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MIXED FINITE ELEMENT METHODS FOR LINEAR ELASTICITY
AND THE STOKES EQUATIONS BASED ON THE HELMHOLTZ
DECOMPOSITION *

MIRA SCHEDENSACK!

Abstract. This paper introduces new mixed finite element methods (FEMs) of degree >1 for the
equations of linear elasticity and the Stokes equations based on Helmholtz decompositions. These
FEMs are robust with respect to the incompressible limit and also allow for mixed boundary conditions.
Adaptive algorithms driven by efficient and reliable residual-based error estimators are introduced and
proved to converge with optimal rate in the case of the Stokes equations with pure Dirichlet boundary.
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1. INTRODUCTION

Given the simply connected, bounded, polygonal Lipschitz domain {2 C R? with closed Dirichlet boundary
I'p and Neumann boundary I'v = 982\ I'p and the volume force f € L?(§2;R?), the Navier—Lamé equations
of linear elasticity seek the displacement u € H'(§2;R?) and the stress o € H(div, £2; R?*?) with

—dive = f in £2,

o = Ce(u) in £2, (1)
(ov)|ry =0 on Iy,

u=20 on I'p.

The linear Green strain is defined by e(u) := (Du+ Du")/2 and the fourth-order elasticity tensor acts as CA =
2uA + Mr(A)Izxo for Lamé parameters g > 0 and A > 0. In contrast to the Poisson problem, discretizations
of these equations have to deal with two difficulties. First, for almost incompressible materials, i.e., A — oo,
standard primal low order conforming finite element methods (FEMs) exhibit the so-called locking behaviour,
i.e., the approximation properties in the energy norm suffer from a large preasymptotic regime. Second, the
symmetry of the stress excludes low order ansatz spaces for mixed FEMs and leads to ansatz spaces in the
Arnold-Winther FEM [2, 4] of polynomial degree >3 in two dimensions and >4 in three space dimensions,
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while the approach in the PEERS FEM [1] is to enforce the symmetry in a week sense. The symmetry of the
stress also restricts the non-conforming FEM of [12] based on the Crouzeix—Raviart finite element space [22] to
Dirichlet boundary conditions due to the absence of a discrete version of Korn’s inequality.

This paper introduces a new formulation and its discretizations for the Navier—Lamé equations based on a
Helmholtz decomposition of [16]. The discretizations are proved to be robust in the incompressible limit A — occ.
The formulation of this paper incorporates the symmetry of the stress through a saddle-point formulation and
thus also allows for mixed boundary conditions. A reliable and efficient residual based error estimator is suggested
for an adaptive algorithm. Numerical experiments show its quasi-optimal convergence. The discretizations also
include a generalization of the non-conforming FEM of Kouhia and Stenberg [29] to higher polynomial degrees.

For the Poisson problem, a similar approach generalizes the non-conforming FEMs of Crouzeix—Raviart [22]
and Morley [31] to higher polynomial degrees [34-36]. The discretization proposed in this paper does not
generalize the non-conforming FEM of [12]. In fact, the discretization of this paper also allows for Neumann
boundary conditions, while the non-conforming FEM of [12] is only suitable for the pure Dirichlet problem.

The formal limit for A — oo of the equations of linear elasticity are the Stokes equations

—dive(u)+Vp=f and divu=0 in 2.

The new discretizations for linear elasticity carry over to these equations and lead to approximations of e(u)
with local mass conservation. For the pure Dirichlet problem, the Stokes equations simplify to

—Au+Vp=f and divu=0 in (2.

A discretization for these equations based on a Helmholtz decomposition generalizes the non-conforming FEM
of Crouzeix and Raviart [22] to higher polynomial degrees with local mass conservation. An adaptive algorithm
suggested in Section 8 converges with optimal rates. This is the first proof of optimal convergence rates for
a higher-order FEM for the Stokes equations. Indeed the existing proofs are restricted to the first-order non-
conforming FEM of Crouzeix and Raviart [6,20,28,30] and to a mixed Pseudostress approach [19].

The idea of the new method is as follows. The paper assumes that a function ¢ € H(div, 2; R?*?) is at hand
which satisfies —divp = f (plus some boundary conditions for the Neumann problem and symmetry for the
linear elasticity problem and the Stokes equations with symmetric gradient). At least for the pure Dirichlet
problem, this function can be defined by a pure integration. A Helmholtz-type decomposition then decomposes
 in an admissible stress part and a Curl part,

» = Ce(u) + Curla.

Since —div Curlae = 0, the stress o = Ce(w) also satisfies the equilibrium equation and, hence, (@, o) is the
solution of (1.1). While o is determined by f only, the function o depends on the particular choice of .

After some preliminary notation and remarks in Section 2, Sections 3 and 4 introduce the novel weak for-
mulation for the Navier—Lamé equations based on a Helmholtz decomposition from [16] and its discretizations.
Section 5 is devoted to the a posteriori error analysis of the discretizations. Section 6 discusses the approxima-
tion of the symmetric part of the gradient in the Stokes problem with Neumann boundary conditions. Section 7
introduces the new approximation of the Stokes equations with pure Dirichlet boundary conditions, and Sec-
tion 8 introduces an adaptive algorithm and discusses its optimal convergence rates. Section 9 concludes the
paper with numerical experiments.

2. PRELIMINARIES

Notation. Throughout this paper 2 C R? is a simply connected, bounded, polygonal Lipschitz domain. Stan-
dard notation on Lebesgue and Sobolev spaces and their norms is employed with L? scalar product (e, e) L2(0)-
Given a Hilbert space X, let L2(£2; X) resp. H¥(£2; X) denote the space of functions with values in X whose
components are in L2(£2) resp. H*(£2) and let L2(£2) denote the subset of L?(2) of functions with vanishing
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integral mean. Let H}:(£2; X) denote the subspace of H(£2; X) of functions with vanishing trace on I' C 92
and let H}(§2; X) := H},(£2; X) and H:(2) := H{-(2;R) and H{(2) := H}(£2;R). The space of L? functions
whose weak divergence exists and is in L? is denoted with H (div, £2) and H(div, £2; X) is the space of functions
with values in X, whose rows are in H(div, {2). The space of infinitely differentiable functions reads C'*°({2)
and the subspace of functions with compact support in {2 is denoted with CS°(§2). The piecewise action of
differential operators is denoted with a subscript NC. The formulae A < B and B 2 A represent an inequality
A < OB for some mesh-size independent, positive generic constant C; A ~ B abbreviates A < B < A. By
convention, all generic constants C' = 1 do neither depend on the mesh-size nor on the level of a triangulation
nor on the Lamé parameter A 2 1 but may depend on the fixed coarse triangulation 7y and its interior angles.
The Curl operator in two dimensions is defined by Curl 5 := (93/0x2, —03/0x1) for sufficiently smooth /3, while
curl B := —9p1 /0x2 + 0B2/0x1 for B : 2 — R2.

A shape-regular triangulation 7 of 2 C R? is a set of closed triangles T € 7 such that 2 = |J7 and any
two distinct triangles are either disjoint or share exactly one common edge or one vertex. Let £(T") denote the
edges of a triangle T" and & := £(T) := Upcr E(T') the set of edges in 7. Any edge I € £ is associated with a
fixed orientation of the unit normal vg on E (and 75 = (0,—1;1,0)rg denotes the unit tangent on E). On the
boundary, vg is the outer unit normal of {2, while for interior edges E ¢ 0f2, the orientation is fixed through
the choice of the triangles 7'y € 7 and T_ € 7 with £ =T, NT_ and vg := vz, |g is then the outer normal
of Ty on E. In this situation, [v]g := v|r, — v|r_ denotes the jump across E. For an edge E C 952 on the
boundary, the jump across E reads [v]g :=v. For T € 7 and X C R", let

)

P(T;X) := {U:T—>X

each component of v is a polynomial
of total degree < k

P(T;X):={v: 2> X|VT €T : vlr e P(T; X)}
denote the set of piecewise polynomials and Py(7) := Py(7;R). Given a subspace X C L?(§2;R"), let IIx :
L?(02;R") — X denote the L? projection onto X and let IT; abbreviate Ip, (7;rn). Given a triangle T' € 7, let

hr = (measy(T))'/? denote the square root of the area of T and let h7 € Py(7") denote the piecewise constant
mesh-size with hr|r := hy for all T € 7. For a set of triangles M C T, let || o || o4 abbreviate

lolaei= | 3 Hol2em)
TeM

Given an initial triangulation 75, an admissible triangulation is a regular triangulation which can be created
from 7o by newest-vertex bisection [38]. The set of admissible triangulations is denoted by T.

Let Riex\? denote the 2 x 2 matrices with vanishing trace, i.e.,
R2%Z .= {A € R?*? | tr(A) = 0} (2.1)

dev

and define the deviatoric part devA of A € R?*? as devA = A — (1/2)tr(A)Izx2. The following proposition
proves a lower bound for the L? norm of the deviatoric part of Curls.

Proposition 2.1. Any 8 € H'(2;R?) with [, 3dz =0 and [, curl dz = 0 satisfies
HCUY15HL2(Q) S HdeVCUflﬁum(Q)'

Proof. Since

/ tr(Curl 8) do :/ curl fdzx =0,
2

2
the tr-dev-div lemma ([14], Prop. 3.1 in Sect. IV.3) leads to

([tr(Curl B)|| 2y < l[dev Curl B]| 2 + [|div Curl B[] 2, -
The orthogonality VHg (£2) L r2(o) Curl H'(£2) implies div Curl § = 0. O
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3. WEAK FORMULATION

For the ease of reading, this and the following two sections consider the pure Dirichlet problem. Remark 3.5
explains how Neumann boundary conditions enter in the new formulation.
Let S:={A € R?*2 | A = AT} denote the set of symmetric 2 x 2 matrices and define the spaces

/vdszand/curlvdsz},
o} o}

7 :={ve X |Curlv € L*(£2;S)} = {v € X | divv = 0},

/Qtr(r) dz — o}

and the scalar product (o,7)c-1/2 := (0,C717)12(0) for 0,7 € X. Note that Curlv is symmetric if and only if
dive = 0.

The following theorem states a Helmholtz decomposition for symmetric vector fields and is proved by [16].
Recall that £2 C R? is a simply connected, bounded, polygonal Lipschitz domain.

Y= L*(2;R**?),

X = {v € H'(2;R?)

L*(12;S)/R := {7’ € L*(2;S)

Theorem 3.1 (Helmholtz decomposition for symmetric vector fields). It holds that

L?(2;S)/R = e(H}(2;R?)) @ Curl Z (3.2)
and the sum is orthogonal with respect to the L? scalar product, or, equivalently,

L*(£2;S)/R = Ce(Hy ($;R?)) @ Curl Z
and the sum is orthogonal with respect to (e, @)c—1/2.

A conforming discretization of Z with piecewise smooth functions would involve the restriction dive = 0
pointwise. This leads to complicated finite element methods as in [27,37]. Therefore, it seems useful to include
the divergence-free constraint in the mixed formulation. To this end, define the space

Y = L§(Q),
the bilinear forms
a(r,0) = (C 17, T)r2(2) for all 7,0 € X,
b(t,3) := (C'7, Curl B) 12 (0 forall 7€ ¥,3¢€ X, (3.3)
C(f,ﬁ) = (f,divﬁ)Lz(Q) for allfGY,ﬂGX,

and the norm || e ||c-1/2 := \/a(e,e). Let ¢ € H(div,2;S) with [,trodz = 0 and —divy = f. Note that
the constants hidden in < (in particular those in the a priori and a posteriori analysis) do not depend on ¢.
Consider the problem: Seek (o, a, x) € X' x X x Y with
a(t,0) +b(1,0) = (p,C 7)) forall 7€ X,
b(o,B) +c(x,0) =0 for all g € X, (3.4)
e(&,a)=0 forall £ €Y.

Since [|Curl B2 () = DB 12(5), the inf-sup condition for c,

I1€llL2(0) S sup __d&h) forall ¢ €Y (3.5)

pex\{o} 1Curl B2

is the standard inf-sup condition for the Stokes equations [26].
The following lemma proves an inf-sup condition for b.
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Lemma 3.2 (Inf-sup condition for b). Any € X satisfies

b(r,
[Curl Bl 2y S sup (7. f)

. 3.6
TeX\{0} [7llc-1/2 ( )

Proof. The crucial point in this inf-sup condition is that the constant hidden in < is independent of the Lamé
parameter \. Let 3 € X. Proposition 2.1 proves

|Curl Bl 2y S lldev(Curl B)]| 2 -

A computation reveals

C™'A = dev(A)/(2p) + tr(A) Laxz/ (4(A + ). (3.7)

This implies
chrlﬁum(m S 1Curl B g-v/e - (3.8)
With the choice 7 := Curl 8, this proves the stated inf-sup condition. a

The following theorem proves the existence of a unique solution to (3.4) and its equivalence with (1.1).

Theorem 3.3. Problem (3.4) has a unique solution (o,a,x) € X x X xY and it holds that o = Ce(u) for the
solution v € H}(2;R?) of (1.1).

Proof. The inf-sup conditions (3.6) and (3.5), the ellipticity of a (with respect to ||e||c-1,2), the continuity
of a, b, and ¢ and a recursive application of Brezzi’s splitting lemma [13] proves the unique existence of a
solution (o,c,x) € ¥ x X x Y to (3.4). Since the first equation of (3.4) is tested with all L? functions, it
holds in fact o 4+ Curla = ¢. The third equation of (3.4) yields diva = 0, and therefore a € L?(§2;S). Hence,
Jotr(Curla)dz = [, curladz = 0 implies Curlee € L2(£2;S)/R. The assumption ¢ € L?(£2;S)/R then leads
to o € L*(£2;S)/R. The Helmholtz decomposition from Theorem 3.1 therefore yield a decomposition of o in

o = Ce(u) + Curly

for some u € HE(£2;R?) and some v € Z. However, the orthogonality b(o, 3) = 0 for all 3 € Z implies v = 0.
Therefore, (3.4), the symmetry of ¢ and Curla and —div = f imply for all v € H}(£2;R?) and 7 = Ce(v)
that

a(r,0) = (¢, C7'7) 20 — b(T, )
(0,e(v))r2(02) — (e(v), Curl @) 12y
(faU)L2(Q) - (Dv,Curla)Lz(m = (f’v)L2(Q)

(e(v), Ce(u))L2(n)

and, hence, u solves (1.1). O

Remark 3.4. The meaning of the variable x is that y = curlu/2 for the solution v € H}(£2;R?) to (1.1): Since
div § determines the antisymmetric part of Curl 3, the second equality of (3.4) reads

((C_la Yy (_01 é) ,cmg) —0  forallBe X,

which is equivalent to the fact that C~'o + x(0,1;—1,0) is a derivative and y determines its antisymmetric
part.



404 M. SCHEDENSACK

Remark 3.5 (More general boundary conditions). Let 92 = I'p U I'y with closed Dirichlet boundary I'p # ()
and Neumann boundary I'y = 82\ I'p # (. Define

Xy :={v € H'(2;R?) | v is constant on each connectivity component of Iy},
Zry i={v e Xp, | dive =0}.

Then the Helmholtz decomposition with mixed boundary conditions [16] reads
L*(;R?) = CeH} (2;R?) @ Curl Zpy, .

Let ¢ € H(div, 2;S) with —divy = f additionally fulfil (¢v)|r, = ¢g. Then the linear elasticity problem with
mixed boundary conditions is equivalent to

a(r,0) +b(,a) = (¢,C7'7)12(0) forall T € X,
b(e, B) + c(x; B) = (Dup, Curlﬁ)m 2) for all € Xy,
c(§,a)=0 for all € € Y.

4. DISCRETIZATIONS

This section introduces robust discretizations of (3.4). Since the discrete inf-sup condition for the bilinear
form ¢ of (3.3) is the same as for a standard Stokes discretization, the following discretizations of X and Y
employ well-known Stokes finite elements [9], namely the Mini FEM in Section 4.2, the Taylor—Hood FEM in
Section 4.3, and the P, Py FEM in Section 4.4. Section 4.5 discusses and generalizes the non-conforming FEM
of Kouhia and Stenberg [29] in this context.

4.1. Abstract discretizations

Recall the bilinear forms a,b,c from (3.3). Let X, (7) C X, Xp(7) C X, and Y,,(7) C Y be some (finite
dimensional) closed subspaces of X, X, Y. Then the discretization of (3.4) seeks (on, an, xn) € Zn(T)x Xp(T) x
Y5 (7) such that

a(Th,on) + b(th, an) = (¢, C™ Th)L?(Q) for all 7, € X}, (7),
b(on, Br) + c(xn, Brn) =0 for all g, € X1,(7), (4.1)
c(&p,ap) =0 for all &, € Y3, (7).

Assume now that Curl X3, (7) C X3, (7) and that X,(7) and Y, (7) fulfil the discrete inf-sup condition

c(&n, Bn)

_ s Ph) for all & € Y3 (7). 4.2)
Brexn (N0} [|Curl Bull L2 (

1nllL2(0) <

Theorem 4.1 (A priori error estimate). Problem (4.1) has a unique solution (op, an,€n) € Xn(T) x Xp(T) %
Y5(T) and it satisfies

lo = onllc-1/z + [|[Curl(e = an)ll L2 () + [Ix = Xl L2(2)

s ot (o= mules + 100 = B)laoy + X = Gullagey ). (43)

BhE€Xn(T),
EneYn(T)

Proof. The bilinear form a is continuous and elliptic with respect to || @ ||c—1/2. The Cauchy inequality and A :
C 'A< A: Aforall AeR**2 (¢f. (3.7)) prove the continuity of b with respect to || [|c-1/2 and || Curle|[2(g).
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For given 5y, € X, (7T)\ {0}, define 73, := Curl 8. Since Curl X1, (7)) C X (7), this defines an element in X3 (7)
and

b(7h, Bn) /Il c-1/2 = [|Curl Byl g1/ -
Proposition 2.1 and A: devA < A: C71A for all A € R?*2 prove

chrlﬁh”LQ(Q) < lldev CurlﬁhHLz(n) S 1Curl Bpllg-r/z -

This proves the discrete inf-sup condition for b with a constant independent of A\. The Cauchy inequality reveals
the continuity of the bilinear form c¢. This, the inf-sup condition (4.2), and a recursive application of Brezzi’s
splitting lemma [13] yield the unique existence of a solution of (4.1). Standard arguments for conforming mixed
FEMs lead to the a priori error estimate. O

4.2. Mini or stabilized discretization
Define the space of (cubic) bubble functions
B(T;R?) = {¢ € P5(T;R*) N Hy(§;R?) | VT € T |y € Hy(T) N P3(T)}

and

Zn(T) := Po(T;R**?) 4 Curl(B(T; R?)),

Xh(T) = VMini(T) = (P1(T, R2) + B(T, R2)) nx,

Yi(T) := Pi(T) N H(£2) N L§(£2).
The Mini finite element discretization of (3.4) seeks (on,an, xn) € Xn(7T) x Xp(7T) x Y3 (7) with (4.1). The
inf-sup condition (4.2) for the bilinear form ¢ from (3.3) is the same as the inf-sup condition for the Stokes

equations and is proved in [3]. Since Curl X;,(7) C Xp,(7) by definition, Theorem 4.1 leads to the unique
existence of solutions and the a priori error estimate (4.3).

4.3. Taylor—Hood discretization
The Taylor—Hood discretization of (3.4) employs the discrete spaces
Zn(T) = Pe(T;R*?),
Xn(T) = Pena(T;RY) N X,
Yi(T) := Po(T) N H'(2) N L§(£2)
and seeks (op,an, xn) € Zn(T) X Xp(T) x Y3(7) with (4.1). The inf-sup condition (4.2) for the bilinear

form ¢ from (3.3) is the same as the inf-sup condition for the Stokes equations and is proved in [9]. Since
Curl X7, (7) C X% (7), Theorem 4.1 yields the existence of unique solutions and the a priori error estimate (4.3).

4.4. P2 PO method

The P, Py discretization of (3.4) considers the discrete spaces

Zn(T) = Pi(T;R*?),

Xn(T) = P(T;R*) N X,

Yi(T) := Po(T) N L§(£2)
and seeks (op,an, Xn) € Zn(T) X Xp(T) x Y3(7) with (4.1). The inf-sup condition (4.2) for the bilinear
form ¢ from (3.3) is the same as the inf-sup condition for the Stokes equations and is proved in [9]. Since

Curl X7 (7) C Xy(T), Theorem 4.1 proves the unique existence of discrete solutions and the a priori error
estimate (4.3).
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4.5. The non-conforming FEM of Kouhia and Stenberg

The non-conforming finite element space of Kouhia and Stenberg [29] reads
Vis(T) == (P\(T) N Hg(T)) x CRy(T)

with CRy(7) defined by

CRY(T) := {UCR e P (T)

vcR s continuous at midpoints of interior edges
and vanishes at midpoints of boundary edges

Let exc and Curlye denote the piecewise versions of € and Curl. The finite element method of Kouhia and
Stenberg seeks uks € Viks(7) such that

(enc(vks), Cenc(uks))r2(2) = (f; vks) L2 (o) for all vks € Viks(7T). (4.4)
Define
CRY(T) := {vn € Py(T)| vy, is continuous at midpoints of interior edges},
Vis(T) := (CRY(T) N L§(R)) x (P(T) N H'(2) N L§(2)),
Zxs(T) := {vks € Vks(T) | Curlyc vks € Po(T;S)}.
Then, the discrete Helmholtz decomposition
Py(7T;S) = Cenc(Vks(7)) @ Curlye(Zks (7))
holds [18] and the sum is orthogonal with respect to (e, )c-1/2. If ¢ € H(div, £2; R?*?) additionally allows for
an integration by parts with Kouhia—Stenberg functions, i.e.,
(¢, Dncvks)rz(o) = (f;vks)r2ey  for all vks € Vis(7)
(e.g., ¢ is a lowest-order Raviart—Thomas function [33]), then this implies that (4.4) is equivalent to the problem:
Seek (op, ap) € Po(T;S) x Zxs(T) such that, for all 7, € Py(7;S) and all 8, € Zks(T)

(C™ ', 0n)12(0) + (C ', Curlne o) r2(02) = (0, C7 ) 12(0),
(C'op, Curlye Bn)z2() = 0.

In contrast to the discretizations of Sections 4.2-4.4, this discretizes the space Z from (3.1) directly and the
symmetry of oy, is fulfilled pointwise. However, since Zxs(7) € X, the approximation is non-conforming and
Theorem 4.1 is not applicable; the a priori analysis requires techniques in the spirit of the Strang—Fix lemma, [11]
and is not further discussed here.

The Kouhia—Stenberg FEM can also be regarded as a conforming mixed FEM if the Helmholtz decomposition
is applied in one component only. This allows the generalization to higher polynomial degrees. Define the spaces

LTR2X2 1
EKS,k(T) = {(Csym(q) c Pk(T, S) qc Pk(TaR )a EI'Uh S Pk+1(T) m]—IO (‘Q) } ,

such that g1, = Vuy,

where ¢j o = (¢j,1,7j,2) denotes the jth row of g. The Helmholtz decomposition leads to the discretization: Seek
(on,an) € Yxsk(T) X (Pyy1(T)NH (£2)/R) such that, for all 7, € Xks £(7) and all By, € (Pyy1(T)NH (2)/R)

(C™'7h,0n)2(0) + ((C7'7h)2e, Curl ) r2(2) = (0, C 1),
(((Cilo'h)g,., Curlﬁh)Lz(Q) = 0.

This generalizes the Kouhia—Stenberg FEM of (4.4) to higher polynomial degrees.
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5. A POSTERIORI ERROR ANALYSIS

This section introduces an error estimator and proves its efficiency and reliability. The results apply to all of
the discretizations from Sections 4.2—4.4.

Let 7; € T be some regular triangulation. Given T' € 7y, let || ® ||c-1/2 7 := /(o,C~'e)12(7) denote the
C~Y/2-norm on T. Define for T' € T; the local error estimator contributions

12(T) = |l = Mg,y pllE-1s2.p
_ 2 .
v*(7,T) := h7 ||curlye C oy + VNthHLz(T) + HleOéhHQW(T)

2
_ 01
+ hr Z H:(C 1Uh+Xh (_1 0>:| TE (51)
E€&(T) E L2(E)
Furthermore, define
02 = 0X(TnT)  with 0X(T, M) = > v (T, T)  for any M C T,
TeM
12 = p3(To) with pA(M) = > pA(T) for any M C T, (5:2)
TeM
=07+ i

Theorem 5.1 (Efficiency and reliability). The estimator ny is reliable and efficient in the sense that

e = |0 = onllc-1/2 + [[Curl(a — o)l 2o + [IX = XnllL2(02)-

Proof. The proof is split into four steps.
Step 1. (Equivalence to residuals). Define for all 7 € X, § € X, and £ € Y the residuals

Resi (on, an; 7) = a(7,0n) + b(r,an) — (0, C'7) 2 (),
Resa(on, xn; 8) 1= blon, B) + c(xn, B),
Ress(ap; &) := (&, ap).

The abstract theory of [15] proves the (A independent) equivalence

lo = onllc-1/z + [[Curl(e — an)ll L2 () + [Ix = xnllL2(e2)

~ |Resi(on, an;®)lls+ + [Resz(on, xn; ®)llx+ + [Ress(an; o) [ly+,
where || e || 5+ denotes the dual norm with respect to ||  ||c-1/2, i.e.,

Resq(on, an; T
|IResi(on, ap;@)||s- == sup M
TeX\{0} [7llc=1/2

Step 2. (Efficiency and reliability of Resy). Since
Resi(on, an; ) = (5, (1) — (p,(CilT)L?(Q) for all 7 € X,
the Cauchy inequality implies

[Res1(on, an;®)||s+ = [l¢ — s, (Typllc-1/2-
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Step 3. (Efficiency and reliability of Ress). Let I, denote a quasi interpolant [21] with approximation and
stability properties

1h7' (8 = InB)ll 12 (2 + 1CWL(B — 1)l 12y S 1 Curl B g2 - (5:3)

Since P(T;R?) N H(2;R?) C X,,(T) for all discretizations from Section 4.2-4.4, the discrete problem (4.1)
and a piecewise integration by parts lead for all 3 € X to

Resz(on, Xn3 ) = (Clon, Curl(8 — In3)) 2(0) + (Xn, div(8 — 1n83)) 12(0)
= (curlne C™'op, + Vnexn, B — InB) r2(0)

+y /E(ﬁ —Inp) - ( [(C_lah + Xn (_01 (1)>:|ETE> ds.

EcE

The Cauchy and the trace inequality and the approximation properties of the quasi-interpolation (5.3) yield

Resa(on, xn; B) S (HhT(CUTlNC C 'on + Vnexn)lzz o)

01
E

The efficiency follows with the standard bubble function technique of [40].

2

+ ZhT

Ec€&

L2(B)

Step 4. (Efficiency and reliability of Ress). The Cauchy inequality implies
Resg(an, §) = (& divan)r2(2) < 1€ll2@) [divan| 2 -

This and div X;,(7) C Y yield
[Ress(an, §)|ly+ = [[div anl| 2 - 0

6. STOKES EQUATIONS WITH SYMMETRIC GRADIENT

The Stokes equations can be interpreted as the incompressible limit A — oo of (1.1). The symmetric formu-
lation is favourable for the discretization of Neumann boundary conditions (cf. [9], Rem. 8.1.3 and Remark 6.1
below). Let 2 C R? with closed Dirichlet boundary () # I'p C 942 and Neumann boundary I'y = 002\ I'p # 0.
The Stokes problem with Neumann boundary conditions then seeks (u,p) € H} (£2;R?) x L*(£2) with

—dive(u)+Vp=f

divu =0 } in 2 and (€(u)+p12><2)|FN1/:0_ (61)

In the presence of these boundary conditions, a weak formulation has to involve the symmetric part of the
gradient e(u) (see Rem. 6.1 below).

6.1. Weak formulation
The classical weak formulation of (6.1) seeks (u,p) € Hp, (£2;R?) x L*(£2) such that, for all v € H}, (£2;R?)

and for all ¢ € L?(£2),
(e(),e(u))r2(0) — (P, dive)r2(0) = (f,v) L2002,

6.2
(g,divu)r2(o) = 0. (62)
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Remark 6.1 (Symmetric vs. non-symmetric approximation). For the pure Dirichlet problem, an integration
by parts proves for all u,v € {w € H}(£2;R?) | divw = 0} that
2(€(u), 6(1}))L2(Q) = (Du, D’U)Lz(g) + (diV u, div U)LQ(Q) = (Du, D’U)Lz(Q).

This shows equivalence of (6.2) and the Stokes problem without symmetric gradient (7.2) below. However,
this equivalence does no longer hold if I'p # 0f2. Problem (6.2) covers also the Neumann boundary condition
(e(u) 4+ plaxa)|ryv = 0.

Define R3%?. :=R3*NS with R3*? from (2.1) and the spaces

dev,sym
2N = L RYD),
Z°:={v e H}, (2;R?) | divv = 0},
XN .= {5 € H'(2;R?) | § is constant on each connectivity component of FN} ,
X®:={peXN|Curlpe L*S)},
YN .= L*(02)
and bilinear forms ¢ : XN x ¥V - Rand b: XV x XV — R by
a(o,7) == (0,7) L2 () for all 0,7 € XN,
b(r,a) := (7,dev Curl a) 12 forall 7 € 2V, ae XV
and recall ¢ from (3.3). A computation reveals for £2 C R?
X*={peXN|divg=0}.
Theorem 6.2 (Helmholtz decomposition for deviatoric and symmetric functions). It holds

L2(02;R2X2 ) = ¢(Z°) @ dev(Curl X*)

dev,sym
and the sum is L? orthogonal.

Proof. Let ¢ € L?(£2; Rigvz,sym). Korn’s inequality [10], the inf-sup condition for the bilinear form (e, div e)z2(g)

on L?(£2) x Hp, (§2;R?) [26], and Brezzi’s splitting lemma [13] guarantee the existence of a solution (u,p) €
HY, (2:R2) x L2(2) of

(€(U),€(u))L2(Q) — (p7 diV’U)L'z(Q) = (¢,€(U))L2(Q) for all v € H}D(Q;Rz),
(q,divu)r2(o) =0 for all ¢ € L*(12).

This implies u € Z° and (¢ — e(u) — plax2)Lr2(2)VH}, (£2;R?). The Helmholtz decomposition L*(£2;R?) =
VH} () ® Curl{s € H'(£2) | § is constant on each connectivity component of I'y} (applied row-wise) yields
the existence of a € X with ¢ — e(u) — plaxe = Curla. Since u € Z*, this implies

dev Curla = dev(¢p — e(u) — plax2) = ¢ — e(u).

Any A € R?*2 is symmetric if and only if devA is symmetric. Since ¢ — e(u) € L?(§2;S) is symmetric, it follows
a € X5, O

Let o € H(div, £2;S) with —divy = f and ¢|ry v = 0. Consider the problem: Seek (o, a, ¥) € XV x XN x YN
such that, for all (1,3,£) € XV x XNV x YN,
a(a, T) + b(Ta Oé) = (@a T)LQ(Q)v
b(o, 8) + c(x, B) =0, (6.4)
e(6.0) = 0.

=

2
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Lemma 6.3 (Inf-sup condition). Any 3 € X satisfies
b(r, B
[Curt Bl oy 5 sup AP
rex\{o} HT||L2(Q)
Proof. Given 3 € X%, the choice of 7 := dev Curl 3 leads to
b(r,B) = ||dev CurlﬂHQLQ(Q).

The boundary conditions for X* lead to (Curl 3)|r, v = 0. Since div Curl 8 = 0, this and the tr-dev-div lemma
([16], Lem. 4.1) prove

[Curl B]| 12 (o) < [|dev Curl B| 2. (6.5)
This yields the assertion. O

Proposition 6.4. Problem (6.4) has a unique solution (o, a,x) € ¥ x X®* x YN. The solution u € Z* to (6.2)
satisfies o = e(u).

Proof. The existence of a unique solution follows from a recursive application of Brezzi’s splitting lemma [13]
and the inf-sup conditions from Lemmas 6.3 and (3.5) as in the proof of Theorem 3.3. The second equation
of (6.4) and the Helmholtz decomposition of Theorem 6.2 guarantee the existence of u € Z° with o = e(u). Let
v € Z*°. Then, (6.4) and an integration by parts imply

(D, Dv)r2(0) = (¢, Dv)r2(2) — (Dv,dev Curla) 12(0) = (f,v)r2(2)-
This yields u = u. O
Remark 6.5 (Pressure). Define p := —tr(¢ — Curla)/2. Since ¢ + devCurla = devyp and
Curlal 2 D(Hp, (£2;R?)), the function p satisfies for all v € H}, (£2;R?) that
(p,divv)r2(g) = (Plax2, Dv)r2(0) = (0,€(v))r2(0) — (¢, Dv)12(0).-
This, an integration by parts and ¢|r,v = 0 lead to
—(p,divv)p2(2) = (f,v)12(0) +/ pv-vds = (0,(v))r2(02)

I'n

= (faU)L2(Q) - (U,€(U))L2(Q)~
This implies that p is the pressure from (6.2).
6.2. Discretization

Let XN(T), Xp(T) N XN C XV, and V,N(7) C YV be one of the choices of discrete spaces from
Sections 4.2-4.4 without the respective conditions [, tr(m,)dz = 0, [,Bnde = 0, [,curlB,dz = 0 and
Jo éndz =0, and define

yiv(Ty = devIN(T) C XN and XN (T):= X, (T)n XV,

Recall the bilinear forms a, b from (6.3) and ¢ from (3.3). Then the discretization of (6.4) seeks (on, an,&r) €
DAev(T) x XN(T) x ;N (T) such that

a(tn,on) + 0(th, an) = (0, Th)12(2) for all 7, € X°V(T),
b(o-haﬁh) + C(Xhaﬁh) =0 for all ﬁh S X}IlV(T)a (66)
c(&p,ap) =0 for all &, € ;¥ (7).

The following theorem proves an a priori error estimate similar to Theorem 4.1.
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Theorem 6.6 (Best-approximation). The discrete problem (6.6) has a unique solution (o, ap, Xn) € X5V (T)x
XN(T) x V\N(T), which satisfies

lo = onllL2@) + [[Curlle = an)ll L2 (o) + X = XallL2(2)

S Th,eg,%‘f”(:r) (||U = Tllrzco) + [|Curl(a = Br)ll 2 (o) + X — thL"’(Q))

BreX; (T)
ey, (T)

Proof. The bilinear form a is continuous and elliptic with respect to || ® [|2(). The Cauchy inequality implies
that the bilinear forms b and ¢ are continuous with respect to || ®||z2() and ||Curle|| ;5 (). The inf-sup condition

Curd Bl 2y “up b(7h, Br)

— P for all By, € XV(T)
TREXNeV(T)\{0} ||ThHL2(Q)

follows from devCurl X}¥(7) C Xd¢V(T) and (6.5). The discrete inf-sup conditions for ¢ for the choices of
XN(T) and Y,V (T) from above are proved in [3,9]. A recursive application of Brezzi’s splitting lemma [13] and
standard arguments for conforming mixed FEMs lead to the assertion. O

Remark 6.7 (Non-conforming approximation). Since (exce,ence) for the piecewise symmetric gradient exc is
not positive definite on CR(I)(T), there is no obvious non-conforming approximation of the Stokes problem (6.2)
and so no non-conforming approximation for the Neumann problem of the form (6.1).

6.3. A posteriori error analysis

Let E(I'y) := {E € £ | E C T'y} denote the edges on the Neumann boundary. Given a triangulation 7y,
define for all T" € 7, the local error estimator contributions by

v2(T¢, T) = ||hr(curlne on + Vexn) 132y + [div a2z,
2
01
+ hr Z ’ |:Uh+Xh <_1 0)} o)
EcE(TO\E(I'N) E

M2(T) = ||dev(p — HZ;""’(T)QD)H%Z’(T)

6.7
e (6.7)

and the global error estimators by the formulae (5.2). The following theorem states efficiency and reliability
of ng. The proof is similar to the proof of Theorem 5.1 and therefore omitted.

Theorem 6.8 (Efficiency, reliability). The error estimator 1, is reliable and efficient in the sense that

2
i = |lo = onllZz(a) + ICurl(e — an)lz2(g) + X = XalZ2(0)- O
7. STOKES EQUATIONS WITHOUT SYMMETRIC GRADIENT

This section considers the Stokes problem

—Au+Vp=f and divu =0 in 2 (7.1)
with homogeneous Dirichlet boundary conditions, so that the weak form
(Du, Dv) 120y — (p, div o) 2(0) = (f,v)r2(0) for all v € Hé((Z;RQ), (72)
(q,divu)r2(o) =0 for all ¢ € L2(92)

is suitable (see Rem. 6.1). Standard low-order conforming methods fulfil divu = 0 in some weak sense only. In
contrast, the non-conforming method of [22] allows piecewise divergence free approximations. In Sections 7.1
and 7.2 that method of [22] is generalized to higher polynomial degrees with deviatoric ansatz spaces for the
approximation of Du. Section 7.3 defines an a posterior: error estimator and proves its efficiency and reliability.
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7.1. Weak formulation

This section introduces the new weak formulation based on the Helmholtz decomposition from Theorem 7.1
below.
Recall the definition of dev and ]R(Qi:vz from Section 2. Furthermore, define

Z = {v € Hj(;R?) | divv = 0},

X :={ve H' (:R*) |[,vdz=0and [,curlvdz =0}, (7.3)
Y= L?(;R3X2).

Proposition 2.1 proves that [|dev Curle|[;, () defines a norm on X. The following Helmholtz decomposition is
a continuous version of the discrete Helmholtz decomposition of [20].

Theorem 7.1 (Helmholtz decomposition for deviatoric functions). It holds
Y =DZ ®devCurlX

and the sum is L?-orthogonal.

Proof. The L*-orthogonality follows from the L2-orthogonality of VH{(£2) and Curl H'({2). Proposition 2.1
implies that (dev Curle,dev Curle) 2 oy defines a scalar product on the complete space X. Given 7 € X, this
implies that there exists a unique solution g € X of

(dev Curl 3,dev Curly) 12(g) = (7,dev Curly) 12 for all v € X.

Let 3 € H'(£2;R?)/R? be defined by F(y) := (1/2)(—y2,y1) — fo(1/2)(—x2,21) dz. Then curly = 1. Given
v € H'(£2;R?) with [, ydz = 0, define ¥ € X by 5 := v — [, curlyday. Since tr(r) = 0 and dev Curly =
dev Curl7, the definition of 3 implies

(1 —dev Curl 3, Curl y) 12y = (7 — dev Curl 3, dev Curl5) 12 (o) = 0.

Thus, the Helmholtz decomposition L?(£2; R?) = VH} (2)®Curl H!(2) (applied row-wise) implies the existence
of u € H} (£2;R?) with 7 — dev Curl 3 = Du. Then, divu = tr(7 — dev Curl 3) = 0 leads to u € Z and concludes
the proof. O

Let ¢ € H(div, £2; R**?) with [, tr(¢)dz = 0 and —divy = f and seek (0,) € ¥ x X with

(0,7)2(0) + (1,dev Curl @) 120y = (@, T)12(0) for all 7 € 5,
(0,dev Curl )20 =0 for all 3 € X.

Define the bilinear forms a: X x X = Rand b: X' x X — R by

a(o,7) = (0,7)12(0) for all o, 7 € X,
b(1,a) := (7,dev Curla) 2 forall 7€ X, a € X.

The following inf-sup condition is employed in the proof of the existence and uniqueness of solutions from
Proposition 7.3.

Lemma 7.2 (Inf-sup condition). Any 8 € X satisfies

b(r,
ICur Bl ey S sup )
rex\{o} HT||L2(Q)
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Proof. The choice of 7 := dev Curl§ leads to b(r,3) = ||dev CurlﬁH%z(m. Proposition 2.1 then yields the
assertion. 0

Proposition 7.3. Problem (7.4) admits a unique solution (o,«) € X' x X and it holds o = Du for the solution
ue€ Z of (7.2).

Proof. The existence of a unique solution follows from Brezzi’s splitting lemma [13] and Lemma 7.2. The second
equation of (7.4) and the Helmholtz decomposition of Theorem 7.1 guarantees the existence of u € Z with
o = Du. Then, (7.4), —dive = f and the orthogonality DH (£2;R?) L 2oy Curl X imply

(Dﬂ, D’U)Lz(g) = (Lp, D'U)L2(Q) - (DU7 dev Curl a)Lz(Q)
= (f,v)r2(0) — (Dv, Curla) = (f,v)r2(0)
for all v € Z. This yields © = u. O

Remark 7.4 (Pressure). Define p := —(1/2)tr(¢ — Curla) € LE(£2). Since dev(p — Curla) = o, it follows

(p, div )22y = (Dv, plax2)r2(0)
= (Dv,dev(p — Curl@))2(0) — (Dv, ¢ — Curl @) 12
= (0, Dv)r2(2) — (f,v)L2(0)-
Proposition 7.3 implies that o = Du for the solution u € Z of (7.2) and, hence, (u,p) € Z x L3(£2) fulfils (7.2).
7.2. Discretization

For k > 0, define

I(T) == P(T; R} C ¥,

dev

Xu(T) = Pe1 (T;RHNX C X.
The discrete problem seeks (op, ap) € X4 (7T) x Xp(7) with

(O, Th) L2(02) + (Th, dev Curl o) 122y = (@, Th)12(2)  for all 7, € Xy(T),

7.5
(on,dev Curl B,)r2(0) = 0 for all B, € Xp(7). (7.5)
The following lemma proves a discrete inf-sup condition.

Lemma 7.5 (Discrete inf-sup condition). Any B, € Xx(7T) satisfies

b(th,
ICur Bullay S sup  amaPh)
mesn(m\{oy 1Tnllr2(2)

Proof. As in the proof of Lemma 7.2, the choice 75, := dev Curl 8, € X,(7) and Proposition 2.1 yield the
assertion. O

The following corollary is a consequence of Brezzi’s splitting lemma [13], Lemma 7.5, and the standard theory
of mixed FEMs [9].

Corollary 7.6 (A priori error estimate). The discrete problem (7.5) has a unique solution (op,ap) € Xp(T) X
Xn(T) and it satisfies

llo— Uh||L2(Q) + [|Curl(e — ah)”L?(Q) N Th’g)fl(,[) o — ThHL"’(Q) + ﬁhngiil(T) [Curl(a — ﬁh)”L?(Q) . o
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Define
Wi(T) :={m € Xp(T) | VBh € Xn(T) : (71,dev Curlﬁh)L'z(Q) =0}. (7.6)

The following lemma proves a projection property for W}, (7). This is the key argument in the a posteriori and
optimality analysis in Sections 7.3 and 8.

Lemma 7.7 (Projection property). Let T € X with (1,dev Curl 3) 2oy = 0 for all 3 € X (that means that there
exists v € Z with T = Dv). Then Il s, ()7 € Wi(T). If T, is an admissible refinement of T and 7. € Wy (7T,),
then HZ;L(T)T* S Wh(T)

Proof. This follows from dev Curl X;,(7) C X,(7) and X,(7) C X,(7,) C X. O

Remark 7.8 (Equivalence with Crouzeix-Raviart FEM for k& = 0). The discrete Helmholtz decomposition
of [20] proves

Py(T;R%%?) = DncZor(T) @ dev Curl(Py (T;R?) N HY(2; R?))

dev

for
Zor(T) == {v, € CRY(T) x CRY(T) | divnc vn = 0}.

If k = 0, this proves oj, = Dncucr for the solution oy, € X1, (7) of (7.5) and some ucr € Zcr(7). If the right-
hand side ¢ is a Raviart—Thomas vector field [33], a piecewise integration by parts proves, for all ver € Zer(7),
(Dxclcr, Dxcver) 2 (o) = (@, Dnocver) 22y = (f,ver)12(0)

and hence ticg is the solution of the P; non-conforming FEM of [22].
Let £(£2) (resp. N(£2)) denote the interior edges (resp. nodes) of 7. A computation reveals

dim(W}, (7)) = 3card(E(£2)) + card(N(£2)) for k =1,

dim(W3 (7)) = 6 card(E($2)) + 1 for k = 2,
while the non-conforming piecewise quadratic finite element space with vanishing divergence of [24] has dimen-
sion 3 card(N(£2)) + card(E(£2)) and the non-conforming piecewise cubic finite element space with vanishing

divergence of [23] has dimension card(N')+7 card(€(£2))+1. Therefore, these non-conforming FEMs are different
from the discretization (7.5).

7.3. A posteriori error analysis
Given a triangulation 7;, define for all T' € 7, the local error estimator contributions by

v} (70, T) = ||hr curlnc on oy + e D lonteleliz s,
Ee&(T) (7.7)

p2(T) = ||dev(p — s, (1) 0)lI72(r)

and the global error estimators by the formulae (5.2). The following theorem states efficiency and reliability
of 7.

Theorem 7.9 (Efficiency, reliability). There exist constants Cog, Cyel > 0 with

_ 2
C 3277? <llo— 0h||2L2(n) + [[Curl(er — ah)HL2(Q) < Cami

€

Proof. The proof is similar to that of Theorem 5.1 and therefore omitted. O
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8. ADAPTIVE ALGORITHM

This section defines an adaptive algorithm in Section 8.1 for the linear elasticity problem (1.1) and the
Stokes equations (6.1) and (7.1) and proves its optimal convergence rates for the Stokes equations (7.1) without
symmetric gradient.

8.1. Adaptive algorithm

Let y and p denote the error estimators for linear elasticity from Section 5, for the Stokes equations with
symmetric gradient from Section 6.3, or for the Stokes equations without symmetric gradient from Section 7.3.
The adaptive algorithm is driven by these two error estimators and runs the following loop.

Algorithm 8.1 (AFEM).

Input: Initial triangulation 7y, parameters 0 < 04 <1,0< pp < 1,0 < k.
for /=0,1,2,... do
Solve. Compute solution of (4.1), (6.6), or (7.5) with respect to Zp.
Estimate. Compute local contributions of the error estimators (y*(7;,T))
and (4*(T;,T))
if u? < ky? then
Mark. The Dorfler marking chooses a minimal subset M, C 7, such that
0.7 < 07 (Te, My).
Refine. Generate the smallest admissible refinement 7;41 of 7; in which
at least all triangles in M, are refined.

TeT,

TeT,”

else
Mark. Compute a triangulation 7 € T with u?(7) < ppu?.
Refine. Generate the overlay ;11 of 7y and 7.
end if
end for
Output: Sequences of triangulations (7¢) ¢y, , discrete solutions and error estimators (v¢)een, and (pue)een, - ¢

8.2. Remark on optimal convergence rates for the Stokes equations without symmetric
gradient

Given an initial triangulation 7, recall the set of admissible triangulations T from Section 2. Let T(V)
denote the subset of all admissible triangulations with at most card(Zp) + N triangles. For s > 0 and (o, o, ) €
X x X x H(div, £2;R?*2) define the seminorm

@), = swp N*_inf (o~ 11
(@ @)la, i= sup N*_inf (o= M5, yollzzo) 1)
+dnf Owl(a = Br) o) + ldev(e = s, 19 i)
Remark 8.2 (Pure local approximation class). The result ([39], Thm. 2) proves

i - ~ — p 1.5V for all v € H' (2
vhePk_,_?(l'Zl'I)lﬂHl(Q)HV(v Uh,)”L?(Q) HVU P (T;R2) U”L?(Q) or all v € ( )

and therefore the term

inf Curl(a —
,@Telgl(h(T)H wrl(a — B7)|| 2
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in (8.1) can be replaced by the local term

||Curloz—H2h(T) Curla||L2(m. O
We assume that the algorithm used in the marking step for u? > kA? is the algorithm Approx from [8,17],
i.e., the thresholding second algorithm [7] followed by a completion algorithm. This ensures quasi optimal data
approximation (axiom (B1) of [17]).
The following theorem states optimal convergence rates of Algorithm 8.1.

Theorem 8.3 (Optimal convergence rates of AFEM). Let s > 0. For 0 < pp < 1 and sufficiently small 0 < k
and 0 < § < 1, Algorithm 8.1 for the Stokes problem (7.4) without symmetric gradient computes sequences of
triangulations (Tg)een and discrete solutions (o¢, ag)een for the right-hand side ¢ of optimal rate of convergence
in the sense that

(card(Ty) — card(Ty))* ([l = o[22y + [ Curl(a = )| 2y ) S N0 0,9, -

The proof follows from the abstract framework of [17] (see also [32]) as in [35,36] for the Poisson problem
and is therefore omitted. Details can be found in [34].

8.3. Remark on optimal convergence rates for an adaptive algorithm for linear elasticity
and the Stokes equations with symmetric gradient

Optimal convergence rates of the adaptive algorithm 8.1 for linear elasticity or the Stokes equations with
symmetric gradient do not follow from the abstract framework of [17] for two reasons. First, the local error
estimator term ||div «y, || r2(r) does not involve the local mesh-size, and, hence, the reduction property does not
follow in the usual way. On the one hand, this term can be bounded by [5]

he > Vel vsliag (8.2)
Ee&(T)\E(012)

for the Taylor—Hood discretization from 4.3 for boundary edges £(92) := {E € £ | E C 9£2}. On the other
hand, (8.2) is only efficient for ¢ — o € H(curl, £2) and only up to oscillations of curl Curl c.
Second, since the spaces

Zh(T) = {ﬁh S Xh(T) |V§h S Yh(T) : (fh,divﬁh)Lz(Q) = 0}

are not nested for nested triangulations, the discretizations of Section 4 lack a projection property. This disables
the proof of the axiom (A3) quasi-orthogonality of [17] and, thus, the proof of optimal convergence rates of
an adaptive algorithm. The same difficulties also arise for the approximation of the Stokes equations with
Taylor—Hood FEMs: The work [25] states the quasi-orthogonality as an assumption without proof.

9. NUMERICAL EXPERIMENTS

This section is devoted to numerical experiments for the Taylor—Hood discretization from Section 4.3 for
k = 1 for linear elasticity in Sections 9.1 and 9.2 and the discretization (7.5) for the Stokes equations for
k = 0,1 in Sections 9.3 and 9.4. The experiments compare the errors and error estimators on a sequence
of uniformly red-refined triangulations (that is, the midpoints of the edges of a triangle are connected; this
generates four new triangles) with the errors and error estimators on a sequence of triangulations created by
the adaptive algorithm 8.1. Furthermore, for linear elasticity the robustness of the method with respect to
A — 00 is compared with the conforming P; FEM defined in Section 9.1 below. The convergence history plots
are logarithmically scaled and display the error |0 — 04| 12() against the number of degrees of freedom of the
resulting linear system for the Schur complement.
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0,2)

FI1GURE 1. Initial triangulation of the L-shaped domain from Section 9.1.

9.1. Rotated L-shaped domain

Let 2 := conv{(-1,-1),(0,-2),(2,0),(1,1)} U conv{(0,2),(—1,1),(0,0),(1,1)} be the rotated L-shaped
domain from Figure 1. The considered exact solution in radial components for the right-hand side f = 0 reads

e}

ur(r, ) = ;_u(_(a +1) cos((a+1) ¢) + (C2 —a — 1) C1 cos((a — 1)¢)),
up(r, ) = %((a +1) sin((a +1) ¢) + (C2 + a — 1) Cy sin((a — 1)¢))
with

S (183 R TR )

cos((a — 1)w) Adp
and the positive solution a ~ 0.544483736782 to
a sin(2w) + sin(2wa) = 0 with w = 3m/4.

Dirichlet boundary conditions are applied on

I'p := conv{(—-1,-1),(0,—2)} Uconv{(0,—2),(2,0)}
U conv{(2,0), (0,2)} Uconv{(0,2),(—-1,1)},

while (ov)|ry = g := 0 on the Neumann boundary I'y := 92\ I'p (see Rem. 3.5 for mixed boundary conditions).
Let ¢ := 0 € H(div, {2;S) and define up := qu with

0 ifr <1/2,
q(r,0) == < 160* — 6473 +88r2 —48r +9 if1/2<r <1,
1 if > 1.

Then up € H?(2;R?) and up|r, = u|ry-
The error estimator p defined by (5.1) and (5.2) for non-homogeneous Dirichlet data is modified as

1*(T) == ||(¢ — CDup) — I, (1) — CDUD)H(?;—1/27T :
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FIGURE 2. Errors and error estimators for the experiment on the rotated L-shaped domain
from Section 9.1.

For edges on the Dirichlet boundary E € £, E C I'p, with the one adjacent triangle 7', the jump reads

o (G5)] = (cmra(55))

The sum in the definition of the error estimator y in (5.1) runs only over edges that do not lie on the Neumann
boundary I'n.
Let E denote Young’s modulus and v the Poisson ratio, i.e.,

—DUD.
Ty

FEv

_E
(1+v)(1—2v)

A= R

and 1

with A — oo if v — 1/2.

The stress errors |0 — op| 12(0) and the error estimators 7 := /p? 4+ y? are computed on a sequence of
uniformly red-refined triangulations and on a sequence of triangulations created by Algorithm 8.1 for Young’s
modulus £ = 10° and Poisson ratios v = 0.4, 0.49, 0.499, and 0.4999. They are plotted against the number
of degrees of freedom in Figure 2. For uniformly refined meshes, the convergence rates of h?/3 ~ ndof /% are
suboptimal, while Algorithm 8.1 reveals the optimal convergence rate of ndof —!.

In contrast to standard conforming low-order FEMs, the discretization (4.1), as predicted by Theorem 4.1,
does not show a locking behaviour for A — oo. To illustrate this, the errors ||o — Ce(uc)||z2(g) for the solution
uc of the conforming P; FEM are included in Figure 2 for comparison for Poisson ratios v = 0.4 and v = 0.4999
on a sequence of uniformly red-refined triangulations. While the size of the error of the conforming P, FEM has
a strong dependence on \, the errors of the discretization (4.1) are of the same size for all considered Poisson
ratios.

Figure 3 depicts triangulations created by Algorithm 8.1 for Poisson ratios v = 0.4 and v = 0.4999 with
approximately 1500 degrees of freedom. The singularity at (0,0) leads to a strong refinement towards the re-
entrant corner. For v = 0.4 and v = 0.49 all marking steps in Algorithm 8.1 used the Dérfler marking (u? < kp3),
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F1GURE 3. Adaptively refined triangulations for v = 0.4 and v = 0.4999 for the experiment on
the rotated L-shaped domain from Section 9.1.

while for v = 0.499 the marking with respect to the data-approximation (17 > xn? in Algorithm 8.1) was applied
at level 54 (55696 dofs) and level 62 (118 732 dofs) and for v = 0.4999 from level 11 onwards at approximately
every third refinement.

9.2. L-shaped domain with piecewise constant f

This example considers the L-shaped domain 2 = (—1,1)?\ ([0,1] x [—1,0]) with pure Dirichlet boundary
I'p := 052. Define the piecewise constant volume force f € L?(£2;R?) by

(0,0) ifz<O0andy >0,
f@,y)=4(0,1) ifz,y>0,
(1,0) ifz,y<0.

Define ¢ = (¢11, p12; P21, p22) € H(div, 2;S) with —divy = f by

—z ify <0,
©11 ;:{ v=

0 else,
P12 = 21 := 0,
)=y ifz>0,
22 = {0 else

and let up = 0.

The error estimators n := /u? + n2 are plotted in Figure 4 on a sequence of uniformly red-refined trian-
gulations and on a sequence of triangulations created by Algorithm 8.1 for Young’s modulus £ = 10° and
Poisson ratios v = 0.4, 0.49, 0.499, and 0.4999. Uniform refinement yields a suboptimal convergence rate of
h?/3 ~ ndof /3, while Algorithm 8.1 recovers the optimal convergence rates of ndof~'. For a comparison,
the P; conforming FEM is computed. Since the exact solution is not known for this example, the efficient and
reliable error estimator nc = nc(7°) (with efficiency and reliability constants that are independent of the Lamé
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FIGURE 4. Error estimators for the experiment on the L-shaped domain from Section 9.2.

parameter A [15]), defined by

0T, T) = |hrfllfary +hr Y Ce(uc)eveliaey

EcE(T)\E(I'p)

no(T) = [> m(T.T)
TeT

for E(I'p) == {F € £ | E C I'p} the set of edges that lie on the Dirichlet boundary, is plotted in Figure 4.
These error estimators are approximately 250 times larger for the Poisson ratio v = 0.4999 in comparison with
the Poisson ratio v = 0.4 on a triangulation with 391170 dofs. The error estimators for the discretization from
Section 4.3 are almost of the same size for all considered Poisson ratios. Figure 5 depicts triangulations created
by Algorithm 8.1 with approximately 1500 degrees of freedom for Poisson ratios v = 0.4 and v = 0.4999. The
strong refinement towards the singularity at the re-entrant corner is clearly visible. Since ¢ is piecewise affine,
the error estimator p with respect to the data approximation vanishes and only the Dorfler marking (/J% < mﬁ)

was applied in Algorithm 8.1.

9.3. L-shaped domain for the Stokes equations

This subsection considers the Stokes problem (7.4) on the L-shaped domain 2 = ((—1,1) x (=1,1))\ ([0, 1] x
[—1,0]). The exact solution for the right-hand side f = 0 and corresponding Dirichlet boundary conditions reads

(1 + @) sin(Dw(¥) + cos(P)wy ()
ulr, v) = <r°‘(—(1 + ) cos(B)w(d) + sm(ﬁ)gﬁw)»

in polar coordinates with o = 0.54448373 and

w(9) =(sin((1 + a)V) cos(aw)) /(1 + «) — cos((1 + a)¥)
— (sin((1 — @)?9) cos(aw)) /(1 — a) + cos((1 — a)9).

forall T € T,
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%

FI1GURE 5. Adaptively refined triangulations for v = 0.4 and v = 0.4999 for the experiment on
the L-shaped domain from Section 9.2.
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FIGURE 6. Errors and error estimators for the experiment on the L-shaped domain from
Section 9.3.

Define

up(z,y) = (1 —z(@ —1)(z+ Dyly — 1)(y + 1)) u(z,y)

and ¢ = 0. Then uplan = ulon.

The errors and error estimators for £ = 0, 1 are plotted in Figure 6 against the number of degrees of freedom.
For uniform refinement, the errors and error estimators show a convergence rate of h'/2 ~ ndof!/4. The error
lo = onllz2(0) for k = 1 lies even above the error |0 — 04|20y for & = 0. Note that the saddle-point structure
implies that this does not contradict the conformity of the method. The adaptive algorithm 8.1 with bulk
parameter § = 0.1 and x = 0.5 and p = 0.75 leads to an optimal convergence rate of ndof**1/2. Figure 7
depicts triangulations with approximately 1500 degrees of freedom created by the adaptive algorithm for £ = 0, 1.
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FIGURE 7. Adaptively refined triangulations for £ = 0 and for £ = 1 for the numerical experi-
ment on the L-shaped domain from Section 9.3.

(—=2,1) (8,1)

(727 O)

(0,0)
(Oa 71) (8, 71)

F1GURE 8. Initial mesh of the backward-facing step from Section 9.4.

The singularity of u leads to a strong refinement towards the re-entrant corner. The marking with respect to
the data-approximation (u2 > kA? in Algorithm 8.1) is only applied at the first three refinements for k = 0. All
other marking steps for &k = 0,1 used the Dérfler marking (u% < /{A%).

9.4. Backward-facing step

This benchmark example considers the domain 2 = ((—2,8) x (—1,1)) \ ([=2,0] x [—1,0]) with initial mesh
from Figure 8 with volume force f = 0 and Dirichlet data up defined by

(0,0) if —2<z<8,
uplao(z,y) =< (—y(y — 1)/10,0) if 2 = —2,
(=(y+1)(y —1)/80,0) if z =8.

The extension

_ ) (=2?y(y — 1)/40,0) if z <0,
up(@y) = (—2%(y +1)(y — 1)/5120,0) ifx >0

of up to {2 and ¢ = 0 are chosen for the numerical computations.

The error estimators for k = 0, 1 are plotted in Figure 9 against the number of degrees of freedom. For uniform
refinement and k& = 0, the error estimator 1 shows a convergence rate of h*/% ~ ndof?/®. The error estimator
for k = 1 shows a convergence rate of h%/3 ~ ndof!/3 for uniform refinements. Since this is the expected
convergence rate for the interior angle of 37/2 at the re-entrant corner for k = 0, 1, the better convergence rate
for k = 0 is possibly a preasymptotic effect. This convergence rate for a first-order method was also observed
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FIGURE 9. Error estimators for the backward facing step experiment from Section 9.4.

F1GURE 10. Adaptively refined triangulations for £ = 0 and k = 1 for the numerical experiment
for the backward-facing step from Section 9.4.

for a pseudostress approach in [19]. The adaptive refinement leads to optimal convergence rates of ndof (k+1)/2,
Figure 10 depicts triangulations with approximately 1500 degrees of freedom created by the adaptive algorithm
for £ = 0, 1. The singularity of u leads to a strong refinement towards the re-entrant corner. The marking with
respect to the data-approximation (,u% > mA% in Algorithm 8.1) is applied at the levels 25, 31, 37, 41, 47, 52,
58, 64, 69, 75, 80, and 85 for k = 1. All other marking steps for k = 0,1 used the Dérfler marking (u3 < kA2).
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