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A PRIORI DIFFUSION-UNIFORM ERROR ESTIMATES FOR NONLINEAR
SINGULARLY PERTURBED PROBLEMS: BDF2, MIDPOINT AND TIME DG*

VAcLav KUCGERA! AND MILOSLAV VLASAK!

Abstract. This work deals with a nonlinear nonstationary semilinear singularly perturbed convection-
diffusion problem. We discretize this problem by the discontinuous Galerkin method in space and by
the midpoint rule, BDF2 and quadrature variant of discontinuous Galerkin in time. We present a priori
error estimates for these three schemes that are uniform with respect to the diffusion coefficient going
to zero and valid even in the purely convective case.
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1. INTRODUCTION

The discontinuous Galerkin (DG) finite element method developed by Reed and Hill in [19] is a popular
numerical method for the solution of advective and convective problems. The method uses high order piecewise
polynomial approximations on a triangulation which are generally discontinuous between elements, unlike the
standard conforming finite element method. The discontinuous nature of the approximation is natural for
problems where discontinuities or sharp gradients and boundary layers occur in the solution, e.g. nonlinear
convective problems or singular perturbations thereof.

Among the basic goals of numerical analysis is to prove a priori error estimates for the given problem
and numerical method. For partial differential equations such techniques are usually based on some form of
ellipticity /monotonicity in some part of the equation considered. The other terms are then dominated by this
‘nice’ part. In our case, for convection-diffusion problems, the convective terms are dominated by the elliptic
diffusion terms, which, after the application of Gronwall’s inequality leads to error estimates that blow up
exponentially with respect to the diffusion parameter ¢ — 0. Moreover this technique cannot be applied for
purely convective problems, where the elliptic/monotone term is missing.

The fact that the DG scheme performs well for small or vanishing diffusion € and even for the purely convective
case is well known. When applied to smooth solutions, we know from practice that the error does not blow up
exponentially, but rather stays bounded with respect to ¢ — 0. Many numerical experiments confirming this
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can be found throughout the literature for various discretizations in time and varying €, very small ¢ and € = 0.
For example, for the implicit-explicit (IMEX) variants of the backward difference formulas applied to the DG
scheme, such results are contained in the papers [7,9]. In [9], the experiments are especially interesting as they
are performed on general, very unusual grids, e.g. based on nonconvex quadrilaterals. For a combination of
IMEX and time-DG, results are presented in the paper [22]. For explicit schemes and small €, such results can
be found in [8]. A comparison of small € and € = 0 and other similar numerical experiments, we refer to the
recent book [6]. For purely convective problems, i.e. ¢ = 0, namely for the Euler equations, such results are
obtained e.g. in [3,11]. Other works include for example [5,13]. In the presented paper we prove these observed
results theoretically.

We will follow the ideas of Zhang and Shu [24], who developed a technique for a priori analysis of explicit time
stepping DG schemes for convective problems. The technique is based on a specific estimate of the convective
form which leads to the following: If the error is of the order O(h1t%4/2) where d is the spatial dimension of
the computational domain, then we can prove the error estimate of the order O(hP*1/2), where p is the spatial
approximation order. A bootstrapping argument using mathematical induction is then applied to remove the a
priori O(h1+4)/2) assumption. The argument works for explicit schemes under the assumption p > (1 + d)/2.

In [16], the technique of Zhang and Shu was extended to the space semidiscretized DG and to the implicit

Euler scheme. There it is proved that for implicit schemes, more information about the discrete solution is
necessary to perform the bootstrapping argument. In [16], this difficulty is overcome by constructing a suitable
continuation of the discrete solution with respect to time. The error analysis is then performed for the continued
discrete solution, which implies error estimates for the original discrete solution. In the presented paper, we
generalize these ideas to the BDF2, midpoint and quadrature version of time DG schemes. Specifically, we
construct suitable continuations for these three schemes and then apply the induction argument presented
n [16]. The quadrature time-DG scheme is especially interesting, since the continuation then depends on two
variables, one of which is used for the induction argument, while the other represents the time variable of the
original problem. In this case, the construction of the continuation is not complicated, however proving its
necessary properties needed in the analysis is rather technical. Moreover, we were able to carry out the analysis
only for the scheme where a quadrature formula in time is applied to the nonlinear terms. We do not view
this as a limitation, since for practical computations, one must apply some form of quadrature to these terms
anyway in order to evaluate them.

The structure of the paper is as follows. In Sections 2 and 3, we introduce the continuous problem, its spatial
discretization by the DG method and the three considered time discretizations. In Section 4 we review the
basic tools for our analysis, such as the basic estimate of the convective terms. Sections 5 and 6 deal with the
analysis of the BDF2 and midpoint rules. We prove O(hP*1/2 + ehP + 72) error estimates in the L°°(L?)-norm
with the constant in the estimate independent of e, h and 7. The estimates are derived under the 7 = O(h) and
p > 14 d/2 conditions. For € = 0, we obtain the weaker condition p > (1 + d)/2 and the estimate of order
O(hP+1/2 4 72).

Finally, Section 7 deals with the quadrature variant of the time-DG scheme. Under the same assumptions as
for the BDF2 and midpoint schemes, we prove estimates of the order O(hP+1/2 4+ ¢h? + 79+1)| where q is the
approximation order in time.

2. CONTINUOUS PROBLEM

Let £2 C R? be a bounded polyhedral domain and T > 0. We set Qr = £ x (0,T). Let us consider the
following problem: Find u : @7 — R such that

0
8—1:+V~f(u)—€Au:g in Qp, (2.1)
u|ogx0,1) =0,

u(z,0) =u’(z), x€ L.
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Here f = (f1,...,fa), fs € C?(R)NW2>2(£2), f(0) =0, s =1,...,d represents convective terms, ¢ > 0,
g € C([0,T]; L3(2)) and u® € L?(§2) is an initial condition. We assume that the weak solution of (2.1) is
sufficiently regular and we will specify the exact assumptions on the smoothness of the weak solution for each
time discretization method individually.

We note that in [16], mixed Dirichlet-Neumann boundary conditions are treated along with only locally
Lipschitz nonlinearities f; € C?(R). This is also possible in our context, however we stay in the simpler setting
to avoid too many technicalities.

To simplify the notation, we use (-,-) to denote the L? scalar product and || - || for the L? norm. To further
simplify notation, we shall drop the argument {2 in Sobolev norms, e.g. || - || g»+1 denotes the HP*1(£2)-norm.

We will also denote the Bochner norms over the whole interval (0,7") in concise form, e.g. ||u|| oo (gr+1) denotes
the L®°(0,T; HP*1(£2))-norm.

3. DISCRETE PROBLEM

3.1. Space discretization

Let {7h}he(o,ne) be a system of partitions of 2 into a finite number of closed d-dimensional simplices K with
mutually disjoint interiors. Let F, the system of all faces (edges in 2D) of 7;, and let F/ be the set of interior
edges and .7:,? the set of boundary edges. For each I' € Fj, we fix a unit normal np, which for I € ]_-’? has

the same orientation as the outer normal to (2. For each I' € f,{ there exist two neighbours Kl(ﬂL), K(FR) ey
such that nr is the outer normal to K}L). For v piecewise defined on 7, and I' € F/ we introduce U\EﬂL) as
the trace of 'U‘K}L) on I, v|§~R) as the trace of 'U‘K;_‘R) on I', (v)r = %(v|g~L) + v|g~R)) and [v]r = v|$~L) - v\}R).
On 012, we define v|g~L) as the trace of U|K(FL), i.e. on the element adjacent to I" and v\(FR) = 0 corresponds to

the homogeneous Dirichlet boundary conditions. If [ |, (-)r, v\(FL), U|$~R) appear in an integral over I € F,, we
omit the subscript I'. Let
Sy ={w; w|x € P,(K), VK € T}

denote the space of discontinuous piecewise polynomial functions of degree p on each K € 7;,. We say that the
function uj, € C1(0,T;Sy) is the semi-discrete approximate solution of (2.1) if it satisfies the equation

(%(t)aUJ) + €Ah(uh(t),UJ) + bh(Uh(t),w) = fh(w) (t) Yw € Sh7 Vit e [0’11]7

and (up(0),w) = (u°,w) Yw € Sj. Here the following forms are used: The convective form

bu(v, ) =— 3 / f(v) - Vepdz + / H@®, o® n)jglds + [ He® 0® n)p@ds,
KeT, K }',i }',‘;3

the diffusion terms are defined as
Ah('U, ()0) = CLh('U, ()0) + Jh(’U, ()O)a

where the bilinear diffusion form corresponding to the symmetric interior penalty Galerkin (SIPG) is

ap(v, @) = Z /Kvapdx — /fI<Vv>~n[<p]dS— (V) -nlv]dS — Vv -npdS — V- novdS

1 B B
KeTy, -7:)1 -7:)1 ’7:h,

and the interior and boundary penalty jump terms are defined by

Jn(v, ) = /fl a[v][go]dS—l—/}_B ovpdS.

h
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Here the parameter o is constant on every edge and defined by o|r = Cyw /|I| for all I' € Fy,, where Cyy > 0 is
a constant, which must be chosen large enough to ensure coercivity of the form Ay (cf. e.g. [10]).
Finally, we have the right-hand side form:

In()(t) = /Q o(t)pd.

As stated earlier, this is the case of homogeneous Dirichlet boundary conditions, for general mixed Dirichlet—
Neumann conditions A, has a more complicated form (cf. [16]), which we do not consider for simplicity.

We assume the numerical fluxes H in the convective form by to be Lipschitz continuous, conservative and
consistent. Moreover, we assume that the numerical fluxes are E-fluxes:

(H(v,w,n) — f(¢g)-n)(v—w) >0, Yv,weR, Vg between v and w,

where n € R? is an unit vector, cf. e.g. [2,18] for details.
We find that a sufficiently regular weak solution of (2.1) satisfies the identity

ot

for all w € Sy, and all t € (0,T).
Throughout this paper, we assume the mesh system {7}, }1c(0,n,) to be shape regular, satisfying the inverse
assumption [4].

(%),w) e An(ult), w) + ba(u(t), w) = €h(w) (8 (3.1)

3.2. Time discretization

For simplicity we assume a uniform time partition ¢, = m7, m = 0,...,r with time intervals I,,, = (t;n—1,tm)
and with the time step 7 = T'/r = |I,,]. To simplify the notation, we set v = v(t,,).
3.2.1. BDF2

Definition 3.1. The set of functions U™ € Sp, m = 0,...,r is an approximate solution of problem (2.1)
obtained by the BDF2-DG scheme if for all w € S},

1
<2Um —2umt 4 EUmz,w> +7eAp(U™,w) + 7op (U™, w) = 7€y (w) (tm) (3.2)

for m > 2. For m = 1 we define U' by
(U —U° w) + 1e Ap (U, w) + 70, (U, w) = 70, (w) (tn), Yw € Sp. (3.3)
The initial condition U° € S}, is the L%(§2)-projection of u® onto Sy, i.e.
(U w) = (u®,w), Yw € Sh. (3.4)

Remark 3.2. Since the BDF2 is a 2-step method, we need to specify two initial values U? and U' to start the
method. The value U° can be obtained by L? projection of initial condition u" and U! can be obtained by one
step of the implicit Euler method. In this case the resulting scheme does not lose its second order of accuracy
in time.

3.2.2. Midpoint rule
Definition 3.3. The set of functions U™ € Sp, m = 0,...,r is an approximate solution of problem (2.1)
obtained by the midpoint-DG scheme if

um + Um—l

(Um—Um‘l,w)+%Ah(UerUm‘l,w)JrTbh( 5

,w) = 7lp(w)(tm—1 +7/2), Yw € Sy,

where UV is the initial condition obtained by (3.4).
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3.2.3. Discontinuous Galerkin method in time

We define the space
q
St ={ve LX0,T:8) s vlr,, = > ol o™ € 8, m=1,...,r},
j=0

which represents the space of piecewise polynomials up to degree p in space and up to degree g in time. For the
functions from such a space we need to define one-sided values at nodes of the time partition:

o' = v(ty,t) = t_l)itmi v(t)

and the jumps

{v}m =0 ="
Definition 3.4. The function U € S} is an approximate solution of problem (2.1) obtained by the space-time
discontinuous Galerkin scheme if for all w € Sy,

/ (U’,w)+5Ah(U,w)+bh(U,w)dt+({U}m,l,w;”*l):/I O (w)(t)dt,

I
for all m = 1,...,7. Here U := U is the initial condition obtained by (3.4).

Let us define the Radau quadrature on each interval I,,:

q

/ &(t)dt =~ QP| := Tzwi@(tmq + 7i),

I'm =0

where 9, are Radau quadrature nodes in [0, 1] with 14 = 1. Such a quadrature has algebraic order 2¢ and the
quadrature weights are positive and satisfy
q
Zwi = 1.
i=0

When we apply Radau quadrature to the integrals in Definition 3.4 we obtain the quadrature version of the
time-DG scheme.

Definition 3.5. The function U € S] is an approximate solution of problem (2.1) obtained by the quadrature
time discontinuous Galerkin (QT-DG) scheme if for all w € S],

/ (U, w) + eAn(U,w)dt + Q7 [br (U, w)] + ({Um—1, W ™") = QT [€r(w)(t)], (3.6)

I"YL
for all m =1,...,r. Here U° := UY the initial condition obtained by (3.4).

Remark 3.6. We note that the first integral in (3.6) does not need to be approximated by quadrature. Due
to the linearity of the terms (U’,w) and A, (U,w) w.r.t. both arguments, these terms are a polynomial of
degree at most 2q on each I,,, and can therefore be integrated exactly by Radau quadrature. However, due to
the nonlinearity of the convective fluxes fs, the term b, (U, w) cannot be, in general, integrated analytically
w.r.t. time and quadrature must be applied in practice. The same holds for the right-hand side form I, (w)(t)
containing the general function g.

Remark 3.7. The numerical solution U from Definition 3.4 or 3.5 is constructed on each I, independently,
inductively for m = 1,...,r, with only U™ ! coming from the previous time interval I,,_; or the initial
condition U°.
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4. AUXILIARY RESULTS

We denote the energy norm [|w|* := Ap(w,w) for all w € Sj. Note that the inverse inequality takes the
following form [|w| < Ch~!||w|| for w € Sj. Let II be the L?(£2)-orthogonal projection on Sj,.
Throughout this work we denote by C' a generic constant independent of h, 7, ¢ and the diffusion coefficient €.

Lemma 4.1. Let u € W (HPTL). Then

[ ITu(t) — u(t)]| < CRPT u(t)] g+, (4.1)
[T (t) — o/ (8)]] < CRPF ! (t)| o s (4.2)
((Tu — u)(s1) — (ITu — u)(s2), w) < Clsy — sa| AP |ul|yyr.00 oy ] (4.3

for allw € Sy, and s1, 82,1t € [0,T].

Proof. Estimates (4.1) and (4.2) are a standard estimate for the L?({2)-projection approximation. Estimate (4.3)
can be found e.g. in [9]. O

We summarize the properties of the forms A, and by,.

Lemma 4.2. Let u € HP*1(2). Then

Ap(v,w) < Cllolwll, Vv, w € S, (4.4)
Ap(Tu — u,w) < ChP|lw|l, VYw € Sp. (4.5)
Proof. The proof of (4.4) and (4.5) can be done in a similar way as in ([8], Lem. 9). O

Lemma 4.3. Let u € HPTH(Q2) N W1°(£2). Then
bp(v,w) = bp(v,w) < Cllv — 9| ||w|, Yv,0,w € Sh, (4.6)

2
b (v, v — ITu) — by (u, 0 — ITu) < C (1 + %) (h2P*1 4 ||o — ITu|?), Vo € Sh. (4.7)

Proof. The proof of (4.6) can be found in [8]. The proof of (4.7) is essentially the same as that of ([16], Lem. 5.1),
however there the statement and proof are written for the specific choice v := up, £ := up — I[Tu. O

In the following analyses, it will be important to eliminate the unpleasant term |e(t)||%,/h? in (4.7), where
e = up—u. This is possible if we know a priori that |e(t)||oc = O(h). Since we are concerned in L?({2)-estimates,
we want to reformulate this in terms of the L?(£2)-norm. The following result is proven in [16], we include the
proof here for convenience:

Lemma 4.4. Let p > d/2 and u satisfy the regularity assumptions (5.1). Then
le@®] <h**2 = le(t)]los < Ch,
where C is independent of h, e, t.

Proof. We write the error as e(t) = n(t) + £(t), where n = ITu — u and & = up — ITu € Sp. Due to standard
approximation properties of IT and the inverse inequality between the L> and L?-norms, we have

le@®)lloo < [I1(E)lloo + 1) ]lo0 < Chlu(®)lwre + Ch™2|()]
< Ch+ Ch=|le(t)|| + Ch=Y?|In(t)|| < Ch + ChPH=2|u(t)| g1 < Ch. O
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5. ERROR ESTIMATES FOR BDF?2

We want to estimate the error e}’ = U —u'", where the values of U™ are obtained by the BDF2-DG method.
To do so, we construct a suitable continuation U(t) (i.e. continuous function with respect to time) such that
U(tm) = U™. Then we can also generalize the error as e, = U — w. Our aim is to investigate the generalized
error at arbitrary time ¢ € (0,7) and prove a suitable a priori error bound. Then the error bound for the
BDF2-DG method is a trivial consequence of the more general error estimate. For the purpose of analysis of
the BDF2-DG scheme we assume following regularity

u € WHO(HPTY) 0 Lo(Wh2) n W32 (L?), (5.1)

Definition 5.1. We define the continued approximate solution U : [0,T] — Sj, of problem (2.1) obtained by
the BDF2-DG scheme in the following way: Let m > 2 and s € [0, 7], we seek U(t,,—1 + s) € Sp, such that

T+ 2s T+S 1 52 m—2
( P Utm—1+s) — . U —I—m(] ,w) + 5 Ap(U(tm—1+ ), w) + sbp(U(tm—1 + s),w)
= slp(w)(tm-1 +5), Yw e S (5.2)
This defines U on I, for m > 2. For m = 1 we define U on I; by seeking U(s) € Sy, such that
(U(s) — U% w) + seAp(U(s), w) + sby(U(s),w) = st(w)(s), Yw € Sp. (5.3)

Remark 5.2. Equation (5.3) was already used for general m in [16] to define the continuation of the implicit
Euler scheme. It represents the implicit Euler method with a variable time step s. By taking s = 0, we get
U(0) = U, while setting s = 7, we get U(7) = U(t1) = U' and it can be proven that between these two values,
U(-) changes continuously.

The motivation for (5.2) is similar. This equation is in fact the backward difference formula with variable time
step, cf. [14]. Setting s = 0, we get U(t,,_1) = U™, while setting s = 7, we recover the original BDF2-DG
scheme (3.2), hence U(t,,) = U™. Similarly as in [16], we shall prove that between the s = 0 and s = 7, U(+)
changes continuously.

Lemma 5.3. There exist constants C1,Co > 0 independent of h,T,t,e, such that the following holds. Let
h € (0,ho) and 7 € [0,79), where 79 = max{Cie,Cyh}. Then U, the continued solution from Definition 5.1
exists, is uniquely determined, |U(t)| is uniformly bounded with respect to t € [0,T], U(ty,) = U™ for all
m=0,...,r and ||[U(t)|| depends continuously on t.

Proof. For m = 1, it is already proven in [16] that the resulting solution U is continuous on I; and U(0) =
U, U(t1) = U(r) = U'. Therefore it is sufficient to consider the case m > 2.

(i) Existence: Let m > 2 and s € [0,7], we consider U on I,,. We denote the left- and right-hand sides
from (5.2):

T+ 28
Bs(v,w) = P (v, w) + seAp (v, w) + sbp (v, w),
m _ T+ m—1 82 m—2
L7 (w) = (TU b 7_SU ,w> + slp(w)(tm—1 + 5)-

We will show that Bj is strictly monotone and Lipschitz continuous on S;, equipped with the L2(§2)-scalar
product. Existence and uniqueness then follows from the nonlinear Lax—Milgram lemma, cf. [23].

Monotonicity: using the ellipticity of Ay, the boundedness of by, and the inverse inequality, we get

T+ 2s
B(v,v = w) = Bs(w,v —w) 2 —— v —wl* + sefjo —w|* = Csflo — wlfv — w]
Cs 9 9
> 1—7 lv—w||* = M|v—w|*, Vv,welsS},

for s, 7 sufficiently small with respect to h.
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On the other hand, we may estimate using Young’s inequality:

T+ 28
By(v,0 —w) = Ba(w,v —w) 2 ———|lv - w)? + seflv — wl* = Csllv — wl|flv — w]|
2 2 2 02 2
2 [lv = wll” + seflo — w]” = seflo = wl|” — —llv - wl|
C
(1— 4—€S> o —w||? = M|lv—w|?, Yv,w € Sy, (5.4)

in this case we get the condition s, 7 sufficiently small with respect to e.

Lipschitz continuity: We shall show that By is Lipschitz continuous:

IN

_ 3 _ _ _
By(v,w) = Bs(v,w) < gl|lv = vl| [lwl| + Csello — o] wll + Csllv — o

IA

5 + e +
Since the right-hand side L7" is a linear functional on the finite-dimensional space Sp, it is also bounded
and by the nonlinear Lax—Milgram lemma we obtain the existence and uniqueness of the continued discrete
solution and classical discrete solution, respectively. Finally, we obtain the uniform boundedness of [|U(¢)|| w.r.t.
t € I, since the nonlinear Lax-Milgram lemma gives us [|U(t)|| < C||LY"||z(z2(0),r), Which can be bounded
independent of s similarly as in [16].
Since we have existence and uniqueness, we see that U(t,,) = U™ by setting s = 7 in (5.2).

lo = o[} [Jw]] = Lllv = o fJw].

(3 Cse Cs>

(ii) Continuity: Now we show that the continued discrete solution is continuous with respect to time. Let
m > 1 and ¢,t € (t;—1,tm) and s =t — t;p—1, § =1t — t;n—1. Then by monotonicity,
M|[U(t) - (?3||2 <Bt(U( ) ( )—U(f)) = Bi(U®),U(t) = U(#))
— LP(U() — U () — —UWD) + B(UD,UW) ~ UD) - BUD,UWG - UD).  (55)
We estimate the B and L terms 1nd1v1dually.

[Be(U (1), U(t) = U(1) = B(U (1), U(t) = U(1))l

T—|—2§ T+2$

<l S HNUGIU @) -U@ [ +[5-sleAn(U ), U(t) = UR)) + 15 = sloa(U (1), U) = U(F))
<l sl(r+ f— oI - v (5:6)
Similarly we get
LPOE) - U@) - LU0 - VO < (7= = 200 | — o= 102 )0 - U@
+ |8€h(U(t) - U(f))( ) —Sﬁh( ) = U@®)®)
<[5 = s+ 3T UM ENNU ) = U@+ [seu(U () = U@) () = 56 (U (1) = U®)(@)]- (5.7)
Assuming |5 — s| = |t — ¢| — 0, we get the limit for the terms on the last row
[sth(U(t) = U®)(t) — 5w (U(t) = U@)()] < |s = 5] [€a(U(E) = U ) (#)] +5/(g(t) — g(£), U (t) = U(E))] — 0,
-0 bounded -0 bounded

since [|U(t)]], ||U(t)| are uniformly bounded with respect to ¢,¢ € (tp—1,tm].
From now it is possible to see that the terms in (5.6) and (5.7) tend to zero as |t — t| tends to zero. Together
with (5.5) we get
WU@)—-U(t)|]| —0as|s—s|=[t—t|—0.
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Now, we prove the continuity at t,,_1, i.e. U(t,_1+s) — U™ ! as s tends to 0+. Since T;fss — 1, TT'*'S — 1,

— 0 and the terms Ap(U(tm—1 + 5),w), bp(U(tm-1 + s), w) and €5 (w) are bounded, we get from (5.2)

s
724758

2

T+ 28 T+s S

U tm— R — U™ 1 m—2’
T+S( (1 + 8),w) T — )+7-2—|—Ts( w)
—>(U(tm_1+s),w) —>(U"’L*17w) -0
+ e Ap(U(tm—1 + 8),w) + sbp(U(tm—1 + 8),w) = sl (w)(tm—1 + ),
—0 0

i.e. continuity at £,,_1.
It remains to prove continuity of U(:) on I;. In the case of computing initial condition by (3.3), we can
continuate the solution on I; = [0, 7] by

(U(s) — U% w) + seAp(U(s), w) + sbp(U(s), w) = st(w)(s).
It is already proved in [16] that such a continuation is continuous on [0, 7]. O

Due to the regularity assumptions (5.1) the exact solution u € C([0,T]; L?(£2)) and therefore uniformly
continuous on the closed interval [0, T]. Therefore, by Lemma 5.3, the error e, = U(t) — u(t) is also uniformly
continuous. We divide the error e;, = £ + 7, where £ = U — ITu and n = Ilu — u.

Lemma 5.4. Let u satisfy regularity assumptions (5.1). Let s € (0,7]. Then

(T—|—25 T+sum71 + 52 "2

2 1 ) - i sl b+ 9)0) < Ol el (58)
(u(s) —u’ — su/(s),w) < Cstullwa.(r2||wl, (5.9)

T+ 2s T+s 52
t1 +8) — g "2 w) < Ot o (0 . (510
(nltna + ) = =20 o o™ ) < Osh ullws ey o] (5.10)

Proof. Let us denote y = t,,,_1 + s. Since

T+s 52 T+ 25 Ts+ s> 1824 s3 752+ $3(1+s)?
s _

)

T 24715 T+s T T2 478 ’ 27 272 + 275

we can formally rewrite

T+28 T+ s 1 32 —2 / T+ s / S " m—1
T+Su(y)— ——u™ +72+78um —su'(y) = —— (uly) —su'(y) + Fu"(y) —u

and

T+ 28 T+ S 52 m_o TTS

(y) — —n" '+ n" T = (n(y) —n™ ") -

T—i—sn T T2 4+ 718 T T2 4+ 718

Then it is simple to see

2 y v oy
TS ( —su'(y) + %u”(y) —um_l,u)> = T+S/ / / (u"(23), w)dzzdzadz
<

T+ S T4+s583
||u||W3 0 (L2) ||U)H/ / / 1d2’3dZ2d21 —||u||W3 0 (L2) ||U)H < CST2||U||W3,oc(L2)||wH
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and

2

2 2 y vy
s (u(y) — (T +8)u'(y) + (T +5) u”(y) — um_z,w> = 287/ / / (u"(23), w)dzgdzadz
TEAHTS S, o Jzy Sz

T2 478 2
e
U\ W3, (L2) || W 1dZ3dZ2le
7_2—’_7_8 ) tm—2 J2z1 J 22
2

s (1 + 5)3
— e sz ol < st fulws sl

IN

which proves (5.8). The proof of (5.9) follows from
0 ! ° ) " 1 2
(u(s) o = s () w) = = [ [ (W) wideadir < 56 fullwa ]
0 z1

The proof of (5.10) follows directly from (5.12) and Lemma 4.1. O

In the proof of the error estimate of Lemma 5.7, we will need to estimate the BDF coefficients at U (¢,,,—1+$),
U™t U™=2 in (5.2). For this purpose we define the sequence {7i}520 by

. T+ s
Yo = T+ 2s’
3 T4+ s
5~ Y =0,
2 T
3 52
—yg — 2 —— =0,
272 ’Yl+7_2+7_870
3 1 .
§’Yj+2 - 2’7j+1 + E’YJ = 0’ V] = 172337 e (513)

Lemma 5.5. Let the sequence {7;}32, be defined by (5.13). Then such a sequence is positive and bounded, i.e.
0 <9 < %Yo for all j =0,1,... for some vo € R. Moreover,

52

Y1 — 2 Yo > 0 (5.14)

T2+ 7158

and for j > 1 the sequence vy; is increasing.

Proof. Let us calculate the initial values for «;. v is defined already by (5.13).

2 (1 +s)?
=3 )
37(r + 2s)
_ 8 (r+ 5)? 2 52
279 T(t+2s)  37(1+28)

From this (5.14) immediately follows. For j = 1,2,..., 7; are defined by a difference equation with the initial
condition 7; and 72 and with the solution

%= (:;182); - T(Ti 25)> + (%T(Tsjzs) - %:@12;) (%)jz'
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Since
2 2
(t+9) B s >0,
T(r+2s)  7(7+25)
1 2 1 2
1 s 1 (T4 9) <0,
37(r+2s)  97(T +2s)
we can see that the sequence +; is increasing, positive and bounded. O

Let us start with the result on the initial condition defined by (3.3).
Lemma 5.6. Let p > d/2. Let s € (0,7]. If |[e(t)|| < h'T4/2 for t € [0, s], then

sup [le(t)|2 < C3 (W21 4 eh? 4 1),
te(0,s]

where the constant Cr is independent of h,T,¢e.

Proof. Since UY = ITu® we can see that ||e°|| < ChPT!. Multiplying (3.1) for ¢t = s by s, subtracting from (5.3)
and adding several terms we get

(&(s) = €%, w) + seAn(&(s),w) = (su/(s) — u(s) + u’,w) = (n(s) =1’ w)
+ s(bh (u(s),w) — by, (U(s),w) ) — seAp(n(s),w).

Setting w = 2¢(s) and using Lemmas 4.1, 4.2, 4.3 and 5.4, we get

le(s)1I3

1€ = 1E°11% + N1€(s) — €11 + sellé()* < Cr <1 + T) (RH1 + [l(s)]1%)
+ O7* + Ch**2 4 Ceh?® + %||§(s)\|2.

Using the assumptions and Lemma 4.4, we can get rid of the unpleasant term |le(s)||%,/h? and we get
IE()1* < CUIE°NIP + AP FE + eh® 4 7%,
The proof is completed by taking similar estimates for  and the triangle inequality to estimate e(s). O
Now, we extend Lemma 5.6 to the rest of [0, 7] by analyzing the BDF scheme (5.2).
Lemma 5.7. Let p > d/2. Let n > 0 and s € (0,7]. If |[e(t)|| < R*T/2 for t € [0,t,_1 + s, then

sup ()] < CR(h*PH! +eh® +77),
te[o,tn,1+5]

where the constant Cp is independent of h, T, €.

Proof. To simplify the relations we set y = ¢,,_1 + s. Multiplying (3.1) for ¢ = y by s, subtracting from (5.2)
and adding several terms we get

2
(T+235(y>—7—”5"—1+ : f"—Q,w)+seAh<£<y>,w>

T+s T T2+ 75
_ roy TH2s T+S 1 2 n—2 (T H2s TS 2 n_2
- (SU (y) T+Su<y)+ T u 7_2_'_7_8’” , W T+ s 77(19) T n +’7'2+’7'S"7 , W

+ 5 (bn (u(y), w) = bn (U(y), w)) = seAn(n(y)), w).
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For lower time levels m < n — 1 we obtain analogically

1 1
<gfm —2emt 4 §§m2,w> + 7eAR (€M, w) = <Tu/(tm) — gum +2umt — iqu,w>

3 1
— (inm —opm 4 inmfz, w) + 7 (bp (u™,w) — by (U™, w)) — 1eAp(n™, w).

Setting w = 2¢(y) we obtain on the left-hand side using the fact s € (0, 7]

2 (T2 - T2+ ST 2y) ) + 25eAnle). )
=271 ey) 1 e) 25t () € E) + 258l
e s e ) g I I )~ )+ 2ol
fjfjua( P = T2 4 e 2||2 T“ng() &P
2 ) - s”*uz— THTSII&“ 27 + 25clle)I?
_fojus( T + 2ety) e

B S s 286|\|§(y)\|\2~

Setting s = 7 (i.e. with w = 2£™), the relations simplify to the usual

2(Fem - 26m 4 g2 ) areu(en €

3 _ I _ _ _
> SlEmIP = 20 HZ + ShemTEE A e — €T — T = € 4 2re i

Using Lemmas 4.1, 4.2, 4.3 and 5.4 to estimate the right—hand side terms, we get

le@))? - T2

< Cs <1 . %) (W + 2P 1ot 1 e(y)]P)

T+ 2s

n—1 n—212
— lent — e

n12 n—212
R R o L L

and

3 m m— 1 m— m m— m— m—
SIE™ I = 20 7H + SlIEm 2% 4 g™ — €T E — flgm Tt - g

m||2
<Cr (1 + ||eh2|oo> (Sth +h2p+1 —|-7'4 + Hgm”Q)

Using the assumptions and Lemma 4.4, we can eliminate the terms ||e(y )|| /h2 and |le™||2,/h?:

T+28 T+ S

0 e [ et L o
éCs(sh2p+h2p“+T +lEW)I),

3 — 1 m— m m— m— m—

e R e T e R L i

< Cr(eh® + R*PT 474+ 1€™1).

(5.15)

(5.16)
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Multiplying (5.15) by 40 and (5.16) by vp—m for m = 2,...,n — 1, where the sequence {7;}72, is defined
by (5.13), and by summing all these inequalities together, we get by Lemma 5.5

n—1
1EW)1* < CspllE@)1* + Croo (I + 1€°117) + Cvo0 Y 17117 + Crocy(eh® + A¥PH 4 74
j=2
Analogically we can obtain a similar result for [|£™| for m = 2,...,n — 1. Only this time the sequence for
{71520 used for multiplying the equations is modified by taking (5.13) with s = 7:
m—1 ‘
€2 < Cool€™ |+ Croe(IE 17 + [€°7) + Cro0 3 12 + Croatn (B2 + 2P %),
j=2

Since [|¢1|? and [|€°]|? are bounded according to Lemma 5.6, we obtain the result using the discrete Gronwall
lemma. U

Now we get rid of the a priori assumption |le(t)|| < h'*9/? from Lemmas 5.6 and 5.7.

Theorem 5.8. Let p > 1+4d/2. Let 19 be defined as in Lemma 5.3. Let h € (0, hg) and 7 € (0,79) be such that
1
C2(h*P*!  en® 4 74) < ZhW, (5.17)

where Cp is the constant from Lemma 5.7 independent of h,7,e. Then the error of the BDF2-DG scheme
satisfies

sup_|le(t)]|* < CE(hT! +eh® 4 7%). (5.18)
te[0,T]

Proof. We will follow the idea of continuous mathematical induction from [16]. Since the proof essentially follows
the same pattern therein, we only give a brief description without details.

For time t = 0 it is easy to see that the error estimate holds, because the error is in fact the error of L2
projection in initial data, which is sufficiently small under the assumptions of the theorem. Let us assume that
the error estimate (5.18) holds on the interval [0, s] for some s € [0,T]. According to the assumption (5.17) we
can see that the error can be estimated by ||e(t)|| < $h1+4/2, ¢t € [0, s]. Since the error e(-) is continuous (even
uniformly continuous) with respect to time, we know that there exists some § > 0 such that [le(t)|| < h!T%/2,
t € [0, s+ 0] and we can see that it is possible to use Lemma 5.7 on the larger interval [0, s+ J], which guarantees
the error estimate (5.18) on [0, s 4 d]. Since the error is uniformly continuous in time, we have a fixed § > 0
independent of s during the induction process and using the argument repeatedly we obtain the result up to
s="1T. O

Remark 5.9. The condition (5.17) can be essentially split into two parts, e.g. CA(h?*!1 + eh?) < Lp2*d
and C274 < %h”d. The first condition can be satisfied for sufficiently small h only if p > 1 + d/2. The second
condition is satisfied only if the CFL-like condition 7 = O(h'/?*/4) holds. Of course, we still need the continued
error e(-) to exist uniquely and be continuous in time, for which we need 7 = O(max{e, h}) by Lemma 5.3.

Remark 5.10. We note that if ¢ = 0, we obtain the improved estimate O(hP*1/2 4+ 72) under the weaker
condition p > (1 + d)/2. This is also the case for Theorems 6.6 and 7.15 for the midpoint rule and QT-DG
scheme.

The reader might ask why such an elaborate construction of the continuation as (5.2) is used, why not use
e.g. some simple interpolation in time. In the proof of the estimates we proceed by induction from one time
node to the next. Starting from the error of the initial condition, we want to prove that if the error e™ !
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at ty,_1 is of the desired order, e.g. O(hP*1/2) then so is ™. The estimates of the convective terms allow us
to do this if we know a priori that ||e™|| = O(h'*%/2). But in [16] it is proven, given the presented estimates,
that the implication |le™ || = O(hP*1/2) = ||e™| = O(h'*%/2) does not hold for implicit schemes (the proof
is for the backward Euler scheme, however exactly the same reasoning holds e.g. for the BDF2 scheme). The
proposed solution is to work with a continuous in time variant of the error, not discrete, and the continuity
will help us go from ¢,,_1 to t,, via suitably small intermediate steps while satisfying the necessary assumption
le]| = O(h'*%/2) along the way simply by continuity. Therefore the three requirements on the continuation
are that e(t) is continuous w.r.t. ¢, that it coincides with e™~ 1 and €™ at t,,_1,t, and that it has the same
order of approximation in time as the analyzed scheme for all ¢. If we used e.g. a simple Lagrange interpolation
of e™, em~1 .. or U™, U™ 1 ..., in order to prove anything about this interpolation between t,,_1,t,, we
would first need to know the behavior of the interpolated function at the interpolation nodes, including the
last one: t,,. In other words, we would need to have estimates for e in advance, which we do not, we only
have estimates for e™~! and earlier. In our approach, for ¢ € (t,,_1,t,) the continuation is constructed only
from U™, U™ 2 without any knowledge of U™ or ™. We start from t¢,,_; and by varying the time step in a
variable time step BDF2 scheme, we go continuously from ¢,,—1 to t, and obtain U™ at t,, in a natural way.
The estimates for the continuation are therefore obtained only from estimates of e~ ¢™~2 (which we have
from the induction assumption) while having the advantage of continuity in time to help control the a priori
assumption |e|| = O(h'*%/2). To work with the Lagrange interpolation of the error in time, we would need to
know not only the behavior at e™~!, but also at ™ as stated earlier. Another possibility, to use some form
of extrapolation from t,,_1,t,_2,... would also not work, since at t,, we would not obtain U™ and therefore
would not be estimating the BDF2 scheme but some different extrapolated solution.

Moreover, since our continuation is constructed using the BDF2 scheme itself (albeit with variable coeffi-
cients), the analysis of its properties is done using tools that would be used anyway. Perhaps a slightly simpler
form than (5.2) could be possible, but given the presented reasoning, in the end it must be some variation on
the BDF2 scheme itself, not simple interpolation.

6. ERROR ESTIMATES FOR THE MIDPOINT RULE

In this section, we investigate the error estimates of the approximate solution U™, m = 0,...,r obtained
by the method (3.5). As in the case of the BDF2-DG scheme, we construct a continuous extension of the
discrete solution similar to Definition 5.1. For the purpose of analysis of the midpoint-DG scheme we assume
the following regularity

u € WhHee(HPH) n W™ (H? 0 Wy ™) N W5 (L?) (6.1)

Definition 6.1. We define the continued approximate solution U : [0,T] — S}, of problem (2.1) obtained by
the midpoint-DG scheme in the following way: Let m > 0 and s € [0, 7], we seek U(tn,—1 + s) € Sp, such that

trm— m—1
(Utm-1+s) = U™ w) + %Ah(U(tmq +5)+ U™ w) + sby (U( 175+ U ,w)

2
= slp(w)(tym-1 + $/2), Yw € S. (6.2)

As in Definition 5.1, by setting s := 0, we obtain U(t,,—1) = U™~ L. By setting s := 7, we obtain U(t,,) = U™.
Similarly as for the BDF2 scheme we can prove existence, uniqueness and time-continuity of the continued
midpoint-DG solution from Definition 6.1.

Lemma 6.2. There exist constants C1,Co > 0 independent of h,T,t,e, such that the following holds. Let
h € (0,ho) and 7 € [0,70), where 19 = max{Che, Coh}. Then U, the continued solution from Definition 6.1
exists, is uniquely determined, ||U(t)|| is uniformly bounded with respect to t € [0,T], U(t,,) = U™ for all
m=0,...,r and ||U(t)|| depends continuously on t.
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Proof.
(i) Existence: We denote the left- and right-hand side from (6.2)

m—1
B (00) = (0= U™ w) + Ao+ 07w oty (0T )

2
L7 (w) = slp(w)(tm—1 + $/2).

Then B!" is strongly monotone on Sp:

se
By (w0 )~ B, — w) > o~ wil? + 55 o wi? — Csllo —w] v~ w]
Cs
> (1= 5) ol = aro - wl?

for sufficiently small s,7 with respect to h. On the other hand, we may estimate using Young’s inequality as
in (5.4) to obtain monotonicity for s, sufficiently small with respect to e.
Now, we show that B!" is Lipschitz continuous on Sp:
B se _ _
B (v,w) = B (0, w) < [l = w|| Jwl| + Ol = ol lwl| + Cs|lv — o]} flw]
Cse Cs _ _
< (14 55+ 5 o= ol full = Clo = il ful.

The right-hand side LI* is bounded, hence continuous, on S}, the nonlinear Lax-Milgram lemma gives us existence
and uniqueness of the continued discrete solution and classical discrete solution, respectively.

(ii) Continuity: Continuity with respect to time can be proved in the same way as in the proof of Lemma 5.3.
Again, we use the monotonicity of the form BY* and write

M|U®) - U@®|* < BI(U®),U(t) ~ (f)) - BMU(1),U(t) = U(1))
= L (U(t) =U @) = LU ) = U(1) + B{*(U (1), U(t) = U(#)) — B (U (1), U(t) = U (1))
Similarly as in BDF case we can estimate the terms on the second and third row and prove that they tend
to zero as |t — | tends to zero, therefore ||U(t) — U(t)| tends to zero as well. Analogically we can prove the

continuity at ¢,,—1+. Since the exact solution u is continuous and since we have continuity on the closed interval
[0, 7], we can see that the error U(t) — u(¢) is uniformly continuous. O

Lemma 6.3. Let u satisfy regularity assumptions (6.1). Let s € (0,7]. Then
(W(tm—1+s) —u™ ' — st/ (tm—1 + 5/2), w) < Cs7?|[uf|ws.er2) |w]|
Proof. The proof is analogical to the proof of Lemma 5.4. We can formally rewrite

Wtmo1 +8) —u™ ' = su'(ty1 +5/2) = u(tm_1+8) —u™ " — st/ (t_1)
2 2
s

s
— ?u”(tm_l) — st/ (tm—1+8/2) + su'(tm—1) + ?u”(tm_l).

Then it is easy to see that

tm—1+s
(u(tm—1+ ) — u™ N — su'(ty 1 +5/2),w / / / u'"(23), w)dzzdzadz

tm—1 tm—1 Jtm—1

'mfl“rs/z
—s/ / (u""(22), w)dzedzy
- b

m—1 m—1

— —_— u ,00 wl|.
+ W3.oo (L2) g
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Lemma 6.4. Let u satisfy regularity assumptions (6.1). Let s € (0,7]. Then

W(tm—1 +5) +u™ !

A (s 572) = = EDE ) < 0l (63
Wtm—1 +5) +u™t

bh(u(tm_1 + 8/2),11)) — by, ( ( L 2) ,w) < CT2||U||W2,oc(H2)Hw|| (6.4)

Proof. Let us denote u1 = u(t,m—1 + $/2) and ug =

ton— m—1 .- .
%. Moreover, it is possible to see that

w(tm—1 +s) +um!

up — g = u(tm—1 +8/2) —

2
1 1 1 1

= Jultm—1 +5/2) = Jultm—1 +3) + gu/(tm,l +5/2) + Sultmo1 +5/2) = u" ! = gu/(tm,l +5/2)

1 tm—1+s z1 1 tm—1+s/2 ptm—1+s/2
= ——/ / u'’(29)d2zod2y — —/ / u” (z2)dzedz2y. (6.5)

2 tm—1+s/2 Jtym_1+s/2 tim—1 z1

Following the proof of ([8], Lem. 9) it can be shown
Ap(ur — uz, w) < C(Jlur — ua| + lur — ua|g2) || (6.6)

Since u1,us € H}(2), we can simplify (6.6) to
A1 — uz,w) < Clluy — sl e el
Using (6.5) we get ,
An(ur = ug, w) < O [[ullwaoe s ol

which implies (6.3). Since u; and us are smooth enough, it implies

bp(u1, w) — bp(uz, w /V (u1) = flug))wdz < ||V - (f (ur) = f(u2))]| [Jwl]].

To prove (6.4) it is sufficient to estimate ||V - (f(u1) — f(u2))|-

d

IV - (f(ur) = flu2))]| < Z

0
> o~ Hiw) 52

<i( (ng 2|+ o - a2 )

< dmax||f (u1)| oo |Jur — ua| g —|—dmax\|f (u1) = fl(u2)|| e || g

Then (6.4) is a consequence of (6.5) and || f/(u1) — f/(u2)||p~ < Cllur — uz|| e O

Now, we shall derive the error estimate of the continued solution at arbitrary time ¢ € [0, 7] which immediately
implies the error estimate for the original midpoint scheme (3.5).

Lemma 6.5. Let p > d/2. Let m > 0 and s € (0,7]. If |le(t)|| < h*+¥2 for t € [0,t,—1 + ], then

wp[e(t)]P < CRUP 4 ek 7%,
tE[O,tmerS]

where the constant Cp is independent of h, T, €.
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Proof. We set y = t,,—1+s. Multiplying (3.1) for ¢t = ¢,,—1 +s/2 by s, subtracting from (6.2) and adding several
terms we get

(€~ € )+ S An (e + €)= (55 o +372) —ul) + 07w

u(y) +um!

+s <bh(u(tm1 +5/2),w) — bh<#,w>> + (n(y) — ™t w)

+s <bh(M,w> - b;(M,w)) - %Ah(n(y) + ™), w)

+s <Ah(u(tm1 +5/2),w) — A;&M,w)) .

Setting w = &(y) + ¢™~ 1 and using Lemmas 4.1-4.3 and Lemma 6.4 to estimate the right-hand side, we get

le(y) +e™ 3

I = lem112 < Cs (1 e ) (eh? + WP 17 1 )2 + €7 2).

Using the assumptions we can get rid of the unpleasant term ||e(s) + ™~ 1||2,/h%. Finally, by taking s := 7 and
m = 1,..., we obtain a similar estimate for ||"[|? — [|€™~!|%. By the discrete Gronwall lemma we can finish
the proof. O

Theorem 6.6. Let p > 1+4d/2. Let 9 be defined as in Lemma 6.2. Let h € (0, hg) and 7 € (0,79) be such that
1
C2(h*P*! en® 4 14) < ZhW, (6.7)

where Cp is the constant from Lemma 6.5 independent of h,7,e. Then the error of the midpoint—-DG scheme
satisfies

sup [[e(t)||* < CR(h**! +eh® + 7).
te[0,T]

Proof. The proof is essentially identical to that of Theorem 5.8. We have the desired estimate for ¢ = 0 and due
to continuity and Lemma 6.5, we can extend its validity to time T by induction. O

Remark 6.7. Similarly as in Remark 6.7, the condition (6.7) can be essentially split into two parts: p > 14d/2
and 7 = O(h'/?*4/%), The latter condition is weaker than for the backward Euler method, where we needed
7= O(h'*+4/2),

7. QUADRATURE VARIANT OF TIME-DG

In this section, we will prove error estimates for the quadrature variant of the QT-DG. As in the previous
sections, we will construct a suitable continuation of U from Definition 3.5. While for the BDF2 and midpoint
schemes, the discrete solution is defined only in the nodes of the partition ¢,, and the continuation “fills in the
gaps” between these points, the DG solution U is already inherently defined on the whole interval (0,7). It is
therefore a question how to define a continuation w.r.t. time for such an object. In our approach, we construct
the continuation U, with respect to an auxiliary parameter y. Then U, will be a piecewise polynomial function
defined on (0,%) which will depend continuously on y in the L°°(L?)-norm. Again, we will use an induction
argument to pass with y from 0 to 7. For our analysis we will need the following regularity

u € WHe(HPTY) 0 Lo (Whee) nwathee ([, (7.1)
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7.1. Construction of the continuation

Throughout this section, let s € (0,7] and m € {1,...,r}. We denote y = t,,—1 + s, the continuation
parameter and define I,,(s) = (tm—1,y). Let us generalize the quadrature Q7 to Q7

q
/ B(t)dt ~ QP(D) = 5> wib(ty 1 + 515,
Im (5) i=0
We define the space of piecewise polynomials up to degree p in space and up to degree ¢ in time defined

on I,,:
q

S;ln = {U S Lz(Im;Sh) LU= Zvjtj, v € Sh}
§=0
Definition 7.1. Let y € I,,, U {t,,}. We say that the function U, € L?(0,t,,;Sp) is a continued approzimate

solution of problem (2.1) obtained by the QT-DG scheme if Uy|;, = Uly, for [ = 0,...,m — 1, where U is the
space-time DG solution from Definition 3.5 and U, |;,, € S}* satisfies

/1 ( )(U{,,w) +eAn(Uy, w)dt + Q7 [br(Uy, w)] + ({Uy 1,0 ™1) = Q7 [lh(w)] Y € S (7.2)

Remark 7.2. We note that by taking s = 7, or equivalently y = t,,, we get Uy|(0.+,.) = Ul(0,t,,), i-€. we obtain
the original space-time DG solution on (0,t,,). Specifically, by taking y = T', we get Ur = U on the whole
interval (0,T"). We note also that relation (7.2) provides naturally the definition of U, on I,,,(s). Since Uy |y, is
a polynomial with respect to time, U, is uniquely defined on the remaining part of I,, and corresponds to the
natural prolongation of Uy |, (s)-

In order to prove existence, uniqueness and continuous dependence on y, we first need to establish mono-
tonicity and Lipschitz continuity of the corresponding forms in (7.2). The same results can then be derived
for (3.6) by taking s := 7. Let us denote the left- and right-hand side of (7.2) by

B0 = [ ) A i+ QU]+ (02w ),
L (w) = Q' [en(w)] + (U™ w ).
Definition 7.3. We define the projection P : C(I,,(s); L*(2)) — S* by
(P 0)(tm—1 + si) = v(tm—1 +s¢5), Vi=0,...,q. (7.3)

Furthermore, for any function v € S;* we denote
5(t) = P (7——0(1)). (7.4)
>

We point out that the relevant factors > 1. We have the following approximation

properties of P":

S
tm—1+sYi—tm_1 pi

Lemma 7.4. Let u € WItLo°(H1). Then

sup ||Pl'u — ul| < Cs?t sup ||u(q+1)||,

L (s) I, (s)
sup | Pu—uf < Cs™ sup [JulTV,
m(s) m(s

where the constant C' does not depend on s.
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Proof. The proof is an analogy to (e.g. [4], Thm. 3.1.5) for Bochner spaces. The result is also derived in the
Appendix of [20]. O

We shall use following technical lemmas.

Lemma 7.5. For any v € S} the following terms are equivalent with the equivalence constants depending only
on q:

mS

- 1 -
up ol swp ol L[ alPa
I (s) L () s
Proof. The proof follows immediately from the fact that S;* has finite dimension. O

Lemma 7.6. Let v € S;" and ¥ defined by (7.4). Then

~ m— ~Mm — 1 -~
J e @ = e L el

m(s

Proof. The proof can be made as a simple extension of ([1], Lem. 2.1), which describes the same result for scalar
polynomials and on the unit time interval. O

Lemma 7.7. Let v € S} and v be defined by (7.4), then

0< / An (v, 0)dE < / An(v, 5)dt.
I, (s)

I, (s)
Proof.
q
"= / ( )Ah(v’ v)dt = QY [An(v,0)] = 5 ) widn(v(tm—1 + 5ti), v(tm-1 + 51)
I (s P
q 1 0
<5y Wi Ap(v(tmo1 + 5%3), v(tm1 + 51)) = QU [An(v,8)] = / Ap(v,0)dt,
i Vi o)
since 1/1p; > 1. .

Now we are ready to prove fundamental properties of the forms BI* and LI". We note that the mapping
v — 7 is a bijection on S}, therefore we can reformulate problem (7.2), i.e. BJ*(Us,w) = LT*(w), for all w € S}
to the equivalent problem B} (Us, w) = L7*(w) for all w € S}*. Hence for the purpose of proving existence and
uniqueness of Uy, we can deal either with BJ*(.,.) or B*(.,7) and similarly for L7".

Lemma 7.8. Let s < 1 < C1h, where Cy is a suitable constant. Then the form BI*(.,7) is strongly monotone
and Lipschitz continuous on S} with respect to the L2(£2)-norm, with the monotonicity and Lipschitz constants
independent of s. Furthermore, LT is bounded on this space, with norm uniformly bounded with respect to s but
depending on ||[U™1].

Proof. To simplify the notation, all of the suprema in this proof are over the relevant interval I, (s).
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(i) Monotonicity of B]": Let v,w € S}*, then
B™ (v, —w) — B (w, 0 — W) = / ( )(v/ —w', 0 — ) +eAp(v —w, v —w)dt
In(s
+ QT bp (v, o — @) — bp(w,? —w)] + (v] —w}, 9] —dY)

> 5llow) - v + 5 [

I, (s

15 — @l|2dt + e/ Ap(v — w,v — w)dt
) Imr(s)
— Cssup|jv —w|| sup [|o — 0|

C O
> esup v — w2 = Zssup v — wl sup o — @]

Cs 9
> (e~ S sup o — wl?

where the constant ¢ comes from Lemma 7.5 and the generic constant C' comes from Lemmas 4.3 and 7.5.

If s < 7 < Cih with a sufficiently small constant C7, we obtain strong monotonicity with the monotonicity

constant M = ¢ — %

(ii) Lipschitz continuity of B}": Let v,v,w € S}"*. We estimate individual terms in B}":
/ = O ) < s sup of s ]+ sup o o s
Im (s

< Csup [[v — o] sup [|wl,

[ Aw-vwdr<ce [ ool fulde < Chsesup o - of sup ul]
InL(S) ”L(S)

QY [b(v, w) = b(v,w)] < CQ(|[v = vl| [lwll] < Csh™" sup [lv — | sup [[w]].

Hence, we have
B{'(v,w) — B{"(v,w) < C'sup||v — [ sup [|w]],
B{"(v,w) = B{"(v,w) < Csup [[v — ]| sup [|@]| < C'sup [[v — 0] sup [Jw].
Here the resulting constants C' depend also on ¢, h, s, however, for the sake of the existence and uniqueness

proof, these may be considered as fixed quantities. Elsewhere, we can bound s < 7 to obtain s-independence of
the Lipschitz constant.

(iii) Boundedness of L™:

L (v) = Q)] + (U1 o™ < ssup gl sup [Jvl| + U [ sup [|v]] < C'sup [lv]],
LE(0) < Csup [|of] < Csup [|v]].

The constant C' in the resulting estimate depends also on ||U™ || and s, however by bounding s < 7, we obtain
s-independence of the boundedness constant. O

Existence and uniqueness of the continued solution U, follows immediately from Lemma 7.8. We will also
need uniform boundedness of [|Uy|| and [|U|| with respect to ¢ € [0,y]. The resulting boundedness constants
depend on € and negative powers of h, however since the main goal is to prove continuous dependence of U,
on y, this is not a problem.

Lemma 7.9. There exist constants C1,Cy > 0 independent of h,7,t,e, such that the following holds. Let
h € (0,ho) and T € [0,70), where 79 = max{Cie, Caoh}. Then Uy, the continued solution from Definition 7.1
exists, is uniquely determined and ||U, ()|, | U, ()| are uniformly bounded with respect tot € [0, y]. Furthermore,
for fized ||[U™ Y|, the norms SUPier,, (s) Uy (B)Il, subser,, (s) Uy (1)|| are uniformly bounded with respect toy € I,.
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Proof. Remark 3.7 holds for U, as well, therefore, we can prove unique existence and boundedness of U, on
each interval independently. From Lemma 7.8, we obtain existence and uniqueness of U,,.

(i) Boundedness of U,: Due to Lemma 7.8,

MISU(P) ||Uy||2 = MISU(I)) ||Uy - 0”2 < B.T(Uya Uy) - B.T(O»Uy) = B?(Uyaﬁy) = LT(Uy) < CISU(P) HUyH

Due to Lemma 7.8, all the constants involved are independent of s, hence y.

(ii) Boundedness of U,: setting v(t) = (t — t,—1)U, (t) € S}
/ (t =t DL + (£ =t 1)eAn(Uy, UL)AE + Q[(E = tim1)bn(Uy, UL = Q(t = 1) ln (UL)]:
I, (s)

From this follows

cs/ ||U;||2dt§/ (t—tm,l)HU;H?dt
In(s)

m($ m (S

< —/I (oA, Ut — QT [(t— b )on (Uy U2) — (t— ) (UL)]

<s [ cen o uylae+ QT+ O]

Im

—s / |02 [(Ceh™2|U, || + Ch=Y|U, || + C)dt
I (s)

m

<< U2 |12t + C(e, h)s?
2 J1(s)

m(S

where we have used Hoélder’s and Young’s inequality in the last step. Since
s swp U <0 [ juPar
m (S

we get the boundedness of ||U}||. Moreover, after cancellation of the term s* from the resulting estimate, we
obtain s-independence of the upper bound. O

Before we prove the main property of U,, continuous dependence on y, we need one more technical lemma
concerning the estimation of quadratures.

Lemma 7.10. Let 5,5 € (0,7] andm e 1,...,r. Let v,w € S}*. Then |s — §| — 0 implies
Q3 [br (v, w)] — QF [br (v, w)] — 0,
Q3 [r(v)] — QF'[€r(v)] — 0.

Proof. Let us assume |s — §| — 0. In order to simplify the notation of quadrature points, we shall set s; :=
tm—1 + s¢; and §; := t,,—1 + 5Y;. Then

Q3" [bn (v, w)] = Q" [br (v, w)] =

(swibp (v, w)|s,

— Sw;bp (v, w)

&
I Mn
[}

I
T%“

s
I
o

q
Wi (bh(Uyw)|s7-, - +Z s — 8) wibp (v, w)|s,
=0
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and

QT [ln(v)] — = (swiln(v)]s, — 5wiln(v)

=0

i_gh

q
—I—Z s — 8) wily(v)|s,

q

5) = sZwi (Ln(v)]s
i=0

From continuity of b(.,.) and v, w we get

b (v, w)|s,

— bp(v,w)

5 0
and since ¢ (v) = (g,v), where g is continuous with respect to time, we get
Ch(v)]s; — €n(v)

From boundedness of bp(v,w)ls; and {n(v)|s; we obtain (s — 3Swbp(v,w)ls; — 0 and
(s = 8)wilp (v, w)|s, — 0. O

Lemma 7.11. Let the assumptions of Lemma 7.9 hold. Then U, = Uly,,) for all m = 0,...,r and U,
depends continuously on the parameter y in the following sense:

51’_)0'

sup [|Uy — Ug||—=0, as [y — g — 0,
(0,min(y,7))
sup  ||U, — U™ =0, as y — tpm_1+. (7.5)

(tm—1,Y)
Proof. Let y = t—1 + $,§ = t;y—1 + § for some m. Without loss of generality, let 0 < s < § < 7. Since
Uy =Uy=Uon (0,ty_1), it is sufficient to prove the first relation only on (¢,,—1,y). Let us denote w = U, —Uj.
Due to monotonicity of B}*(.,~) and Lemma 7.10, we have

M sup U, —Ug|?* < B{"(Uy, @) — By (Uy, 0) = L (@) — Ly (@) + By (Uy, @) — By (Uy, )

tm—1,Y
tin—1+8
= /t . Uy, w) + e A (U, w)dt + Q5 [bn (Uy, )] — Q' [br (Uy, w)] — QF'[€n(w)] + Q7 [€n(w)]-

Since the terms in the integral are bounded, the integral tends to zero as |s — 3| — 0. According to Lemma 7.10
the quadrature terms tend to zero as well. From this it follows that sup, . [|Us — Us|| — 0 for [s — 5] — 0.

It remains to prove the second formula in (7.5). Since U, is contmuous on (tm—1,y), it is sufficient to prove
Uy’ffl — U™ asy — ty_1+, i.e. s — 0+: Testing (7.2) With w= Ukal — U™ we get

Y
|0 U e, U = U QU U - U U - U

tm—1

= QU LU, = U™ ).

Except for the last left-hand side term ||ij_%1 — U™, all remaining terms tend to zero as s — 0+, therefore
HUyT_1 — U™ |2 tends to zero as well. O

7.2. Error estimates

As the final step we shall derive the error estimate of the continued solution at arbitrary time ¢ € [0, 7] which
immediately implies the error estimate for the classical method.
As usual, we shall split the error e, (t) = U, (t) — u(t) into two parts e, (t) = &, (t) + ny(t), where we define:

i
U
U

i P
I — T, 1=0,...,m—1,

Ul ,_ .
ylli = m .
Uy‘fm — T u‘jm,’ L=m,

I, — Ulr;, i:0,...,m—1,

Ly, — u L » 1= m?
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where 7} = P!II. We have the following estimates for 7, and &,:

Lemma 7.12. Let u satisfy reqularity assumptions (7.1). Then for all v € S}

sup [y || < C(AP*! + 577, (7.6)
QT [(my, v)] + ({my 1,07 ™1) < sC(RPH + 577 sup |Jo]. (7.7)

I, (s)

Proof. The estimate (7.6) follows directly from Lemmas 4.1 and 7.4. The estimate (7.7) is proved in ([21],
Lem. 4). O

Lemma 7.13. Let u satisfy reqularity assumptions (7.1). Then
supy,, (o) 10y — UI|2>

(P71 + sup [I&,]1%),

m(S

h2

supy,, (s) [1Uy — UI|2>

Q" bn (1. €,) — ba(Uy, £,)] < Cs <1 .

(R**1 + sup ||, [1?).

QU [bn(u,&y) — ba(Uy, &,)] < Cs (1 + 52
m (S
Proof. The proof is analogical for both of these inequalities, so we will prove only the second (more difficult)
one.
~ ~ q ~ ~
Qb &) — (U, )] = 5 wi (0n(,€) — 01Uy &) li=tn s o,
i=0
L
s Zwia(bh(uv Uy — II7u) = by (Uy, Uy = ")) le=t 150

i=0 v

1
< s— sup (bp(u, Uy — H'u) — by (Uy, Uy — 1I7"0)).
0 I,(s)

Now it is sufficient to apply Lemma 4.3. O

Now, we shall prove the analogy to Lemmas 5.7 and 6.5.
Lemma 7.14. Let p > d/2. Let s € (0,7] and y = tyy—1 + 5. If |ley ()| < R*FY/2 for t € [0,y], then

sup ey (t)[|> < CR(W*PT 4 eh®  7202),
t€[0,y]

where the constant Cp is independent of h,T,e.

Proof. Again, it is sufficient to estimate the error only on the last time interval I,,(s), the previous ones are
treated similarly. The error equation reads

/1 ( )(5;’,,”) +eAn(&y, v)dt + ({&}m-1,07 ") = QU [eAR(ny, v)] = QT [(my, v)]

= ({ym-1, 07 71) + Q¥ [ba(u, v) = b (Uy, v)).
By setting v = 2¢, we get

1€y = 1€y 112 + €y bm—1® + 26/ g II*dt

< Cse(h? + 8°172) 4 ¢ / €y I°dt + sC (Rt + s71) sup |1, ||
Im S m (S
supy, (s) | Uy — ull%
h2

vos(1+ ) 4 sup g, ).
IM(S)
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Therefore

&y W1 = Ny 11* + 6/ (R*PF1 4 eh® + 52772 + sup [lg, %)

sup; (o Uy, — ul|%
1P < s 1+ T2t Pt )

m(S h’2 m (S
(7.8)
With the aid of Lemmas 7.5-7.7 we get
1 = 1 afm—
FCACTE BN T (NG ATSR Tt A
m (S

By setting v = 2§y in the error equation we get

/ (65,26 + 22406y, E)01 + (65265

= QU [eAn(ny, 26,)] — Q107 26,)] = ({myhm—1, 26771 + (6771 2677 + QU [b(u, 26,) — b(Uy, 26,)]
< Ose(h® 4 8274%) 4 (g1, 26071 +€/ gy 1Pt + sC(APFT + 5741 sup [|&, |
)

m(S m (S

supy, (s U, — ull?
+ (L == (2 4 sup (61

SUPr,, (s) Uy — ull3
h2

2C c
< C’s(l + )(h2er1 +eh?P 4 2412 4 su(p) 1€ 11%) + Tny— 2+ - su(p) €017, (7.10)

4

m m

where £ fI” ) €, 117 dt is estimated with the aid of (7.8).
Under the assumption ||e(t)| < h'*%/2 inequality (7.8) can be simplified to

1€, = NIy 1P < Cs(h® !+ eh® + 52772 + sup ||¢, %) (7.11)

I, (s)

and inequalities (7.9) and (7.10) give

C 20 1
Sp IEII° < To(H o 2h® + 52072 4 sup %) + G + 7 su Igy
m(S

- I
L

m($ m($

If s <7 < ¢/4C than the last inequality can be simplified to

4C
sup [1g[|* < A 4 eh® 4 $202 4 |2

I'm(s)
Substituting this estimate into (7.11), we get
IE@IIZ = 1€ IP < Cs(R?PFE 4 eh® 4 2772 || g t)2).

Similar estimates can be obtained on all previous time intervals. By application of the discrete Gronwall lemma
we finish the proof. O
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Theorem 7.15. Let p > 1+ d/2. Let 79 be defined as in Lemma 7.9. Let h € (0,ho) and 7 € (0,70) be such
that

1

where Cr is the constant from Lemma 7.14 independent of h,T,e. Then the error of the QT-DG scheme satisfies

sup |le(t)]|? < CZ(h?PHL 4 eh?P 4 72912),
te[0,T]

Proof. Since the continuation U, (t) now depends on two variables, y and ¢, we proceed more carefully. We define
the propositional function ¢ by

ply) = { ma lley ()] < CHOPH ™ 4 72072) |

Due to the approximation of the initial condition, ¢(0) holds trivially. We want to prove ¢(T'). We will proceed
by continuous induction, ¢f. [17]. For this we need to prove that

(4) Yy el[0,T)3(y) >0: p(y) implies p(y + ), Vo € [0,6(y)] : y+d € [0,T]

(B) Yyi,y2 €[0,T],y1 < y2 : If  holds on (y1,y2) then ¢(y2) holds. (7.12)
First we note, that due to the construction of U, Uy, it is sufficient to assume y,y + 6 € [t;m—1,tn] and then
proceed by induction with respect to m = 1,...,r. Our main tools will be the continuity of U, with respect

toy, cf. Lemma 7.11, the uniform boundedness of ||Uy(t)|| with respect to t and y, cf. Lemma 7.9 and uniform
continuity of u from [t,,—1, ;] to L2(£2). Specifically, if y € [t,—1,tm) there exists d(y) > 0 such that

5€ 10,0t € [y y+d] = uly) —u(®)] < FH12,
1
6 €[0.0(y)] = sup [Uyss = Uyl < Zh2
(tnL—lay)

Without loss of generality, 6(y) can be taken small enough so that C(y) < $h!'*T4/2, where C is the uniform
bound for [|Uy (¢)|| from Lemma 7.9.

Induction step (A): Let us assume that ¢(y) holds. We want to prove that ¢(y + ) holds, where § € [0, d(y)].
In other words, we want to estimate

Ol = Bl £} 7.13
0 ley+s()ll max{tren[oaz] lleyts(t)]] hax lley+s(®)]} (7.13)

We estimate the first right-hand side term in (7.13) by

Il = U, t)y—u(t)| < U. t U, t
tgl[g’);]lleyw()H treﬂ[gf;]ll yra(t) U()Il_tgl[oaf;]ll yrs(t) — Uy ()] + gl[gx]\l () —u(t)|l

1 1
= max ||Uyss(t) — Uy(t)]| + max |e,(t)| < by CT\/h2P+1 +eh2p 4 7202 < —pltd/2 (7.14)
tE€[tm—1,y] t€[0,y] 4 2

by Lemma 7.11 and the induction assumption. As for the second right-hand side term in (7.13), we have

= t
jmax ey (D) = | max[Uyss(t) = u(t)]
< | mex IIUy+5() Uy+sWIl + [[Uy+s(y) = Uyl + [[Uy(y) — u(y)|| + max |lu(y) —u(t)]|
tely,y+ te(y,y+9]
1
<8 max (U450l + ma [Uyes(®) = Uy + max. fley (1) + gh' /2

<Cs+ Zh“d/? + Op\/h2P+1 4 eh2p 4 72042 4 Zhl+d/2 < piHd/2) (7.15)



562 V. KUCERA AND M. VLASAK

due to Lemmas 7.9, 7.11 and the induction assumption. Collecting (7.13)—(7.15) gives us

< pitd/2, 7.16
shax lleyrs(t)l < (7.16)

Lemma 7.14 then gives us ¢(y + 0).

Induction step (B): We prove (B) in (7.12) by contradiction. Fix y1,y2 € [0, T]. Assume that for ally € (y1,y2)
the statement o(y) holds, but ¢(ys2) is false. In other words assume that

max. ley (D)2 < C2(h?PH! 4+ eh® 4+ 720+2)  and mmasx [l ( )2 > C2(h2PH 4 eh? + 724%2)  (7.17)
tel0,y te

Therefore, after taking the square root,

|| — )| > co >0, forallye (y1,y2), 7.18
tglﬂjéi]\leya()\l tren[gz]lley()ll_% or all y € (y1,¥2) (7.18)

where ¢p > 0 is an appropriate constant independent of y € (y1,y2).
We can estimate by the triangle inequality

max |[ey, (¢)[| < |[ey, (y)[| + Dnax ||€y2( ) — ey, (y)]| < max ey, ()] + Cly2 — yl,
te(y,y2] tely,y t€[0,y]

since w is uniformly continuous and U, (t) is uniformly bounded with respect to y, t. Therefore,

< < t Clya — y|-
ey, (1) < mase{ mase ey, (6], max flegs ()]} < ma ey, (8] + Clya —y

Hence, the left-hand side of (7.18) can be estimated as

e ey (0] — s ey (0] < amax ey (0] + Cloz — ] — ma [y (0]

< U. — t U,(t) —ul(t Clys —y| — t

< max | y2( ) Uyl + max Uy (t) = u(t)l] + Clyz =yl = max fley (1)

= s [U0) = U0)] + Cla o] — 0, a5y — s, (7.19)
which is a contradiction with (7.18), i.e. (7.17). Thus (B) is proved, which completes the proof. O

8. CONCLUSIONS

We have proved a priori error estimates for the discontinuous Galerkin method applied to a nonlinear time-
dependent singularly perturbed, convection-diffusion problem. The BDF-2, midpoint and quadrature version of
the space-time DG scheme were analyzed. The main contribution of the paper is that L (L?)-estimates are
derived that are uniform with respect to the diffusion parameter e — 0 and valid even in the purely convective
case € = 0. The paper extends the work [16], where similar estimates were derived for the space-semidiscretization
and implicit Euler scheme as well as the paper [17], where similar estimates are obtained for the conforming
finite element method. The basis of the technique is the idea of [24], where the analysis is carried out for an
explicit Runge-Kutta scheme in time.

Similarly as in [16], the presented error analysis is based on construction of suitable continuations of the
discrete solution with respect to time and performing, via induction. The resulting estimates are of the order
O(hP*+1/2 4 eh? 4 74) for the BDF-2 and midpoint schemes and O(hPT1/2  eh? + 19+1) for g-order quadrature
time-DG. The estimates are derived under the CFL-like 7 = O(h) condition guaranteeing the unique existence
and continuity of the continuation. Furthermore, the estimates are derived under the order condition p > 14d/2,
or p > (1+d)/2 for e = 0, where d is the spatial dimension of the problem.

Future work includes removing of the CFL and order conditions and extension to more difficult equations,
e.g. nonlinear diffusion as in [15], derivation of optimal order L°(L?)-error estimates and analysis of other
temporal discretizations, especially the space-time DG scheme without quadratures.
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