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FINITE ELEMENT HETEROGENEOUS MULTISCALE METHOD
FOR NONLINEAR MONOTONE PARABOLIC HOMOGENIZATION PROBLEMS

ASSYR ABDULLE' AND MARTIN E. HUBER!

Abstract. We propose a multiscale method based on a finite element heterogeneous multiscale method
(in space) and the implicit Euler integrator (in time) to solve nonlinear monotone parabolic problems
with multiple scales due to spatial heterogeneities varying rapidly at a microscopic scale. The multiscale
method approximates the homogenized solution at computational cost independent of the small scale
by performing numerical upscaling (coupling of macro and micro finite element methods). Taking into
account the error due to time discretization as well as macro and micro spatial discretizations, the
convergence of the method is proved in the general LP(Wl’p) setting. For p = 2, optimal convergence
rates in the L*(H") and C°(L?) norm are derived. Numerical experiments illustrate the theoretical
error estimates and the applicability of the multiscale method to practical problems.

Mathematics Subject Classification. 65N30, 65M60, 74Q10, 74D10.

Received February 9, 2015. Revised November 20, 2015. Accepted January 6, 2016.

1. INTRODUCTION

In this article, we propose a numerical method to solve nonlinear monotone parabolic multiscale problems

Oput (z,t) — div(A®(x, Vu© (z,t))) = f(z) in 2 x (0,7T), (L1)

u(z,t) =0 on 92 x (0,T), u°(z,0)=g(z) in {2, '
with given source f, initial condition g and maps A°: 2 x R? — R? (indexed by €) on a convex polygonal
domain 2 C RY, d < 3, and a finite time interval (0, 7). The variable £ > 0 represents a small scale in the
problem, at which the maps A°(-, &) highly oscillate. Note that our results can be straightforwardly extended
to problems (1.1) with time dependent sources f(z,t) and different boundary conditions.

The model problem (1.1) is studied in the LP(W1P) setting for p € R with 1 < p < oo and p > 2d/(d + 2).
We assume that the maps A° satisfy the following conditions uniformly in € > 0

(Ap) there is some Cp > 0 such that |A%(x,0)| < Cp for almost every (a.e.) x € {2;
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(Ay) there exist k1 >0, L >0 and 0 < o < min{p — 1,1} such that
(A% (2, &1) — A%(2, &2)| < LKy + &1 + NP7 7%6 — &[%,  V&,& eRY, ae ze

(Az) there exist kg > 0, A > 0 and max{2, p} < [ < oo such that

(A2 (2, 61) — A%(2,62)) - (61 — €2) > (k2 + || + |&)PPle1 — &7, VéL & eRY ae x € 0,

see Examples 1-3 in Section 2 for illustration. Those are the most general hypotheses for the maps A° under
which homogenization for (1.1) can be established, see [15,18,42]. Many physical processes can be modeled
by parabolic partial differential equations (PDEs) of the form (1.1), e.g., non-Newtonian fluids, ferromagnetic
materials or composites with nonlinear materials, see [12,41].

Using standard numerical methods, like the finite element method (FEM), to discretize the problem (1.1) in
space leads to high computational cost as the small scale € of the spatial heterogeneities of A° has to be resolved.
Thus, to efficiently approximate the solution of (1.1) at the scale of interest, effective models for (1.1) are needed.
Homogenization theory, see [13,37], is the usual framework used to study the solutions u® to (1.1) in the limit
¢ — 0 and aims at characterizing a limiting function u° as the solution of a homogenized (or effective) equation.
The upscaling of (1.1) has been studied by Pankov and Svanstedt in [42] and [44], respectively, using the notion
of parabolic G-convergence (extending the work by Tartar, see [46] and ([47], Chap. 11), and Chiado’Piat et al.,
see [15], to parabolic problems). In particular, the homogenized equation (with solution u?) is again of the same
type as (1.1) with A® replaced by the homogenized map A° for which the small scales are averaged out.

For linear homogenization PDEs, a broad literature about multiscale methods exists nowadays, see [2,4] (el-
liptic problems), [8,39] (parabolic problems) and the references therein. Numerical homogenization methods for
nonlinear problems are however less numerous, e.g., see [9] for multiscale methods for PDEs with a nonmonotone
nonlinearity (with respect to the solution u¢). For parabolic multiscale PDEs (1.1) with monotone nonlineari-
ties (with respect to the gradient Vu?), Svanstedt et al. proposed in [45] a numerical method for periodically
oscillating (in space and time) maps A° based on an augmented Lagrangian method (for p > 2 and 0 < o < 1,
B =pin (A1_2)). In [26], Efendiev et al. applied a generalized multiscale finite element method (MsFEM) —
developed in [25,27] for elliptic monotone problems — to problem (1.1) with stochastic heterogeneities (for p > 2
and 0 <a <1, f=pin (Ai_2)).

In the numerical methods proposed in [25,26] it is assumed that local problems (formulated on the elements
of a coarse mesh) are solved exactly. In turn, the convergence analysis in the spatial W1? norm does not take
into account the variational crimes due to numerical quadrature required to assemble the stiffness matrix nor
the numerical approximation of the local problems which are both necessary for a practical implementation.
Additionally, the convergence results for the parabolic problems studied in [26] neglect the effect of the time
discretization error. We note that in both [26,45] convergence of the numerical solution to the homogenized
solution is shown without deriving explicit convergence rates.

For completeness we briefly review numerical methods for elliptic monotone multiscale PDEs. In [33], a
sparse tensor FEM based on ideas developed in [34] has been analyzed (for p > 2 and a =1, f =p in (A;_2)).
Related to the heterogeneous multiscale method (HMM), the framework used in this paper, we mention [32]
and [29]. In [32], an a posteriori error estimate has been obtained for elliptic monotone problems (for p = 2 and
a=1,3=2in (A;_2)), but no a priori convergence rates have been derived. In [29] numerical homogenization
methods (FE-HMM and MsFEM) for a class of elliptic monotone PDEs (associated to minimization problems)
have been studied and convergence of their modeling error as well as a priori error estimates in the WP norm
for FE-HMM applied to periodic problems with p-structure for p = 2 have been derived. In contrast, our results
are valid for general monotone maps A° satisfying (Ag_2) without assuming that .A° has an associated scalar
potential?.

2For example, maps A¢(z,£) = af(x)¢ with a non-symmetric tensor a° positive definite and bounded (linear problem) or

A (z,8) =a(z)(1+ (1 + Zle €1)~1/4)¢ (nonlinear problems) with a® positive definite and bounded are allowed in our analysis
but not in [29].
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In this article, we introduce a multiscale method to solve the nonlinear monotone parabolic multiscale prob-
lem (1.1) following the design principles of the finite element heterogeneous multiscale method (FE-HMM),
see [4,23]. Based on a homogenization result ensuring the existence of an effective model associated to (1.1),
we solve the effective problem using a macro finite element method and the implicit Euler scheme for time in-
tegration. While the effective problem is (in general) not available in closed form, we approximate the effective
properties of the map A% by upscaling the available micro information. This is achieved by solving nonlinear
monotone elliptic PDEs (constrained by the macro state) using a microscopic finite element method within mi-
cro domains which are of the size of the finest scale e. The computational complexity of the multiscale method
is thus independent of the smallest scale €.

We briefly summarize the main contributions of this paper.

First, for general p, we prove that the numerical solution converges in the LP(W?) and C°(L?) norms towards
the weak homogenized solution u” under a modeling assumption that can be proved in specific situations (e.g.,
for maps A®(z, &) locally periodic in x). To show such a convergence result, spatial errors coming from macro
and micro meshes in the FE-HMM, the time discretization error and the error coming from the variational
crimes (as the FE-HMM relies on numerical quadrature) need to be controlled.

Second, for strongly monotone and globally Lipschitz maps A° (i.e., p=2and a =1, 8 =2 in (A;_2))?, we
derive sharp error estimates in both L?(H') and C°(L?) norms by splitting the overall error into a modeling
error, for which explicit bounds can be derived under structural assumptions on the spatial heterogeneities
of A® (e.g., such as periodicity or random stationarity), and numerical discretization errors which we bound
with respect to the time step size and the mesh size of macro as well as micro space discretizations (balancing
micro and macro meshes is crucial to get a given precision at minimal computational cost). Our analysis is
considerably more involved than the error analysis for single scale parabolic monotone problems [19,21]. Indeed
as the homogenized data can be computed only at quadrature points of the macro mesh, we have a FEM with
numerical quadrature at the macro scale and thus commit variational crimes. Further, the homogenized data
are recovered from micro scale computations, hence we only obtain at quadrature points an approximation
of the true homogenized map. Finally, the errors due to the sampling domains’ sizes and artificial boundary
conditions need also to be quantified and in contrast to [1,3,9,24] our numerical strategy involves nonlinear
micro problems.

The convergence results derived in this article, further serve as important ingredient for the a priori error
analysis in [10], where we study a linearized variant of the proposed multiscale method for problems (1.1) with
maps A° decomposed as A°(z,¢) = a®(z, £)€, where a®(x, &) € R4*4, In particular, at each timestep, we obtain
linearized macro and micro equations by using the computed solution at the preceding timestep as argument &
in the tensor a®(z,£).

Let us close the introduction by putting our results in contrast to existing FE approximation results of single
scale parabolic monotone problems. In the LP(W1P) setting, optimal explicit convergence rates in terms of the
discretization parameters have been derived for maps with a p-structure 4, e.g., the parabolic p-Laplacian, using
quasi-norms in space, see [11,20]. Note however that under the assumptions (A5 _3) the maps .A° have p-structure
if and only if @« =1 and 8 = 2. As we assume 0 < o < min{p — 1, 1} and max{2,p} < 8 < oo (the most general
assumptions on the oscillatory maps allowing for homogenization, see [15,18,42]), we have in addition that p = 2
if we want both a p-structure and a valid homogenization setting. For this set of parameters, the quasi-norm
(in space) from [11,20] collapses to the standard H'(£2) norm. For all other values of p, homogenization theory
seems not to exist for maps A° with p-structure and thus studying numerical homogenization methods makes
no sense. Therefore, convergence rates with a p-structure are derived for p =2 and a =1, f =2 in (A;_2) for
our numerical homogenization method. In the case p = 2 the error analysis for single scale parabolic monotone
problems in the energy norm (L*(H')) is straightforward and follows the arguments of the linear case [48].
Optimal convergence rates in the L? norm are however more involved. So far the only results existing in the

3The case of strongly monotone and Lipschitz continuous operators in the Hilbert space setting is commonly identified as a
particular case of general monotone operators in the Banach space setting (see [53], Chap. 25).

HAE) = Am)| < L1 + (€] + DP=2(€ —nl,  (AE) = Am) - (€ —n) > A(rz + [€] + In)P~2E = nf®,  V&neR™
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literature for the L? estimates are either not optimal (see [19], where a nonlinear elliptic projection is used),
restricted to the dimension d = 2, see [50], or are a corollary of maximum norm error estimates using weighted
norm techniques following [21,28]. In this paper we use a linear elliptic projection at the macroscopic scale
to derive optimal convergence results in the L? norm of our FEM with numerical quadrature. For single scale
parabolic problems, i.e., when no micro sampling is required, we get as a byproduct of our analysis optimal
convergence rates in the L? norm for classical FEM (with or without numerical integration) under similar
regularity assumptions as used in [19,21,50], but avoiding weighted norm techniques and valid in dimension
d < 3. Further, based on this linear elliptic projection, new higher-order FE error estimates for elliptic monotone
(multiscale or single scale) PDEs can be proved in [6].

The outline of this article is as follows. In Section 2, we introduce the effective model associated to the model
problem (1.1). Then, we define in Section 3 a multiscale method based on a numerical upscaling procedure.
In Section 4 we present our main results: the convergence of the FE-HMM in the LP(W?!P) setting and the
explicit convergence rates for strongly monotone and globally Lipschitz maps. The proofs of our main results
are given in Section 5. In Section 6 we discuss an implementation of the proposed method and provide several
numerical tests that illustrate our theoretical findings. In Section 7, we conclude the article with some remarks
about possible generalizations and future research.

Notation 1.1. In what follows, C' denotes a generic positive constant, whose value can change at any occur-
rence. For D € R™, we use C*(D,R") for the set of k-times continuously differentiable functions g: D — R™.
For 1 < p < oo (with dual exponent p’ = p/(p — 1)), we consider the usual Sobolev spaces W*?(£2). For k = 1,
WO1 "P(£2) is the subspace of functions with vanishing trace on the boundary 92 (whose dual space is denoted by
(WP (£2))" with dual pairing on (W, ”)" x W, written as (-, -)), and WL2(Y) = {v € W 2(Y)] [, v(y)dy = 0}

where WLE(Y) is defined as the closure of C32,(Y) (the subset of C>(R?) of periodic functions in ¥ = (0,1)%)
for the WP norm. For p = 2, we use the notation H*(§2) and H{(£2) (with dual space written as H~1(£2)),
respectively. For g: [0,7] — X with Banach space (X, || - ||x) the time derivative of g is denoted by d;g(t). The
space of LP functions g and continuous functions g with values in X is denoted by LP(0,T; X) and C°([0, T, X),
respectively. Both spaces form a Banach space when endowed with the norm ||g|| r(o,7;x) = fo lg(®)|/5dt) /P
and ||gllcogo,11.x) = supscjo,r) 19(t)[|x, respectively. The Euclidean norm for b € R? and the Frobenius norm

Rdxd

for a € are denoted by |b| and ||a|| £, respectively, and the canonical basis of R is given by e1,. .., eq.

2. HOMOGENIZATION OF THE MODEL PROBLEM

In this section we describe the homogenization results for the considered class of problems (1.1). Recall that
we assume p € R with 1 < p < oo such that p > 2d/(d+2), i.e., WHP(£2) — L2(£2) is a compact embedding. The
problem (1.1) then has a weak formulation (in time and space) in the W'? setting if f € L (£2), g € L*(£2) and
A® have the property that A°(-,€): 2 — R? is Lebesgue measurable for every ¢ € R%. Existence and uniqueness
of a solution to problem (1.1) is studied in the Banach space

E = {ve LP(0,T; Wg(£2)) | dyv € L (0, T; (W P(2)))}, (2.1)

endowed with the norm |jv||g = ||UHL,,(0’T;W01,,J(Q)) + H@thL,,/(O,T;(Wé,p(m),) and which satisfies the continuous
embedding E — C°([0,7], L*(£2)). Under the assumptions (Ag_2) the problem (1.1) has a unique solution
u® € E for e > 0 (e.g., see [53], Thm. 30.A), which are uniformly bounded (with respect to ¢)

I

lu + 9y < C((Lo + k1 + 52)? + £ g + o122

LP(0,T; WP (£2)) L' (0,T;(Wy P (£2))) —

with Lo defined in (3.15). Thus, {u®} is a bounded sequence in E and by compactness there exists a subsequence,
still denoted by {u®}, and some u® € E, such that

w® —u® in LP(0, T; W P(2)) and 9’ — 8w’ in L (0,T; (W P(£2))), for e — 0. (2.2)
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The idea of homogenization is to find a limiting equation for u°. For the problem (1.1) with (Ay_»), this
question is studied in terms of G-convergence of parabolic operators, sometimes referred to as PG-convergence
or strong G-convergence, see [42,44]. It can be shown that there exists a subsequence of {u®}, still denoted by
{uf}, and a map A°: 2 x R? — R? (independent of f), such that u® weakly converges to u° in the sense of (2.2)
and A°(z, Vus) — A°(z, Vu®) weakly in L (0,T; (L? (2))%), where u® € E is the solution of the homogenized
or effective problem

o’ (x,t) — div(A%(x, Vul(x,t))) = f(z) in 2 x (0,7T),

)
u’(z,t) =0 on 82 x (0,T), u’(z,0) = g(z) in £, 23)

where A° satisfies (Ag_») with Holder exponent v = /(3 — ) in (A;) and with possibly different constants
Co, k1, k2, A and L. Note that the class of maps A% given by assumptions (Ag_2) is closed under PG-convergence,
i.e., v = a, if and only if p = 2, « = 1, § = 2. For maps A° with additional structure, e.g., A°(z, &) = A(z/¢, &)
with A(y, &) a Y-periodic function in g, an explicit representation of A° can be derived, see (5.27), and thus
the whole sequence {u°} converges to u” in the sense of (2.2).

We close this section by giving some examples of maps A° satisfying (Ag_2).

Example 1. One might consider maps A°(z,£) = a°(z,£)¢ where a®(-,&) € (L®(2))4? (for ¢ € RY) is
depending on &. Note that adequate conditions have to be imposed on @ such that A° satisfies (A;_2).

The multiscale p-Laplacian is a particular example. Let b°(z) € L*°(£2) with 0 < A < b°(x) < A ae. xz € 2
and every € > 0 for some A\, A € R. Then,

A(2,6) =V (2)€f ¢, weREERY,
satisfies (Ap_z2) with Cp =0, o = min{p — 1,1} and § = max{2, p} (see [15], Sect. 7, [42], Sect. 2.1.3).

Ifp=2and a =1, 8 =2 in (A;_2), we obtain the class of strongly monotone and globally Lipschitz
continuous maps A°, which already contains relevant problems for applications, see Examples 2 and 3.

Example 2. For linear maps A®(x, &) given by
A (z,€) = a®(x)¢,  with a®(z) € (L)Y, >0,

with a uniformly elliptic and bounded family of tensors a® the maps A satisfy (Ap_2) for p =2, a =1, =2
and with constants Cyp = 0 and we recover the linear parabolic multiscale problems studied in [8].

Example 3. Let p°: 2 x R — R>¢ be a continuous function and the maps A° be given by
A (2,8) = p°(z, €, weR,EeR,

which is an extension of the problems studied in [35] to a multiscale context. If u(z, -) is uniformly (in € and z)
Lipschitz continuous and strongly monotone then the assumptions (Ag_2) for p =2, @« = 1 and § = 2 are valid
for A®, see [35]. We mention for instance Carreau laws, used to model non-Newtonian fluids, which behave for
fixed e > 0 and = € 2 as p(x,|€]) ~ 1+ (1 +[£]%)%~! where 1/2 < 0 < 1.

3. MULTISCALE METHOD

In this section, we propose a multiscale method to solve nonlinear monotone parabolic multiscale problems
with general spatial heterogeneities. We introduce then a reformulation of that method which is convenient for
the analysis and show the existence, uniqueness and boundedness of the numerical solution.
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3.1. FE-HMM for nonlinear monotone parabolic problems
The multiscale method studied in this article requires a macroscopic spatial discretization of (2.

Macro discretization. Let 7y be a family of macro partitions of (2 consisting of conforming, shape-regular
meshes with simplicial elements. We assume that the elements K € 7z are open and satisfy Uger, K = §2
(recall that §2 is polygonal). The macro mesh size H is defined by H = maxger, diam K, where diam K denotes
the diameter of K € 7. Then, we consider the macro finite element space

S8, Ty) = {vff e Wy P(2) ||k € PUK),VK € Tu}, (3.1)

where P1(K) is the space of affine polynomials on K € 7. Further, the multiscale method is based on
barycentric quadrature

/Q o)z~ Y [Klpx), ¢ (), (3.2)

KeTy
where zx and | K| denote the barycenter and the measure of K € Ty, respectively. We note that the quadrature

formula (3.2) is exact for piecewisely affine functions ¢. Further, for any macro element K € 7y we define the
sampling domain K located at the quadrature point x g

Ks=ax +0I, where I =(-1/2,1/2)% and § > ¢.
Within the sampling domains, micro simulations are performed to recover the upscaled data.

Multiscale method. Let the time interval (0,7") be uniformly divided into N subintervals of length At = T'/N
and define t,, = nAt for 0 < n < N and N € N\ {0}. For given ul! € S}(£2,7), we propose the following
multiscale method to capture the effective solution of (1.1): for 0 < n < N — 1, find uf/,; € S§(£2,7x) such
that

H _ ,H
/M wHdz + BY (ufl, 3w H):/wadx, vul € SY2, Tr), (3.3)
Q At Q
with the nonlinear macro map B¥ given by
K
B (v ) = | | .Asa:Vv dz - Vwl (zg), v wl e SHN, Ty), 3.4
K 0
KeTu

where v?( solve the constrained micro problems (3.6) on the sampling domains K.

Micro solver. Each sampling domain Ky, associated to a macro element K € 7y, is discretized by a micro
mesh 7j, consisting of simplicial elements 17" € 7j,. The micro mesh size h is defined by h = maxrey, diam 7" and
we consider the micro finite element space
SYKs, Tp) = {v" € W(K5) |v"|r € PHT),VT € T}, (3.5)

where P1(T) is the space of affine polynomials on T € 7;, and W (Ks) C WP (Kj) is some Sobolev space. The
choice of the space W (K;) determines the coupling between the macro and micro solver. We consider

e periodic coupling: W(K;) = Wég;(Kg) = {v e WlE(Ks) | fK vdz =0};

e Dirichlet coupling: W (Kjz) = Wy*(Kj).
For vl € S}(£2,Ty) and sampling domain K, we consider the micro problem: find v% — v € S (K35, 7;,) such
that

A (z, Vo) - V2'de = 0, Ve SYK;s, T, (3.6)
Ks

i.e., v’;’{ is the finite element solution to an elliptic nonlinear monotone PDE. Note that the generalization of
the map B and the micro problems (3.6) to higher order macro and micro FEM is given in [6].
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3.2. A useful reformulation of the FE-HMM

First, in what follows, we write the difference quotient with respect to time, like in (3.3), as v, =
At~ (vp41 — vy), for a sequence {vy, },>0 C L*(£2) and n > 0.

For the analysis of the FE-HMM it is convenient to reformulate the nonlinear map B as a standard finite
element method applied to a modified macro problem. Let £ € R? and K € Ty, we introduce the function X”;;h
as the solution to the variational problem: find X%h € SY(Ks,7) such that

8 Az, 6+ V) - Vhde =0, VM e SYK;, Th). (3.7)
5
Similarly, we define )‘(i by the variational problem: find )Z% € W(K5) such that
8 A (2,6 +VYS) - Vade =0,  Vze W(K;). (3.8)
5
Based on the functions X%h’ and 5(% we define the maps
1

AR E) = e A (2,6 + VX5 e, A%(€)

1

= —— [ A(x, €+ Vi)de, (3.9)
‘Ké‘ Ks

and the nonlinear map B given in (3.4) can then be reformulated using A?gh’

B w) = 7 K| AY (Vo (zk)) - Vo (xk), o 0w € S5, Tw).
KeTy

Thus, the modified macro form B is obtained by replacing elementwisely the exact effective map A°(x, £) from
the homogenized equation (2.3) by the approximation A?;’”‘(g).
Further, using the effective map .A° we introduce the map B°: W, ?(£2) x W, *(£2) — R by

B®(v;w) = /Q.Ao(l‘,vv(l‘)) - Vw(z)dz, v, w e WyP(02), (3.10)

and, if A°(-,¢) has a continuous representative for every ¢ € R? (later on ensured by (4.3)), we define the
nonlinear map B° as its discrete counterpart

BO(w";wh) = Z |K|A (2, Vol (2g¢)) - Vo'l (2k), o wf e SH, Ty). (3.11)
KeTy

3.3. Existence and uniqueness of the numerical solution

The macro scheme (3.3) and the micro problems (3.6) are variational problems of the type G(u; w) = F(w) on
Banach spaces (with G(u;-) and F bounded linear functionals). In this section, we show local Holder continuity
of G(-;w), strict monotonicity G(v;v —w) — G(w; v —w) > 0 and coercivity lim, o G(v;v)/||v|| = oo using the
hypotheses (Ap—_2). The Browder-Minty theorem ([53], Thm. 26.A) then ensures existence and uniqueness of a
solution to (3.3) and (3.6).

First, we introduce in Remark 3.1 and Lemma 3.2 two important inequalities.

Remark 3.1. Let w C R? be an open and bounded domain. For K, M € N\{0}, let 1 < 7, < oo satisfying
Zle 1/ry =1 and fr € L™ (w) as well as :r,(i,m) eRfor 1 <k<K,1<m< M. Whenever using the Holder
inequalities (either in the continuous or the discrete setting)

/w If[lmx)

K M e #
<I1 (Z i > ! (3.12)
m=1

K
dz < [T 1/l zre s
k=1
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we simply refer to (3.12) without giving the explicit values of r; as the values of 7 are always either (i) r1 = p,

ro=p =p/(p—1), (i) 11 =B/p, r2 =B/(B—p), (i) 1 =(p—1)/(p—1—0), 12 =(p—1)/0 if K =2or (iv)
ri=p/lp—1—0),ro=p/o,rs=pif K =3, w1thﬁ2pand0<aSmin{p—l,l}‘

The Holder inequality yields the following fundamental technical estimate (see [18], Lem. 3.1).

Lemma 3.2. Let w C R? be an open and bounded domain, 1 < p < oo, > p and > 0. Then, for
v,w € WHP(w) it holds

B—p %
1 B —
190 = Yl < [wlol? + 190l + 1V 0lin] 7 ([ 5 1900+ 190l ~2190 - Tulas)

We next analyze the existence and uniqueness of a solution to the micro problem (3.6).
Lemma 3.3. Assume that A° satisfies (Ao_2). Let K € Ty, vi1 € S}(£2,Ty) and ¢ € R, For both coupling
conditions, i.e., either W (Ks) = Wy P (Ks) or W(Ks) = WLE(K;), there exists a unique solution vl —v™ | X%h €

per
SY(Ks,Tp) and )Z’}:( € W(Ks) to the micro problems (3.6), (3.7) and (3.8), respectively.
Proof. We prove the result for the micro problem (3.6). Consider the map a% given by
ase(z;w) = A (z,6 + Vz) - Vwdz, z,w € W(Ks), (3.13)
Ks
which is nonlinear in z and linear w. Then, taking ¢ = Vol (z), the micro problem (3.6) reads as
find v — v € SY(K;,T;,) such that a%(v'}( — o uwh) =0, Vuwh € SN K5, 7). (3.14)

We show that the Browder—Minty theorem ([53], Thm. 26.A) can be applied to prove the existence and unique-
ness of v —v# € SY(Ks,T;,). The results for the problems (3.7) and (3.8) are proved analogously.
Let v,w, z € W(Kj5). First, note that (Ap_1) imply that A° grows at rate p — 1 with respect to &

|A%(2,8)] < LI + (k1 + €))PY),  where Lo = (Co/L)77, VE€RYLe>0, ae e . (3.15)

The growth estimate (3.15) and (3.12) yield that the linear map a%(v; -) is bounded

1 P
Jafe )| < 2L [(Lo -+ 1+ DI + 190|900 (3.16)
Next, using (A;) and (3.12) we get that a% is locally Hoélder continuous in its first argument as

1 P
Jafc (o5 w) = ac(z0)| < L [(r1 + €DKl + V0l sy + 192 oy
x ||V — Vz\|(zp(K5)va||Lp(K5)'

Combining Lemma 3.2 with (As) we obtain that a5 is strictly monotone as

B—p
B

_1 1
190 = Yl oy < A5 [0 + 26D + 190011y + 100 iy

X (a%(v;v —w) — ai(w;v = w))%

(3.17)

Further, for v € W(Ks), we first assume [[Vv| g,y = (k2 + 2\§|)\K5\1/p and derive from (3.17) and (3.16)
afe (i) 2 af(v30) — a0 0) — |af (050)|

17p-1
> 220NVl ) — 2L [(Lo + w1+ €K7 IVOll Lo k)
> 20PNVl 4y — CLo + k1 + Rz + €))7 | K], (3.18)
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where Young’s inequality is used in the last step and C only depends on p, 5, A and L. It remains to consider
v € W(Ks) with [Vl .k, < (k2 + 2|§\)|K5|1/p. In this case, the bound (3.18) (with possibly different
constant C) can be directly derived from (3.16). Hence, the lower bound (3.18) for aﬁ((v;v) holds for any
v € W(Kj) and, in particular, ai is coercive on W (Kj) for both periodic and Dirichlet coupling. O

For the analysis of the macro-micro coupling, the following energy equivalence is essential.

Lemma 3.4. Assume that A satisfies (Ag—2). Let K5 be the sampling domain associated to a macro element
K € Ty and v} be the solution of the micro problem (3.6) constrained by v € S}(82,Tg). Then,

HVUHHLP(K(;) = va?(HLP(K(;) < Ce((Lo+ 1+ ”2)‘K5‘% + HV,UHHLF(K(;))’

where Ly is defined in (3.15) and C. > 1 only depends on p, 3, A and L.
Proof. Due to the convexity of | - [P on R? it holds that |[n[* > |¢[” + p|¢[P 3¢ - (n— &) for all €, € RY. Applying
this inequality pointwise for n = Vo't (z) and ¢ = Vol (zk) yields

0y = [ 190" i) o+ p| 90 )90 ) [ Vol = Vottda = 90

where in the last step we use that [ s Vol — Vol dz = 0 due to the Dirichlet or periodic boundary conditions
of vl — v € W(Ky).

The upper bound is obtained by using ||Vl ||re(x,) < [IVVlk — Vo || 1oires) + VO || o(x,) and setting
¢ =Voll(zk) in (3.18)

2p_5_1/\||Vv?( - VUHH];JP(K&) < a%(v'}( — v ot — o) 4 O(Lo + k1 + Ko + |VUH(xK)|)p\K5\,

where a5 (vl — v ol —vH) =0 as vy — v € §'(K;,T5) solves the micro problem (3.14). O

Using Lemma 3.4 we prove several properties of the map B from (3.4).

Lemma 3.5. Assume that A® satisfies (Ag—2). Let v w! 2 € S}(Q,Ty) and the nonlinear map B be
given by (3.4). Then BY satisfies the bound

p—1

| v

| BT (v w™)| < O, [L0+K1+H2+||VU (3.19)

HHLP(Q) HHLF(Q)’

where Cy, depends on p, 3, N\, L and the measure of 2. Further, B is locally Hélder continuous in its first
argument with exponent v = a/(f — «), strictly monotone and coercive, as we have

B (0 211) — B (! 21)| < C [Lo + w1 + 12 + || T07 | + vaﬂum)r‘l‘”

x [[vot — V“’HHL(Q)||vzH||Lp(n)7 (3-20)
1 B8-p
A || Vot — VwHHLp(Q) = {(LO +rt K2)|Q‘% + HVUHHLP(Q) + ||va||LF(Q)} B
x (BH (0o — oty — BH (wH  pH — pH)) 5 (3.21)
BH (v o) > )\CHVUHHL(Q) — Ce(Lo + K1 + K2)?, (3.22)

with Ao > 0 depending only on p, B, A and C. from Lemma 3.4, where C only depends on p, 3, a, A, L as well
as the measure of {2 and C. depends on the same quantities like C except «.
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Remark 3.6. If v = p — 1 the constant C in (3.20) has the value LP/A\P~! and if p = 3 the inequalities (3.21)
and (3.22) hold with constant A\, = A and A, = A\/2, respectively.

Proof. The bound (3.19) is derived from the growth estimate (3.15), (3.12) and the upper bound of Lemma 3.4.
To prove the Holder continuity (3.20), let v/, w? solve the micro problem (3.6) constrained by v and w
respectively. We first observe that Lemma 3.2, (A;_2), the micro problems (3.6) and (3.12) yield

B € e
)\HVv?( - Vw?(HLP(KJ) <RV, wh)P~ p/K_ [AS (2, Vol ) — A% (2, V)] - (Vv — Vulk)dz

= R(vl, wh)P=P /K [AS(z, Vi) — A% (z, V)] - (Vo — Vwf)dz (3.23)
S

< LR(v, wh )P~ | Vol — Vw?(H(ZP(Ké) Vo — Vw (3.24)

H
||LP(K§)’
where R(vf, wh) = (k1 + K2)|Ks[YP + |Vl || 1ores) + VW% || 2o (55) can be bounded applying Lemma 3.4
o R H H 3
R(vic, wi) < 3Ce(Lo + k1 + Kk + |V (zk) | + [Vw" (zx)|)| Ks |7, (3.25)

where C, is from Lemma 3.4. Hence, using inequalities (3.24) and (3.25) we get

B—a—1

[0l = Vs < C [0+ 1 42+ |90 )| + [V )] 755

o (3.26)
x |[Vol (zx) — V' (zx) |77 | K| 7,

where C only depends on p, 3, a, A, L. Combining estimate (3.26) with (\A;) and (3.12) then proves (3.20).
Next, using the lower bound of Lemma 3.4, inequality (3.23), Lemma 3.2, (Az) and (3.12) leads to

‘K‘ _r |K| (B—p)p
[0 = Vol L0 < 32 |K|HV i = Voo SAF D WR(”%’“’@ ’

KeTu KeTy

X < / [AS (2, VUl ) — A% (2, Vit )] - (Vo (zk) — VwH(wK))dx> ’
Ks

B-p
-z |K| h 7 H (yH . H _ Hy H. H H\\ B
AP Z K ‘R('UKawK) (B (v ) B (w;0" —w )) ’

KeTy 0

which combined with (3.25) proves (3.21). The estimate (3.21) at hand, the coercivity bound (3.22) is proved
analogously to the coercivity bound (3.18) shown in Lemma 3.3. O

The existence and uniqueness of the numerical solution obtained by the multiscale method (3.3) follows from
the Browder—Minty theorem.

Lemma 3.7. Assume that A° satisfies (Ag_2). Let 27 € S}(2,Ty), At > 0 as well as f € LP (2) be given
and let BY be defined in (3.4). Then, there exists a unique u € S}(£2,Ty) such that
u =21y He H. 6 H H H 1
—y dz+ B (u;w™) = [ fw'de, Yw™ € Sy(£2,Th). (3.27)
Q Q

Proof. For fixed 2% € S}(§2, T ), consider the bilinear form B4* and the linear map lAt

1 1
) = g [ ttan ) = [ (14 g ) utan

given by
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for v wH € S}(£2, 7). Then, the problem (3.27) can be written as
find ™ € S} (2, Tyr) such that B2 (u w) + B (u; w0y = 18 (w), Vw € S§(02, Ty).
Observe that B4 (v vH) > 0 for any v € S} (2, Tzr) and that the Poincaré inequality yields

| B (0w < ATVl o IV Vo' wf € S§(92, Tw).

)’
Combining that with Lemma 3.5 shows that B4* + B is linear and bounded in its second argument, hemi-
continuous (see [52], Def. 26.1) in its first argument, strictly monotone and coercive. As the linear map (4! (-)
is continuous, the Browder—Minty theorem ([53], Thm. 26.A) thus concludes the proof. O

Finally, the boundedness of the numerical approximations (3.3) is proved.

Theorem 3.8. Assume that (Ag_2) hold and that f € LP'((Z), ull € SH2,Ty) are given. Then, for periodic
or Dirichlet coupling and any parameter At, H, h,§ > 0, there exists a unique numerical solution defined by the

multiscale method (3.3). Further, the numerical solution {ull}N_, satisfies the bound

N
ér}%XN HUEH;(Q) + z_:lAtHv“ﬂﬁp(m < C((Lo + m1 + k2)” + ”f”ir’(rz) + H“gHQH(Q))’

where C' only depends on p, 3, A\, L, T, the measure of {2 and the Poincaré constant Cp on 2.

Proof. The existence and uniqueness of the numerical solution defined by (3.3) follows from Lemma 3.7. To
derive the a priori bound we set w = !l | in (3.3), use the bound (3.22) and (3.12) to obtain

/Qétufufﬂdx—I—)\CHVufHHip(mS /qugﬂdl‘+0c([/0+lﬂ+m2)p

(3.28)
< CPHfHLP/(.Q)HVUTI;IJ,-lHLp(Q) + Co(Lo + K1 + K2)P,
where Cp is the Poincaré constant on {2 and A. as well as C.. are the constants from Lemma 3.5. As
Loy w2 5. H H
§atHUn HLQ(Q) < /Qatun Uy, 4 1 da, for0<n<N-1, (3.29)

multiplying (3.28) by 2At and using Young’s inequality, we get that for any 0 <n < N — 1 it holds
H |2 H||? H ||P !
Hun+1HL2(9) - H“n HL?(Q) + ACAtHvunJrlHLP(Q) = CAt(Hinp/(n) + (Lo + K1+ K2)7),

where C' only depends on p, the Poincaré constant C'p as well as A\, and C, from Lemma 3.5. Summing the last
inequality from n =0 to n = N — 1 concludes the proof. a

4. MAIN RESULTS

In this section we present the main results about the convergence of the numerical solution uX defined by the
multiscale strategy (3.3) towards the exact homogenized solution u°(z,t). In Theorem 4.2, the convergence of
the numerical solution towards the homogenized solution is proved for general p and in Section 4.2 fully discrete
a priori error estimates are derived for strongly monotone and Lipschitz continuous maps A®, i.e., p = 2 with
a = 1, 5 =2in (Alfz).

Remark 4.1. In the model problem (1.1) we consider homogeneous Dirichlet boundary conditions and source
terms f independent of time. We emphasize that our results can be generalized straightforwardly for a right-hand
side of the form f(x,t). They also remain valid for other type of boundary conditions.
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Notation for HMM error. For the analysis, we denote by raras the overall upscaling error

i (901) = ( e, KA, Vo7 (o) - A (90 )| ) (11)

which, if necessary, is split into the contributions of micro and modeling error ;. and ryeq defined as

ruie(V0") = ( Sicem, | A (T ar0) — AR To )| ) (1.22)

E\l -

Fuod(V0") = (S ey K14 (@i, Vol (1)) = A (Vor (@ie))|”) 7 (4:2b)

where v € S§(£2, T ), A is the exact homogenized map from (2.3) and A% and Ag&h are given in (3.9). Note
that the Minkowski inequality yields 7gasar (Vo) < rmie (Vo) + rmoa (Vo) for o € S§(02, Ty).

4.1. Convergence of the multiscale method

For general 1 < p < oo (with the usual restriction p > 2d/(d + 2)), we show that the numerical solution
obtained by the HMM scheme (3.3) converges to the solution of the homogenized problem (2.3) if the numerical
discretization parameters (micro and macro mesh size h and H, respectively, and time step size At) tend to
zero and upscaling parameters (coupling conditions and sampling domain size d) exist such that the modeling
€ITOT T'moq from (4.2b) is arbitrarily small. We emphasize that the order of the limits as stated in Theorem 4.2
cannot be interchanged in general.

Upscaling parameters such that ry,0q is small exist if for the given maps A° an explicit formula for the
homogenized map A" is available (like for periodic or randomly stationary spatial heterogeneities of .A). Note
for instance, that for locally periodic maps A°, i.e., A%(z,£) = A(x,x/e,§) where A(x,y,§) is Y-periodic in
Y, we get Tmoa = 0 on SE(£2,7Ty) when replacing A°(z,€) by A(zk,z/e,€) in (3.4) as well as (3.6), taking
periodic boundary conditions for (3.6) and setting 6 = e. The multiscale method (3.3), being defined for
general maps A°, is however reasonable if A° exhibits scale-separation and its good performance is known for
randomly stationary data. Further, even for maps A° without any structure in their spatial heterogeneities,
the corresponding homogenized map A° (in the sense of PG-convergence) can be approximated via explicit
formulas when locally periodizing the maps A (see [37], p. 155) (the “principle of periodic localization”).

Theorem 4.2. Assume that A satisfies (Ag—2). Let u® € E be the solution to the homogenized problem (2.3)
and ull the HMM solution obtained by (3.3) with initial conditions uf satisfying ||g—u{ || 12(2) — 0 for H — 0.
Let A° be Hélder continuous in space, i.e., there exists 0 < 7 < 1 such that (with Lo > 0 from (3.15))

| A% (21, €) — A%(22,€)| < Clay — ma| /(L5 + (k1 + [€))P7), Va0 € 2,V€ € RE (4.3)

If for any given H > 0 and R > 0, the coupling condition for the micro problems (3.6) and the sampling
domain size § can be chosen, such that rmeq(Vol) from (4.2b) is arbitrarily small (written as rmea — 0) for
all v € S§(02, Ty) with [|[Vo || L=(o) < R, then we have the convergence

1
P

N—-1 Lot
a8 i Jim | e (400 t) = ey + (; /t IV, s) - V“"HH”[ZP(mdS) =0

Following the lines of the proof of Theorem 4.2, explicit convergence rates with respect to the time step
size At, the macro and micro mesh size H and h, respectively, can be derived if sufficient regularity of the
homogenized solution u” is assumed, see Remark 4.3, as then the approximation of the exact solutions (at
macro and micro scale) can be obtained by nodal interpolation instead of density arguments. Note however that
for p # 2, higher regularity of u° is not realistic even for smooth data, e.g., see [11,20].
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Remark 4.3. For simplicity, assume that p > d/2 and that the modeling error ry,0q4 vanishes (e.g., if A®(z,§)
is locally periodic in z). Assume that A® satisfies (Ap_2) and that the Holder continuity (4.3) holds for the
homogenized map A°. If the exact homogenized solution u° to (2.3) has the regularity

u® € ([0, T),W?P(R2)), o’ € ([0, T], W*P(2)), 92u® € C°([0,T], L*(£2)),
with p = min{p, 2} and the solutions )’(E{ to the micro problems (3.6) for £ € RY, K € Ty satisfy

1
bt < Ce Lo+ + ma + €DKl

‘WQ"’(Ké)

then the HMM approximation uX given by (3.3) converges towards the homogenized solution u° at rates

v ™ 7 ,
(Z/ HVu VunHHLP ds) SC’(At+Hmin{v7’?}+(g> )ﬁ —|—C’Hg—u§”§2(m,

where C' is independent of At, H,§,e and h.

4.2. Explicit convergence rates for strongly monotone and Lipschitz maps

Forp=2and a = 1, 8 = 2 in (A;_3), we derive optimal convergence rates in the L?(0,T; Ha(£2)) and
C%([0,T], L3(£2)) norm for the temporal and spatial macro error in Theorem 4.4 and for the upscaling error in
Theorems 4.5 and 4.6. The error estimates always contain a modeling error, which we only explicitly bound for
locally periodic data A%, and numerical discretization errors due to temporal and spatial (macro and micro)
errors, whose bounds are valid without any structural assumptions about the heterogeneities of A°.

4.2.1. Optimal estimates for temporal and spatial macro error

We first explicitly quantify the time discretization and the macro finite element error committed in the
multiscale method (3.3).

Theorem 4.4. Let p =2 and assume that A® satisfies (Ao—2) with a = 1, B = 2. Let u® be the solution to the
homogenized problem (2.3) and ull the HMM solution obtained from (3.3). Provided that for yu =1

u®,9,u’ € ([0, 7], H*(R2)), 02u® e C°([0,T], L*(£2)), (4.4a)
A€ e W (2RY) with A5 E) |y ey < CLo+[eD), VEERY, (4.4b)

the following discrete C°(L?) and L?(H?') error estimates hold

1/2
(max [Ju?Ctn) =[] o) (Z AV ) = Vg )
=¢ {At H 1§}za<XNTHMM(VIH“0('vtn)) +lg - U51HL2(Q)] ’

where Tpu® denotes the nodal interpolant of u® and C is independent of At, H and v
If additionally we assume that (4.4b) is satisfied for p =2 and
u® € CO([0,T),W>=(2)),  A%zx,-) € WH*(RELERY),  ae x €0, (4.5a)
iy, Oty € CO([0,T),Wh(R2)),  1<i,j,<d, (4.5b)
quasi-uniformity of macro meshes Ty and the elliptic reqularity (5.23), (4.5¢)
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where /°(x,t) = DeA%(x, Vul(z,t)), then, there exists an Hy > 0 such that for all H < Hy, we get the
improved error estimate in the discrete C°(L?) norm

max Huo(-,tn)

H 2 ~H,0 H
 max, —ull | oy < C A+ B+ max rang (VA0 1)) + g = || o | -

where a0 is the elliptic projection (5.19) and C is independent of At, H and rgnas -

Let us comment on the hypotheses of Theorem 4.4 in view of the results for linear parabolic single scale
and multiscale problems, see [8,43], respectively. Recall that the homogenized map A° would be given by
Al(z,€) = a®(2)¢ with a®(z) € R™? if problem (1.1) is linear.

The temporal regularity in (4.4a) is required to obtain first order global convergence of the implicit Euler
scheme. Assumption (4.4b) allows to estimate the error due to the quadrature formula (3.2) and reduces to
a?j € WH>2((2) for linear problems, which is likewise assumed in ([43], Thm. 2). Further, the hypotheses (4.5)
are solely used to show the optimal convergence of the spatial macro error in the L? norm. Condition (4.5a) is
used in combination with (4.5¢) to obtain error estimates in the W1° norm for the elliptic projection (5.19)
(an application of the maximum norm error estimates for standard FEM, see [14]) and to estimate the Taylor
remainder term for the map A°(x,¢) (with respect to €). Finally, assumptions (4.5b) are needed to obtain
optimal estimates of u® — @:% and 9;(u® — @:%) in the L? norm, where @10 is the elliptic projection (5.19).
For linear parabolic problems (with time-dependent data) where 7%(z,t) = a°(x,t), assumptions (4.5b) are
comparable to the conditions used in [8,43].

4.2.2. Fully discrete space-time a priori error estimates

We decompose the HMM upscaling error rgasp introduced in (4.1) into micro and modeling error rp;. and
Tmod defined in (4.2), e.g., as in [3]. In particular, ry;. accounts for the finite element error committed during
micro simulations and ry0q quantifies the quality of the micro sampling, i.e., the influence of the size of the
sampling domains Kj or the boundary conditions in micro problems (3.6).

First, let us assume that )‘(%, the exact solutions to the micro problems (3.8), satisfy

(H1) i€ H2(Ky) and [ x| < O (Lo + [e) VTG,
s

for £ € R, K € Ty. We note that the solutions )Z% are H? regular if the maps A° are smooth (see [38], Sect. 4),
and that similar assumptions are used for linear multiscale problems (see [3], Rem. 4).

As seen in [9,22] for non-symmetric linear problems, adjoint micro problems are necessary to derive sharp
bounds for the micro error. We introduce a similar adjoint micro problem (5.25), denote its corresponding
solutions by )_(fgj and assume that

< 0571 V ‘Ké‘»

<c,

Wteo(Ks)

) X € HA(Ky)  and |X§|
aay | O € S
(i1) X&' € W (Ks) and ‘Xfy‘
for ¢ € R4 1 < j <dand K € Tg. We note that the adjoint cell problem (5.25) is a linear elliptic problem.
Thus, for smooth data, the first hypothesis in (H1*) is a classical H? regularity result (see [3], Rem. 4) and the
Wb regularity can be proved (see [38], Sect. 3).

Theorem 4.5. Let p = 2 and assume that A° satisfies (Ao_2) with a = 1, B = 2. Let u € {1,2}, u® be
the solution to the homogenized problem (2.3) and ull the HMM solution obtained from (3.3). Assume (H1),
hypotheses (4.4) (either for w = 1 or p = 2) and, if p = 2, that additionally (4.5) holds. Further, let the
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multiscale method (3.3) be initialized with ul’ such that ||g — u{'||2(2) < CH". Then we have

h v
H H
11<11134<XN ||u tn) — Uy ||L2(Q) <C |:At + H* + (g) + 12113;(N7"m0d( ;un ):l 3
) (4.6)

1/2
h
(Z AtV (., VuH]|L2(m> <C [At+H+ (g) + 1£Hna§XN’f'mod(vu7€I):| ,

for v =1, where U¥ = Tyu®(-,t,) is the nodal interpolant of u® if u = 1 or UH = af0(- t,) is the elliptic
projection (5.19) and H < Hy (with Ho from Thm. 4.4) if u = 2. The constant C' is independent of At, H, h,e, ¢
and the modeling error Tmoq-

If in addition (H1*) holds and A°(x,-) € W (R%:RY) for a.e. x € £2, then (4.6) holds for v = 2.

As for linear homogenization problems, e.g., see [1,9,22], we thus get the optimal quadratic micro convergence
rate (h/g)?.

Finally, we present explicit estimates for the modeling error ry,q supposing that the maps A° are locally
periodic and Lipschitz continuous with respect to the macroscopic variable, i.e.,

(H2)  the maps A° are locally periodic, i.e., A%(z,&) = A(z,z/e,§) with A(x,y, ) being Y-periodic in y and
satisfying (for £ € R?, a.e. y € Y)

‘A(-Tl,y,f) - A(x27ya§)| < O"Tl - 'T2‘(L0 + ‘§|)7 Vl‘l,l‘z € 0.

Further, if the decomposition A®(x,&) = A(x,x/e,€) is explicitly known, it is advantageous to modify the
multiscale method (3.3) by collocating the slow variable « within the sampling domains K; at the quadrature
node 7, see (5.29). In particular, A°(z, &)|f, is replaced by A(xk,z/e,€) in the map B defined in (3.4) and
the micro problems (3.6).

Theorem 4.6. Let p =2 and assume that A® satisfies (Ag—2) with « = 1, § = 2. If (H2) holds, then, for any
H ¢ SY(0,Ty), the modeling error mmea(Vol) defined in (4.2b) is bounded by
if W(Ks) = W)2(K;s),6/e €N and

A ks = Alxk,x/e,€) collocated at wy,
CL .6, if W(Ks) = W2(Ks),6/e €N,

mod per

mod (5—|-\/ (5 ZfW K5 :HO(K5)5>€

0,
Tmod (VUH) S

with C} 4 and C2, given by

Choa = CLo + V0" 12009).  Choa = OChoa + a7 (e, Ywswiv),
where x* (25, ), for £ € RY, K € Ty, denote the exact solutions to the homogenization cell problems (5.28) and

C' is independent of At,H, h,e,6 and v

Thus combining periodic coupling and collocation is optimal for locally periodic maps A°. Further, note that
X (K, ) € WE°(Y) is a common assumption to bound the modeling error for Dirichlet coupling (e.g., see [24],
Thm. 1.2) for linear problems.

Refinement strategies. Theorem 4.5 reveals that simultaneous refinement of macro and micro meshes is
needed for convergence of the spatial errors. For instance, if the modeling error is equal to zero (e.g., optimal
coupling is used for locally periodic maps), then we have

IN

maxi<n<nN ||U0(‘a tn) — unH ||L2(Q)

Clat+H2 + (2)7],
1/2
(S0, At Va0 ) = Vull 22 ) ?

Clat+m+ (27, o

IN
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To efficiently decrease the spatial errors in the C°(L?) and the L?(H?') norm the spatial grids 7y and 7;, have
to be refined according to h/e ~ H and h/e ~ v/ H, respectively. Those refinement strategies allow to obtain
convergence at optimal computational cost.

Complexity. The numerical upscaling used in (3.3) leads to computational cost that are independent of the
size of the small oscillations e. For instance, let Nyac and Ny denote the number of elements in each dimension
for the macro and micro spatial discretization, respectively, using quasi-uniform meshes. Then, the macro and
micro mesh sizes H and h scale as H ~ 1/Nyac and h ~ 0/Ny;c, respectively. As the size 0 of the sampling
domains Kj is of order O(e), we find that h/e ~ 1/Npic. Thus, the convergence rates summarized in (4.7)
can be expressed in terms of Nyae and Ny, i.e., they are robust with respect to e, and can be obtained with
O(NZ_ N2, ) spatial degrees of freedom.

mac mic

5. PROOF OF THE MAIN RESULTS

In this section, we prove Theorems 4.2, 4.4, 4.5 and 4.6. We split the total error according to ||u® — uf|| <
|u® — UH|| + ||UH — uk|| where U is an approximation of the exact solution u® in S3(§2, 7). For the general
convergence result of Theorem 4.2 we choose U to be close to u® using the density of smooth functions in the
space F given in (2.1). To derive explicit convergence rates in the case of p =2 and « =1, § = 2 in (A;_2),
choosing U as the nodal interpolant of u° yields optimal L?(H') estimates, whereas a new elliptic projection
of uY for nonlinear monotone problems is needed for the optimal C?(L?) estimates.

5.1. Error propagation formula

Let U € E with U € C°([0,T], Wy *(£2)) and U € CO([O,T],LQ(Q)). Further, let U (-,t) € S} (£2,7x) be an
approximation of U(-, t) for t € [0, 7] and define UT = U™ (-, ¢,) for 0 < n < N. The fundamental tool to derive
a priori error estimates using the energy method is the error propagation formula for the error 02 = u — (1
0 <n < N, given by

At / 0w dx + At [BY (u)l, ;s w™) — BE (UL, 5 w™))
02

tnt1 _
= / /wadeds—At/ﬂ@thdex—AtBH(UfH;wH)

t

tnt1 _ tnt1
— / <8tu0(~,s),wH>ds—At/ﬂ@,gl/lwadx—i—/ BO(uO(-, s);wH)ds — At BE (U w)
t t

n n

= /t\n-*—l <8tu0( ) 8t ( n_;,_l) H>d8 (51&)

n

+ /t”“ BO(uO(-, 5):wT) — BOUC- by ); w')ds (5.1b)

LA / DU, ts1) — Bl (z, t)] wde (5.1¢)
2

+ A / B (. 1) — UM wh da (5.1d)
2

A [BOUC b)) — BT 5] (510

OB WUy w") = B ) (5.11)

+ AL [BO(unH,wH) HyH )}, (5.1g)

where wh € S§(82, Ty ) is arbitrary, u° is the exact solution to the homogenized problem (2.3) and the forms
B°, B® and B are given by (3.10), (3.11) and (3.4), respectively.
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In the error propagation formula (5.1) we already decomposed the overall error into its different components.
The terms (5.1a) and (5.1b) arise from the difference between the weak and the strong formulation in time
of (2.3). In particular, they vanish if we set I = u° (with u° sufficiently smooth), see the proof of Theorem 4.4 for
details. The error terms (5.1¢)—(5.1g) are due to the numerical discretization used for the multiscale method (3.3).
While the term (5.1c) accounts for the error due to the time discretization scheme, the terms (5.1d) and (5.1e)
consist of the finite element error at the discrete time levels ¢, and (5.1f) captures the influence of quadrature
formula (3.2). The components (5.1¢)—(5.1f) are independent of the multiscale nature of the method (3.3),
whereas the last term (5.1g) is solely due to the upscaling strategy consisting of micro simulations and averaging
techniques. Thus we call term (5.1g) the HMM upscaling error.

In our subsequent analysis we first estimate the different error terms from (5.1), see Sections 5.1.1, 5.1.2
and 5.1.3 for estimates of the difference between the weak and strong formulation in time of (2.3), the temporal
and macro spatial error and the HMM upscaling error, respectively. Those bounds at hand we then prove
Theorem 4.2 in Section 5.2. Finally, for p = 2 and o« = 1, § = 2 in (Aj_2), the proofs of Theorems 4.4
and 4.5 given in Section 5.3 follow from the improved bounds for the macro spatial error (using a linear elliptic
projection) derived in Section 5.3.1 and the explicit estimates for the HMM error consisting of micro and
modeling error shown in Section 5.3.2.

5.1.1. Estimates for the difference between weak and strong formulation in time

In this section, we estimate the terms (5.1a) and (5.1b).

Lemma 5.1. Let u®,U € E with U, 0,U, 03U € C°([0,T), L*(£2)). Then, for w € S}(02,Ty)

tnt1 o
< / 1066 8) = OUC9) | .o

+ AU o

tnt1
/ <8tu0(~, s) — OU(- tny1), wH>ds
tn

vaHLP(Q)dS

H
0,T],L2(Q))Hw HLQ(Q)’
for 0 <n < N —1 and where C is independent of At and H.

Proof. Let w € S}(£2,T). We decompose the term into the two parts

tnt1 tnt1
/ <8tu0(~, s) — OU(-, s), wH>ds — / / [OU(z,tps1) — Olh(, 8)] widzds,
tn Q

n

where the first part is bounded straightforwardly. Next, for the inner integral of the second term we have

tnt1
[ ottt ottt s utdo = [ [ Gu@retasdr, Vse bl (62
2 s (9]

as OuU, 02U € CO([0,T], L*(£2)). The claimed result is then directly obtained. O
The second term (5.1b) is bounded using the Hélder continuity of the homogenized map A°.

Lemma 5.2. Let u’,U € E with U,8U € C°([0,T], W"P(£2)). Assume that A° satisfies (A1) with exponent
v =a/(B — ) and constants L > 0, &1 > 0. Then, for wf € S§(2,7Ty) and 0 <n < N —1

tnit
[ B ) = B s
t
.

= L/ (F1 + ||V“0("3)||LP(Q) + ”vu("S)HLP(Q))p_l_”W“O("3) - VU("S)HZP(Q)HVWHHLP(mdS

n

+ CA (R + VUl oo, 71, Lr(2)) + HatquCU([O,T],LP(Q)))p71||va||Lp(Q)’

where C' is independent At and H.
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Proof. Let w € S}(£2, 7). We then use the decomposition of the error term into

/t”“ B0 (-, s);w™) — BOU(-, s); w0 )ds — /t"“ BOUC, s ):w) — BOU(-, 5); w')ds,

n n

where the first integral is estimated using the Holder continuity of A° and (3.12). To bound the second term
we first note that since U, o € C°([0, T), WP(£2)) it holds for t,, < s < t,, 41, similarly to (5.2),

S At||8tvu||60([0,T]’Lp(Q))a (53)

tnt1
/ HVU(-,T)dT
s Lr(£2)

VU tng1) = VUG S) | o) = ‘

which combined with the Hélder continuity of A° and (3.12) yields the final bound. O
5.1.2. Temporal and macro spatial error

In this section, we provide explicit error bounds for the terms (5.1¢)—(5.1f).
Time discretization error. We start by estimating the error due to the implicit Euler method, i.e., term (5.1c).

Lemma 5.3. Let U, 0,U, 02U € C°([0,T), L3(£2)). For w € S{(2,7Ty) and 0 <n < N — 1, we have

= CAt||at2u||co([0,T],L2(Q))||wH||L2(Q)’

/ [&U(z,tnﬂ) — 5tl/l(x,tn)] wHdz
10)

where C' is independent of At and H.

Proof. Let wfl € S}(92,Tw). AsU,0U € C°([0, T, L?(§2)) results similar to (5.2) hold if ¢ and d;U is substitute
to OU and O2U, respectively, in particular, [, O (z,t,)w dz = At~! f:ﬂ"“ [ 0U(z, s)wf dz ds. Combining
that with the result from (5.2) yields /

_ 1 tnt+1 tnt1
/ [0 (2, tns1) — O (z, ty)] wH da = A_/ / / O*U(x, 7w dz dr ds,
0] L tn s 2

from where the result of Lemma 5.3 follows. O

Macro finite element error. Next, we estimate the spatial macro error terms (5.1d) and (5.1e) in Lemmas 5.5
and 5.7, respectively. We therefore first introduce the nodal interpolant.

Nodal interpolant. Let Zp: C°(£2) — S1(£2,7y) be the usual nodal interpolant where S*(£2,7y) is the FE-
space defined as S§(§2,73) in (3.1), but without zero boundary conditions. Then, for k € {1,2} and ¢, ¢* with
1< q<q* and ¢* > d/2, we have the bounds (see [16], Thm. 3.1.6),

|IHZ||W1,4(Q) < CHZHW2»Q*(Q)’ 1 Zaz— ZHW2—k,q(Q) < CHkHZ”WZQ*(Q)v Vze Wz’q*(Q)v (5.4a)
IZuzlwro o) < Cllzllwioe(ay, V2 €WH2(0), (5.4b)

We note that for z € CO(£2) N Wy (£2) it holds that Zyz € SL(£2, Tx).

Remark 5.4. Let ¢, ¢* be as in (5.4a). If U, 9,U € C°([0, T], W4 (§2)), then the interpolation operator Zy and
the differentiation d; with respect to the time variable can be interchanged, i.e., Oy (Zpl (x,t)) = Ty (0:U (z,t))
on {2 X [0, T] and thus H@tU(, t) - 8t(IHZ/{(~, t))”qu(Q) < C’HH@tU(, t)”W'zq* (2)-

Lemma 5.5. Let either p=2 (ifp>2) orp<p<2withp>d/2 (ifp<2). LetU,0,U € C°([0,T], W?P(£2))
and U = TyU(-,t,) be its nodal interpolant for 0 <n < N — 1. Then, it holds

/Q [0 () — @Uf] wHdz| < CH”atuHcO([o,T],W’L’vﬁ(Q))HwHHL?(Q)’

for any w* € S}(2,Ty) and with a constant C independent of At and H.
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Proof. AsU, 0 € CO([0,T), W?P(£2)) and ZgU, oIl € C°([0,T), S§(£2,Tz)), see Remark 5.4, equation (5.2)
holds analogously if 9,/ is substituted by U or U . Thus, for w € S}(£2, Ty ), we obtain

ds (5.5)

OU(x,t,) — U wHdx
[ n
19,

1 [t H H
< | lotu(ws) - 0U ) oo 107 2

t
n+1
<C— / |8t (z,5) — OUT( ds,

(z,s ||W1P(Q ||wH||L2(Q)

and the estimate from Remark 5.4 concludes the proof. g

Remark 5.6. If j = 2 a convergence of order O(H?) can be shown in Lemma 5.5 by applying the interpolation
estimate (5.4a) directly to (5.5), i.e., without first using the embedding W17 (£2) — L?(£2).

Lemma 5.7. Assume that A° satisfies (Ay) with v = a/(f — ) and constants L > 0, &1 > 0. Let U €
CO([0,T), W2 (2)) for some p* with p < p* and p* > d/2 and let U = TyU(-,t,,) be its nodal interpolant.
Then, for 0 <n < N —1

’BO n+1) ) Bo(un+17 )| < CH’Y(RI + ||u||CD([O7T]7W2»P* (Q)))p71|‘vaHLp(Q)v
for any w" € S}(2,Ty) and with C independent of At and H.
Proof. Let w € S}(£2, ). The Holder continuity (A;) of A° and (3.12) yield

Bt )s ") = B 30| < D+ 19UC o) pogay + [T o))"
X VUG, tar) = VU o V0™ oy

which is estimated using the bounds (5.4a). O

Quadrature error for Holder continuous A°. Estimating the gffect of the barycentric quadrature (3.2)
used in the method (3.3) is achieved by comparing the maps B® and B given by (3.10) and (3.11), respectively.

Lemma 5.8. Assume that A° satisfies the hypothesis (4.3) for some 0 < % < 1. Let B® and B be given
by (3.10) and (3.11), respectively. Then, the error due to the quadrature (3.2) is bounded by

B (v wfy — B w)| < CHY (Lo + HVUHHLP(Q))IFIHVU)HHLP(Q),

for any v wH € S}(2,Ty) and where C is independent of H.
In particular, if U € CO([0,T),W?P?"(2)) for some p* such that p* > d/2 and U = TyU(-,t,) where Ty
denotes the nodal interpolant, then we have for 0 <n < N —1

B Uy ysw™) = BOUL 13w )’ < CH (Lo + Ul oo, r1,w2a )" [V || L),

for any w" € S}(2,Ty) and where C is independent of H.

Proof. Let v wH € S}(02,Ty). As Vol and Vw are piecewise constant, we get from (3.10) and (3.11)

B(v";w) — BO(v Z / .AO (z, Vol (z)) — A° (acK,VUH(asK))] - VwH (zg)dz.

KeTy

The Holder continuity (4.3) of A%(x, &) in z, (3.12) and the bound (5.4a) then yield the results. O



1678 A. ABDULLE AND M.E. HUBER

5.1.3. Abstract estimates for the HMM upscaling error

The last term (5.1g) in the error propagation formula (5.1) quantifies the upscaling error. Using 7 asp
introduced in (4.1), we obtain
B wf) — BH (v )| < rgprng (Vo HVwHHLP(m, o w € SN, Ty). (5.6)
Recall that 7 (Vo) < ric (Vo) +7rm0a (Vo) with rpie and 7,04 from (4.2). While structural assumptions
about the spatial heterogeneities of A° are necessary to estimate the modeling error ryoq, an abstract error
estimate for the micro error ;. holds for general maps A°. Explicit bounds for 74,04 and 7rmie in the case of
p=2,a=1, =2 will be derived in Section 5.3.2.

Lemma 5.9. Let A® satisfy (Ag—2). For both periodic coupling W (Ks) = W2E(Ks) or Dirichlet coupling

per

W (Ks) = Wy P(Ks) in the micro problems (3.6), the micro error rumic(Vu™) from (4.2a) is bounded by

p—1-—7
Tmic(V'UH) S C |:LO + K1 + K2 + HV,UHHLP(Q)}
d
K o (@ ’ p
AP BT L A
o | K| 2hesi(xs 1) Fr)

for any v € S}(92, Ty), where )Z% solves (3.8) and C' is independent of H, h, § and ¢.

Proof. For given ¢ € R? and K € Ty, let )Z% and X%h be the solution of (3.8) and (3.7), respectively. Using a%
defined in (3.13) we get from (3.17) and the micro problems (3.14) that for 2" € S1(Kjs,75)

N[V - o

.
R(¢ )57 (afe (e e = #1) = a0 we — 1),
L”(Ké)

with R(E, K) = (k2 + 2/€])| Ks|'/? + VX5l Lo (res) + VX | 2o (k). Analogously to (3.26) we get

1
7—a

<C[(LO—Hﬂ+/<;2+\§|)\K5|%rg:1 Hv;z‘E _vh .
o K LP(Ks)

_ h
HVX% ~ VX%

Lr(Ks)

Combining this estimate with (A;) and (3.12) we obtain for A% and A%" given in (3.9)

3 ))7, (5.8)

‘A%(f) _ A(I)%h(g)’ < C[LO + K1+ Ko+ |§Hp_1_’y ( h‘ Lr(Ks

- V)‘(§ _
|K5|H K

where v = a/(8 — ). Setting ¢ = Vvl (z) for K € Ty and using (5.8) and (3.12), we obtain the result by
noting that z” can be chosen arbitrarily in S'(Kjs, 73,). O
5.2. Proof of the general convergence result

In this section, we prove Theorem 4.2. We start by proving the convergence of the micro error.

Lemma 5.10. Assume that A° satisfies (Ag—2). Let the time step size At > 0, the macro mesh size H > 0,
the sampling domain size § > 0 and the coupling conditions for (3.6) be given. Then, for any set {UX}1<,<n C
S92, Ty) with Z At||V _~_1||Lp(Q bounded independently of the micro mesh size h, the micro error rmyjc
from (4.2a) satisfies

hm (Z At i (V ) )” =0.
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Proof. Let 0 < n < 1 be given. Let ¢ € RY, K € Ty and )Z% € W (Ks) solving (3.8). First, we observe that for
sufficiently small  we have infnc g1k, 7, ||)Z§(—zh\|w(K5) < 1. Indeed, as C*°(K5)NW (Kj) is dense in W (Ky)
(for both periodic and Dirichlet coupling), there exists z, € C°(K;5) NW (K;) such that H)ZE( —2pllw (ks < /2.
Setting 2" = Zhzy and applying the interpolation estimate (5.4a) to the nodal interpolant Z;, on K5 (for some
p* satisfying p < p* and p* > d/2) we get

ke = = = 15 = 20l 10 = vy < 5+ Clznla

W(K5) W(Ks5)

i.e., in particular, there exists ho( ) > 0 such that H)‘(i — 2M|w sy < for all h < ho(n).
Ublng this result for £ = H(acK) and any K € Ty, 0 < n < N — 1, i.e., a finite set of parameters
independent of h, we obtain Wlth Lemma 5.9 and (3.12) that

1 19 p—l=v
N—1 v’ N—-1 »
. H / -X
Jimy (Z At Tmic(VU, )P ) <C | Lo+ ki +rg+ ( E : At|[vu +1HLP(Q)> (Kol
n=0 n=0
and thus, as 0 < 1 < 1 can be chosen arbitrarily small, the micro error vanishes. O

Proof of Theorem 4.2.

Step 1. General error bound. Let U € E with U € C°([0,T),W?P? (2)), od € C°([0,T), W'P(£2)) N
Co([0,T), W*P(£2)) and 92U € C°([0,T], L*(£2)) where p = min{p*,2} and some p* with p < p* and p* > d/2.
We then set 0 = ufl — U with U = TyU(-,t,) for 0 < n < N. Summing (3.21) from n = 0,...,N — 1,
using (3.12) and the error propagation formula (5.1) yields

» N-1 7,, N-1 B
)‘ﬁ Z AtvanJrlHLp(Q) S R(urIL{vUrIL{) (Bﬁ ) (Z At BH( n+170n+1) BH(unJrl’enJrl)))

n=0 n=0
v [ N1 B N-1 7
= Ru u=F" <_ > At/ 00101, dz + B;°t> : (5.9)
n=0 2 n=0
where B denotes the sum of the terms (5.1a)—(5.1g) with test function 67, and R(ufl,U) is given by
- 3 3
1
Rull, U) = (Lo + k1 + k) (T|92]) 7 (Z AtV |70 ) (Z At||vul |7, n)) . (5.10)
n=0

Using the bound (3.29) analogously for §2 | estimating the terms (5.1a)-(5.1g) by Lemmas 5.1, 5.2, 5.3, 5.5, 5.7,
5.8 and inequality (5.6) and using (3.12) we obtain

[ 1 1
AL SISO < RO |~ H s+ 108 i
n=0
eI -l + o 1+l e - 11
+ {HatUHcO([o,T],Ww(n)) + ||at2u||c0([o,T],L2(n))] (At + H) (5.11c)
p—1 -
n [Lo + 1+ (Ul eo oz g2y + Hatunco([OvTLWl,p(m)] (AT + H + HY) (5.11d)

N-1 > »7H
+ (Z At ’I"HMM(VU ) } <Z AtHV@nHHLP(Q)> ‘| R (5116)

n=0
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For the rest of the proof, the term —/6% ||L2 y <0in (5.11a) can be omitted.

Step 2. Density in E. Let 0 < 1 < 1 be given. To show the convergence of (5.11) we choose U € C>(£2 x [0,T])
such that U(-,t) € C§°(£2) for any ¢ € [0,T] and ||u® — U||g < /2. This is possible as the polynomials >, t'v,
with v; € W'*(£2) are dense in E (see [52], Prop. 23.23), and Cg°(£2) is dense in W, *(£2). Note that such U
further satisfies |U||p < ||u®||g + 1/2.

We then set U1 = Tyid(-,t,) as above in (5.11). Using the interpolation estimate (5.4a) in space and a bound
analogous to (5.3) in time we get that for s € [t,,tp41] and 0 <n < N —1

||VU(-, - VU +1||Lp(9 c(At +H)(HU||CO (o, 1),w2r* (2)) T HatquCU(OT LP(Q)))

Hence, combining that with the properties of U, there exists Dgy(n) > 0 such that for all At, H < Dy(n)

_ 1 1/p

N-—1 tot1 D
(Ej/t Hvuo(.,t)—VUﬁrleL)p(mdt> <, <§ At||vu HHLP(Q)) < [|u®]| , + 1. (5.12)
n=0 n

Further, by possibly taking a smaller value for Dy(n) we simultaneously get that for H < Dy(n)

max [, ta) = Ul | o ) < Cllu® = Ul + CHIUl o o 1y 2 ) < O + 2

1<n<N 2’ (5.13)

where we used the embeddings E < C%([0,T], L?(£2)) (with operator norm Cg), WP(£2) — L?({2) and the
interpolation estimate (5.4a).

Step 3. Bound for R. Next, we bound R(ull, ) from (5.10). From Theorem 3.8 and the convergence | g —
ud!||2(2) — 0 for H — 0 we have that there exists Hy > 0 such that for all H < Hy it holds

N-1 P 2
(Z At||VunH+1||’2p(m> < C((Lo+r + k2) + 1177 o T lglta) + 1),
n=0

i.e., independent of the initial approximation u{!. Combining that with (5.12) we get that R(ul,u/) is bounded
independently of U, n, At and H for all At, H < min{Dy(n), Ho}. Additionally, the same bound is valid for the
last term in (5.11¢) as (Y02 At VO |17, )7 < R(ull,UlT).

Step 4. Convergence of HMM error. By decomposing 7 a7 in (5.11€) into micro error ry;. and modeling error
Tmod, See (4.2), we obtain from Lemma 5.10 and the convergence of the modeling error assumed in Theorem 4.2

that lim, __ .0 limhﬂo(ZnN:_O1 At rgam (VUﬁH)P’)l/p’ =0 for given At and H.

Step 5. Convergence in LP(W1P) norm. First using the embedding E — C°([0, T, L?(£2)) (again with operator
norm C) and the interpolation estimate (5.4a) the initial error & in (5.11a) can be bounded by

166112y < llg = wt'l| 2y + Clle’® = Ul 5 + CHIU oo,z w2 () (5.14)

Combining then (5.11) with (5.14) and using the properties of U derived in Step 2 and 3, there exists 0 <
D1(n) <min{Dy(n), Ho} such that for At, H < Di(n)

lim lim (Z AtHVGnHHLP(m> <C+n), (5.15)

Tmod —0 h—0

where C' is independent of 7, U as well as H, At, § and h. The convergence in the discrete LP(W1?) norm then
follows from (5.15) and (5.12) as 7 is arbitrarily small.
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Step 6. Convergence in C°(L?) norm. Let 1 < K < N. Summing the error formula (5.1) with w# = 6, for
n=0,...,K—1, using (3.29) and the monotonicity of B¥ from Lemma 3.5 we get

1 1 K-1
5108 )~ 5108 5oy < 32 At | [ 210, o BTGl 302,0) = B 02|
n=0

which can be bounded by Zf;_ol Biot with Bt used in (5.9). Then, analogously to Step 5, estimating B! like
in (5.11) and combining that with (5.13) proves the convergence of max;<,<n |[u’(-,t,) — unH”LQ(_Q). O

5.3. Proof of the explicit convergence rates for strongly monotone and Lipschitz maps

In this section, the fully discrete a priori error estimates for p = 2 and a = 1, § = 2 in (Aj_2) are shown.
The estimates of the temporal and macro spatial error from Theorem 4.4 are proved in two steps: the L?(H')
estimate is proved below using the results of Sections 5.1.2 and 5.2 and then, in Section 5.3.1, the C°(L?)
bound is derived using an elliptic projection. Finally, we show the estimates of micro and modeling error from
Theorems 4.5 and 4.6 in Section 5.3.2.

Proof of L>(H") estimate from Theorem 4.4. Recall that 02 = uff —UH for 0 < n < N. To derive the L?(H*)
estimate we set U1 = Zrpu®(-,t,). Note, that when deriving the error propagation formula (5.1) for & = u°
with the regularity of u® assumed in Theorem 4.4 (with u = 1), one can use

/&u (z,t)wdz + B (u® /fwdx Yw e WyP(2),vt e (0,T],

instead of the weak formulation in time. Hence, the error terms (5.1a) and (5.1b) vanish. Then, analogously
o (5.11), we estimate (5.1c)—(5.1g) using Lemmas 5.3, 5.5, 5.7, 5.8 and (5.6). Observing that v = a/(8—a) = 1,
p/B =1 and that (4.4b) for u = 1 yields the Holder continuity (4.3) with 4 = 1, we get

N-1

H9NHL2 ot he 2 AV )
n=0

2

IN

1
R P —) (Zmuvenﬂum))

>\c

1 2
< 5108 1pa o) + C(AL+ H 4+ max v (VU + 5 Z AYVOI ;2 0 (5.16)

which combined with (5.4a) concludes the proof for p = 1. O

5.3.1. Optimal bounds of macro error in spatial L? norm

To obtain quadratic convergence of the macro spatial error in the C°(L?) norm we introduce an elliptic
projection of the homogenized solution u’. We derive its approximation properties and improve the bounds
of (5.1d), (5.1e) and (5.1f) to get the sharp bounds of Theorem 4.4.

Remark 5.11. Let A: 2 x R? — R? with A(z,-) € C*(R%GRY) for a.e. € 2. Then, the map A satisfies
hypotheses (A41_2) with p =2, a =1, § =2 if and only if D¢ A(x, &) is uniformly elliptic and bounded

DeA(w, &) n-n> A, |DeA(x,)n| < Llnl,  V&neR?, ae xe .

Further, for £,7 € R? and a.e. « € £2, we have the identity

1
Az, & +n) = Az, §) + DeA(z, §)n + /0 DeA(z,§ + 1) — De Az, §)d7 1. (5.17)
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If additionally D¢A(x,-) is Lipschitz continuous (e.g., A(x,-) € W2>°(R?%; R?)), we obtain from (5.17)

/Q [A(z, Vv + Vw) — A(z, Vv) — DeA(z, Vo) - Vol - Vzdz| < LA||w||%,V1,4(Q)Hz||H1(m, (5.18)

for v,w € W14(82), z € H*(§2) and where L 4 = esssup, ¢, L, with Lipschitz constant L, of A(x,-).

Elliptic projection. Let u°(x,t) € E be the exact solution of the homogenized problem (2.3). The elliptic
projection @f:0(-,t) of u%(-,t) is given by the variational problem: find a-0(-,¢) € S}(£2, Ty ) such that

B (t;a0(, 1), w) = Br(t;u°(-,t),w"),  Vwf €S2, Ty), (5.19)
where, for a.e. t € (0,7, the bilinear form B, is defined as, for v,w € H}(£2),
Br(t;v,w) = / F(x,t)Vo - Vwdz, with &°(z,t) = De A%z, Vil (2, 1)), (5.20)
Q
for a.e. (z,t) € £2 x (0,T). The existence and uniqueness of the elliptic projection u t) defined in (5.19) is

studied in Lemma 5.12. Note that for a linear problem we recover the tensor &7°(x,t) = a®(x,t) and 0,.7° (x,t) =
0ya®(z,t) as considered in [8,43,49].

H,O(_
0

Lemma 5.12. Let p =2 and assume that A satisfies (A1_2) with a =1, f =2 and A°(z,-) € CL(R%RY) for
a.e. x € 2. If the homogenized solution u® satisfies u® € L?(0,T; Hi(£2)), then, for a.e. t € (0,T), the bilinear
form By given by (5.20) is uniformly elliptic and bounded and there exists a unique solution @-°(-,t) to (5.19).
Further, we have

a.e. t € (0,7T). (5.21)

Iva™(., < S|vect

O z20) < Ol 120y

Proof. Due to Remark 5.11 and the regularity of u° the tensor &/ satisfies .7} € L>(0,T; L>(£2)), for 1 <
i,j < d. Using again Remark 5.11 we have for v,w € H}(§2) that |B.(t;v w)| < L)Vl 2o [Vw| L2 (),
)\HVUHLQ (2) < Bx(t;v,0) for a.e. t € (0,T). Thus, the Lax-Milgram theorem concludes the proof. O

Lemma 5.13. Let p =2 and assume that A satisfies (A1_2) with a =1, f =2 and A°(z,-) € CL(R%RY) for
a.e. © € §2. Let the homogenized solution u® and <7° defined in (5.20) satisfy

u®, 9’ € C°([0,T), HY (02)), 0. 0u) € CO[0,T),L>(82)),  for1<ij<d. (5.22)

zy’
Then, the map t — w0(- t) € S§(92, T ), where a0 is the elliptic projection (5.19), is of class Ct.

Proof. As (5.19) defines a linear elliptic projection, the proof is based on similar arguments as given in ([8],
Eq. (5.3)). A full proof is available in ([36], Lem. 6.5.4). O

Lemma 5.14. Let p =2 and assume that A satisfies (A1_2) with a =1, f =2 and A°(z,-) € CL(R%RY) for
a.e. x € (2. Let u® be the solution of the homogenized problem (2.3), @10 its elliptic projection (5.19) and </°
the tensor given by (5.20). Let k € {1,2} and assume

u’, 9’ € CO([0, T, H?(12)), o

0 0uat) € CO[0,T], WF122(02)),  for1<i,j<d.
Then, for any t € [0,T], we have the error estimates
O a0 -

(ii) a0, t) —

< CH, (i) (|0 (a0 — u®) (-, ¢)
< CH*, (iv) |0e(@™0 = u®) (-, t)

< CH,
< CH"*,

"t)HHl(Q) HHl(Q)

‘at)HLz(Q) HLz(_Q)

where C' is independent of H
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Proof. Due to the linearity of the variational problem (5.19), the proof follows along the lines of the proof of
([8], Lem. 5.1). For a detailed proof we refer to ([36], Lem. 6.5). O

To prove the optimal convergence in the C°(L?) norm, we further need an estimate for ||afl:0(.,¢) —
uO (1) wroe (2)-

Lemma 5.15. Let p = 2, assume that A° satisfies (A1_2) with a =1, 3 =2 and A%(z,-) € C1(R%:RY) for a.e.
x € 2. Let u® be the solution of the homogenized problem (2.3), @10 its elliptic projection (5.19), &/°(z,t) be
given by (5.20) and u®*(-,t) € HE(£2) be solving the dual problem By (t;w,u®*(-,t)) = Bx(t;u’(-,t),w) for all
w € HY($2). Assume

u® € N[0, T, W*(2)), o5 €CO(0,T],WH=(R2)),  1<ij<d,
and the “elliptic regularity”, for t € [0,T] and 1 < q¢ < o with some o > d,
0 0, . 0 0
Hu (-, 1) ot Hu (~,t)HW2,q(m < CHdlv(% (,t)Vu (~,t))HLq(Q). (5.23)

If {Tu >0 is a family of quasi-uniform meshes (e.g., see [16], condition (3.2.28)), then there exists an Hy > 0
such that for every t € [0,T] and H < H

||72H’0("t)||w1m(n) = CHuO("t)HWl“X’(Q)’ [ a1 t) — aH’O('vt)HWlm(Q) = CHHUO("t)HW?“X’(Q)’

where C' is independent of H.

lw.a

Proof. Recall that the elliptic projection @/?:? is the finite element solution to a linear elliptic problem, see (5.19).
The maximum norm error estimates provided by ([14], Thm. 8.1.11 and Cor. 8.1.12) thus apply. O

Optimal estimates of macro spatial error using elliptic projection. By adapting Lemmas 5.5 and 5.7
for U = u® and U™ given by the elliptic projection @1:* from (5.19) we get the improved bounds (with respect
to the macro mesh size H) given below in Lemmas 5.16 and 5.17.

Lemma 5.16. Let p = 2, assume that A° satisfies (Ag_2) with a = 1, 3 = 2 and A°(z,-) € CY(R%:R?) for
a.e. x € 2. Let u® be the solution of the homogenized problem (1.1) and @10 be its elliptic projection (5.19). If
u®, 9u® € CO[0,T), H*(12)) and &/° from (5.20) satisfies (4.5b), then for U = 40 we get

/ [5tu0(ac,tn) — 5#/{5] wldz| < C’H2(Hu ‘@u
19,

OHCO([O,T],Hz(n)) + OHCD([O,T],HQ(Q)))HwHHL2(Q)’

for 0 <n < N —1 and every w™ € S}(£2,Ty) with a constant C independent of At and H.

Proof. As af1'% 9,at10 € ([0, T, S{(£2, Tw)), see Lemma 5.13, the bound (5.5) holds analogously for U (z, s)
given by the elliptic projection (5.19) and using Lemma 5.14 concludes the proof. O

While in term (5.1d) optimal quadratic convergence H? for p = 2 can be obtained even for U1 = Tyu®(z,t,),
see Remark 5.6, the optimal convergence rate for term (5.1e) is only obtained for U = @10 (due to its particular
definition (5.19)).

Lemma 5.17. Letp = 2 and assume that A° satisfies (A1_2) witha =1, 3 = 2. Let u° be the solution of the ho-
mogenized problem (2.3), a0 its elliptic projection (5.19) and B° be given by (3.10). Assume hypotheses (4.5a)
for u® and A°, quasi-uniformity and elliptic reqularity (4.5¢) as well as regularity @729 € CO([0,T), Whe(£2))
(for 1 <i,j < d) with &/° given in (5.20). Then, for U, = aanl, wh € S§(02,Ty) and 0 <n < N — 1, there
exists an Hy > 0 such that for all H < Hy we have

|BO(u® (-, tny1); w) — BOWUH, wH)| < CLpH?||u

n

))HVw

0|2 H
||CO([O,T],W2»°C(Q ||L2(Q)’

where L g0 = esssup,¢ o | De A (2, )| wi.o ra;paxay and C is independent of At and H.
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Proof. Using the Taylor formula (5.17) and the definition of the elliptic projection (5.19) we derive
BOO(-, tog); wl) — BO@0;e) = / (A2, V0 (2, 1) — A, V)] - V'
Q

. / DeA’(2, Vi (@, tns1))(Va S, — Vil (z, tnsn)) - Vo'l da
2

=B, (tn+1§~f_}_01*u0(' tny1),wH)=0

/ / DeA° (3: Vul (z, ty1) + 7 {Vun+1 Vuo(x,th)D
— DeA” (2, V! (w,tn+1))}d7 [Vﬂfﬁl Vuo(:r,tnﬂ)} -VwH da

< Lo

U0 (- tng1) — ﬂfﬁHmeHVw HL2(Q)’

where we used the estimate (5.18). The maximum norm bounds of Lemma 5.15 conclude the proof. O

Quadrature error for smooth A°. Finally, a quadratic convergence H? can as well be obtained for the
quadrature error (5.1f) when higher regularity of A is available.

Lemma 5.18. Let p = 2. Assume that A° satisfies the hypothesis (4.4b) for u = 2. Let B® and B be given
by (3.10) and (3.11), respectively. Then, the error due to the quadrature (3.2) is bounded by

(0" w!) - BO(UHWH)’ < CH*(Lo + ||V”H||L2(Q))||va||L2(Q)

for any v wH € S}(2,Ty) and where C is independent of H.
Proof. An application of ([17], Thm. 6) yields

‘BO(UH;wH) - BO(UH;wH)‘ < OH2||AO(.T,V’UH)HHQ(Q)HVU)HHLQ(Q),

where || - ”%12(9) = kery - ||%12(K) denotes a broken Sobolev norm. Let the kth coordinate function of A° be

denoted by A(()k), for 1 < k < d. Then, for 1 <i,j,k < d and a.e. x € {2, the (weak) derivatives of A°(z, Vuil)
are given by

On, [ Al (@, V0! @))] = 00, Ay (0, V0 (@), Dy, [ Ay (0, VO (@))| = Dy, Ay (V0" (),

as Vol is piecewise constant. We conclude the proof by observing that for any K € 7y we have
| A° (2, Vot (2 )| 2 (1) < C(Lo + Vo (zx)])y/| K| due to (4.4b). O

Remark 5.19. For a linear problem .Ao(w,f) = a%(2)¢, with a® € (L>=(£2))%*? the regularity assumption
of (4.4b) with p = 2 becomes a® € W2°°(2), which is used for FEM based on numerical integration for linear
problems, see [43]. Then, the bounds of (4.4b) are valid for Lo = 0.

With the Lemma 5.18 at hand, the term (5.1f) can be estimated immediately.

Corollary 5.20. Let p = 2, assume that A° satisfies (Ag_2) with o = 1, 3 = 2 and A%(z,-) € C'(R%RY)
for a.e. x € 0. Let u® be the solution of the homogenized problem (2.3), 0 its elliptic projection (5.19) and
conszder the maps B® and B given by (3. 10) and (3.11). If A° satisfies the hypothesis (4.4b) for = 2 and
u® € CO([0,T), H'(2)), then we have for U quIJrOl

B Uy;w™) = B Uy w™)| < CH? (Lo + [[u”| o )|V

([0,7],H*(£2)) | HL2(_Q)’

for 0 <n < N —1 and every w" € S}(£2,Ty) with a constant C independent of At and H.
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Proof of C°(L?) estimate from Theorem 4.4. Recall that 02 = ull — U for 0 < n < N. For u = 2, we set
U = 410 By estimating the terms (5.1d), (5.1e) and (5.1f) using Lemmas 5.16, 5.17 and Corollary 5.20
(instead of Lems. 5.5, 5.7, 5.8), we obtain the estimate (5.16) with a term of order H? instead of H. Then the
result is obtained by combining that with Lemma 5.14. O

5.8.2. Eaxplicit estimates for the HMM upscaling error

In this section, for p = 2 and @ = 1, 8 = 2 in (A;_2), we prove explicit estimates for the upscaling error
decomposed into micro and modeling error, which are studied in separate paragraphs.

Micro error. In a first part, we bound the micro error ry;. defined in (4.2a) which is due to the finite element

approximation of the micro problems (3.6). Under classical regularity assumptions on )’é{ solving (3.8), see (H1),

we derive a robust linear convergence rate, see Lemma 5.21. Introducing an auxiliary adjoint problem (5.25)

and assuming regularity (H1*) of its solution, a robust quadratic convergence can be shown in Lemma 5.23.
We start by deriving a first estimate for the micro error rpy;c.

Lemma 5.21. Let p = 2, assume that A satisfies (Ao—2) with « = 1, = 2 and that (H1) holds. For any
v € SN2, Ty) and either periodic coupling W (Ks) = WL2(K5) or Dirichlet coupling W (K;) = Hg(K;s) for

per
the micro problems (3.6), the micro error rmic(Vo'l), see (4.2a), can be estimated by

h
TmiC(va) < Cg (LO + ’|vaHL2(Q)>’

where C' is independent of H,h, and .

Proof. Let € € R4, K € Ty and 5(% € W(Ks) and X%h € SY(Ks,7y) be the solution of (3.8) and (3.7),
respectively, with the same coupling condition. Observing that 8 — o = 1, choosing z" = Ih)_é( (the nodal
interpolant on K;) and using the interpolation estimate (5.4a) and (H1) we get from (5.7) that
h
|5 = o8|, < C2 Lo+ ED VIS (5:24)
L2(Ky) €
Choosing then z" = X%h with ¢ = Vo (rx) in Lemma 5.9 on every K € Ty and observing that v = a/(—a) =
1, we conclude the proof by applying (5.24). O

In [1,2,9] a convergence of the order (h/e)? has been shown for linear micro problems (3.6), i.e., for data
A8 (z,€) = a®(x)€. Thus, the estimate of Lemma 5.21 is in general non-optimal. We note that an adjoint micro
problem was used to prove the quadratic convergence for non-symmetric tensors a®(x) (see [9], Lem. 4.6) for a
short proof. In this view, we introduce the following linear auxiliary micro problems: for £ € R? 1< j <dand
K € Ty, find X5/ € W(K;) such that

T P
/ (Dg.As(w,E + in()) (e; + VX57)-Vzdz =0, Vze W(Ks), (5.25)
Ks

where K is the sampling domain associated to K and )Z% solves the cell problem (3.8). We note that prob-
lem (5.25) admits a unique solution if A% satisfies (Ag_2) and A*(z,-) € C*(R% R?), as then the Jacobian Dg.A°
is uniformly bounded and elliptic, see Remark 5.11.

Remark 5.22. We note, that for a linear map A°(z,§) = a®(x)§ the derivative D¢ A® is simply given by
D¢ A%(x,€) = a®(z). Thus, the auxiliary micro problem (5.25) reduces to

/ (@) (e; + VXL) - Vade =0,  Vze W(Ks), (5.26)
Ks

which is independent of ¢ and the corrector )‘(%. Indeed, we recover the adjoint micro problem used to analyze
linear homogenization problems, e.g., see [9].
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Lemma 5.23. Let p = 2, assume that A° satisfies (Ao—2) with « =1, 3 = 2, A*(z,-) € W»*(R%:RY) and
(H1), (H1*) hold. For any vl € S}(2,Ty) and either periodic coupling W(K(;) Wéezr( s5) or Dirichlet cou-
pling W(Ks) = Hg(K;s) for the micro problems (3.6), the micro error rmi.(Vu'l), see (4.2a), can be estimated by

h 2
ranie(Vo'") < C<g> (L0 + L8+ 190" 2oy + 190" 1)

where C' is independent of H,h,§ and €.

Proof. Like in Lemma 5.9, we estimate the difference A?&h’(f ) — A% (&) for € € RY and K € Ty (with associated
sampling domain K;), where A% (¢) and A‘};”(g) are given by (3.9). They are based on the solutions )Z% and
X%h to the micro problems (3.8) and (3.7), respectively, solved with the same coupling condition. Let 1 < j < d,
then

i 1
Afe(€) - e = AR ey = ey | (A (@€ + Vi) = A5G, €+ V)] e
1 — .
= [ [ A e+ Rk - A €+ V)] (e + VTLXE ) da,
‘Ké‘ Ks

where the Galerkin orthogonality for monotone FEM is used and IhX'f(’j € SY(Ks,Ty) is the nodal interpolant
of )_(féj on Kj;. Further, we apply the Taylor formula (5.17) and use that )_(f(’j solves (5.25)

1

@ DsAE(x,f + VNG (VX = V) - (e + VIR X5 )da

[AR"(€) = A% (€)] - ¢5 =

b [ [ Dot 4 Vi 7O - VRE) — DAl VRN
ol JK;
X (VX" — V%) - (e + VI, X5 )dzx
1
K| Ks

1 1
i [ Dot Vi + (TN = Tk - Dedi (o6 Vi lar
sl JKrsJo

X (VS8 = Vo) - (ej + VI, X5 )da.

DeA*(,§ + Vi) (VXE" = VXic) - (VIn X — VX )de

Then, the uniform boundedness and the Lipschitz continuity of D¢ A®(z,-) yield

A (€) - e — A% ©) VX - V|

L
| < = VAE - Vi
63‘ = |K5|H XK VXK 2,

2
1 ‘I X“‘
L2(Ks) ( K Wieo (Ky)

A% 2 3]
<o(2) o+ 13+l 416D (1+[BIL ], )

L2(Ks)

|K |HVX — VX

where we applied estimate (5.24) (using assumption (H1)) and the standard H! interpolation error esti-
mate (5.4a) for the nodal interpolation operator Zj, on Ks (using assumption (i) from (H1*)). Further, the
bound (5.4b) for Z;, and hypothesis (ii) from (H1*) yield ‘IhX%'”Wl,oc(Ké) < C. Then, the result follows from
the definition (4.2a) of rpic. O
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Proof of Theorem 4.5. We combine the results of Theorem 4.4 with the estimates of Lemmas 5.21 and 5.23,
with v = UH for 1 < n < N, for linear and quadratic micro convergence, respectively. We note
that [|[VUZ | 120 and [|[VUE | 120) are bounded for both U = Zyu(-,t,) the nodal interpolant of
the homogenized solution u® and UX = a0 the elliptic projection (5.19). In particular, we have
IVZau® (-, tn) |12y < Clul(- tn)llH2(0), from classical interpolation results (see [16], Thm. 3.1.6), and
Lemma 5.15 yields | V@£ || a0y < Cllu® (-, ) lwi.oe (2)- O

Modeling error. In the second part, for locally periodic maps A°, we prove explicit bounds for the modeling
€ITOT Tmod defined in (4.2b) including the influence of the boundary conditions chosen for W (Kj5) in (3.5), the
sampling domain size ¢ and the absence of collocation of A(z,z/e,€) in the slow variable z.

Periodic homogenization. As we are considering locally periodic maps A° independent of the time variable ¢,
we can use the representation of A° derived in the case of monotone elliptic problems — div(A®(x, Vu®)) = f
in £2 (see [44], Thm. 8.1). Assume that A®(x,&) = A(z,z/e, &) where A(x,y,§) is Y-periodic in y, i.e., A® is
locally periodic. Then (see [33], Sect. 3), the homogenized map A° is explicitly given by

Az, €) = / A, y,€ + V() dy, (5.27)
Y

where z € 2, ¢ € R? and x*(z,-) € WL2(Y) solves the cell problem: find x¢(x,-) € W1:2(Y) such that

per per
/ Az, y, € + VxS (z,y)) - Vzdy =0, Vze Wéfr(Y). (5.28)
Y

Collocation in the slow variable. If the decomposition A(z, z /e, £) between macro and micro scale is explic-
itly known, we can collocate the map A% in the slow variable z at the quadrature nodes xx. Then, for ¢ € R?
and K € Ty, the collocated micro problem reads as: find fé{ € W(Ks) such that

Az, 2,6+ V) - Vzdr =0, Vze W(K;), (5.29)
Ks

and, analogously to (3.9), the homogenized map fl(}( can be defined

1

= — | Alrg, 2+ Vis)de. (5.30)
K| ks

A% (©)

If a locally periodic map .A° is not collocated in the slow variable, a modeling error of order O(0) is introduced.
In particular, if A®(z) satisfies (H2), one can show that

[ A5(6) = A% ()] < Co(Lo + ¢, (5.31)

where the homogenized maps A% and A% are given in (3.9) and (5.30), respectively. To obtain estimate (5.31),
we first prove (similar to the upper bound of Lem. 3.4) the bound HVXE(”L?(IQ) + ||V>Z§(||L2(K5) < C(Lo +
1€)\/| K] for the solution )ZE{ and )ZE{ to (5.29) and (3.8), respectively, and we then show (using the Lipschitz
continuity assumed in (H2)) that ||V>~<§( - VSC%(HL%K&) < C3(Lo + |€))V/ K5
Periodic boundary conditions. We next show that periodic coupling with a sampling domain size § taken
as an integer multiple of ¢ is optimal for locally periodic data.

Let ¢ € RY and K € Ty and let x¢(wg,-) and )Z% be the solution to (5.28) and (5.29), respectively. We
observe that x&(zg, /) = X5 (z) on K; (if 6 > &, x4(xx,-) is periodically extended) and thus

Az, €)= A% (), €eRY K e Ty, (5.32)
for the maps A°(zf,-) and A% defined in (5.27) and (5.30), respectively.

Dirichlet boundary conditions. In contrast to the optimal periodic coupling with §/e € N, using Dirichlet
coupling with § > ¢ leads to resonance errors due to the artificial boundary conditions.
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Lemma 5.24. Let p = 2 and assume that A satisfies (Ag_2) with o = 1, 3 = 2 and (H2). Let £ € R4,
K € Ty and the maps A and A°(zx,-) be given by (5.30) and (5.27), respectively. Further, assume that
the exact corrector x*(x,-) solving the cell problem (5.28) satisfies x*(xx,-) € WL>°(Y). Then, for Dirichlet
coupling W (Ks) = H}(Ks) and a sampling domain size § > ¢ it holds

- 1/2
Afar,©) = @) <0 (5) 7 (Lo +lel + X @ 9l e )
where C' is independent of £, § and ¢.

Proof. We use the techniques used to analyze the resonance error for linear homogenization problems (see [24],
Thm. 1.2). Let n € N be given by n = |d/¢] (if §/e ¢ N), or n = /e — 1 (if 6/ € N\{0}). Further, we define
Kr = Ks \ K. and we observe that |Kr| < Ced?~!. Then we decompose the difference fl?( — A2k, €) into
two terms according to

~ 1
Ks
1
1 Ks| Jre, (Knel Jx,..

where x¢ (2, y) is extended periodically to R? and the first and second line is denoted by I; and I, respectively.
First, we estimate Io similarly as for the linear case

1 1 1
Ih=— Alzg, 2,6+ VX (2, L dx—i—(—— >/ Alzg, 2,6+ VxS (2K, 2))dz
2 |K6| K ( K> 2 g X ( K g)) ‘K(;‘ ‘Kng‘ K. ( K ¢ g X( K 6))
|Kr| |Kr| )
<C + Kpel ) (Lo + €] + XS (2, o0
(e L) o+ e+ ol )
13
< C5 (Lo + [€l+ X (@, )lwre (), (5.33)

using the estimate (3.15) for A and the assumption x*(zx,-) € WH°(Y). To estimate the term I; we define
the function 0¢(z) = )Zi((ac) —ex*(zx,x/c) on K (using the periodic extension of x*(zx,-)). As >~<§<‘8K5 =0
(in the sense of traces), we decompose #¢ into

0(2) = 65 (2) — ex (i, 2) (1 — pela),  w € Ka, (5.34)

where Qg € H}(Ks) and p.: K5 — R is a smooth cut-off function satisfying p. = 1 in K., pc|lox, = 0 and
|Vpe| < Ce~!in Kr (where C is independent of § and ¢). Using the strong monotonicity (Asz) of A and the
decomposition (5.34) of #¢ we obtain

2
AHVS@(&:) - VX 2) L2(Ks)

< [ [Alwr 264 V@) ~ Ao, 2.6+ Vo, £)] - (V) = Vi ok, ) da

= Alrw, 2,6+ VXse(x) - VO5dzr — | A(zk, 2,6 + VxS (2k, L)) - VO5da
Ks Ks

+ [ Ak 2.6+ TR = Al 26+ Vo 2)] - VI (on, 2)(1 = puo))lds

= J1— Ja+ Js3. (535)
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First, as XK solves the cell problem (5.29) in the space W(K;) = H}(K5) we have J; = 0. To show that the
second term .J, vanishes as well we define 65, € W22 (K(,41)-) by

per
05 () = 05(x) — ¢, (if 2 € Ky), 050 (2) = —c5,  (if 2 € Ky \ Ks),

per

with cg = m fKa 95 (x)dx. Thus, we observe that V#S. = V¢ on Ks and V65

per per

=0 on K(n+1)€ \ K5.
Hence, when scaling and periodically extending (5.28) we get

Jy = / A, .6+ V(g 2)) - V8 (2)dz = 0.
K(n+1)s

Further, using the Lipschitz continuity (A;) of A, we estimate the term .J;3 as

ol < L V(@) = TS (o, 2)

L2(Ks )||VX TK, ¢ )(1 - pt‘( )) - €Vp5(l')X§(1‘K’ §)||L2(KF)

< OVIRF]|[Viie(e) = xS, )|,

HX I.K?y)HWLoo Y)? (536)
5) ()

where we used the properties of p., in particular, 1 — p.(z) = 0 on K,. and Vp. < Ce~!. Combining that
J1 = Jo =0 and the estimate (5.36) of J3 with the inequality (5.35) leads to

<C\/‘KF HX (Tr,y HWlOO(Y)’

vaé(( VX (I'Ka B

Thus, I; can be estimated by the previous estimate and the Lipschitz continuity (A1)

L 1/2
%3 I vAV'S z 3
Combining the estimates (5.37) and (5.33) for I; and I, respectively, concludes the proof. O

Proof of Theorem 4.6. The Theorem 4.6 is proved by combining the estimates from (5.31) (collocation error),
(5.32) (periodic coupling) and Lemma 5.24 (Dirichlet coupling). O

6. IMPLEMENTATION AND NUMERICAL RESULTS

In this section, we comment on the implementation of the multiscale method (3.3), illustrate the applicability
to a test problem from material sciences and, for p =2 and @ = 1, § = 2 in (A;_2), we give numerical studies
of the convergence rates as well as the modeling error.

6.1. Implementation

In this section, we briefly discuss an implementation of the multiscale method (3.3). As the macroscopic
equation (3.3) and the micro problems (3.6) are both nonlinear and coupled together, some care is needed. We
thus describe how uff | € S}(£2,T) solving (3.3) is obtained for given u/ € SO(() Ty) and n € N.

At the macro level, the unknown ufl,, is approximated by a sequence {un i }jEN obtained by a Newton

iteration for the macro equation (3.3) with the initial guess unH_;(f ) = ul. As the macro equation involves the

nonlinear map B given in (3.4), a set of constrained micro problems (3.6) has to be solved (at each macro
iteration) and the Fréchet derivative of B (vH;w!) with respect to v has to be computed. We follow the
ideas from [31].

Newton’s method for micro problems. Let v € S}(£2,7g) be a macro function and K € 7y with
associated sampling domain Ks. The solution v?( to the micro problem (3.6) is then computed by a Newton’s
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(0) h

method at microscopic level. In particular, for a given initial guess v?(’ , the micro solution v} is approximated

by the sequence {v?(’(j)}jeN with v?(’(jﬂ) — ol € SY(K;s,T;,) solving
Nl}é(v?(’(j);v?(’(jﬂ) - v?(’(j),wh) = —B?((v?g(j);wh), vuw' € SY(Ks,71),j €N, (6.1)

where the linear map B (21 + ¢";-) and the bilinear map N2 (2 + ¢"; -, ) are given by

B (P ¢ wh) = A (2, V2T + V") - Vuwhdz, (6.2)
Ks

NG + "o wh) = DeA® (2, V21 + V")V - Vw'da, (6.3)
Ks

for 2 € S} (2, Ty) and ¢", v, wh € S (K5, Ty).

Further, the local contribution to the Fréchet derivative of BY is computed via an auxiliary micro problem,
see [31]. For zH € S}(£2,7y) and 2} its associated micro solution to (3.6), the auxiliary micro function v?(’ZH
solves: find v?gZH —ovH € SY(Ks,T;,) such that

NEGR " why =0, vl e SY(Ks, Th), (6.4)

where NV is defined in (6.3). As the auxiliary micro problem (6.4) is linear it only leads to additional compu-
tational cost comparable to one iteration of the micro Newton’s method (6.1).

H,(j+1)

nti  of the macro Newton’s

Newton’s method for macro scheme. For j € N, the (j + 1)th iterate u
method to approximate u’l | solves

H,(j+1) o

U _ A ‘ |

/ % wda NH(Ufi(f)éunHJr(fH) - ufi(f)ywH)
o)

= / fwde — BH(unH_;_(f);wH), Vw € S92, Ty),
7
where B is given by (3.4) and N7 is defined for v, wf  2H € S}(02, Ty) by

K
NI oM w) = Z |K—5 y D¢ A* (x, Vz?()Vv?(’szx Vol (2k),
KeTy s

H
where 27 is the micro solution to (3.6) associated to zff and v?(’z is the solution to the auxiliary micro

problem (6.4) constrained by v’

Remark 6.1. In practice, convergence up to machine precision is not needed for the micro Newton iterations.
Instead, the stopping criterion for the micro Newton cycles should be adapted to the accuracy which is expected
for the next macro iterate.

Further, if p = 2 and o = 1, 8 = 2 in (Ag—2), it holds that D¢A® is uniformly bounded and elliptic, see
Remark 5.11. Thus, the problems (6.1) and (6.4) on the micro scale as well as the macro Newton iteration (6.5)
admit a unique solution.

6.2. Simulation of a laminated iron core

In this section, we use the multiscale method (3.3) for a problem inspired by laminated iron cores. We refer
to [40,41] for multiscale simulations of the magnetostatics and magnetodynamics of such iron cores.
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(a) pé(x,§) for &€ = (1/5,1/5). Insulation layers depicted (b) Finescale solution at T = 2. 10% spatial degrees of freedom,
as white areas. 160 time steps.

F1GURE 1. Test problem with layered material of Section 6.2. Finescale solution obtained by
standard FEM combined with implicit Euler method.

Setting. Let 2 = (0,0.2)?2 and T = 2. We consider a layered material modeled by the locally periodic map
As(x’g) = ,U,E(.’E,g)g = LL(ZL’,ZL’/E,&)&, where for z = (1'1,1'2)71, Y= (yl,yQ)T

Le(@)(1 +[¢) P22, yy e [0, 3],

w(z,y, &) = { , with ¢(z) = 1000010(1.03 — cos(2Fx1)), (6.6)

Hors Y2 € (%vl)v

p=1.03, po = 47 x 1077, j1,, = 0.05 and take e = 1/5-(50+3/4) ! ~ 0.0039, see Figure 1a. Thus, the magnetic
law is linear in the 50 insulation layers and nonlinear in the 51 lamination layers. The map A® is discontinuous
in space and satisfies (Ag_2) for p = 1.03, a« = 0.03, 3 = 2 (see [12], Rem. 2.1). We then solve (1.1) with —
instead of zero Dirichlet conditions — Dirichlet data up(z1,z2,t) on I'p = [0,0.2] X {z3 = 0,0.2}, zero Neumann
conditions on I'y = 92\ I'p and initial data g(z1,z2), where

up(21,0.2,t) = yg(cos(§¢) — 5), up(r1,0,t) = —up(21,0.2,1),  g(r1,22) = 15(522 — 3)-
Reference solution. We compare the results obtained by the multiscale method (3.3) to a reference solution
u™f calculated by standard FEM (on a mesh resolving the small scale ) combined with the implicit Euler
integrator (at 160 equidistant time steps), see Figure 1b for u™f at final time 7' = 2.

Numerical results. We use the multiscale method (3.3) on macro and micro meshes with Ny,e = 32 and
Nmic € N\ {0} elements, respectively, in each spatial dimension and N = 160 equidistant time steps. For the
upscaling, we collocate the data (6.6) in the slow variable z and employ Dirichlet coupling W (Kj5) = H} (Ks).
As we use different values for § > ¢, we adapt Npyjc such that h ~ §/Np;e is constant.

In Table 1 we compare the FE-HMM solutions for § = 2*¢, 0 < k < 5, to u*f by calculating the error in the
spatial L? norm (using eco(r2) defined in (6.11a)) and comparing the energy norms using €energy via

eencrsy = (maxonn [ ()|, = [[ufl || ) (maxognen [t 5) 7, with

[uref (-, )%, = %HUM('J)H;(Q) o [ A (a, Varet (z, 7)) - Vet (z, 7)dadr, (6.7)

||“£I||2E = %H“gni?(n) + Z;cio AtY ket K AR (Vg (25)) - Vg (),
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TABLE 1. Comparison of the FE-HMM solutions to the standard FEM finescale solution u*f for
the test problem of Section 6.2. Study of the influence of the size ¢ of the sampling domains K
for Dirichlet coupling. Error measured by eco(z2) and €cnergy, see (6.11a) and (6.7), respectively.

d=e 6=2 =4 0=8 d=16e 6 =32¢
ecorzy 04832 0.3224  0.1971  0.1150  0.0682 0.0435
€energy  0.2411  0.1274  0.0657 0.0334  0.0169 0.0083

Zo ' 0.2 0.2 o ' 0.2 0.2

(a) FE-HMM with Dirichlet coupling, § = 32¢ and Npyic = (b) FE-HMM with periodic coupling, 6 = & and Ny = 32.
1024.

FIGURE 2. Test problem with layered material of Section 6.2. FE-HMM solutions at final time
T = 2 computed with multiscale method (3.3) using Dirichlet or periodic coupling. Simulations
with NV = 160 time steps, Nmac = 32 macro elements per spatial dimension and constant micro
erTor.

where Z/ indicates the trapezoidal rule in time. Note that for linear homogenization problems eco(z2) is known
to be of order O(¢) and that the energy of u® converges to the energy of u°, while the error in the spatial H*!
norm is at least of order O(1). We observe that €co(r?) and ecnergy decrease monotonically when ¢ is increased
(€energy decays as O(071)), i.e., a sufficiently large § is needed for reliable results.

Finally, we compare Dirichlet coupling with § = 32¢ to periodic coupling with parameter § = €, see Figure 2.
While both solutions accurately capture the effective behavior of u™f, the computation with periodic coupling
and § = ¢ needs much less micro degrees of freedom as the sampling domain is smaller.

Setting with non-periodic, random data. Let us next illustrate that the method (3.3) is applicable beyond
the setting of (locally) periodic maps A°. Therefore, we replace ¢(x) in (6.6) by the realization of a log-normal
stochastic field (based on a normal distribution with zero mean and variance o = 0.5) with local correlation
lengths e,, = 0.002 and €,, = 0.004 obtained by averaging via a moving ellipse (e.g., see [7], Sect. 4.2). Such
data can be used, e.g., to model impurities in the ferromagnetic material.

First, analogously to Figure 1b, we compute a finescale reference solution u**f plotted in Figure 3a. Second,
we apply the multiscale method (3.3) with parameters N = 160, Nyyaec = 32, Npie = 256 and Dirichlet coupling
with 6 = 8 = 0.0315, see Figure 3b. Comparing Figures 3a and 3b, we observe that the FE-HMM solution
indeed reliably predicts the effective behavior of u™f.

6.3. Convergence rates

We next validate the convergence rates (for p =2 and a =1, § =2 in (A;_3)) stated in Section 4.2.
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(a) Finescale solution u'f. 109 spatial degrees of freedom, 160 (b) FE-HMM solution. Nmac = 32, Npic = 256, N = 160 and
time steps. Dirichlet coupling with § = 8e.
FIGURE 3. Test problem with layered random material of Section 6.2. Reference solution (left)
and FE-HMM solution computed with multiscale method (3.3) (right) at final time T = 2.
Setting. For 2 = (0,1)? and T = 2, we consider (1.1) with maps A° and source f chosen such that
u’(z,t) = O(t) (23 — x1) (23 — 22), ®(t) =21 (10cos(Zt) + 11)7 1, (6.8)

is the homogenized solution u". Similar to Hoang [33], we construct a locally periodic map A° using the ansatz
A% (tx, &) = Ap(x/e, &) + c(t; x,x/e) where A, (-, &) and c¢(t; z, ) are Y-periodic. We then take

Agly:) = [1+ sin@n(yn +g)) + (3 -+ sin(zrgn + 5 +cosZm) (14 6D 2] 6 (69)
which satisfies assumptions (Ag-2), and derive (using Maple) that
fla,t) = ' (1) (2F — 1) (23 —w2),  cltiz,y) = —Ap(y. [er(ts 2, y), ea(t;2,9)]T), (6.10)
where @'(t) is the derivative of @(¢) from (6.8) and e;(¢; x,y), for i = 1,2, is given by
ex(t;2,9) = B(0) (2 — (5, — 731) + (0 + 2) cos(2mys) sin(2rys_o)].

Note that div(c(t; z,x/¢)) cannot be integrated into the source f, as it oscillates and grows as O(e~1). Further,
the results of Section 4.2 can be extended to data A°, f (like (6.9)—(6.10)) smoothly varying in time.

Error measure. To measure the difference u° — ufl, we use the relative error measures
_ 0 HI2 1/2 of—1 6.11
€eo(Le) = ngg(N (ZKGTH H“ (rtn) — up HLZ(K)> H“ HCO([O,T],LQ(Q))’ (6.11a)
'N 0 H||? V20—t
er2(my = (ano MY eer, VU0 t) — Vul HW{)) [ [ (6.11D)
where Y’ indicates the trapezoidal rule in time and a high-order quadrature rule is used for || - || ,2(x).

Numerical results. We use (3.3) on uniform triangular meshes on {2 and K5 with Npac and Ny elements in
each direction, respectively. Further, we choose periodic coupling with § = ¢ = 10~* and collocate A(t; , x /¢, £)
in . Thus, the modeling error vanishes and we expect the convergence rates (4.7).
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(a) Space discretization errors. The different lines corre- (b) Time discretization error. Macro and micro space dis-
spond to a constant micro mesh Ny = 4,8,16,32. Num- cretization with constant meshes Nmac = Nmic = 128. Number
ber of time steps N = 2000. Macro meshes with Npmac = of time steps N = 4,6,8,11, 16, 23, 32,45, 64.

4,6,8,11, 16, 23, 32,45, 64,91, 128.

FIGURE 4. Test problem of Section 6.3. Relative error measures eco(r2) (solid line) and epz2(g)
(dashed line), see (6.11), as a function of Npae (in part (a)) and N (in part (b)), respectively.

To confirm the spatial convergence rates of Theorem 4.5, we plot in Figure 4a the measures eco(z2y and
er2(y versus Nmae ~ 1/H for a small At = 1073, Indeed, for fixed Npi. = 4,8, 16,32, we get quadratic and
linear convergence of eco(z2y and erz2 g1y, respectively, for small Npyae and saturation levels for large Npac,
which decrease by a factor around 4 when doubling Nyi. (quadratic micro convergence).

In Figure 4b we plot the measures eco(r2) and er>(g1) versus the number of time steps N ~ 1/At for fine
spatial meshes with Nyac = Nmic = 128. While er2(Ht) already saturates for N > 16 (due to a large spatial
macro error), we observe that eco(z2) converges linearly in At as predicted by Theorem 4.5.

6.4. Influence of the sampling domain size §

Forp=2, a=1,3=2in (A1_2), we next study the modeling error for Dirichlet and periodic coupling.

As in practice, the value of ¢ is often not known, a common strategy is to use Dirichlet coupling (with &
larger than some available upper bound of £) combined with oversampling techniques, e.g., see [30]. Interestingly,
experimental studies however show that periodic coupling still performs well for general 6 > ¢ (usually better
than Dirichlet coupling), see [5,7,51].

Setting. We modify the data of Section 6.3 by replacing &(¢t) and A, in (6.8) and (6.9), respectively, by
D(x,t) = cos(Ftwa), Ap(z,y,6) = |1+ (2 +sin(2n(y; + y2)))(1 + ‘€|2)—1/2} 3

and compute then c(t;x,y) and f(x,t) in (6.10) like in Section 6.3. This modification of the data allows a
qualitatively better illustration of the effects.

Numerical results. We take N = 40 time steps, Npac = 32 macro elements in each direction in 2, collocate
A(x,z/e,€) in 2 and choose ¢ = 10~%. To keep the micro error constant for different § we adapt the micro
meshes such that A ~ §/Np;c is constant (starting with Nypac = Npic for § = €).

For Dirichlet coupling, we plot eco(z2) and er2(g1y from (6.11) in Figure 5a versus /¢ for §; = (10+14)/10-¢,
t =1,...,40. We get an overall decrease with local peaks at d/e € N (resonance values). The envelopes for
ecor2y suggest a decay of O(¢/0) (like for linear problems, see [24]) rather than O(y/€/9) as predicted in
Theorem 4.6. The test problem however is a quasi 1D homogenization problem.
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(a) Dirichlet coupling W (Ks) = H}(Ks) and 1.1 < §/e < 5. (b) Periodic coupling W (Ks) = W;é%(Kg) and 1 <4/e <5.

FIGURE 5. Test problem of Section 6.4. Relative error measures eco(r2) (solid line) and epz2(g)
(dotted line), see (6.11), as a function of the sampling domain size ¢. Constant number of time
steps N = 40 and Ny, = 32 macro elements per spatial dimension. Microscopic mesh size h
chosen such that h/e = H, i.e., remains constant for different sampling domain sizes 4.

For periodic coupling and 6; = (10 +1¢)/10-¢, i = 0,...,40, we discover in Figure 5b a similar oscillating
behavior coupled to a global decrease (again O(6~1) for eco(z2)). Optimal accuracy is obtained for §/e € N (see
Thm. 4.6) and the local maxima at § = (k + 1/2)e for k € N.

Finally, a fair comparison of Dirichlet and periodic coupling only makes sense if the overall error is essentially
dictated by the modeling error (this can be checked using periodic coupling and 6/ € N, as then ry0q4 = 0).
While this is the case for eco(r2), the temporal and spatial errors, which are identical in all experiments,
dominate for er2(g1). Comparing then the measure eco(z2y reveals that periodic coupling is more accurate for
all §;. Similar results are known for linear homogenization problems, see [51].

7. CONCLUSION

We have proposed a multiscale method to solve nonlinear monotone parabolic homogenization problems by
combining the implicit Euler integrator (in time) with a numerical homogenization procedure (based on the
heterogeneous multiscale method) coupling macro and micro finite element simulations (in space).

First, we have proved in the general LP(WP) setting, that the multiscale approximations converge towards
the exact homogenized solution, for which only minimal regularity is assumed, if the effective model is well-
approximated by the upscaling strategy and the mesh sizes of the macro and micro spatial discretizations as well
the time step size tend to zero. Second, in the L?(H') setting, we derived optimal a priori error estimates for
the contributions of time and space discretization on macro and micro scale without any structural assumptions
on the microscopic heterogeneities. Further, if we assume local periodicity of the data A%, the modeling error
has been explicitly estimated as well. We note that the error analysis can be generalized without any difficulties
to different boundary conditions in (1.1) as well as maps A° and source terms f smoothly varying in time.

Finally, we have shown that the computational cost of the multiscale method is independent of the small
characteristic size of the micro structure. Thus, the method is well-suited for practical engineering problems if the
quantity of interest involves the homogenized solution. However, the implementation of the proposed multiscale
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method still involves systems of nonlinear equations, see Section 6.1. As a remedy, a linearized variant of the
FE-HMM is available in [10], see Section 1 for discussion.
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