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MODELLING AND NUMERICAL APPROXIMATION
FOR THE NONCONSERVATIVE BITEMPERATURE EULER MODEL

D. AREGBA-DRIOLLET!?, J. BREIL?, S. BRULL"*, B. DUBROCA? AND E. ESTIBALS?

Abstract. This paper is devoted to the study of the nonconservative bitemperature Euler system.
We firstly introduce an underlying two species kinetic model coupled with the Poisson equation. The
bitemperature Euler system is then established from this kinetic model according to an hydrodynamic
limit. A dissipative entropy is proved to exist and a solution is defined to be admissible if it satisfies
the related dissipation property. Next, four different numerical methods are presented. Firstly, the
kinetic model gives rise to kinetic schemes for the fluid system. The second approach belongs to the
family of the discrete BGK schemes introduced by Aregba—Driollet and Natalini. Finally, a quasi-linear
relaxation approach and a Lagrange-remap scheme are considered.
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1. INTRODUCTION

The present paper is devoted to the approximation of a nonconservative bitemperature compressible Euler
system by different numerical schemes.

This fluid model consists of two conservation equations for mass and momentum and two nonconservative
equations, that is to say, one for each energy. Physically, this model describes the interaction of a mixture of one
species of ions and one species of electrons in thermal nonequilibrium. The pressure of each species is supposed
to satisfy a gamma-law with its own ~y constant.

Solving nonconservative hyperbolic systems is a delicate problem because the definition of weak admissible
solutions remains unclear. In order to define nonconservative products, Dal Maso, Le Floch and Murat proposed
in [18] a new theory based on the definition of family of paths. However, it is shown, in [1], that even if
the correct path is known, the numerical solution can be far from the expected solution. In [6], the authors
consider an hyperbolic system having n — p equations in a conservative form, the remaining p equations being
nonconservative. In [30], path-conservative schemes are defined by using the concepts developped in [18]. In [31],
the authors use a Roe solver, and an HLLC solver which neglects the nonconservative part of the system. They
validate the approach by comparing their results to theoretical temperatures/pressures curves [34,35]. In [17],
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the authors assume that the electronic entropy is conserved by all weak solutions including shocks and the
system is approached by a system of conservation laws.

The bitemperature Euler system can be constructed from an underlying kinetic model which consists of a
BGK model coupled with Poisson equation in the quasi-neutral regime. This BGK model possesses different
interspecies collision frequencies in order to take into account discrepancies in the particle masses. This point
has been in particular mentionned in [23], where a conservative formulation is proposed. Hence, following this
idea we obtain such a model satisfying a H theorem. Next, performing an hydrodynamic limit, we get the
nonconservative Euler system. To take into account the different v constants, we should consider polyatomic
kinetic models. We do not make so in order to avoid heavy technical proofs. However, the ideas are analogous
to the monoatomic case. We show that the fluid model owns a dissipative strictly convex entropy which can be
recovered from the Boltzmann entropy. In this paper, we consider the entropic solutions of the nonconservative
Euler system which are the hydrodynamic limits of solutions of the kinetic system. Using the Boltzmann entropy,
we prove that the hydrodynamic limits are entropy-dissipative. Moreover this approach leads at the discrete
point of view to numerical schemes which are consistent with the physics.

In another way, the present bitemperature Euler system is approached by using numerical methods inspired
from the approximation of the Euler system. The first one is a kinetic scheme [32] which is based on the
underlying kinetic model. The second method is based on discrete BGK schemes introduced in [4]. One important
point of this paper is their generalization to the present nonconservative setting and the fact that those models
provide entropy-dissipative solutions. We also prove discrete entropy inequalities for the related numerical
schemes. The third method is based on a Suliciu relaxation approach for the pressure variables [16]. The
interest of such an approach is that all the characteristic fields of the related homogeneous system are linearly
degenerate and hence the Riemann solver is easier to handle. Finally, the last method of the paper is a Lagrangian
method [26] based on Lagrangian and projection steps. This method is used in the multi-physics CHIC code [10]
to solve a bitemperature model in the field of inertial confinement fusion (ICF) and high energy density physics
(HEDP). Lagrangian formalism is well suited to deal with the multi-material flow encountered in the field of
ICF and numerous papers devoted to laser plasma interaction use this code [29].

This paper is organised as follows. The second Section is dedicated to the physical models that are involved
in this paper. Firstly Euler bitemperature macroscopic model is given and we consider the Vlasov-BGK model
from which the Euler system is derived. Starting from an ad-hoc scaling the construction of the Euler system is
performed. Next, we study the entropy properties of this system. In Section 3, we design the different numerical
schemes and in Section 4, some numerical results are presented. The goal of those first tests is to compare the
schemes on 1D examples. It is out of the scope of this paper to propose higher order improvments or multi-
dimensionnal computations. Finally, Section 5 deals with some conclusions and perspectives to this paper.

2. THE PHYSICAL MODELS

This part is devoted to the presentation of the different physical models that are involved in this paper.
Firstly, we give the Euler bitemperature system, the underlying kinetic model and next we derive the fluid
model from an hydrodynamic limit. For the sake of simplicity we consider a new BGK model to represent the
interaction between ions and electrons coupled with Poisson equation considered at the quasi-neutral regime.
Then we prove the existence of a strictly convex dissipative entropy for the fluid model.

There are many BGK models devoted to gas mixtures [2,11,13,21,24,27]. However except [2,11,13], there are
few BGK models for gas mixtures enjoying fundamental properties (H theorem, equilibrium states, nonegativity
of the distribution function, ...) inherited from the Boltzmann operator [3]. In order to take into account
disparate masses, we consider in this paper the situation where the interspecies collision frequencies are different.
This point has been in particular mentionned in [23] where a conservative formulation is proposed. Here we are
able to prove an H-theorem and to make the link with the macroscopic entropy. Moreover, one originality of
this work is to take into account the electric field in the rescaled kinetic model.
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2.1. The Euler bitemperature model

The nonconservative two species Euler equations are given by the hyperbolic system:

Op + 0z (pu) = 0,
O(pu) + 0z (pu® + pe + pi) =0,

1 1

6t(pe€e + ipeuz) + ax <u <p€€e + 505“2 +pe>> - u(ciazpe - Ceawpi) = Vei(T’i — 11@)7 (21)
1 1

O(piei + §piu2) + 0q <u (Pigi + ipiuz +pi>> +u(ciOupe — ce0ppi) = —Vei(Ti — Te),

where p = pe + p; > 0 is the total density of the plasma, w is the average velocity of the plasma. T, and
T; represent the temperatures of electrons and ions. p. = ne.me, p; = n;m; are the density of the electrons
and ions, where the concentrations of electrons n, and of ions n; are related by the average ionization number
Z =mne/n; > 1. Z will be consider here constant and as a physical property of the ions. m. and m; are the mass
of the electrons and ions particles. Hence the mass fractions

ca:p—a, a=e,i (2.2)
0
are also constant and ¢, and ¢; write
Zme
=—2"¢  c=1—ce. 2.3
Ce m; + Zme “ Ce (2:3)

The electronic and ionic pressures and temperatures are related by
Pe = nekBTe7 bi = nikB/Th

where kp is the Boltzmann constant. The internal energies are given by

k‘BTe k'BTz

Ce=—"— -\, &= -\
me(Ye — 1) mi(y: — 1)

(2.4)

where 7., ~; are constant numbers belonging to the interval [1, 3] and v,; > 0 is the frequency exchange between
temperatures.
Along this article we denote £, = paca + %pau2 for a = e, 4, and

U=(p,pu,&,&). (2.5)

We also use in this article the expression of the bitemperature model in Lagrangian formalism, which writes as

pdyT — Oz = 0,
t ( ) (2.6)
pedtge + pepdtT = Vei(n - Te>7
pidiei + pipdit = —vei(T; — Te),

where d; = 0; + u0, represents the material derivative and 7 = % is the specific volume.
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2.2. The kinetic model
2.2.1. Notations

Kinetic models are described by the distribution function f, of each species depending on the time variable
t € Ry, on the position € R? and on the velocity v € R3. The macroscopic quantities can be obtained by
extracting moments on these distribution functions w.r.t the velocity variable. Indeed density, velocity and total
energy of the species a can be defined as

1 3 k
Ny = fadv, Uy = — vfedv, &y = pa B T + ,oa / ma fadv (2.7)
R3 Na JRr3 2 2

where m,, is the mass particle, p, = mqng, and T, the temperature of species a.
The internal specific energy of species a can be defined as

Ea — kBT

2ma
Those definitions are consistent with (2.4) for v, = g As already pointed out in introduction, this value
corresponds to the monoatomic case. This is not a conceptual restriction because the general case could be
obtained with the same approach by considering polyatomic models. This generalization is postponed to a
forthcoming paper. In the following we shall use the moment operator P, defined by

1
Py(fa) = ma/ v fadu. (2.8)
AT
We denote P, (fo) = Ua:
Pa
Us = | patta | - (2.9)
Ea

Usually the velocity and the temperature of the mixture are defined by

_ Pelle + PilU; _ 1 9 9
- ﬂ’ nkBT - ; <3pa(ua —u ) + ;(nakBTa)a (210)

where n = n. + n;. Finally we define the entropy of the mixture by

H(fur £i) = Ho(F) + Ho(fi)s with Ho(f) = /R (Fin(f) - fydv. (2.11)

The related entropy flux is then

B f) = 0.(F) + 25), with @)= [ o(fins) - P (212)

2.2.2. Description of the BGK model

In this section, we present the kinetic model and we show the fundamental properties of the BGK model
describing the plasma interacting with an electric field E € R3. This model writes

atfa +'vafa + %E.vaa = %(Moz(fa) - foz) + ;(Ma(feafi) - fa)7 {045} € {677:}’ o 7é 57 (2'13)

with 74 > 0, Tog > 0. g, is the charge of the species a.
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The relaxation term % represents the collision frequency for the interaction between « particles and %
corresponds to the collision frequency for the interaction between ions and electrons.

In this paper, contrarily to classical BGK models, we consider as in [23] that 7.; # T, due to the discrepancy
of ion and electron masses. In particular, 2 Ci

- is of the same order as £- and can reach important values. Moreover
this quantity is kept fixed in the physical model presented in this paper.
The model (2.13) is coupled to the Maxwell-Ampere and the Poisson equations through the electric field E

as follows

OE =L, (2.14)
€0

v, E="2. (2.15)
€0

j represents the current in the plasma, p the total charge, and ¢( is the vacuum permitivity. j and p are
defined by

p= /Rg (Gefe +¢ifi) dv =nege + nigs, j= /R3 V(gefe + ¢i fi) dv = negetie + nigiu;. (2.16)

M, and M, are the two Maxwellian distribution functions

Mo(fa) = Ha e _ vl a=e,i (2.17)
oMo = ok Ta/ma)32 C P\ 2kpTa/ma ) ¢ T O ‘
- Na ‘U — U#P ;

N S Cll U S DR 2.1
Ma(feafl) (QWkBT#/ma)3/2 exp ( QkBT#/ma)’ a=e,1, ( 8)

where

1 1,
2 7o MeMNelle + 7o N UG
u” = i , (2.19)
—MeNe + =—M;Ny;
Tei Tie

T# — %éaneTe + %iansz + %(%pe(uey - %pe(u#)z) + i(%pi(uiy - %pi(u#)Z).
%kBi’l’Le + %kBini

(2.20)

In (2.19), (2.20), u* and T# are fictitious quantities and are defined in such a way that the BGK model is
conservative. In the equilibrium case, the relations v, = u; = v and T, = T; = T correspond to u# = u and
T# = T. Moreover, u” being defined in (2.19) according to a convex combinaison of u, and u;, it holds that

1 1 1 1
<pe + pi) (u#)2 < 796“3 + piu?.
Tei Tie Tesq

e A Tie
Therefore T# defined by relation (2.20) is positive. In the situation where 7.; = 7;., we recover u# = u and
T# =T, where u and T are given by (2.10).
Remark that in [2,11,13], the authors consider only one global BGK operator per species in order to reproduce
the interaction between the given species with the other species.
The following properties are well known:

Proposition 2.1. For a = e,i, let F, be the flux function of Euler equations and 1no,(Uy) = T,(Pas€a),
Qo = uny the usual entropy-flux pair for the Euler system with the vy-law (2.4):

Ta(Pasea) = — —L 3 [m <(%‘ _pztzpo‘€°‘> + C] : (2.21)

Ma(Va
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Here C' is a nonnegative constant. If v. = v; = 5/3, then for a = e, i:

Po(Mo(fa)) = Us, Pa(vMa(fa)) = Fu(Ua), (2.22)
and
Hs(Ma(fa)) =naUa), Ps(Ma(fa)) = QalUa). (2.23)

Proposition 2.2. The model (2.13), (2.17), (2.18), (2.19), (2.20) conserves the mass per species, the total mo-
mentum and the total energy.

Proof. The two Maxwellian distributions (2.17, 2.18) satisfy the constraints

M
/ Mqy — fo) | Mav | dv =0, / My — fo)dv =0, a=e,i. (2.24)
R3 mo R3
a’g
Straightforward computations give
1 — 1 — 1 1
/ — (M, — fe)mevdu +/ —(M; — fiymvde = —mene(u# —ue) + —mmi(u# — u;)
R3 Tei R3 Tie Tei Tie
1 o 1 3 1 # 1 ”
— ( fe) me dv + — ( fl) mzv 2dv = Zkp —n(T7 = Te) + —n;(T7 = T;)
R3 Tei R3 Tie 2 Tei Tie
1 1
o (pe(u™)? = peud) + 5—(pi(u®)? = pyui).
2Te; 2T;e
Then the definition of u# and T# given by (2.19) and (2.20) leads to
1 Me v
— <(M [ Uz}+M fz){ 2 dezo. (2.25)
Tei JR3 Me 5 mi—5
Therefore the conservation properties follow. O

Theorem 2.3. The model (2.13), (2.17), (2.18) satisfies the H theorem.
(1) The model satisfies the entropy inequality

1 1 1 - 1 _
= [ Mempom(rdve - [ (M- gin(gydor— [ (M- fon(odos— [ (M- pin(av <o.
Te JR3 Ti JR3 Tei JR3 Tie JR3
(2.26)
e equality holds in the above equation if and only if there exists (ny, u, c X X such that
2) Th lity hold he ab f and only if th T R+ x R? x Rt h th
B Na v —ul? o
fa = W exp ( w), a =e,1. (227)

Proof. For each a = e, i, by using the conservation properties (2.24, 2.25), it holds that

/RS (Mo = fa)ln(fo)dv = /R3( — fa)ln <AJZ) dv (2.28)

and

/RS <1(Me_ FIn(f) + ém - fi)ln(f¢)> dv = / (== (M~ £.)in( A’;@EH% (Mi— Ji)n (x&)) v

Tei 3 Tei

Therefore the convexity of the function x — zInz yields the first part of the theorem. Moreover if the equality
holds in (2.26), it comes that
fa = Maa Mq = Mom o = €7i~
Next, by using the expressions (2.17)—(2.20) of M, and M,, it comes that u, = u; = u = u#,
T, =T, =T = T# and we get (2.27). Therefore we recover the same equilibrium states as for the Boltzmann
operator for a two component gas [3]. O
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2.3. Hydrodynamic limit

In this section we derive as an hydrodynamic limit, a nonconservative Euler system. We firstly rescale the
model and next perform the hydrodynamic limit.

2.8.1. Scaling on the one dimensionnal BGK model

For the sake of clarity, we assume that the system (2.13)—(2.20) is even in (va, v3). Such property being
preserved by the kinetic equation (2.13)—(2.20), the distribution function f, of the species a depends on the
time variable ¢t € R, the space variable z € R and the velocity variable v (v1,v2,v3) € R3. In the following, the
macroscopic velocity u(t, z), the current j(t,z) belong to R and (2.7), (2.12), (2.16) are to be read with

Ug = x v fadv, @4(f) = /]RB vi(fin(f) — fldv, j= /R3 v1(qe fe + qifi) dv.

Nea R3

The electric field belongs to R, and P,(f.) = U, belongs to R3:

Py (fa) = ma/ U1 | fadu. (2.29)
R3 %
The property (2.22) reads then as
Po(Ma(fa)) = Uas  Pa(viMa(fa)) = Fa(Ua). (2.30)

In order to obtain the quasi-neutral limit, the system (2.13)—(2.15) is rescaled in the following way

atfa +'Ulaxfa + %Eavlfa = %(Moe - foz) + i(/\/lia_ fa); « 7& B

. Tap
OE _ 1 (2.31)
g
o F =

)

RERN

where ¢ is a positive parameter proportional to the Knudsen number. In particular the Maxwellian distributions
given in (2.17), (2.18) write

Ma(fo) = Na (_(m —ua)2+v§+v§>7 a=ei (2.32)

2k Ta/me )32 P 25T/ Ma
and
_ B Ne (v1 — u#)? 4+ 03 + v3 o
Ma(fe, fi) = @k T#ma )3/ exp (— Shp T e , a=e,i, (2.33)

where u# and T# are defined by (2.19) and (2.20).

Remark 2.4. In [19,20], the authors perform formally hydrodynamic limits toward nonconservative Euler
systems in the context of mixtures of ions and electrons. In particular they consider for their scaling the mass
ratio between ions and electrons as a small parameter. In the present case, the scaling proposed in (2.31) is
different. Our aim is to provide a kinetic approximation of the system (2.31) in the spirit of [33]. The comparison
between the different scalings at the physical point of view has to be investigated and is postponed to a future
paper.
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2.8.2. Derivation of the Euler equations

The two species Euler system is obtained starting from (2.31)—(2.33) and performing an hydrodamic limit.

Proposition 2.5. The system (2.31)—(2.33) formally converges to the nonconservative two species Euler equa-
tions (2.1) where E is given according to the Ohm’s law

1 1 ele 147
—0zpe — —0upi = (n ge T ) E=-" Neqel = — L niq; B (2.34)
e i Pe Pi PepPi PepPi
and ok
Vei = Bl (2.35)

2(Tiehe + Teini)

Remark that the three dimensional version of (2.1) can be obtained by considering the system (2.13—2.15)
with the same scaling as in (2.31).

Proof. For this proof, for any g belonging to L} = {g € L' /(1 +v?)f € L'}, we use the notation

Vg € Ly, {g) =/ gdv.
R3
To obtain the Euler system (2.1), we perform a Chapman—Enskog expansion for each distribution function

fa = fg—kafi, a € {e, i},

/RS fodv = /]R fOdw, /R fldv =0, (2.36)

/ Ul(mefe + mifi)dv = / Ul(me fg +my f?)dv, / vl(mefel + mifil)dv =0, (2'37)
R3 R3 R3

with the constraints

/ V2 Mg fo dv = / v2mg fO do, / v*mg fadv = 0. (2.38)
RS RS RS

1

By identifying the terms of (2.31) of order e, we get

=M., acei},
where M,, is given by (2.32). Letting ¢ tend to 0, it comes that p = 0 and j = 0. Next, we use the relations
Ge = —e, q;=Ze (2.39)
where Z represents the ionisation rate and e the elementary charge. Then we deduce
Ne = ZNg, Ue = U; = U. (2.40)

Therefore,
f=M,, with wu,=u. (2.41)

[e3

Moreover, since u. = u;, the relation (2.19) implies u# = 4 = u. = u;. The terms of order €° of (2.31) are
given by
p 1 — )
0SS+ 010, O+ 2B, [0 = — (Mo — fO) — fL,  a,fe{ei), a#p. (2.42)

My Tap
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Multiply (2.42) by m,, integrate w.r.t v, use that (9,, f2) = 0 and (f') = 0 leads to
Ot (Mo f2) + Ou(mg v1 f2) = 0.
Hence we obtain the mass conservation equation for species «
Otpa + 0z(pau) =0, € {e,i}.

By summing on « this equation, we obtain the conservation of total mass. In order to obtain the conservation
of momentum, multiply (2.42) by m,v; and integrate w.r.t v. Hence we get

Oe{mavi £2) + 0u(mavi f2) + daB {010y, fa) = Tlﬁ<mavl(/\4a —fa)) = (mavifa), a#p. (2.43)

The scaling of the second equation of (2.31) gives
/3 vi(gefs +qifl)dv = 0. (2.44)
R

Hence combining (2.44) with (2.37) leads to (mav1fl) = 0. Moreover, as (mav1f)) = pau, it comes that

(mav? f9) = pau?® + pa, where p, is the pressure of species a = e,i. As v10,, f0 = Oy, (v1 f2) — 0, we get
(v1 Oy, f2) = —ng. Moreover, using that (mqav1 (M, — f2)) = 0, we obtain
0i(patt) + Ou(patt® + pa) — ganaE = 0. (2.45)

By summing term by term (2.45) and using (2.25), we get the second equation of the system (2.1). More-
over (2.45) can be rewritten on the form

1 a'ta
Oru + udzu + p—ampa _ Jn E=0. (2.46)

o Pa

By substracting equation (2.46) for electrons and ions, we get Ohm’s law (2.34). In order to obtain one equation
on each internal energy for each species, we multiply equation (2.31) by m,v?/2 and integrate w.r.t v

vt vt g v? 0 1 v? 0 v? .
at ma*fa +8ac ma*.favl +qo *6v1fa = — ma*(Ma - fa) - mocifa 7O‘7ﬂ S {E,Z},OA 7é ﬂ
2 2 2 Tag \ 02 2
(2.47)
Firstly, we compute
,02 1 1;2 1
ma*fg = Pafa t+ 7/0@“2’ ma*fg’Ul =U| Pafa + *pau2 + Do |-
2 2 2 2
For the last term of the left-hand side of (2.47), the relation %avlfg = Oy, (%fg) — 01 f9 leads to
02
9 E <281,1fg> = —naq. Eu.
Let o # 8 € {e, i}. Then (2.34) reads
1 1
—OgPa — 78wpﬁ = i ' (248)
Pa pp PaPp

Next for the right-hand side of (2.47), a direct computation yields

2

<ma”2(Ma— f§)> - gnakB(T# ~T).
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Moreover, the relation (2.20) implies that
1

o B ,
T# - Ta = 15(!71(7}3 - Toz)v 5 7£ a, {aaﬁ} € {6’2}7 (249)
ane + anz
because u# = u = u, = u;. So
2
V7 0 3 NN .
o~ a =_-———kp(Is — Ta P 3 s by 2.
(may Vs = 12)) = 3P hp(Ty =), 57, a€ (e} (2.50)
Hence, using that <ma§fé) =0 and (2.50), (2.47) leads to the 2 last equations of (2.1). O

Remark 2.6. The relation (2.48) shows that the force term of the kinetic equations leads as in [33] to the
nonconservative terms of the bitemperature Euler system (2.1).

2.4. Entropy dissipation

This section is devoted to the entropy study for the system (2.56) and is one of the crucial part of the paper.
We firstly prove the existence of an entropy-entropy flux pair directly on the fluid system. Next, the entropy
dissipation property is obtained through the kinetic point of view. It is shown that the two obtained entropy
dissipation properties are compatible.

2.4.1. Existence of a dissipative entropy for the Fuler bitemperature model

In this part we aim to identify an entropy for the system (2.1). More precisely, we are looking for a dissipative
entropy-entropy flux pair (1, @), defined as follows:

Definition 2.7. Consider a hyperbolic quasilinear system
U + AUHOU = GU). (2.51)

Let n be a strictly convex real valued function defined on an open domain {2 of R™. Let @ be a real valued
function defined on £2. (1, Q) is a dissipative entropy-entropy flux pair for the system (2.51) if for all i € 2:

" UAU) = Q'(U) (2.52)

and
n'U)GU) <0. (2.53)

Let us perform the change of variable U = ¢(V). We denote
AW) = (@ V)T A@ON (V) (V) =n(0(V), QYY) = Q(s(V)).

It is an easy matter to prove that U is a solution of system (2.51) if and only if V is a solution of

0V + AWV = (¢' (V) G(o(V)), (2.54)
and that condition (2.52) is satisfied if and only if
7 (VAWY) = Q'V). (2.55)

In our case, the primal variable U = (p, pu, &, ;) can be changed into V = (p,u,e.,e;). A straightforward
calculation leads to the following system for V:
Orp + u0yzp + pOgu = 0,
Oyu + udpu + p~ ' 0y(pe + pi) = 0,
Mee + udpee + po peOpu = p. vei(T; — To),
Oei + udye; + p; ' pi0pu = p; ey (T — T5).

(2.56)
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Lemma 2.8. For a = e,i, let No(pas patt, Ea) = T, (Pasca) be as defined in (2.21), and Q,, = u7j,. We define

(1, Q) for system (2.56) as

(s U, e, &) = e (pCe, €e) + pall; (pci, €:), (2.57)
Q(pa U, Ee, Ei) = Me@e<pcea u, 56) + Mi@i(PCia u, Ei)
where pe and p; are constant. Hence relation (2.55) is satisfied.

We skip the proof of this lemma: it is a direct calculation where one uses the fact that the entropy 7, does
not depend on the variable u.
As a consequence, if we define n(U) = 7(p, u, ., ;) and the fonction U, as

U, (U) = (cap, capu,€s), o =e,i, (2.58)
equality (2.52) is satisfied with

nU) = pene(UeU)) + pimi(UiU)),  QU) = un(U). (2.59)
We can now prove the existence of a strictly convex entropy for system (2.1).

Theorem 2.9. Let (n,Q) be defined by (2.59), with 1., n; defined in Lemma 2.8 and U,, U; defined in (2.58).
Let us set
te = p; = 1. (2.60)

Then n is a strictly convex dissipative entropy for system (2.1) and Q is the related entropy fluz. More precisely,
any smooth solution of the system satisfies the following equality:

Vei
kpTiTe

OmU) + 0,QU) = (T; — T.)%. (2.61)

Proof. It remains to prove convexity and dissipation by the source-term. Consider & # W. Then U, (U) #
U,(W) for at least one a. As 7, and n; are strictly convex and p,. and p; are positive:

W) > nU) + > pan(UaU)(Ua(W) = UsU)).

a=e,i

As the U, are linear, U,(W) — U, (U) = U, (U)(W —U), and therefore
nOW) > nU) +n' U)OV = U),

which proves that 7 is strictly convex.
Then by using (2.4) one has

<uea(77eaz:Je)(U) B uia(%;Ui)(u)) (T; - T.) = *é(Ti ~T)) <;: - Pjﬂ:)

and (2.61) follows. O

2.4.2. Entropy inequality for hydrodynamic limits

Theorem 2.9 is valid for any value of 7., v;. In the present case, the kinetic model (2.31) being monoatomic
only the values of 7. and ~; equal to 5/3 can be considered. However, recall that the problem can be overcome
by introducing a polyatomic kinetic model. The existence of a strictly convex dissipative entropy allows us to
precise which solutions are admissible. In that goal, we study the entropy dissipation induced by the kinetic
model.
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Proposition 2.10. Let U be a solution of (2.1) with v. = ~; =5/3. If U is a limit of a solution to the kinetic
model (2.31)—(2.33) then the following inequality holds:

) + 0,QU) < ——=

< (=T (2.62)

Proof. Multiply equation for f, of (2.31) by In(f,) and integrate w.r.t v gives

o
) ( [ gemts) - fadv> o, ( [ nttatntz) - fam) s [ B (fha(f) - fo)do

- 1/ (Ma - fa) ln(fa)dv + i (moz - fa) ln(fa)dv'
RB

g Tei JR3

The third term of the left-hand side is zero. By using (2.28) and notations (2.11), (2.12):

atHs(fa) + arqjs(foz) S i /Rs(ma - fa) ln(for) dva [ORS {e;i}a ﬂ 7é Q. (263)

Tapg

Now we sum over a = e,i and formally pass to the limit € = 0. We obtain f, = M, with p =0 and j = 0.
So P,(fa) = Ua(U). The left-hand-side tends to the left-hand-side of inequality (2.62) as a direct consequence
of (2.23). Moreover we get for a € {e,i}:

2

(Mo — My)In (”“) dv — / (Mg — M@%du.
R3 o

(271']63%)% QkBma

/Rs(ﬂa — M) (M) dv = /

R3

The first term of the right-hand-side is equal to zero by (2.24). For the second, a straightforward computation
gives:

/ (Mo — MQ)MdU _ 3N s ).
R3

2k L 2T,
Therefore the right-hand side of (2.63) reads
1 1 n;
A= Lheqw gy L0ipr gy
2 \ 7o T, Tie L4
We conclude by using (2.49) and (2.35). O

This result is our motivation to define the admissibility of a solution of the bitemperature Euler model even
in the general case v, # ;.

Definition 2.11. A solution U of system (2.1) is said to be admissible if it satisfies inequality (2.62).

3. NUMERICAL APPROXIMATION

The spatial discretization is defined by a step Az and discretization cells C; :]xj; 1, %1 [. We consider that
Ax is constant, except in the Lagrangian formalism below. The time step can be variable in the applications
and is denoted At: tg =0, t,,41 = t, + At.

We adopt the finite volume viewpoint: for an unknown V' (x,t), we look for approximations V;* of the average
of V at time ¢, on cells C}.
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3.1. A kinetic scheme

In this section we design a numerical approximation of the bitemperature Euler model (2.1) by using the
kinetic approximation (2.31)—(2.33). We use the well-known transport-projection method that can be described
as follows.

An initial data U° being given, for a = e, i, we set p? = pUcq, nd = p% /Mg, and ud = uP.

Suppose that at time ¢, an approximate solution U™ = (p", (pu)™,EY,E’) is known and that we have been
able to define U}* and U;* such that

P =p"Co, up=u", a=e,i. (3.1)

As a consequence, n' = pl'/m, is also well defined for a = e,i and we are able to compute the microscopic
quantities fI*(v), fI*(v) by

fow) =My(UT), a=e,i. (3.2)
We recall that the moment operator P, is defined by (2.29) and satisfies (2.30). We obtain:
Po(fa) =Uss Pa(uMa(Uy)) = Fu(Uy), (3.3)

where F,, is the flux function of Euler equations with v = 5/3.
Now, at the microscopic level, we approximate the equations

- L .
Oufo+ 010cfa+ 2=BD, fo = —(Ma — fa), a = ei, B o (3.4)
« af

Definition 3.1. For each value of v we define a numerical flux h,, ;1 (v) = ha(fa,;(v); fa,j+1(v),v) such that
for all v, hq(.,.,v) is Lipschitz continuous and for all f:

hl)é(f?f?U) :vlf~ (35)

n+1
For a € {e,i} with a # 3, we define fa;“ and U as

”+2 n At n n da n+2 At —— n+2 n+2 n+%
ot = = A (g @) -y 0) — acte g, gty AL (R - ), o)
and n
Uttt =P, (fa,j ) : (3.7)

E™ 1 not being defined, we impose the two following relations, which are the relaxed limit of the last two

equations of (2.31):
e i1 i nt1

Mg my !B
(3.8)
9e n+1,n+1 9 n+1, n+1 _
—p, u T+ — u; - =0.
me el el my
Therefore u"j‘l = ugjl and we define U}"H by setting
n+1 n+1 n+1 n+l _ n+1 n+1
Pj - T Pey TP U T Uy = U

Consequently, relations (3.1) are satisfied at level n + 1. For o = e, 4, we set

Fa,j+% =Fa (U g+ Ua ,J+1) (3~9)
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with
]:oc(UonVa) = Pa(ha(Ma(Ua)yMoc(Va);'))- (310)
This is a consistent numerical flux for Euler system of species a:
]:a(Uou Ua) = Pa(UIMQ(Ua)) - Fa(Ua)~
Now we proceed as in Section 2.3.2. First we note again that
Pa(&q fa) = (07 —Pa _pau)'
We thus obtain the following relations:
At Atq
n+1 n+1 n, n n n e n+1 n+1
At At g;
n+1 n+1 e n 2 rn+1 n+l
R e ( iith2 T ij—g,a) T B P
Hence, denoting
A _CiF;l,j+§,2+ceFi7zj+%,2’ (3.11)
we have
cic n+1En+1 _& + & _ 5", —
iCelj By me | m; Agc i+~ %% )
Therefore by (2.3) and (2.39):
de n—+1 n—i—l q; n+1 n+1 L ( n _sn )
meE p €e,J meE 7] - Ax -7+% 61_%
It is clear that 0", , is consistent with —c¢;pe + cep;:
2
o . = 6(“]717 ;‘11)7 5(“7“) = —CiPe + CeDi-
Finally, if we define F} 41 a8
F gria Tt 5 Jt+3
F ..15+F;
_ e,j+3,2 1,54 3,2
T s (312)
Fijvys

we obtain the following consistent scheme.
Proposition 3.2. A consistent scheme for Euler bitemperature system (2.1) is constructed as follows. For all

{U?} ez is the approzimate solution of system (2.1) at time t,,, we set

n>0 U™ =
Uy j = (cap],capjuy,&a), a=e,i. (3.13)
A FKinetic flux hy is chosen as in Definition 3.1. We then define the numerical fluzes F,, P FJ+% and d;.,
by (3.9)—(3.12). The approzimate solution at time t,11 is defined by the implicit system:
At
n+1l _
Py =P T AL (Ffi%, - Ffb—%J)v
At
n+1 n+1 n, n n n
Pi “PY T A (FJ+ 2 FJ‘*%?)’ (3.14)
At At ’
n+1l __ M n+1 n+1 n+1
N Az (F fj+2, N ng—%,3) Y AL (6?-5-2 — 05 ) + Atvei (T35 —T257),
At At
n+l _ on n n+1 n n+1 n+1
& =&~ Az ( i,j+35,3 7Fi,j7%,3) +uy Az ( it+3 (;jf%) - Atyei(Ti,j - T, )-
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At the implementation level, the values of p and u are computed explicitly. It just remains to handle the
source terms, and this happens to be a linear problem.

Remark 3.3. The relations (3.14) lead to a conservative numerical scheme for the conservative system satisfied
by p, pu and & = &, + &;.

Remark 3.4. (3.14) gives rise to a numerical scheme as soon as the fluxes coming from a discretisation of the
conservative Euler system. In particular, starting from (3.14), the numerical fluxes do not need to come from a
kinetic process. For example, HLLC fluxes for Euler can be chosen. This point needs further investigations.

As an example, suppose that

hatfg0) = 27 +g) — ol ) (3.15)
Then )
FalUa,Va) = 5 Pa(iMa(Ua) + viMa(Va) = [vmax|(Ma(Va) = Ma(Ua))),
that is
FulUn, V) = % (Fa(Us) + Fa(Va)) — @ (Vo= U.). (3.16)
Consequently:

Pty + Pit1Uj+1 — [Umax|(pj+1 — pj)
1 pju5 + pir1uf g + Pej + Dejr1 + Pig + Pijr1 — [Vmax| (i1 10401 — pjuy)
Ujs1(Eejr1 + Pejr1) + uj(Eej + Pej) = |vmax|(Eejr1 — Ee )
w1 (€1 + Pijar) T 15(Eij 4 Pig) = [Vmax|(Eija1 — Eij)

The nonconservative part is approximated with

5]‘4'_% = —%(pe,j + Pe,j+1) + %e(pm' + Pijt1)-
Finally, denoting n. = 1, n; = —1 the scheme reads as:
it =y - % (P)1tfsr = Pfaujy) + % (Pj1 = 205 + 1), (3.17)
py U = pjul — 2371; (P5ea (W) + Pl jn + Pijn = PF-a(uf1)® = PEyoy = Piyoa) (3.18)
% (P?+1U?+1 - 2[’?“? + P?—1U?—1)a

£ = E05 — oo (W (€2 s ) — W1 (€ + g ) (3.19)

+ % (051 = 2605+ €05 1) + 1o At wei (T7F = TT)

- ”a“?H% (=il jp1 = pej—1) +ce(Dlja — pij-1))s a=e,i.

For the numerical tests, we used the more general HLL flux, which is obtained by the choice

As MY A
A

A?)_Alf—Ag_Alg 3_Al(g—f)- (3.20)

half,9.0) = vy (
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Here A1 and A3 are constants to be fixed. The fact that this scheme satisfies discrete entropy inequalities is
not clear at this point because the transport scheme with flux (3.15) or (3.20) is not monotone for all v, but
it is actually true, as it will be proved in Section 3.2. In the situation where for any vy, one has |v1]| < |vmax|,
a discrete entropy inequality can be proved. This condition is fullfilled, when the velocity grid that is used is
compactly supported. This situation is classical in kinetic theory for gas dynamics, where the authors consider
velocity grids equal to [u—4v/RT,u+4v/RT) (see [12]). In particular, the Maxwellian distributions are truncated
beyond this domain. There is another way to proceed which consists in replacing the Maxwellian by compactly
supported distributions shearing the same macroscopic quantities as the associated Maxwellian.

2. Discrete BGK schemes

In this section we start from the discrete BGK approach of [4,28] to construct another family of schemes
for system (2.1). An important feature of those schemes is that they satisfy discrete entropy inequalities. As a
particular case, we recover the scheme (3.17)—(3.19), which is therefore entropic.

The model developped in Section 2 deals with a monoatomic setting. That is why the values v; = v, = % are
imposed. Here the situation ~y; # 7. is allowed.

3.2.1. Models

We take a discrete BGK model with L velocities [4] for Euler equations with v = ~,, a = e,i: denoting
F,(U) the Euler flux function, there exists L functions M, ; : R* — R? and A1 4, ..., Ao € R such that

L L
VU €R®, Y Mo (U)=U, > XaaMay(U)=F.(U). (3.21)
=1
We denote M, = (Ma,)1<i<r, Ao = diag(Aa1ls,...,Aa,rl3) where I3 is the 3 x 3 identity matrix, P =
(Is,...,I3) € M3 3. (R), so that relations (3.21) may be written as follows:

YU €R3, PM,(U)=U, PAM,(U)=F,U). (3.22)
Moreover we denote
‘ 000
No=-"2[100], WN,=diag(Ng,...,N,) € Msr(R).
Ma \ 010

For all f = (f1,..., fr) € R®", the macroscopic variables p, u, € and ¢ are defined by:
p
Pf=U= pu

E=pe+ipu?

For a, B € {e,i}, a # 3, we define

m 1 U
Ta,l = Vez‘ﬁ(% - 1) (pfa,:s,l Pa afa,Q,l) . Bagi(fe, fi) =(0,0,781 — Ta1);  Bag = (Bag,i)i<i<L

and we set

({)tfe‘S +Aeawfs Es(x t)N fs = ( (UE) f )+BeZ( fs)

Lo

€

1
Ofi + Ai0u f; — E°(w, t)/\/fs—g( i(U7) = f7) + Bie(fe, f7):

3.23
atEE——l(‘Ie > (3:23)
5

) Ea_i 78 s_’_ii 5
x - 52 mepe mipi ’

with U§ defined by U; = Pf:, a = e, .
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If f£ — f, when € tends to 0 (o = e,i), then passing to the limit in the last two equations of (3.23) we

obtain that g 0
“pe+ —p; =0. (3.24)
Me mg

Ue = U; = U,

Moreover g. = —e and g; = Ze, so that m;p. = Zmep;. As c. and ¢; satisfy (2.3), we obtain that p, = cup,
a=e,i.
We have also for a = e, i:

Ma(Ua) = fa'
We apply P on the two first equations of (3.23) and we obtain the relaxed system:
8tpa—|—3x(pau) 207 0526,7:,
at(pau) + 8z(pau2 +pa) - qiEpa =0, a = e, i,
Ma

1 1 . 3.25
Oy (pege + 2peu2) + 0, (U(Peﬁe + ipeUZ +pe)> - %Epeu = Vei(Ti - Te)a ( )

1 1 )
O (pifi + 2[%“2) + 0, (U(Pz’Ei + ipiUQ +pi)> - %Epiu = —vei(T; — To).

We then proceed as in the proof of Proposition 2.5: we retrieve Ohm’s law and I/ is a solution of the bitemperature
Euler system.
3.2.2. Compatibility of microscopic entropies

In this paragraph we suppose that the Maxwellian functions are of the following form:
Moi1(Us) =8aiUa + CaiFo(Uy), 1<I<L, a=e,/i. (3.26)

Here &, 1, Co,1 are real constants. For instance, this is the case for the model (3.37—3.38) below. We also suppose
that those functions are one-to-one and that for all U, under consideration:

(M. ,(Uy)) Cl0,40], «=e,i. (3.27)

a,l
This condition is related to the well-known Liu’s subcharacteristic condition, see [4,25]. The Euler entropy being
fixed as in property 2.1, we define
Ga,l(U) = §o¢,l77a(U) + Ca,lQa(U)v Ha,l(fl) = Ga,l(M(;ll(fa,l))» 1<I<L, a=e,i.
Then F. Bouchut proved that the following properties hold for a = e, [8]:
o forli=1,...,L, H,, is convex, (E0)

o > Hot(Moy(U) =0a(U),  (ED).
=1

L L
o forall f,if Uy = Pf, one has >  Hoy(Mau(Us)) <> Hau(f).  (E2)
=1 I=1
Those properties are similar to the ones of the Boltzmann entropy for the physical Maxwellian distributions of

Paragraph 2 and the same formalism could be used for both of them. Using moreover the fact that

7' (Ua)NoUs = 0, a€{e,i} (3.28)
we can prove straightforwardly that our relaxation model preserves the entropy properties of the solutions:

Proposition 3.5. IfU is a solution of system (2.1) obtained as a limit of the discrete BGK model (3.23) then
U is an admissible solution.

The counterpart of this result is that the related numerical scheme is entropic, as it is stated in the following
paragraph.
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3.2.8. An entropic numerical scheme

We proceed as in Section 3.1. Here h, is a numerical flux for the linear system of transport equations

that is

Definition 3.6. For o = e, i we define a numerical flux hy = (ha)1<i<r:

Vie{l,....L}, hgjp10=hai(fagis fagv1i) :

he is Lipschitz continuous and satisfies the following consistency property
(VfeRY™) ha(f, f) = Aaf. (3:29)

An approximate solution U™ being known and U}*, U having been defined, we set

"= Mo, (U™). (3.30)

al =

1
n+3

For a, B € e, i, with 3 # «a, we define (fa,j Ja=e,i as

nt3 n At n n n nt2 nt3 nti
fai® =Tai— 2 ( nitl T hw,_%) + AtETYING fo 52 + AtBag (fa,j * fhs 2) : (3.31)
We define UL, o = e, i, as
n+1 n+3
Uni =P(fo;?) (3.32)

and we impose (3.8). The remaining of the method follows the lines of Paragraph 3.1, simply replacing the
numerical flux (3.10) by
FoUay Vo) = P(ho(My(Uy), My,(Vy))). (3.33)

It is easy to see that this is a consistent numerical flux for Euler system of the species . As a final result, we
obtain the following consistent scheme.

Proposition 3.7. A consistent scheme for Euler bitemperature system (2.1) is constructed as follows. For all
n >0 ifU" = {U}'}jez is the approximate solution of system (2.1) at time t,,, UZ; and U}'; are defined by (3.13).
A kinetic flux he, is chosen as in Definition 3.6. We then define the numerical fluxes Fa’jJr%, Fj+% and 5j+%

by (3.9), (3.33), (3.11), (3.12). The approximate solution at time t,y1 is defined by the implicit system (3.14).

In all the sequel, we choose h, as the upwind flux: denoting for A € R

A7 =max(0,—)), AT =max(0,)), (3.34)
we define
Vg €R*™ hau(fi,9) = N fi = A0 (3.35)
We then find ;
FallaVa) =Y (—)\;JMM(VQ) + )\LMM(UQ)) . (3.36)
1=1

A first choice of parameters is as follows, for both @ = e, a = i. As the parameters are the same, we omit to
mention « in the notations. The characteristic velocities are:

1
A< )\3, Ay = 5()\1 + )\3) (337)
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while the Maxwellian functions depend on a parameter x > 0:

(A3 —r)U = F(U) 2xU
/\3—)\1 ’ MQ(U)i /\3_)\1,

The subcharacteristic condition

M) = ~Qut U+ FU), (338)

M =
1(U) JA——n

VAea(F'(U)), M+r<A<I3—k

ensures that if k > 0 then condition (3.27) is satisfied for [ = 1,2,3. If k = 0, then My = 0, the model reduces
to a 2 x 2 one and the condition (3.27) is satisfied.
The related numerical flux reads as an upwind flux if A A3 > 0. Otherwise we obtain, setting again a:

Al A3
= — F —F .
FalUa: Vo) = = 525 FalVe) + 325 FalUa) (3.39)
A A
+ A U A (<A1 = (M A3) )WV (<As 4+ g+ As) D) Ua).
/\3 - )\1 )\3 - >\1

If Kk = 0, one retrieves the HLL flux given by (3.20). If K = 0 and Ay = —|vmax| = —A3, one retrieves (3.16).
The entropic behaviour of our schemes is proved by the same method as in [5] because (3.28) holds. We
denote
"’77,-&-% _rm At n n n mn
fa,j,l — Ja,5,l T I.T (h!lyl(fcx,j,bfa,j-&-l,l) - hOéJ(fa,j—l,lafa,j,l))? 1<I<L. (340)

Theorem 3.8. Suppose that the Mazwellian functions are of form (3.26) and that condition (3.27) is satisfied.
Suppose moreover that for a = e,i and for alll € {1,...,L} there exists a numerical entropy flux G"

oz,j+%,l
ga,l(f(ZL’j,pfg,j_A'_Ll) such that
~n+l n n _Cn
Hasl(fa7j 2) - Ha,l(fa]) + a’j+%’l ga,jf%,l S O. (3'41)
At Az
Then the following discrete entropy inequality holds for the numerical scheme defined in Proposition 3.7:
n(UfH) ) + Q?Jr% _ Q?_% <- e (Tt — 2 (3.42)
At Azx - kBTianrlT:;rl i, e,j 5 .

where the numerical entropy fluz Q;?Jr% = QU U}, ) is defined by

L
QUYV) = > Gat(Ma1(Ua), Mai(Va)) -

a=e,i =1

In the applications, as we choose the upwind flux for the transport equations, the numerical entropy fluxes
G, exist under the CFL condition

At
max{|)\a,l|AI, 1<I<L,a= e,i} < 1. (3.43)

They read as
Gou(f,9) = )‘:,lHa,l(f) - )‘;,lHa,l(g)-
This is different from the kinetic scheme of Section 3.1 where the CFL condition cannot be satisfied for all v,
so that the scheme with flux (3.15) is not entropic.
In the present case we have

ga,l(Moc,l(Ua)a Ma,l(va)) = fa,l ()‘Iylna(Ua) - )\;7[77Q<Va)) + Ca,l ()\;r’lQa(Ua) - )\;JQ(X(VO{)) .
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3.3. Relaxation approach (Suliciu)

3.3.1. Relazed system and relations of Suliciu

We consider a relaxation approach to solve the bitemperature Euler equations (2.1). As for the Euler system
described in [9] for one species, the partial pressures p, and p; are replaced by passive scalar variables 7, and ;.
These new variables are relaxed towards partial pressures p. and p;.

We consider the system under the form (2.56). The Suliciu relaxation system can be written as:

Ogp + ulypp + pOru = 0,

1
Owu + udu + ;81(776 +m;) =0,

at<€e + uaa:ge + Eazu = @(T‘z - Te)a
e Pe
Ose; + udye; + Eﬁwu = —@(Ti —T.), (3.44)
Pi Pi

2
a“c 1

ea:zru = 7(pe - 7Te)a
p T

O4Tte + U0 Te +

a2 C;

1
—Opu = —(pi — ™).
Coeu= (pi =)

Oym; + u0ym; +
When the positive relaxation parameter 7 tends to zero one has
Mo = Pa + 07+ O(7?), a = e,i. (3.45)

From equation (3.45) and system (3.44), we can deduce that:

0= c—a( 20?2 —a*)0pu+ O(7), aq = [ JaPa
P Pa

Hence the stability condition needed by the parameter a is:

a® > p?* max(a?, a?). (3.46)

e

It is necessary to diminish the numerical diffusion induced by the increasing of parameter a to insure stability.
Hence, a new equation about a is introduced:

Ora 4+ udya = 0. (3.47)
Finally, with respect to the primal variable, system (3.44), (3.47) reads as follows:

Op + 9 (pu) =0,
pu’ + e + ;) = 0,
ge + 7Te)) - uaa:(ciﬂ.e - Ceﬂ-i) = l/ei(Ti - Te)7

o) o (o (5 0)) - et a
o (27 wo, (w225 41)) =

(ac;)

O(pa) + 0z (pau) = 0.
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The Suliciu relaxation scheme for system (2.1) consists in three steps. The approximate solution U™ of (2.1)
being known, we define a™ such that condition (3.46) is satisfied and we project the pressures onto equilibrium:

=p, a=ce,i.
Then we use an exact Riemann solver for the homogeneous system related to (3.48):

Oup + 0z (pu) =

at(PU) am(pu + Te + 771) =0,
0,6, + 0, (u(E,
(&

+ 7)) — u0z(c;me — cemi) =0,
& + O (u(&; + 7)) + udy(cime — cem;) = 0,
0

o (855) o0 (o500 -0

)
o (o) +oe (v (o +1)) =0

O¢(pa) + 0z (pau) = 0.

Remark that the nonconservative product ud,(c;m. — cem;) makes difficult the definition of a weak solution
for this system. However, we show here below that the solution of the Riemann problem is well defined and

—pal
this is the only property we need. Let 7""* be the obtained solution. The third step takes the temperatures
interaction into account implicitly: the approximate solution of system (2.1) at time ¢"*! is defined by

n+l __ 7n+% n+l _ ﬂn—&-%

and
+
EMTY=E + Atwe (T — 10,
+
EMTL =87 4 At (TP — T
This system is linear and owns an explicit solution.

3.8.2. Riemann solver for the homogeneous system (3.49)

By using the variable U = (p,u, e, €;, 7e, 7, a), one can easily compute the eigenvalues of system (3.49).
They read as {u — a/p,u,u + a/p} where u is an eigenvalue of order 5. All the fields are linearly degenerated.

Let Uy, Ur be a Riemann data for system (3.49). We look for a weak solution as a superposition of three
contact discontinuities propagating with velocities uy — Z—i, u* (to be determined), ur + Z—g with

ur — L <wf <up+ 28, (3.50)
PL PR
Riemann invariants can be given by:
2 2 2 2
. a a a“ce a“c; 7r I
Field (u——):u——, a + i+ , Ee — € . L
( p> o T T e T A

Field (u) DU, e+ .

a’ce a’c; 72 w2

Field (u+ %) :ut 2 + + e ¢
ie u+—)u+— a, Te+—, M+ —, ¢ — ) €5 — .
p pl p p 2(cea)? 2(cia)?

As a consequence, ¢;m, —c.7; is a Riemann invariant for both extreme eigenvalues. This means that this quantity
remains constant through the related contact discontinuities, so that ud, (¢;me — cem;) = 0 there. For the central
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*
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* * * *
Pr> W s € Ry &R
* *
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PR, UR, Se,Ra 8i,R
Te,Ry Ti,Ry AR

FIGURE 1. Structure of the Riemann problem.

discontinuity, w is constant so that ud,(¢;me — cem;) = Ox(u(c;me — cem;)). Hence, this product is also well
defined in the usual weak sense. Hence the superposition of the three discontinuities is actually a weak solution
of system (3.49). The Riemann invariants lead to the following system:

a a a a
up — = = — -, up + — = ut +
PL L PR R
2 2 2 2
asc asc ase a%e
Te,LL + L-e — 7TZ7L + L*e’ Te.R + R-€ — W:,R_F %7
PL L PR R
2 2 2 2
as ¢ as ¢ a%e; a%e;
L+ LZ:T‘-;L-I- L*Z, TR+ Rl:ﬂzR-i- R*l,
Pr PR
- Wg,L o (W:,L)Z - WE,R et (772,1%)2
LT 2cear)? T T 2cear)?’ O 2(cear)? O 2(ceag)?’
. 7%'2,1; _ (7T§k,L)2 . 7rz'2,R o (WZR)Z
T 9(car) LT (a2’ TR T 2(qag)? b 2(c;agr)?’
Mo+ =Tep+T R
Denoting 7 = m, + 7;:
i_i aR(uR—uL)+7rL—7TR
P PL ar(ar, +ag) ’
1 1 ar(ug —ur)+7r— 7L
PR PR ar(ar, + ag) ’
* _ aRuR“"aLUL“FWL_WR? (3.51)
ar +apr
TR — T —ar(UR — UL
7T27L = T, T ALCe P a(R ), 5:,L =¢€e,L Tt W ((WZ,L)Q - 7Tg,L) )
TR — T —aGRr\UR — UJ, 1
W;k’L:ﬂ'i,L—l—aLci aLJra(R )7 €;,L:&’L—FW((W:,L)Q—WZL)’
T — TR —ap(UR —Uurp,
TR = Me,n + ARCe ar + CER )’ fen = cert 2(cear)? ((7e0)" = mem)
T —TRr —arp(UR — Uy, 2 2
ﬂ';k’R = T R + QRC; p— éR ), 5;1{ =& R+ W (("T;:R) - Wi,R) .

We must now provide some sufficient conditions on a;, and ap in order to satisfy (3.50) and the realisability
of the intermediate states, that is positivity of p7, pk, €l 1, €f 1, €f g and €] g. First we can note that (3.50)
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LR
. R L its
w2 1 - 1
u .1 J—73 ]+§
J—3
—nNn —n —n At
j—1 uj j+1
Ti-3 Tj Tit+3
Ax

FIGURE 2. Structure of Riemann solutions on [z; 1,2, 1] X [tn, tn41].

implies the positivity of pj and p%. On the other hand, from a straightforward calculation, €7 |, &7 ., €7 p and
€; p are positive if condition (3.46) is fulfilled.
Finally we can deduce that a must satisfy

ar(ar +ar) > pr(Pe,r + Pi,R — Pe,i. — Di,L),
ar(ar +ar) > —pr(Pe,r + Di,R — Pe,l, — Di,L)s
ar, 2 prer,

QR 2 PRCR,

where the two first conditions are set to satisfy (3.50).
The so defined solver is entropic for the case of Euler one temperature conservative system (see [7] Para-

graph 4.2). By analogy, one can expect that this property remains true for the bitemperature system, but this
needs to be proved.

3.8.3. Numerical scheme

In this paragraph we detail the second step of the scheme, namely the use of the Riemann solver to define
ol ol
the approximate solution 7/ ' 2 = {U?Jr? }jez- At each interface {2, 1} X [tn, tn11] We use the Riemann solver
with U, = 27?, Ur = H?H. The speed of the different waves are

a’ a’

] % ) J+1
ALt =Y T Mgl S U Mg =Wty

Pj Pj+1

We define U(z,t) on (21,24 1] X [tn, tny1] as the superposition of the Riemann solutions (see Fig. 2). In order
to avoid overlapping Riemann problems on [wj_%,xj +%], the following CFL condition is used:

At
=< = + - ) .
e % 1 e = (s (V4 00,04))
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We then define H;HE a

—n+tl i i+l
U, Aﬂ?/g;,l U(z, At)dx
We set:
= 7 e Ands, w - i/w”%zj( At)d
Jj = AZ‘ z, X, i = z ), x, xX.

1
2

Finally, using notation (3.34) we obtain

;= 505~ g (o (T ) oy (08— ) oy (85 - 00))
0 2 0y () 5,y T3 (2 -2
U =u; U

3.4. Lagrangian approximation

The system (2.6) is solved by using a splitting. The gas dynamic is first solved using Lagrangian formalism.
Then the computation of the new ion and electron internal energies is done in two steps. First, after the
Lagrangian step we have a new total internal energy which is the sum of ion and electron internal energy. To
compute the electron internal energy we make the assumption that the entropy deposition due to the shock is
done on the ion internal energy [36]. Thus, electrons follow an isentropic evolution. Then the exchange of energy
between ion and electron is computed. Finally, the Lagrangian solution is conservatively interpolated on the
initial grid. This approach is also called Lagrange-projection scheme [10, 14, 15].

8.4.1. Lagrangian phase

In Lagrangian hydrodynamic methods, a computational cell moves with the flow velocity its mass being time-
invariant. Thus, Lagrangian methods can capture contact discontinuities sharply in multi-material fluid flows.
Here the Lagrangian scheme is based on a cell-centered discretization of Lagrangian hydrodynamics equations.
This scheme is written in total energy form. Here, e is the total specific energy.

pdyT — Ozu =0,

pdiu+ Ogp =0, (3.52)

pdie + Opu = 0,
where p = p; + p. and e are respectively the total pressure and the total energy. From total energy we can get
internal energy from ¢ = e — fu2 As the mesh is moving we have to add the local kinetic equation: dix = u.
3.4.2. Numerical scheme

In order to find an approximation of the flux of (3.52) we use the Godunov Riemann solver and we denote
p*, u* the intermediate quantities. By using the Riemann invariants (u*, p*) are given by

u L= prtapuy +agyy

ar (3.53)
=Gt ape + ey (u — )
ar + a;
The problem is solved on the interval [0; L] which is discretized in N elements Ci, ..., Cy. Furthermore, we

can define the jth cell center as x; = 1( j+i t J:J,l).
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We perform first the integration in space on Az; = [x;_1 /2, %41 /2]:

d [%i+d
p&/ * r(x,t) da:—[u ]+1,t —u(x]_,,t)}:O,
azj7%
d “CH%
”&/x ) t)dz+ [p (%‘fé’t)} =0, (3.54)
T3
d [%i+3
p&/r 12 T, t dx + [pu j+ ,t pu(.%']i%’t)} =0.
1

tnt1 g tnt1
pAzx; /t dtﬁj dt — /t [u(ijr%,t) - u(xjfé,t)} dt =0,

trnt1 du. tny1
pAz, /f i+ /t [play14.1) — pla;_y.0)] di =0, (3.55)

‘n n

tn41 de. tny
pAz; /t % dt + /t [pu(xﬁé,t) - pu(:cj_%,t)} dt = 0.

n n

1

trnt1
E/ ¢(x;41,t)dt, the system becomes:

Now with (pn = Qﬁ( n) and <P]+1 =

m; (Ui —ul) + At (pj+

mj(e?""l )+At(]+1’u p; % ; %):0,

eI

m\»—‘

N—
||

(3.56)

with m; = p; Az, (pu)* = p*u* and where (p*, u*) are given by (3.53).

Thanks to (3.56) we can compute a discrete form for internal energy using the difference between the total
energy and the kinetic energy.

Next remark that the scheme (3.56) is entropic. More precisely, considering a macroscopic expression s of the
entropy (see [22]), the second law of thermodynamics writes

ds de dr

a - a tPa

In that case, it is shown in [26], that the numerical scheme defined by (3.56) satisfies
ds; . 2 ) 2
ijj5 = pPicy (uj+% - uj) + Pj+1Ci4+1 (“jfé - Uj) >0, (3.57)

corresponding to a semi-discrete entropy inequality.

3.4.3. Bitemperature model

Based on total energy conservation, the Lagrangian scheme must deal with the exchange between the kinetic
energy and the internal energy of ion and electron. The system we aim to solve for the internal energy of ion
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and electron is

de, dr
P( + ) :Vei(Ti_Te)y

at P
d&i dr
i— | = vei(T. — Tj).
p(dt —|—pldt> Vez( e z)

As the scheme is written in total energy formulation after the Lagrangian hydrodynamic step, we need to
solve the exchange of energy in the system. The new ion and electron internal energy are computed in two steps.
First, after the Lagrangian step we have a new internal energy which is the sum of ion and electron internal
energy. To compute the electron internal energy we make the assumption that the entropy deposition is done
on the ion internal energy [36]. Thus, electrons follow the isentropic evolution
d e, av

+p =0,

™1 ¢ dt

where m = p V is the mass, V' the volume and % is the change of volume during the Lagrangian step. We
1,2

can deduce ion internal energy from ¢; = ¢ — €., where € = e — Ju” is the mean total internal energy. Then, to
solve the energy transfer between ion and electron we solve

de

P dte :Vei(Ti _Te)a
d€i

Pdt :Vei(Te_Tli)-

3.4.4. Remap step

As we deal here with a Lagrange-projection like scheme the remapping phase corresponds here to a conser-
vative interpolation of the physical variables from the Lagrangian grid at time t"™! onto the initial grid. Since
we are using a Lagrangian scheme where in the placement of the variables is cell-centered, we are developing a
cell-centered remapping phase. In what follows, all quantities related to the initial grid are denoted here with the
tilde accent. Let 1 be a physical variable of the flow defined on a cell by its piecewise constant representation ;.
Being given ¥(z,t), on the Lagrangian grid we want to compute

~ 1 [%+d

Y= = P(x,t) du. (3.58)
Vj T, 1

i—3

That is, knowing the mean value of 1(x,t) = 1 over each cell of the Lagrangian grid, we want to compute its

mean value over each cell of the initial grid. After the remap of all the conservative quantities we can reconstruct

our solution.

4. NUMERICAL RESULTS

In this part, some comparisons of the numerical schemes designed in Section 3 are performed. When v, = 7;,
the total density, total momentum and total energy £ = &, + &; are solutions to the conservative 3 x 3 Euler
system. Therefore exact solutions of the Riemann problem are known for those quantities.

Firstly, we consider a robustness test case dedicated to a double rarefaction wave whose parameters are

5
szla 7€:7i:fy:§7 Z:17 me=1, m;=1

Next we present two other test cases in order to check the validity of the source term approximation and
to study the behaviour of shocks. In order to compare our results to more realistic physical situations [36], the
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physical parameters are set as follows:

5 _
k=1 ye=w=v=3 Z=1 m.=10" mi=1
This choice allows us to isolate the small m./m; mass ratio feature.
The characteristic velocities o; of system (2.1) are u (double), u & a, with

a0 = YePe + 7ViDi )
\ P

In all the test cases that are presented, the time step At™ satisfies the CFL condition over all the cells:

n

At
max |o;| — < 0.25.
1<i<4 Az

4.1. Double rarefaction wave

The double rarefaction waves test case does not involve shocks. The goal of this test case is to check the
robustness of the different schemes.
The left and the right states of the Rieman problem are the following

oL =1, up, = —10, T, = 1000, Tip =1,
PR — 1, UR = 10, Te,R = 1000, Ti,R =1.

The solutions are computed for z € [0,1] at time ¢ = 0.05 for 200 cells. On the pictures, the term AN3V is
for the discrete kinetic scheme of Section 3.2 with the choice K = (A3 — A1)/5 in (3.38), while HLL is for the
kinetic scheme of Section 3.1 with the flux (3.20). In both cases, A; and A3 are computed locally, at each cell
interface. The term relaxation refers to the scheme presented in Section 3.3.

The numerical results presented in Figures 3 and 4 are in good agreement with the exact solutions for the
conserved quantities. The results of the Lagrange remaping method show important descrepancies on the ionic
temperature. This fact is well known and is due to the isentropic assumptions on the electrons. Then the entropy
of the ions is overestimated in a problem without any shock. We remark also that AN3V and HLL give very
close results. Indeed if kK = 0, HLL and AN3V coincide. A different value of this parameter does not seem to
improve the results. For these reasons, in the following we chose to focus on HLL and relaxation schemes. Others
schemes based on the approach of Section 3.2 are to be tested in a forthcoming work.

4.2. Source-term approximation: an analytical solution

We take initial data such that

VeeR p(x,0)=1, u(z,0)=10, T;(z,0)+Te(z,0)=T =2.

As

Pe + pi pki
Pe€e + Pi€i = = (Te + T’z)a
71 G m )

an exact solution of system (2.1) is available:

T T
V(z,t) e R xR, p(x,t) =1, wu(z,t) =10, Ta(z,t)=e" 2" (Ta(x —ut,0) — 2) + 3 a= e,i(4.1)
where (1 = k' vei(y — 1)(me + m;). Here we choose T = 2,
T.(z,0)=1 if z<1/2, T.(x,0)=1+exp(—200(x —1/2)%) else. (4.2)

We compute the solution on [0, 1] at time ¢ = 0.01 with 1000 points. The results that are obtained for the HLL
and the relaxation scheme displayed in Figure 5 are in good agreement with the analytical solution (4.1), (4.2).
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Density Velocity
\ 10 \
X AN3V X AN3V
HLL HLL
1 — HLLC — HLLC
— Lagrange remap L — Lagrange remap 1
— Exact solution — Exact solution
- -
08— =
| .
0.6 -10 L
0 0.5 1 0.5 1
X X

Total pressure

600 T

X AN3V

[ HLL

— HLLC

— Lagrange remap

300 — Exact solution

400

300

200 :

F1GURE 3. Density, velocity and pressure computed with AN3V, HLL and Lagrangian remaping
schemes compared with exact solution for the double rarefaction waves problem.

Electronic temperature Ion temperature
1000 T :
X AN3V X AN3V
HLL 60 |- HLL B
| |— muc — HLLC
— Relaxation — Relaxation
H — Lagrange remap L —— Lagrange remap
40 B
I
800 - m _
0 05 1

F1GURE 4. Electronic and ionic temperatures computed with AN3V, HLL, Lagrangian remaping
and relaxation schemes for the double rarefaction waves problem.
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2 T T T T ©] T T T T T T T T T
- O
— Exact electronic 9 — Exact electronic
I Exact ionic 1 2k Exact ionic (%) i
X HLL electronic h X HLL electronic
O HLL ionic @ O HLL ionic ®
L3571 O Relaxation electronic n O Relaxation electronic
+  Relaxation ionic ® | + Relaxation ionic 2 1

0.8

F1GURE 5. Electronic and ionic temperatures computed with HLL and relaxation schemes for
the analytical test case. Left: ve; = 0, right: ve; = 100.

4.3. A Riemann problem with a stationary shock

The left and right states of the Riemann problem are the following:

pr = 1.001, up =10, Tep =1, TiL =1,
pr = 3.640330609, ur = 2.749750250, T, r = 3., T; r = 17.5060240977.

Then the solution of the 3 x 3 Euler system is a stationary shock. The solutions are computed for = € [0,1] at
time ¢ = 0.05 with 1000 cells. The results are depicted Figures 6 and 7.

For v.; = 0, we observe a contact discontinuity propagating at velocity ur = 2.749750250, see Figure 7 (left).
For the 3 x 3 Euler equations, u is a single eigenvalue and the left and right values of a contact discontinuity
lie on an integral curve of the eigenvector (—p,0,¢), in (p, u, ) variables. Thus, a contact discontinuity must
involve a jump of p. For the Euler bi-temperature system, the eigenvalue u is double and the eigenvectors are
ro = (0,0,—(v; — 1)ci, (ve — 1)ee) and 75 = (—p, 0, &¢, &;). The observed contact discontinuity lies on an integral
curve of r5: only electronic and ionic temperatures jump. We also observe that the intermediate values of those

- T - T T T T T T 80 T T T T T T T T T ;
0 e e e e e e e ) " .
—— exact density L 4
| exact velocity ] —— Exact total pressure
X HLL computed density 60l O HLL computed total pressure
sl O HLL computed velocity _ X Relaxation computed total pressure
O Relaxation computed density
L + Relaxation computed velocity | | L 4
6 .
40— -
41 _ r 4
<
B e etas e e s s ea e tentas e s e et s sl s e as nslaslmamres] 20— -1
EBEHEREH
2 .
0 P X s i L | L 1 L
0 T s e 1 0 02 04 06 08 !

FIGURE 6. Density, velocity and pressure computed with HLL and relaxation schemes com-
pared with exact solution for the stationary shock problem.
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20— T T T T T T T T T 20 T T T T T T T T
L i ] — HLL electronic
[ HLL ionic 1
--- Relaxation electronic
15 — HLL electronic | 15 - Relaxation ionic
HLL ionic
-~ Relaxation electronic 3
F -+-Relaxation ionic g - N 4
=10 — =10+ —
5 - 5
L 7 1 L
ol L 1 L 1 L 1 L 1 L 0 L 1 L 1 L 1 L 1 L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

FIGURE 7. Electronic and ionic temperatures computed with HLL and relaxation schemes for
the stationary shock problem. Left: v.; = 0, right: ve; = 100.

temperatures differ with respect with the scheme. This is due to the fact that each scheme has a different
viscosity, and therefore converges to a different interpretation of the nonconservative products in the equations.

For v.; = 100, both schemes give similar results. For all z, density, velocity and total energy remain the same
and are not depicted again. Electronic and ionic temperatures are represented in Figure 7 (right). For x < 0.5,
as T; = T., the value of v.; does not influence the solution. For & > tug, by finite propagation speed, one
can compute the value of T, and T; as in Section 4.2. For « € [0,tug] the result is qualitatively in coherence
with the physical behavior of the plasma, as predicted in Zeldovitch [36]. In particular, we observe a high ionic
temperature at the shock, and then a decrease, while the electronic temperature increases.

5. CONCLUSION

In this paper we have investigated at the modelling and numerical point of views the bitemperature Fuler
system.

At the modelling point of view, we have proposed a multicomponent BGK kinetic system enjoying funda-
mental mathematical properties (positivity of the distribution function, conservation properties, H theorem)
coupled with Ampere and Poisson equations. Next, be perfoming an hydrodynamic limit the bitemperature
Euler model has been recovered. Moreover, we have shown for this system the existence of an entropy that is
consistent with Boltzmann entropy.

At the numerical level, we have investigated and compared four numerical schemes for the bitemperature
Euler system. We have firstly presented a kinetic scheme based on a discrete hydrodynamic limit. Next, the
numerical method of Aregba-Natalini based on discrete BGK schemes has been generalized to a nonconservative
setting. Doing this we show that the previous kinetic scheme is entropic and we recover a HLL scheme for the
non-conservative system. A Suliciu relaxation approximation has also been designed. Finally all these schemes
are compared to a Lagrangian scheme. Moreover, the kinetic and discrete BGK approaches are consistent with
the entropy dissipation properties of the model, which should play a fundamental role for selecting the correct
solutions.

We shall address to forthcoming papers the following different points. Firstly, we plan to propose high
order and multi-dimensionnal versions of the schemes developped in this paper. Moreover, the derivation of a
polyatomic BGK model based on an additional continous internal energy variable has to be performed. Indeed,
this model will be devoted to lead to general . and ~; for the fluid system. The case of Navier-Stokes asymptotics
has also to be considered. In another direction, we aim to take into account the magnetic field in the equations
with a coupling through the Maxwell system.
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