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MAXWELL’S EQUATIONS FOR CONDUCTORS WITH IMPEDANCE
BOUNDARY CONDITIONS: DISCONTINUOUS GALERKIN AND REDUCED
BASIS METHODS *

KRISTIN KIRCHNER!, KARSTEN URBAN? AND OLIVER ZEEB?

Abstract. We consider Maxwell’s equations with impedance boundary conditions on a conductive
polyhedron with polyhedral holes. Well-posedness of the variational formulation is proven, a hp-
discontinuous Galerkin (hp-dG) approximation as well as a priori error estimates are introduced. Next,
we use the frequency w as a parameter in a multi-query context. For this purpose, we derive a Reduced
Basis Method (RBM) based upon the dG formulation as well as the corresponding a posteriori error
bound. Numerical results indicate the efficiency and the robustness of the scheme.
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1. INTRODUCTION

This paper is concerned with the analysis and the efficient numerical solution of the time-harmonic Maxwell’s
equations on a simply-connected conductive polyhedron which may have polyhedral holes. These holes can be
seen as rigid bodies of perfectly conducting material, whereas on the exterior we impose an impedance boundary
condition. In particular, we are interested in solving such a problem rapidly and certified by an a posteriori
error control for several different values of the frequency w.

We start by proving well-posedness of the variational formulation in Section 2. Due to our assumption of
positive electric conductivity o > o_ > 0, this is a more or less standard application of the Lax—Milgram
theorem. However, verifying coercivity and boundedness is not trivial under our (mild) assumptions and we
were not able to find a corresponding proof in the literature. For this reason and in order to derive explicit
bounds for the constants in terms of the parameter w, we detail all arguments in Appendix A.

Next, in Section 3, we construct a hp-discontinuous Galerkin (hp-dG) numerical method to obtain a dis-
cretization of the electric field density E. We detail well-posedness, which is again not trivially seen, and the
a priori convergence analysis. These results are a generalization of [22]. Specifically, in Section 3.1 we use an
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interior penalty dG flux and derive a consistent discrete variational formulation in the nonconforming space of
piecewise polynomial functions. The corresponding sesquilinear form is shown to be continuous and coercive
w.r.t. an appropriate energy norm in Section 3.2. This provides us with the foundation for our error analysis in
Section 3.3, where we show convergence at an optimal rate w.r.t. the energy norm.

As already pointed out, our main objective is to solve the time-harmonic Maxwell problem for several different
values of the frequency w. Hence, we obtain parameterized Maxwell’s equations, where we seek a numerical ap-
proximation for many values of the frequency. For this kind of multi-query problems, i.e., solving the same prob-
lem for many different values of the parameter, the Reduced Basis Method (RBM) has become a well-accepted
efficient numerical scheme, in particular for parameterized partial differential equations (pde’s). Roughly speak-
ing, the RBM is based upon a separation into offline and online computations and on the availability of a
detailed,but possibly costly numerical model, e.g., with a fine mesh size A and a huge number N’ = A/, of un-
knowns. Using this detailed model and an efficiently computable error bound allows one to determine parameter
values, say wi,...,wy, N < N, in the offline phase by maximizing the error estimator w.r.t. the parameter
w3. For these w;, the detailed solution &; := Ej,(w;) is computed in the offline phase and stored. Then, the set
{&,,...,&Ex} is called reduced basis, which is used in the online phase to compute an approximation E y(w) for
a new parameter value w # w;. The already mentioned a posteriori error bound gives rise to a certified reduced
numerical approximation.

There are several articles dealing with RBMs for different versions of Maxwell’s equations, see [10,11,15,16,
19,20, 29], just to mention a few. However, to the best of our knowledge, the case treated in this paper has
not been considered so far. For the following reasons we think that the presented framework is particularly
interesting:

e The domain {2, on which we consider the pde, is non-convex and we allow for coefficients with low regularity
(6,0 € L®(;R), =t € WH(§2;R)), so that the solution cannot be expected to have maximal regularity
and hence H'-conforming finite elements may not be appropriate, whereas a dG approach seems adequate.

e Changing the frequency w, i.e., interpreting it as a parameter may also change the mathematical properties
of the pde. If “critical” parameter values are not known a priori, RBM variants such as local RBM [24] or
hp-RBM [13,14] are at least not straightforward to apply. Such a strong parameter dependence as considered
here is a crucial issue for a RBM.

e In the literature, usually perfectly conducting material and corresponding boundary conditions on all of 92
have been considered. Instead, we use impedance boundary conditions on the outward part X of 912, see
below.

Section 4 contains construction and analysis of a RBM for the above Maxwell setting. Finally, Section 5
is devoted to our numerical results that show efficiency and robustness of our approach. We collect details of
certain proofs in Appendix A and the data for reproducing our numerical experiments in Appendix B.

2. MODEL PROBLEM

We consider an electromagnetic cavity problem on a bounded, simply-connected Lipschitz polyhedron 2 C
R3 with M disjoint connected boundary parts I,..., I'ny—1, X. Note that X is the boundary of the only
unbounded connected component of the complement R? \ 2 — the “interface” to the exterior. At the interior
boundaries I7,...,I 1 the domain 2 is assumed to be surrounded by perfectly conducting material. At
the exterior boundary X the electromagnetic field satisfies an impedance boundary condition. Following the
approach presented, e.g., in [26] we obtain the following boundary value problem for the case of a time-harmonic

3In the RBM literature, usually the letter u is used for denoting the parameter. Since we consider the frequency w as the relevant
parameter and here p denotes the magnetic permeability, we use w to denote the parameter.
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FiGURE 1. Cross section of a possible 3d-domain 2.

electromagnetic wave propagation (n being the outward normal)

V x (u1'V x BE) — (W +iwo)E = iwy/egJa in £2, (2.1a)
nxE=0 onFl,...,FM,l, (21b)
(1™IV x E) x n —iw(eopg )Y Er = ug''g on X. (2.1c)

As usual, po =47 x 1077 Hm ™! and gy ~ 8.854 x 1072 Fm~! denote the magnetic permeability and electric
permittivity in vacuum, respectively. For w € H(curl, £2) := {v €L? (Q; (C?’) | V xveL? ((); (C3)} the “tan-
gential components trace” up on 012 is defined as ur := (n x ulgn) x n, (¢f. [8], Thm. 3.31 of [26]). Finally,
A > 0 is a constant parameter depending on the intensity of the impedance. In addition, we make the following
assumptions on the model.

Assumption 2.1.
(a) The magnetic permeability p satisfies u=! € W1 (£2;R) and there exist constants p_, py > 0 such that

0 < p_ <ess ingu(w) <esssup p(x) < pg < 4o00. (2.2)
z€ zeN

(b) We assume €,0 € L*°(2;R) and that {2 is a conductor, i.e, there exist constants e_, ey, o_, o4 > 0 with

0 <e_ <ess inf e(x) <esssupe(x) < ey < 400, (2.3)
zef2 xes?

0<o_ <ess inf o(x) <esssup o(x) < oy < +00. (2.4)
xcs? e

(c) Ja € H(div,£2) == {u € L? (£;C3) |V-u € L*(;C)}.
(d) g e L{(¥;C?):={ve L?(X;C?) |n-v=0aec on X}

Remark 2.2. We point out assumption (2.4), which states that the electric conductivity is assumed to be
positive and bounded away from zero. This is indeed crucial for the subsequent analysis as it ensures coercivity.

Proceeding as in [26], Chapter 4, a variational formulation of (2.1a)-(2.1c) reads: given w > 0, find E € X
such that
ae(E,v; w) = f(v; w) Yo € X, (2.5)
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with the trial and test space defined as

X:={uc H(cwl,Q)|nxu=0o0nTy,...,[a1; ur € L*(2;C*) on X}, (2.6)
the sesquilinear form

ae(E,v; w) = (" 'V x E,V xv)g —w?(cE,v)q —iw(cE,v)n (2.7)

—iw(eopy )Y Er,vr) s,

and the right-hand side
f(v; w) = iwy/Eo(Ja,v)a + 1y g, vr) 5, (2.8)

where (-,-)o denotes the inner product on L? ((Z;(CS) and (-,-7)y is the dual pairing w.r.t. the pivot space
L*(X,C?), ice., (g,vr)5 = [y,g-DpdS for g € L7(X;C?), v € H(curl, £2). As shown in ([26], Thm. 4.1), X is
a Hilbert space with inner product (u,v)x := (V x u,V x v)q + (4,v)o + (ur,vr)s, v,v € X, and induced
norm ||ul|% = (u,u)x. It seems natural that (2.5) is well-posed in conductive mediums, i.e., if ¢ > o_ > 0.
However, to the best of our knowledge there is no proof in the literature dealing with regularity assumptions
on the coefficients i, € and o which are as low as in our case. Therefore, we include it in Appendix A.

Since we investigate problem (2.5) in a context with w as a parameter, we state the dependency of all constants
in terms of w.

Theorem 2.3 (Existence and uniqueness of E). Suppose Assumption 2.1 is satisfied. Then, there exists a
unique solution E(w) € X to (2.5). In particular, the bilinear form ac(-,-) in (2.7) is continuous and coercive
with constants

Y(w) = max {u=" wles +wor,wAleomg Y2},

1
o(w) = min { 7 w (wzfi(f?— + v‘i> : wWe—o}
’ 23204 (w2e? +02)1/27 2\ 2wt 402 ) 7 V20 |

The right-hand side (2.8) is bounded by || f(+;w)|lx < Cf(w) == wy/Eol|JallL2(2)2 + 1o 1G]l L2(5s - In particular,
the stability estimate | E(w)||x < C'f((‘”) holds.

a(w)

Proof. The claim follows from a complex-valued version of the Lax—Milgram lemma, (e.g. [26], Lem. 2.21),
since a, : X x X — C in (2.7) is continuous and coercive and f : X — C in (2.8) is bounded, which is shown in
detail in Appendix A.1. O

3. DISCONTINUOUS GALERKIN APPROXIMATION

In this section we introduce a hp-discontinuous Galerkin (hp-dG) formulation of (2.1a)—(2.1c) resp. (2.5).
For this purpose, we adapt an interior penalty numerical flux in [22] (there for the special case of a perfectly
conducting boundary, n x E = 0 on all of 02, and constant material parameters u = pg, € = g9 and o = 0).

3.1. Interior penalty dG formulation

The derivation of the dG formulation follows the ideas of [5], where a general dG approach for elliptic problems
using different numerical fluxes is described. Instead of the Laplace operator we have to investigate the curl-curl
operator.
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First, we introduce the auxiliary function q € L?(§2; C3) satisfying pq = V x E a.e. in {2, so that instead
of (2.1a)—(2.1c) we can consider the first-order system

V x g — (w?e +iwo)E = iw\/e0Jq in {2, (3.1a)
g =V x E in {2, (3.1b)

nxE=0 only,....,In_1, (3.1c)

g xn —iw(eopg ) 2Er = pgtg on X. (3.1d)

We follow the standard discontinuous Galerkin approach, namely: (1) partition of the polyhedron {2 into a finite
set of elements; (2) multiply (3.1a) and (3.1b) with test functions, integrate over {2 and use integration by parts
on each element; (3) in the integrals over the elemental boundaries replace g and E by their numerical fluxes g,
and E7; (4) again, integrate (3.1b) by parts on each element.

Although this dG construction is standard, to the best of our knowledge it has not been applied to the
Maxwell problem with impedance boundary conditions before. In addition, the regularity assumptions that we
impose on the coefficients u, € and o as well as on the exact solution E are quite low so that a careful analysis
is needed not only in order to prove convergence of the dG scheme, but also as a preliminary for the subsequent
RBM.

As for (1), let 75 be a shape-regular mesh of tetrahedra covering the polyhedral domain 2. For each element
T € 75, we define h as the diameter of the smallest sphere containing 7', and for 75, we define the mesh size as
h := maxpcT, hr. Furthermore, let F, denote the set of all faces in 75, Ff :={F € Fj, : F C 2} and FP =
{F € F, : F C 002} the set of all interior and boundary faces, respectively. We partition 72 in accordance
to the two different boundary conditions (3.1c) and (3.1d), i.e., Ff == {Fe€F,: FC ([N U...UTln_1)},
F¥:={F € F,: F C X}. The size of each face F € F, is measured by the diameter hz of the smallest circle
containing F. In this context, we additionally define the function h by

h: J F—Rs,  h(z):i= Y hexe(@). (3.2)
FeFy FeFy

For the dG formulation we need the following definitions of the tangential jump and average across an in-
terface ' € Fj, between two tetrahedra TT # TP which are well-defined for all functions u satisfying
u e {f € L*(;C3) | flr € CUT;C3) VT € T},

[u] = npe X ulpr +npr X ulpr on F € Fi, F C Tt noTE,
T lnxu on F e FP,

fu) = 3 (ulrr +ulrr) on F e FL, Fcortnork,
. u on F e FB.

Here, nye denotes the outward normal of TY, npr the one of TF. In this context, we recall the so-called “dG
magic formula”, (cf. [21], Eq. (3.1)),

Y (nrxwvlor =Y ([u], fohr — Y {ful ohr + Y (nxuv)r (3.3)
TET, FeF] FeF] FeFy

foru,v € {f € L*(2;C3)| f|r € C°(T,C?) VT € Tp,}, where (-, -)or and (-, ) p are the dual pairings on element
boundaries and interfaces induced by L?(9T; C?) and L?(F;C?), respectively. In order to shorten notation, we
abbreviate:

(), = Z (), <'v'>]-',{3 = Z (), <'a'>.7—'£ = Z () Fs

FeFn FeFp FeF]

<'a'>.7—'h2 = Z <"'>F7 <'v'>]—'{ = Z <'a'>Fv <'v'>]-',{UF = Z <"'>F’

FeF? Ferf FeFlurf
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Next, for (2) above, we multiply (3.1a) with the complex conjugate of
vy € Vip = {ap € L*(2;C®) |9p|r € PP(T;C)* VT € Tp, }, (3.4)

where PP(T; C) denotes the space of complex-valued polynomials of degree at most p € N on T. Replacing g
and E with approximations q;, Ej, € V3, and integrating over {2 yields

(Vh X qp, ’Uh)g — w2(€Eh,’Uh)_Q — iw(aEh, ’Uh)g = iw\/eo(Ja, 'Uh)g. (3.5)
Here, V), x denotes the elementwise curl operator for functions in Vi, d.e., (Vi X gy, 0n)02 = 3 peq, (V ¥

q;,,vn)7- By using integration by parts on each element 7' € 7}, substituting q;, with its numerical flux g} in
the integrals over the elemental boundaries and applying the dG formula (3.3), we obtain

(Vi x @y o)=Y (VXayvn)r =Y (g, V xvn)r + (nr x g, vn)or]

TeT), TeT),
~ (5, Vi x vn)o+ Y (nr X g}, vn)or
TeT),
= (@, Vi x o)+ Y (gl {onp)r— @i} [oal) el + > (n x gj,vn)r. (3.6)
FeF) FeFp

Now we adopt a similar procedure to the second equation (3.1b). Therefore, we consider a test function ¢, €
{f e L2(;C%) | flr € CO(T;C*) N HY(T,C?) VT € Ty, }. Then,

(1, 1) = (Vi x En,dp)o = > (V x Ep, )1

— 2; [(En, V x ¢h);i—h<nT x Ep, ¢p,)or]
~ :i (En,V x @)1 + (n7 x E};, ) or]
= é;h [(V X En, ¢p)7 + (nr % (E}, — Ey), ¢p)or]
= (thx Epn, ¢p)o+ FZ;IK[[EZ — B, {én})r — (§EL — En} [on]) F]
+ Y (nx (B —E:>,¢>h>p. (3.7)
FeFp

The Sobolev embedding p=! € Wh(2;R) — C%1(2;R) C C°(2;R), (cf. [1], Lem. 4.28), shows that u =14, €
COUT;C*)NHY(T;C?) for all T € T}, and v, € V},,,. Hence, the following expressions are all well-defined,

(@n¥n)e = (g 1",
= (Vi X En, ')+ > (IE;, — Enl, {19, })r

FeF}

= Y WE, - B} e + Y (nx (B — En),n”'Yy)p,

FeF! FeFy
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where we used (3.7). Inserting this into (3.6) and the result into (3.5) yields

iw/Eo(Ja,vn)0 = (/ufth X En, Vi Xvp)0o — w2(€Eh,Uh)_Q —iw(ocER,vp)n
(B}, — Bl An™' Vi x vn )z — (B, — End [0 Vi x vil) 51
+(nx (By — Ep), 1~ ' Vi X vp) g5
+ ([gn]. {vnB)7r — {an} [val) ;= (@hm X vn) 75 (3.8)

As fluxes Ej, and g; we choose interior penalty fluxes similar to the ones in [22]:

{E.} on F € 7,
E; :=<¢0 on F € FL, qZ::{
E, on F' e ]:'hZ"
where 7 > 0 is a constant penalty parameter. From the tangential component of the flux gj on X' we require
nx q; = —pp'g — iwA(copg )Y 2(Ey)r. Inserting these fluxes into (3.8), using the definition (2.8) of f and
observing that [{u}] =0, [[u]] =0, {{u}} = {u}}, {[u]l} = [u], leads to the following equation
f(vh,; w) = (M_lvh X Epn, Vi X ’Uh)g — w2(€Eh,’Uh)Q — iw(aEh,'vh)Q
—([BR] A Vi x vn ) pror — ({7 Vi x Ep Y [oa]) sror
+ (Th T [E], [on]) sror — iwA(eopg )2 {(Br)r, (vi)T) 5

=: ap(Ep,vp; w,T).

{p'Vi x By} —7hp'[En] on F € Ff,
p Vi x E, —7hp'(n x E) on F € F,

Then, for given w, 7 > 0 the discrete problem reads: Find E} € V}, ,, such that

an(En,vp; w,7) = f(vp; w) Vo, € Vi p. (3.9)

Remark 3.1. Since Vj, , ¢ H(curl, £2) and since we use a sesquilinear form a;, different from a. in (2.7) (i.e.,
we have a nonconforming approximation), existence and uniqueness of a solution E}, to (3.9) are not obvious.

The above derivation already indicates that the hp-dG discretization is consistent. This is formulated in the
next theorem, whose proof is in Appendix A.2.

Theorem 3.2 (Cousistency, proof see A.2). The formulation (3.9) is consistent, i.e., if E is the analytical
solution to the system (2.1a)—(2.1c), then E satisfies ap(E,vp; w,T) = f(vp; w) for all vy, € Vi, p.

3.2. Continuity and coercivity

The next step is to show coercivity of ap on V}, , and boundedness of an extension aj to a vector space
containing both, V}, , and X, with respect to an energy norm on this space. First, let us define the space V3,
that relates the spaces V45, in (3.4) and X in (2.6):

Vip = Vip + X = {v € L*(2;C%) | Jwy € Vi, € X 1 v =wp, +u}.

Note that the sum of V4, ,, and X is not direct, since {0} # V,, N1 X. On V;, ,, we introduce the dG-norm || - [|pc
induced by the inner product

(un, vn)pg == (Un, V)0 + (Vi X up, Vi X vp)0

+ ((un)r, (vn)r) s + (07 [un], [orl) gror,  wn,vn € Vi, (3.10)
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where h is the function which has been defined in (3.2) and

||w\|§f,{ur = Y wliapps, weL*(FLUFLCY). (3.11)
FeFluFl
The following discrete version of the trace inequality will be essential for the analysis of the hp-dG scheme.

Lemma 3.3 (Discrete trace inequality). There exists a constant Ciyny > 0, depending only on the shape regularity
of the mesh Tj, and on the polynomial degree p, such that for every vy, € Vi, p

hr [lonllZ2orys < Civ lvnlZz(rys VT € T (3.12)
Proof. According to ([32], Thm. 4), it holds th||2L2(aT)3 < (p+1)3(p+3) Sufgffrferf;gw ||'Uh||2L2(T)3 for v, € Vj, , and
T € 7p,. This implies (3.12) since on shape-regular meshes, there exists a constant C' > 0, independent of the
element 7', such that % < C’h;l for all T € 7p,. O

Lemma 3.4. For every vy, € V3, it holds

1
I {on % r0r < Cinv llvnllZa (o), (3.13)
with || - || gror as in (3.11) and the constant Ciny in (3.12) of Lemma 3.3.

Proof. Let vy, € V}, ;. Then we can estimate as follows

1 hr 2
bt o o = 3 " lfontrs +onlra s + 3 Belonlaey

FeFl FeF;
1
<3 Z hrp (||’Uh\TL||%2(F)3 + ”'Uh|TRH%2(F)3) + Z helvnlZ (s
FeFl Ferrl
1
< 3 Z (hTLHUh|TLH%2(F)3+hTR||vh|TRH%2(F)3) + Z hF||UhH%2(F)3
FeF} Ferp
<> Y hrllvalrlliaey

TeT, FeF,NOT

> hrlloalrlZarye < Civ Y lloalrlTacrys,
TeT, TeT,

where we used the discrete trace inequality (3.12) in the last step. This proves the lemma since the last term
equals Cipny ”vhH%"’(Q)?" O

In order to extend ay, to Vh,p X ‘N/h’p, we need the definition of a lifting operator, similar to ([28], Sect. 3.5).

Definition 3.5. Let Assumption 2.1(a) on u be satisfied. For u € vh’p we define the lifting operator L, (u) €
Vh,p via

(L, ()1 o) = ([l {u oY) pror Yo € Vi (3.14)

Remark 3.6. For u € V},, existence and uniqueness of L, (u) € V3, satistying (3.14) follow from the complex-
valued Riesz representation theorem (cf. [25], Thm. 2.30): for u as in Assumption 2.1 (a) the form (-, u=1)p =
(u='-, ) is an inner product on L?(§2;C3). The space V), , C L?(£2;C?) is a closed subspace and for every
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U € 1~/h’p, the mapping ¢ (vy) = ({p"tvn}}, [ul)#1or; v € Vi p, is a bounded linear functional on V4, p: Indeed,
inequality (3.13) from above yields
PR _1 _1yad
[ (on)] < 02 ™ on Y| zpor 1072 [u] |l por < pZt 02 for} #porulpe

S (M:l V Oinv ||u||DG) thHLz(Q)S'

Now we introduce the extended form ap, (-, ; w,T) : Vi p X thp — C for w, 7 >0 as
an(w,v; w,T) = (W 'V x u, Vj x v)g — w(eu,v) o — iw(ou,v)n
(L (), 1V X W) — (1 X, £(0) e
+ (77 [ul, [v]) £ror — iwA(eopy ) (ur, vr) 5.

It is obvious, that ap(-,; w,7) and an(-,-; w,T) coincide on Vj, , x V3 ,. We will show now that @y, is bounded
on Vi p x Vi p wor.t. the dG-norm | - ||pa.

Theorem 3.7 (Continuity, proof see A.3). Let Assumption 2.1 be satisfied. Then, the estimate
|an(u, v; w, 7)| < ypa(w) [|[u|lpellvlpa holds for all w,v € Vi, and all w, T > 0 with

Ype(w) := max {ul + Z—;\/Cinv,aﬂar +woy, T+ Z—;\/Cinv,w)\(eouol)lp} .

Both, for the proof of Theorem 3.7 and for the error analysis in Section 3.3 below, we need the p~!-

orthogonal L?-projection onto Vj, ,.

Definition 3.8. Let Assumption 2.1(a) on u be satisfied. For uw € L2(£2;C3) the projection II,u € Vj,,, is
defined as the following Riesz representative:

(u_lﬁuu, vp)o = (M_lu,'vh)g Yo € Vip. (3.15)

Note that II,, satisfies the stability estimate

|l < 75 llullzaoy  Vu € L3(2;C7), (3.16)

since it is readily seen that
B gy < G i, ) = (0w ) < p=full oo |l 2o
Theorem 3.9 (Coercivity, proof see A.4). Let Assumption 2.1 hold. Then, for all

16 Oinv
T>T = Tﬁ(w%i +02) (3.17)
o

and w > 0 it holds that |ap(vh,vp; w,T)| > apc (W) [|[vkl|be for all v, € Vi, with

1
o w (w?eio? +0t\? wA/Z
252p (w2e? +02)1/27 2 \ 2w2e3 + 02 VI

Corollary 3.10 (Existence and uniqueness of E},). Let Assumption 2.1 be satisfied. Then, for every frequency

w >0 and T > T* there exists a unique function Ej, € V3, solving (3.9), i.e., ap(Ep, vp; w,T) = f(vp; w) for
all vy, € thp.

apg(w) = miﬂ{
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Proof. Since V}, ), is finite dimensional, it is a Hilbert space w.r.t. (3.10). Due to Theorems 3.7 and 3.9,
ap(-,-; w,7) is bounded and coercive w.r.t. || - [pc = /(,-)pg for any w > 0 and 7 > 7* on V},, so that
the Lax—Milgram theorem yields the assertion. O

3.3. Error in the energy norm

For the error analysis we collect properties of the g~ !-orthogonal projection II,, introduced in Definition 3.8.

To this end, we introduce the L?-orthogonal projection I1j, : L(£2;C3) — V}, , by
(IIhyw,vp)o = (w,vn)0 Yo, € Vi, — w e L?(2;CP). (3.18)
Furthermore, we define A, for a node a in the mesh 7}, as the set of all tetrahedra sharing this vertex.

Lemma 3.11. There exists a constant C' > 0, independent of T and hr, such that for any v € L?(£2; C?) with

v|a, € HY(Ag; C3), t > %, any T € Ty, and any vertex a of T the projection Iy, in (3.18) satisfies

2min{t,p+1
lo = 0l32 00y + hrllv = Tpvl|3aomys < CRE™ P o2, 4 . (3.19)
Proof. In two dimensions, this theorem follows from the properties of the interpolation operator in ([12], Thm. 1)

or ([6], Thm. 2.1 and Rem. 4). As mentioned in ([18], Sect. A.3), the proof can be directly adopted to the case
of higher dimensions. a

The estimate (3.19) for the L2-orthogonal projection II, on Vj, provides us now also with an error bound
for the i~ !-orthogonal projection I7,, in Definition 3.8.

Lemma 3.12. There exists a constant C > 0 depending only on p, p and the shape regularity of the mesh such
that for any v € L?(£2;C?) with v|a, € H'(Aq;C?), t > 1, any T € T, and any vertez a of T the projection
II,, in (3.15) satisfies

[0 = Lwl3egrys + hrllo = Huv[Faorye < CRE™™ 7 o), - (3.20)

Proof. Let T € Tp,, a be a vertex of T and v € H*(Ag; C?) for some t > % Then,

p HIhw = Hol|72 s < (07 (Mo — o), Hyo — )7
= (u  Tyv, My — v)r — (0o, Do — O,0)7
= (W (IIhv — ), Hyv — M)y < p” [ Tho = o) g2orys | o — 0| 2y

and, therefore,

| Tyw — IT,0| 2y < Z-* 1Thv — | 2(7y5, (3.21)

as well as

lv — H,u'UHL'L’(T)'J <lv-— Hh’UHL'z(T)s + | v — H,LLU||L2(T)3

< (1 ; Z—+) o — ol 2y < (1 n jj—*) CR P g 1 )0
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for any corner a of T € T, by Lemma 3.11. For the L?-norm on 07 we may use the discrete trace inequal-
ity (3.12), (3.19) for I, and (3.21). Thus,

hrllv — 03207y < he ([[v — Hho| 2 or)s + [ Ho — HuvHL"’(BTP)z
< 2hpl|v — Hyo|| 7297y + 2he || Hho — o)l 7200y
< 2hp v — Hyo|| 7297y + 2Ciny [ Tnv — 0|72 (pys
< 2max {1, C’invui,u:z}(hTHv - Hh’UH%z(aT)s + v — Hhv||2L2(T)3)
< ChQTmin{t’pH}||17H§{f(A,,)37

so that the lemma is proven. O
For w, 7 > 0 we define the residual for vy, € V3, by

Th(Vn; w,T) = an(E,vp; w, ) — f(vp; w) = an(E — Ep,vp; w,7),

where E denotes the exact solution of (2.1a)—(2.1c) and E}, the dG approximation as a solution of (3.9). We
are able to estimate the absolute value of the residual r;, as follows.

Proposition 3.13. Let Assumption 2.1 be satisfied, and E be the unique exact solution to (2.1a)—(2.1c) for a
frequency w > 0 with V x E € HY(£2;C3) for some t > % Then, for T > 0, the residual can be expressed as

rn(on; w,7) = NV x B~ IL(V x E)}, [on]) gror - Yor, € Vi (3.22)

In addition, there exists a constant C > 0 depending only on p, p and the shape reqularity of the mesh, such
that .
ra(vps w,7)| < CRMMEPT 0y I |V X B gegays Yon € Vi,

Proof. In order to derive representation (3.22), let w, 7 > 0, and vy, € V4, p. Then,

74h(vh; W,T) :ah(E,Uh; waT) - f(vh; w)
= (/’Lilv X E,Vh X 'Uh)Q - w2(€E,Uh)Q - iW(UE,Uh)Q
— (W 'V x B, Lu(v))e — iwA (copg ) > (B, (vi)r) s
— (Lu(B),n~ Vi x vp) o + (Th T E], [or]) gror — f(on; w).

The first two expressions in the last line vanish since [E] = 0 on F{“!" and, hence, £, (E) = 0. Applying
integration by parts to the integral (u='V x E,V x vp,)r on every element T € 7}, and afterwards the dG
formula (3.3) yields

r(vp; w, ) =(V X (L™ 'V x E),vp) 0 — (W +iwo)E,v,) o — (M—lnu(v x E), L,(vr))a

= Y (nr x ('Y x E),vp)ar — iwh (eong ) 2B, (v)r) s — 15 (g, (vr) 1) 5
TeT,

—iw\/eg (Ja,Vn)0

= — ([ 'V X EL {oa})r + ({u7'V X B}, [onl) 1 + (0 'V X B, X vp) g1
—(nx (W' X BE),vp)rr — ({u (VY x B)Y, [oa]) sror — 1 (g, (vi)7) 5
—iwA (coptg )V (Er, (vn)1) 5

= ({1 'V X E - p IV x E)}, [op]) gror — (nx (u'V x E)

+iwAeong )P Er + g g, (vn)r) s = {({nTH(V x B = (Y x )}, [oa]) ror,
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since [u™'V x E] = 0 on Ff, (n x (u'V x E),vh)rs = (n x (0= 'V x E), (vy)7)s and E satisfies (2.1c).
Using this representation, we can estimate as follows

rn(vn; w,T)| = [({p" (VX B — IV x E)}, [vn]) £ror|
< 02 [onll| zror 02 = (V x B — I,(V x E)}|£ror

1

< lonlloa( Y hrlfn=(V x B = (Y x ENllEary)

FeFy,
1
_ 2
< llonlloa( Y- Arlu™(V x B = 0(V % )31y )
TeT),
1
_ 2
< onlloa( Y Arll(V x B = (Y x E)) 3207y
TeT),

< CR™MEPE Y oy |lpG |V % Bl ge(oys,
where we used estimate (3.20) for IT,, in the last step. O
Next, we state an error estimate for the Nédélec interpolant w.r.t. || - || x.

Lemma 3.14 (Nédélec interpolant). Let v € H!(£2;C3) with V x v € H'(2;C?) and vy € H{(X)? N

I
H(curly, X) for somet > %, where

H{(2)* = {w € L}(Z;C%) |3& € HH3(2;C°) s w = yr(€) == (n x &|5) x n}

and H(curly, X) := {w € L}(X;C?) | Vy x w € L*(X;C)} with the surface curl operator Vsx on the surface
X, (cf. [8], Prop. 3.6). Then, there ezists a function IIxyv € V3, N X satisfying

1
lv = Inolx = ([[v = N0l 5, + | (0 = Inv)rl|72(5s) 2

< OR™™EP) (o] vy + IV % 0l seqs + ozl (95 + 195 % (07 22¢5).

where Hw”Hﬁ(Z)S = infgeHH%(Q)S{HEHHH%(Q)S |y (&) = w} and C > 0 is a constant depending only on p € N
and the shape regularity of the mesh.

Proof. Tt is a well-known result (cf. [2,26]) that the interpolation operator IIy : H(curl, £2) — N (£2) on the
finite element space N} (£2) generated by the Nédélec elements of first kind and pth degree satisfies

v — Inol| pr(eunt,2) < CR™EPY (0| e gays + [V X 0] o))
for some constant C' > 0, independent of the mesh size h, if v € H!(£2,C3) and V x v € H!(£2,C3) for some
t> 1
It remains to investigate ||(v — IINv)r||L2(x)s. As argued in [17], Section 5.1, the result of ([9], Lem. 15)
yields an error estimate for the interpolation operator ITx on the finite element space NP(X) C H(curly, X)

defined by
NP(Z) =7 (NF(2) = {g € L}(¥;C?) : 3¢ € N (2) with g = y7(€)}-

To be specific, for every w € Hﬁ(2)3 N H(curly, X), t > £, it holds

lw — I wllzz(s)e < CR™MEP (]| g (s + IV X w2 (s))
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for some constant C' > 0, independent of h. Finally, the commuting diagram property yrIIy = vyt (cf. [17],
Sect. 5.1) implies that

[(v — IN)7llL2(sys < Chmin{t’pﬂ}(HUTHHﬁ(x)s + Vs x (vr)lL2(s))
if vr € Hﬁ(Z)?’ N H(curly, X), and the assertion is proven. O

Proposition 3.15 (Partition of the error). Let Assumption 2.1 be satisfied, and E solve (2.1a)—(2.1c) forw > 0.
If Ey, is the dG approximation in (3.9) for T > 7*, then it holds

. Th(Wh W, T
|E — Ep|lpc < K( inf ||E—wvpllpgc+  sup M)
VL EVip wieVi,\{0y  [wnlpa
with
max{1,pa(w) + apc(w)}
apg(w)

K=K(w):= (3.23)

Proof. Let v, € Vi p. Then, |[E — Ey|lpc < [|[E — vi|lpa + ||vn — Enllpe, and using coercivity and continuity
of ap, and ay,, respectively,

apg |vn — Enlpe < lan(vn — En,vn — Ep; w,7)| = [an(va — En, v, — Ep; w, 7)|
<lan(vn — E,vp — Ep; w,7)| + |an(E — Ep,vp — Ep; w,7)]

<9 ||lvn — El|lpcl|ve — Enllpg + |7h(vh — En; w,T)|,
which implies

1 |ra(vn — Ep; w,7)|

DG
|E — En|pc < (1 + L)H’“h — E|pc + o

apc pc ||lve — Enllpc

max1{1l,vpa + apc Th(Wp; w, T
< { }(th_EHDG+ sup L ; )\)
apg wieVi,  [Whllpg
The assertion follows now by taking the infimum over vy, in V4 . g

Theorem 3.16 (Error in the energy norm). Let Assumption 2.1 be satisfied and assume that the solution E
of (2.1a)- (2.1c) for w > 0 satisfies E € H'(£2;C?) with V x E € H'(2;C3) and Er € H{(X)3 N H(curly, %)

[
on X for some t > % Let Ej, € Vi, be the dG approzimation solving (3.9) for 7 > 7% and define K as

in (3.23). Then, there exists a constant, independent of h and w, such that
|E — Ex|pc < CKR™™MEPY (|| B ge(oys + |V % E|| ey + 1Bzl (sys + IV % (Br)lz2cs).  (3:24)

Proof. The result follows from Propositions 3.13, 3.15 and Lemma 3.14:
. Th\Wh; W, T
|1E — Eilpc < K( inf ||E—wvpllpc+ sup M)
UnEViy wieVi,  |lwnlpe

< C’K( inf [|E — vp|pc + R™EPT |V x EHHt(Q)3>

’u’LG‘/’L,p

< CK(|E = Iy Ellpe + k™™ 7+ |V X Bl 0y

< C'Khmin{t’p}(HEHHt(mS IV X Ellae 2y + 1 BTl (o) + Vs % (ET)HL2(2)),

which proves the theorem. O
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Remark 3.17. For large values of w and for 7 &~ 7*, the ratio between continuity and coercivity constant and,
hence, the constant K in (3.24) behaves like

7’YDG(W) ~ w?’, w — 00,
aDg(w)

which might seem to be suboptimal. This is due to the fact that we use the above defined standard graph norms
|| -llx and || - [pg on X and V}, p, respectively, which are not scaled by w (as often done in the literature). The
reason for this choice is the fact that we use w as a parameter within the RBM.

4. REDUCED BASIS METHOD

As already indicated above, we ultimately aim at constructing a numerical method that is able to rapidly
compute a certified approximation to the electric field density E(w) as a function of the frequency w, in particular
for many different values of w — a so-called multi-query problem.

The main challenge here is that the mathematical properties of the underlying pde crucially depend on the
value of w, not only — but also — all involved stability constants are heavily w-dependent. Typically, a Reduced
Basis Method (RBM) requires a smooth (or at least a known) dependence of the solution E(w) w.r.t. the
parameter w. This is not the case here. We will show that the above introduced hp-dG method is in fact a
possible choice, which allows for a — more or less — standard RBM, which is shown in Section 5 below to be
efficient and robust.

In the context of the RBM, the detailed, i.e., high dimensional approximation E}(w) of the exact so-
lution E(w) of (2.5) is called truth approximation. The key to set up the formulation for a lower dimen-
sional reduced basis approximation is the idea that the set of all possible truth approximations M» :=
{Ep(w) solves (3.9)|w € D} lies on a low-dimensional manifold in Vj, p, [30]. Instead of computing the
—expensive— truth approximations Ep(w) for all frequencies w in a given parameter domain D, the RBM
amounts to finding a suitable approximation space Xy C V4, of MY with lower dimension N := dim(Xy) <
dim(V4, ) =: N = N, and then computing —cheap— approximations Ey(w) € Xy. This is done using snap-
shots, i.e., truth approximations for N different values of the parameter, cf. [30],

Xy := span{Ej(w) solves (3.9)|w € Sy}, Sy ={wi,...,wn} CD.

In the online phase, one computes the Galerkin approximation in the previously determined low-dimensional
space Xy, i.e.,*
ap(En(w),vn; w) = f(vn; w) Yon € Xn.

The spaces Xy are called reduced basis spaces, a standard procedure to construct them is a greedy algorithm,
see e.g. [7,30]. This algorithm constructs the space X iteratively by enriching it with one new basis function
in each iteration. The particular choice of the basis functions is based upon an error indicator or estimator, the
algorithm therefore depends on efficiently computable a posteriori error bounds | Ej,(w) — En (w)|pa < An(w).
The greedy procedure then maximizes the efficiently computable Ay (w) w.r.t. an appropriate training set
Etrain C D to define the snapshots.

The key to these efficiently evaluable error bounds as well as to the efficiency of the calculation of the RBM
solution Ey(w) is an affine dependency of aj and f w.r.t. the parameter w, i.e., they must be of the following
form:

an(un, vp; w Z@a w)af (un,vr),  flon w Z@f )f(vn)

for all up, v, € Vi and all w € D with parameter-dependent functions 6 (w), @g(w): D — R, as well as
sesquilinear forms aj(-,-) and antilinear forms f;(-) which are independent of the parameter w.

4To shorten notation we omit 7 since it is chosen constant in our numerical experiments.
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The online-efficiency is obtained via precomputing the values a;]l(éi,gj), ,je€{l,...,N}, g€ {l,...,Q.}
and f9(¢;), i € {1,...,N}, ¢ € {1,...,Qy} in a precedent, possibly time-consuming offline phase, where
{&,,...,&x]} denotes a basis of the RB space Xy. The mentioned error estimator Ay (w) can, e.g., be based
upon the dual norm of the RB residual 7y (+; w) = f(-; w) —an(En,; w): Vi, p, — C and the coercivity constant
apg(w) of ap(-, - w). It reads, cf. [30]:

Iy (s @)lb 1 riv(on; w)

AN w) = = sup .
) = @) ana@) o® Tonloe

For w € D, the dual norm of ry(+; w) can be evaluated via the dG-norm of its Riesz representative v, (w) € Vi, p
which satisfies ||v,, (w)|lpe = ||rv (+; w)||pe-. Based upon the affine decomposition of aj, and f, also the norm of
the Riesz representative v, (w) is offline-online-decomposable (e.g. [11,19,30]) and can therefore be evaluated
efficiently in the online phase. The coercivity constant apg(w) can e.g. be computed by an eigenvalue problem
or it can be approximated via the Successive Constraint Method (SCM), [23].

The above considerations indicate, that we can use the above introduced hp-dG discretization as a truth
approximation within the RBM. Since the frequency w serves as the parameter, the challenge remains that
Ej(w) strongly depends on w.

5. NUMERICAL RESULTS

In this section, we present results of some numerical experiments for the investigated problem being treated
with the RBM. As already mentioned, one crucial ingredient of the RBM is the affine decomposition of aj, and f
w.r.t. the parameter. For our dG formulation (3.9), this affine form is readily given by:

of(w) =1, ar(un,vy) = (Vi X up, Vi, x vp)o — ([un], {p= Vi x vn ) Fror
— ({7 Vi < und [onl) o + (7h [un, [wn]) o

O3 (w) = w?, az(wn, vp) = —(eUn, vn) 0,

05 (w) = w, az(up, vy) == —i(oun,vi)o — iX(copg )2 ((un)T, (vi)7) 5,

6] (w) := w, fi(wn) == ivEo(Ja,vi) o,

Of(w) =1, fo(vn) = (g g, (vn)r) =,

and, therefore, Q, = 3, @y = 2. Note, that J, and g are chosen to be parameter-independent. We use boundary
conditions as specified in (2.1b) and (2.1c). The models we use for our numerical tests were created using
COMSOL Multiphysics 4.2a. Details of the implementation an all data are given in Appendix B. All RB
calculations were implemented in RBmatlab, see http://www.morepas.org.

As geometry we use the unit cube (0,1)% from which we cut out two smaller blocks, each of side length 1/4.
One of the smaller blocks is placed parallel to the large block, one is rotated by 45 degrees about the z-axis,
see Figure 2. The two interior blocks are supposed to be perfectly conducting (2.1b), whereas an impedance
boundary condition (2.1¢) is imposed on the exterior boundary.

We implemented two versions of the model: Model 1 has constant coefficients p = g = 47 x 1077,e = g9 =
8.854x 10712 and o = 0.01. In Model 2 the coefficients are given by u(z) = uo(1+ ||z —(0.5,0.5,0.5)T|),e(x) =
go(1 + ||z]]), and o(x) = 0.01(1 + 0.52%). Referring to [22], we chose 7 = 1000/ for both models. With these
two models, we performed a greedy sampling with a parameter domain D = [1,50] GHz which was discretized
into 97 equidistant sampling points to obtain Zi;ain-

Note also that we are dealing with complez-valued degrees of freedom (DOFs), which has to be taken into
account when choosing a solver. Since the MATLAB backslash-solver (at least for finer discretizations) was not
capable of an efficient numerical solution, we used MUMPS [3, 4], which allows us to use about 300000 DOF's
on an iMac, 3.2 GHz Intel Core i3 with 8GB RAM.


http://www.morepas.org
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FIGURE 2. Geometry for the numerical experiments.

TABLE 1. h-convergence: ||E* — E}p||pg for different h.

p=1 Model 1 Model 2
h #DOFS wlzl LUQ:10 wlzl LUQ:10
1 345 1.4637  2.5759 1.1366  4.3942
1/2 2760 0.9465 0.6149 0.7506  1.1621

1/4 22080 0.5653  0.2853 0.4521  0.7041
1/8 176640 0.2886  0.1357 0.2286  0.2679

In absence of an analytic solution to (2.1a)—(2.1c), we determine a reference solution E* and investigate
|E* — Ep||pg for decreasing mesh size h in order to validate our code w.r.t. (3.24). We start with & = 1 and
refine the mesh uniformly until we end up at a mesh size of h = 1/16. Thus, we obtain conforming meshes. We
choose p = 1. The solution E; /s consisted of 1413120 DOFs and was used as reference solution E*, whose
computation took about 7 h. The h-convergence results are shown in Table 1.

For the greedy algorithm we used different mesh sizes that are pre-defined by COMSOL. The number of DOFs

varies from 7818 to 290673. In Figure 3 we show the convergence of the error during the greedy algorithm when
using the real error (strong greedy)

Jmax ley(w)lpe,  en(w) = En(w) - En(w),
as well as the error estimator max,¢s,,.,, An(w) as error indicator. There are several versions of the Successive
Constraint Method (SCM) for complex-valued problems, e.g. [11,19,20]. As proposed in [27], we instead obtained
the coercivity constant via an interpolation method based on precalculated values of apg(w).

We observe an exponential decay of the error. As expected, the decay is faster for Model 1 than for Model 2
which is the more sophisticated one. In addition, although the error estimator overestimates the real error,
it reflects the dependency on the frequency w correctly, cf. Figure 4, which is crucial for the selection of the
snapshots during the greedy algorithm. For Model 1, the RBM matrices are almost singular and, hence, the
reduced linear systems became unstable when creating reduced bases with more than 50 basis functions without



MAXWELL’S EQUATIONS: DG AND RBM

1779

10° ‘ ‘ 10° ‘ ‘ ‘
-o-max Ay, 7.818 DOFs -e-max Ay, 7.818 DOFs
P —eo—max |lex|, 7.818 DOFs —e—max |ley]||, 7.818 DOFs
104 L ve - #-max Ay, 47.598 DOF's A -#-max Ay, 47.598 DOF's
Y ——max |ey|[, 47.598 DOFs 100 F 5, —#—max ey, 47.598 DOF's
o ~a-max Ay, 92.481 DOFs A ~a-max Ay, 92.481 DOFs
e \;\\Q” —a—max |ley]|, 92.481 DOFs = \:\@:/ —s—max [ley]|, 92.481 DOFs
210 ¢ ~¢-max Ay, 290.673 DOFs g, i, ~¢-max Ay, 290.673 DOFs
g /\‘:f\il‘ ——max |ley], 290.673 DOFs g 10" B a —o—max |leyl|, 290.673 DOFs
§ 0 - % \Qi\:;‘\e\
510 | g Tl
° L0 : |
5 51|
5 107 3
1074 107 1
10*5 L L L L 1074 L L L L L L \
0 10 20 30 40 50 0 10 20 30 40 50 60 70 80
Nr of Basis Functions Nr of Basis Functions
(a) Model 1 (b) Model 2
FIGURE 3. Real error and error estimator during the greedy algorithm, p = 1.
TABLE 2. Runtimes.
Model 1 (N = 50) Model 2 (N = 73)
# DOFs 290673 92481 47598 7818 290673 92481 47598 7818
tdet. [s] 158.767 14.872 4.923 0.258 157.087 14.710 4.831  0.270
tred.[s] 0.002 0.002 0.001  0.001 0.002 0.002 0.002  0.002
speedup 67449 9487 3648 219 75859 7280 2534 112
10° 10%
10' | E 10k ]
10° E
5 510° ¢ 4
© ©
£ ol ] £
g g |
5 5107 :
5107 : s
s s
® 10 E 5107 ]
107 ] 107 :
-5 L L L L —4 L L L L
10 0 10 20 30 40 50 10 0 10 20 30 40 50

Parameter o [GHz]

(a) Model 1, N=20.

Parameter ® [GHz]

(b) Model 2, N=40.

FIGURE 4. Error and error estimator for Model 1 with basis length N=20 (left) and Model 2

with basis length N = 40 (right).



1780 K. KIRCHNER ET AL.

the computationally expensive Gram—Schmidt orthonormalisation. At this point, the error measured in the
dG-norm || - ||pg was below 10~%. For Model 2, the bases became unstable for N > 73 where the maximum error
over the sampling set was at about 10~3. The offline phase took between 3 min for the coarse meshes and 18 h
for the finer meshes. In Table 2, we show the online times needed for performing a detailed respectively reduced
simulation. The online speedup factors vary from 112 to 75859. One can also observe that for both models the
error decays slightly faster for the finer discretized versions. This means that the physics of the problem can be
represented better with a finer mesh and can therefore also be reproduced better with a reduced solution.

In order to verify the robustness of our RB approach, we finally investigate the dependency over the whole
frequency range. In Figure 4, we show the error and error estimator over the whole parameter domain D with
100 equidistant grid points for the two models with 92481 DOFs and reduced bases with dimension N = 20
(Model 1) resp. N = 40 (Model 2). As desired, the error estimator resembles the behavior of the true error and
both stay in an acceptable range, which shows the robustness of our dG discretization as well as of the RBM.

APPENDIX A. PROOFS

A.1. Proof of Theorem 2.3
We collect detailed proofs of certain relevant results in this appendix.
Proof of Theorem 2.3. Fix w > 0 and let uw, v € X, then
|ae(w,v; W) = |(L7IV x u, V x 0) o — w(eu,v) g — iw(ou,v) g — iw(eopg )Y 2 (ur, vr) 5|
<MV X ull 2@ |V X vl 2 + WPy + woy) [ull2opslvllLaco)s

+wA(eopg )2 url L2y lvr |2y

< max {u=" wes +wop, wA(eoug ) Hlullx vl x= (W) ul x|l

which shows continuity. As for coercivity, we have:
|ae(u,u; w)| = | ((17'V xu,V x u)g — w?(eu, u)g)2

1/2
+ (w(au, U)Q + w/\(&o,uo_l)lmn’UJTH%'z(g)s) }

v

:(u_lv xu,V xu)% — 203 (n 'V x u, V x u)o(cu, u)g

/
+ wleu, w + W (ou,w)h + W 2eong ur sy

v

_(1 — 'V xu, Vxu)h+ (1 -6 w(eu,u)j

1/2
+ (o, w)h + PN eopg lurl ey | s

for 6 € (0,1) by Young’s inequality. The fact that va + b > %(\/E—I— Vb) for a,b > 0, together with (2.2), (2.3)
and (2.4) in Assumption 2.1, leads to
1 ~1 2 ~1y, 4 2 2 2 1/2
VMwwwNZVﬂﬂ—ﬁw Vxu, ¥ xwh+ (1= 07 wheu, uh + w?(ou,u)h
wA €0
+ Dl
1 [1-9¢ 4 2 2 -1 4.2 4 :
72| 2 IV % |12y + (w02 — (07" = 1) w'ed) lullfz(gps | +
+

w)\1/€0
> 2—||UTH%2
Ho

\/— (2)3.
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w%i—&-oi /2

2_2
Choose1>5>w;;2+75_:03>0, e.g., 0 =

w2e? 402 7
1 o? wie? 0? + w2t 3 wh/Eo
u, u; >—{ — V x ul |t Y ur|? :
‘ae( W)‘ =2 2(“)253-"_02 )/”L?&- ” HL2(9)3+ 2w2€1+02_ H HL"’(Q)3 + \/% ” T||L2(2)3

l
>3 (G ) IVl

2 \2(w%? + 0212 L)

2.2 2 4 2

v3 () el + 2 furlasys
> min 7 f(”%i(’““i)% 2
- 2521 (w?ed +02)1/27 2 \ 2w2e? + 02 " V20 X
— afw)

For the right-hand side, standard arguments yield |f(v; w)| < (wy/Eo||Jallr2(2) + 15 gl L2(sys) vl x =
Cy¢(w)|lv||x for all v € X, which proves the claim. O

A.2. Proof of Theorem 3.2

Proof of Theorem 3.2. The proof follows the standard method to show consistency of discrete dG variational
formulations that is mentioned, e.g., in [31] for other fluxes. Since, however, we were not able to find a proof in
the literature for the fluxes specified in Section 3.1, we state it here completely.

If E is a solution of (2.1a)-(2.1c), then the following tangential jumps vanish, [u~'V x E] = 0 on F7,
[E] =0 on FLUF], since E and p~'V x E are functions in H(curl, £2) and n x E=0on I7,..., Ia—1. This
fact together with the identity (u='V x E, Vi x vp)e = (V x (0'V x E),vp)o — ([u~'V x E], {or}}) 1 +
({u='V x E}, [vn]) 7 — (n x (W 1V x E), vn)Fp yield the desired consistency: /

=0

an(B,vp; w,7) = (V x (u'V x E),vp)e = ([p7'V x E], {vn}) 5

+{p 'V x B} o)z — (nx (0 'V X E),vn)zr — (n X ('Y X E),vp) g5
— (We +iwa) B, vp) 0 — iwA(eopy ) 2 (Er, (vi)r) s — ('Y x E}, [vn]) £ror

— ([EL, {n~ "V x v }) ppor + (th ™ [E], [oa]) zror

=0 =0

=(Vx (u 'V x E)— (we+iwo)E,vp)o — (nx (n7'V x E), (vp)r)s
—iw(eopg )Y ET, (vp)7) s

:iw\/%(Jaa vh)Q + Mal<gv (vh)T>Z - f(vh; w)

for all vj, € Vi, since (n x (p=1V x E),vn)rs = (n x (u= 'V x E), (vp)7) 5. O
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A.3. Proof of Theorem 3.7
Proof of Theorem 3.7. Fix w, 7 > 0 and let u, v € Vh,p. The properties (2.2), (2.3), (2.4) of u, € and o yield

|an(u, v; w,7)| = ‘(u—lvh xu, Vi, X v)o —w?(eu,v) g — iw(ou,v) o
— (Lu(w), p ™ Vi x v)o = (5 Vi x u, Lu(v))0
+ (rn ], [o]) ppor — iwA(eong )3 (ur, vr)s|
S pZMIVa X ull 2@ Ve X vl 20 + (@Pey +wor) [ullr2ioys vl )
1 L (W)l 223 VR X 0llL2(2)s + [V X ull 2@y 17 L)l 22 (23

_1 _1 —
+7 072 [u]l| gror 072 [o] || £ror + wA(opg )Y ur] L2 sysllor]| Lo (s

1
— V Oinv vV Oinv & 2
< max {ul + MT wley +woy, T+ MT W[u_?)] }IIuIIDG lvlba

=9pc(w) [lullbe [v]ba,

because we can estimate as follows (since £, (u) € V;, , and II,w € V}, ;)

—1 71H
I L) aga = sup W EnlWh e g, (Enp i)
weL2(£2)3 Hw”m(n)s weL2(2)3 ||wHL2(Q)3
_ 1
wp G e e (g
= 10
weL2(2)3 |wz2(0)s - Fn wera(2) |wlL2(2)2

I, w :
<p o bl sup Ll

werz(2p  ||wllrz o)

_ _1
< i/ Com 0™ [l o

In this calculation we used the definitions (3.14) and (3.15) of the operators £,, and II,, as well as the esti-
mates (3.13) and (3.16). This proves the assertion. O

A.4. Proof of Theorem 3.9
Proof of Theorem 3.9. Fix w > 0 and let vy, € V. Then,

’ah(vh,vh; w,T)’ = |(,u_1Vh X U, Vi X Vp)a — w?(evn, )0 — iw(ovn,vh)e
— ([ond ™"V x v} ppor = ({um ' Vi x vn} [oal) zpor
+ (th ™ on], [onl) zror — iwA(eopg )2 1 (wn) 7l 22 50

First, we use the inverse triangle inequality and Holder’s inequality to obtain

|ah(vh,vh; w,7)| > |(M*1Vh X vp, Vi Xvp)o — w2(€vh,vh)g
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1 . . —
+ 707 % [wn] [ Frur — iw(ovn, vn)e — iwA(eoug ) [ (wr)TlI2 syl
— 2|02 [onl | £ror 02 £u Vi x v B gror.

The definition of the absolute value of complex numbers yields

2
_ _1
({(u Wi xvp, Vi x vp) o — w?(evp, vp) o + 7||h72 [[’Uhﬂ”?_—}{ur]

+ [w2(0vn vn)%h + 202 AE0ng )2 (vn,vn)e [ (0R) 7l ey

_ _1 Lo
+wXeouq 1||(Uh)T|éILJ2(2)3}> = 2|2 [wa]llFror B2 ™ VA X v B | ror.
Now we use property (2.2) of p

2
— 1
> ({(/i 'V x vp, Vi xvp)0 +7|h 2[[vh]”|.27:}{ul":|
— 2w2(€vh,vh)g (M_lvh X vp, Vi X ’Uh)g + THh_%[['UhHH?_—}{Up}

1/2
T (evn, o) + (oo, vn) +w2vewoln<vh>Tmmg)
_ _ 1 1
— 2u=t |02 [wn]|| £ror (1B VA X va B Fror

as well as /T +y > %(\/E + /) for z, y > 0 and we apply Young’s inequality twice, for a € (0,1), § > 0

1 1 _1 2 2
> % ((1 —a) {(M Vi X vp, Vi X vp)o + 7||h™2 [[vh]]H]-‘h{UF}
1) o+ oo o)+ Y w2

— EVhH,V Vp, U v :
a w hyVYh)0 W (OVh,Vh)0 \/% h)TIIL2(%)3
—1 _1 2 2 1 2
[ S 0 [ P i X AR (IS

—~

We note that (a=* —1) > 0 for a € (0,1) and use the properties (2.3) and (2.4) of ¢ and ¢ in Assumption 2.1
as well as the inverse inequality (3.13):

1 1 1 2 2
> 7 ((1 —a) {(M Vi X vp, Vi X vp) e + 7][h [[vh]]H]—"{UF}

1/2

_ WA\/E
+w2(gz_(a1_1)w252+)||vh||4L2(m3) Ryl [CCIAE
= 5 B2 [on)l3ror — 0CipZ? IV X WallZa )

Once again /T +y > \/Lﬁ(\/f + /y) together with the boundedness (2.2) of u gives

1
> -

> 5 (VI=a [ 195 x onli ey + 7l Honlr]

_ 1/2 wA\/E
+w (0’3 — (a 1_ 1) w2€i) / |'vh|%2(m3> + W\/? ||('Uh)TH%2(2)3
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1 —
— 67 b E [ou] |2 1or — SCmvi =2V X vAl32(0ys

vVi—a
= [[Vh x ’Uh,||2L2(Q)3 (7 - 50111VM:2)
24

w (02 — (afl — 1) w2€3_)1/2 wAy/€0

2 - 2
+ vrllz2(0)s 5 + [(Wr)rll 725 NI
TV1—a
w2g2 w2€2+i
We may choose 1 > a > >+, e.g, a= w%;iw% and obtain
Fros Fros

1 0_2 2
— 2 — ] 2
=[|Vh x vh||L2(Q)3 (m (m) — 0Cinv i )
w)\‘/f-:()

2 w 9 — 20\’ 2 ‘
ol 5 (7~ grareeh )+ Ienrl, S

2 3
h-! 2 I - _ 51
I lon]r (2 (z(wzei o)

o_

_ 2 9
= IV onlzeas (23/2u+(w261 Tozyie 00 >

(LN )l ey
2\ 2w2e? 402 L2 g

-1 2 TO— -1
+ | [[vhﬂ|,7—'}ILUF<23/2(W2€%F_|_0.2)1/2_6 )

+ th||2L2(n)3

uza_
B/ Crne iy (22407

pro_
23/2Ciny pt (w2e3 +02)

Choose 0 < § < 7z 8. 0= 7z yields

o_
2521y (w2e? + 02)1/2

= [IVh X vn[|Z2(0)s

1

2,2 2 4
w [weios +02 wAV/€o
+ th||2L2(Q)3 ( > wAVEo

2
YrEeto-T O 2
2\ 2w?e?% 402 ) +ln)Tllz2(5)s R

+ b~ [on] |12 TO_ _ 22Cpy (WPl 4 02)!/2 .
rillFror 23/2(w253+03)1/2 MQ—U—

Hence, for all penalty parameters 7 > 7* with 7* defined by (3.17), e.g., choosing specifically
2%/2(w2ed +02)' /2 [ 25/ 2Cinypy (WP +02)? | wA/E
pZo— V240

T= , we obtain

o_—

1
. o_ w (w?elo? + 02\ 2 wA/Eo )
Z min§ o7 2.2 . o 2\1/2' 9 2.2 . 2 ) lvnllbe
25/2p (w2ed +02) 2\ 2w’ +o% V210

= apc(w) [lvnlda:

and everything is proven.
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.1. Weak Form PDE and boundary conditions.

Weak Form PDE, whole domain

weak (1)

1/mu*rotEl*rotvl - omega*omega*epsilon*E1*test(E1)
-i*omega*sigma*E1*test(E1)
-i*omega*sqrt(epsilon0)*Jal*test(E1)

weak (2),(3)

accordingly

Weak Contributions on Mesh Boundaries, whole domain

Weak expression (1)

-jumpEl * 1/mu * avrotvl -1/mu *avrotEl *jumpvl
+tau/h*jumpE1*jumpvl

Weak expression (2),(3)

accordingly

Weak Contributions on Interior Block Boundaries, interior blocks

Weak expression (1)

-(ny*E3-nz*E2)*1/mu*rotvl
-1/mu*rotE1*(ny*test(E3)-nz*test(E2))
+tau/h*(ny*E3-nz*E2)* (ny*test (E3)-nz*test (E2))

Weak expression (2),(3)

accordingly

Exterior Boundary Conditions, outer boundary

Weak expression (4)

- (gl*vT14g2*vT2+g3*vT3) / mu0

Weak expression (5)

-i*omega*lambda *sqrt(epsilon0/mu0)

* (ET1*vT1 + ET2*vT2 + ET3*vT3)

TABLE B.2. Parameters.

Global Parameters Expression Description

omega 1x 1e9 frequency, w € [1 - 1e9, 50 - 1e9]
epsilon0 8.854 x le-12 electric permittivity in vacuum
Jal 1,00E+004 electric current density, first entry
Ja2 1,00E+004 electric current density, second entry
Ja3 1,00E+004 electric current density, third entry
mu0 4 X pix 1le-7 magnetic permeability in vacuum
tau 1000/mu0 penalty parameter for dG formulation
lambda 1 A > 0, intensity of impedance

APPENDIX B. DESCRIPTION OF THE COMSOL MODEL

In order to enable reproducibility, we provide details about the COMSOL model which we used for our
numerical experiments. We use the Weak Form PDE from Mathematics — PDE interfaces and define three
Dependent variables E1, E2, and E3. For reasons of compactness we only show the first entry here when dealing
with vectors or multiple similar expressions.

Table B.1 shows the weak expressions (1), (2) and (3) defined by the weak form PDE node on the whole
domain as well as jump and average terms on the mesh boundaries and the contributions on the interior block
boundaries to the weak formulation. Parameters and Variables are indicated in Tables B.2 and B.3, respectively.
In particular, the used source functions J, and g can be found there. A physics-controlled mesh was used, the
Element size varied from coarser to finer. In all cases we used Discontiuous Lagrange as shape function type.
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TABLE B.3. Variables.

Variables Expression Description
rotEl E3y-E2z Vi X E, first entry
rotvl test(E3y)-test (E2z) Vi x v, first entry

jumpE1 dny*down(E3)-dnz*down(E2) +uny*up(E3)-unz*up(E2) [E] on Ff, first entry

jumpvl dny*test(down(E3))-dnz*test(down(E2)) +uny*test(up(E3))-unz*test(up(E2))[v] on Fi, first entry
avrotE1l 0.5*(up(E3y)-up(E2z) +down(E3y)-down(E2z)) {V x E}, first entry
avrotvl 0.5*(test(up(E3y))-test(up(E2z)) +test(down(E3y))-test(down(E2z))) {Vi x v}, first entry
ET1 nz*E1*nz-nx*E3*nz -nx*E2*ny+ny*E1*ny Er, first entry
vT1 nz*test(E1)*nz-nx*test(E3)*nz -nx*test(E2)*ny+ny*test(E1)*ny vr, first entry
mu mu0*(1+distance_midpoint) magnetic permeability
sigma 0.01*(14-0.5*x"2) electric conductivity
epsilon epsilon0*(1+4-distance_000) electric permittivity
distance _midpoint sqrt((0.5-x) "2 + (0.5-y)"2 + (0.5-2)"2) lz— (3,1, D)7
distance_000 sqri(x" 24y 2+z"2) |||
gl, g2, g3 tlx, tly, tlz g€ LI(X)?
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