %4 the addends in the right-hand side of (8.6).
Recalling that f = —Aw a.e. in {2, integrating by parts element-by-element, and using the fact that the normal
component of Vu is continuous across all interfaces F' € F' and that vy vanishes on boundary faces F € FP, we
have that

T = Z ((VU,V’UT) + Z (Vu~nTF,UF — UT)F) .

TGT;,, FG]'-T

Using the commuting property (4.9) of D4 to infer D} = Afir, and integrating by parts element-by-element,
we have that

Tp=— ), ((Vu,VvT)T + Y (Vignre,vp — ”T)F> v

TeT;, FeFr

where we have used the definition (8.4) of @iz to write Vu instead of Vir in the first term. Summing the above
equations, passing to the absolute value, and using the Cauchy—Schwarz inequality yields

1

2 2

T+ T2 < ( > hFIV(u—UT)%> x ( > hiptlor —le%> < W ul s ) Lo v, (8.8)
FG]‘-T FG]'-T

where we have used the optimal approximation properties of 7 to conclude.
Recalling the definition (4.13b) of my, using the polynomial consistency (4.10) of P4 together with (S2), and
expanding PX.7, according to its definition (4.7) (with w = #r), it is inferred that

Ty =— Y (Vir,Pirp)r = ), ((ﬁT,DlTIT)T -y (aT,TTF)F> _

TGTh TGT;,, Fe]'-T

Recalling (6.1) together with the definitions (5.1) of l’;]lT and (2.1) of k. and 7%, we get that

Ty= ), <—(U,DZTIT)T+ Y (UaTTF)F>~

TeT;, FeFr
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Summing the above equations, passing to the absolute value, and using the Cauchy—Schwarz inequality, we then
obtain

T4 Tl < l Z <h52|u—ﬁT% . 2 h;lu—ﬁT%>] X l 2 (h%DlTIT|2T+Z hFTTF%>1 (8.9)

TGT;,, FG]‘-T TGTh FG]'-T

< WYl greve )l or | 5,1,

where we have used the optimal approximation properties of Ur and the inverse inequality |Dizr|r <
ht|Tr| 57 to pass to the second line. Combining (8.8) with (8.9), we infer the bound

En (T, vp)l < Pl e o) (T ) [ x 0
which, plugged into (8.7), yields the desired result. O

8.3. L2-error estimate

In this section we prove a sharp L?-error estimate on the potential under the following usual elliptic regularity
assumption: For all g € L?(2), the unique solution z € H}(§2) of the problem

(Vz,Vv) = (g,v) Vv e Hy(92), (8.10)
satisfies

|z]z2(0) < CollglLaa), (8.11)

with real number Cy, > 0 only depending on 2. In the proof we will need the following consistency property
for the bilinear form by,.

Proposition 8.3 (Consistency of by). For all x € H(div; §2) such that x| € XH(T) for all T € T, it holds
k,l,m . Kl
by (lE,h Xaﬁh) = (div X, vn) Yoy, € Uyo- (8.12)

Proof. Recall the expression (6.1) of b, and use commuting property (4.9) for D} together with the fact that
x has continuous normal components across interfaces F' € F' and vp = 0 on all F € FP. O

Theorem 8.4 (L?-error estimate). Let the assumptions of Theorem 8.2 hold true, and further assume (k,l) #
(1,0), elliptic regularity, f € H**°(2) with 6 =1 if k =1=0, § = 0 otherwise. Then, it holds

lan —unll < 052 ul vz @) + B2 F | ers )

Remark 8.5 (The case (k,1) = (1,0)). If (k,1) = (1,0), the term ¥; in the proof below limits the convergence
order to h?. We refer to ([50], Sect. 2.7) for a modification of the right-hand side that aims at avoiding this
shortcoming.

Proof. Let z solve (8.10) with g = uj, — U and set, for the sake of brevity,

S . gkim s . 7kl
X, = lxh Vz, Zp = lthz.

Then, we have
lan = unl® = (u —up, Az) = =(f,2) = bu(X,, up), (8.13)

where for the first addend we have integrated by parts and used the fact that (Vu, Vz) = (f, 2), while for the
second addend we have used the consistency property (8.12) of by, with x = Vz and v, = u,;,. Using (6.4a)
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we get, denoting by cZ LM the global mixed-to-primal potential-to-flux operator whose restriction to every mesh

element T € 7}, coincides with ck L™ Jefined by (6.5),

—bn(X,, up) = mp (Xh,gh)
= (Xh - Sli?l’mzhvlh) +an(Zp, up) (8.14)
= my, (Xh - Sﬁ,l’mzh’zh o Qh) +mp (Xh - Si’l,mzh’éh) + (fv '/Z\h)a

where we have inserted igi’l’mzh and used the fact that o, = SZ’l’mgh together with the definition (6.15) of
the primal hybrid bilinear form aj, to pass to the second line, and we have inserted +¢&;,, and used (6.14b) (with
v, = 25,) to conclude. Plugging (8.14) into (8.13), and observing that (f,2,) = («} f, z) with 7} denoting the
L?-orthogonal projector on U} (cf. (4.16)), we arrive at

Jan —unl? = (mhf = f.2 = 7h2) +mn (R, — sk 20— 8, ) +mn (R, —sF"2084) . (815)
Denote by %71, %2, T3 the terms in the right-hand side of (8.15). For ¥4, if k = [ = 0, we have

%] < lmhf = flllz =izl < B2 f a2l o), (8.16)

while, in all the other cases,

%] < i f = flllz = mhzl < B2 e io) |2l mece). (8.17)

For T, the Cauchy—Schwarz inequality followed by (S1) and the energy error estimate (8.5) yields

= &ylzn < 22 e ul ess o). (8.18)

%ol S X, — s

To estimate the quantity |X, — _k’ M2 ls.n in (8.18), let %, € PFH1(7},) be the broken elhptlc pI‘OJGCthI’l such

that Zr := Zj,|p is defined as in (8.4) with u replaced by z, observe that lE,h ‘VizZn = gh hzh by (6.8),
and use (6.7) to infer

Jdoma

Zullmn < 1LY (Ve = Vazn) |z + Iy " I (2 = 50| =0

< I\Ikzl}n(vz = ViZn)|sn + HIU;,(Z = Zn)llon < bl 2] m2(0),

HXh —Ch

where the conclusion follows from the stability of the L?-projector and the optimal approximation properties
of ,\Z/h.
For T3, recalling the definitions (4.17) of my, (4.13a) of my, and (S2), we have

_ k o klm
T3 = Z (ST( st " zr), STUT)T

TeTn

- Y (Phx, - Var, Var)
TeT, T

=Y ((V(z—zT),vaT)T+ Y (7 (Venrr) —vZ-nTF,aT)F>
TeT;, FeFr

= Z Z (’R’%(VZ-TLTF) - VZ‘TLTF,Q\II,T - U)F,
TeT), FeFr

where we have used the definition (4.8) of S% together with the orthogonal decomposition (2.3) and the fact
that (Sh o ¢hb™)2, = GEZ, = VIr (¢f. (6.9) and (5.5)) to pass to the second line, the definition (4.7) of P
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(with 7, = XT and w = Ur) together with the fact that DZTXT = Az and an integration by parts to pass to
the third line, and concluded in the fourth line using the fact that Zr is a local elliptic projection to cancel the
first term together with the fact that the quantity (7% (Vz-nrp) — Vznrr) is single-valued on every interface
FeFiand u =0onall Fe FP toinsert u into the second term. Using the Cauchy-Schwarz inequality and the
optimal approximation properties of 7Té€; and 7, we conclude

T3] < B2 u) grre o) 2] m2(0)- (8.19)

Using (8.16)—(8.19) to estimate the right-hand side of (8.15) followed by the elliptic regularity (8.11) to bound
I2]| 52(2) < |@n — un|, the desired result follows. O
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