ESAIM: M2AN 50 (2016) 593-631 ESAIM: Mathematical Modelling and Numerical Analysis
DOI: 10.1051/m2an/2015073 WwWw.esalm-m2an.org

HOMOGENIZATION OF A SYSTEM OF ELASTIC
AND REACTION-DIFFUSION EQUATIONS MODELLING PLANT CELL WALL
BIOMECHANICS *

MARIYA PTASHNYK! AND BRIAN SEGUIN!

Abstract. In this paper we present a derivation and multiscale analysis of a mathematical model
for plant cell wall biomechanics that takes into account both the microscopic structure of a cell wall
coming from the cellulose microfibrils and the chemical reactions between the cell wall’s constituents.
Particular attention is paid to the role of pectin and the impact of calcium-pectin cross-linking chemistry
on the mechanical properties of the cell wall. We prove the existence and uniqueness of the strongly
coupled microscopic problem consisting of the equations of linear elasticity and a system of reaction-
diffusion and ordinary differential equations. Using homogenization techniques (two-scale convergence
and periodic unfolding methods) we derive a macroscopic model for plant cell wall biomechanics.
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1. INTRODUCTION

For a better understanding of plant growth and development it is important to analyse the influence of
chemical processes on the mechanical properties (elasticity and extensibility) of plant cells. The main feature of
plant cells are their walls, which must be strong to resist a high internal hydrostatic pressure (turgor pressure)
and flexible to permit growth. Plant cell walls consist of a wall matrix (composed mainly of pectin, hemicellu-
lose, structural proteins, and water) and cellulose microfibrils. It is supposed that calcium-pectin cross-linking
chemistry is one of the main regulators of plant cell wall elasticity and extension [61]. Pectin is deposited into
cell walls in a methylesterified form. In cell walls pectin can be modified by the enzyme pectin methylesterase
(PME), which removes methyl groups by breaking ester bonds. The de-esterified pectin is able to form calcium-
pectin cross-links, and so stiffen the cell wall and reduce its expansion. On the other hand, mechanical stresses
can break calcium-pectin cross-links and hence increase the extensibility of plant cell walls.

To analyse the interactions between calcium-pectin dynamics and the deformations of a plant cell wall,
as well as the influence of the microscopic structure on the mechanical properties of a cell wall, we derive a
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mathematical model for plant cell wall biomechanics at the length scale of cell wall microfibrils. We model the cell
wall as a three-dimensional continuum consisting of a wall matrix and microfibrils. Within the wall matrix, we
consider the dynamics of five chemical substances: the enzyme PME, methylesterfied pectin, demethylesterfied
pectin, calcium ions, and calcium-pectin cross-links. The cell wall matrix is assumed to be isotropic and linearly
elastic, whereas microfibrils are modelled as an anisotropic, linearly elastic material. The interplay between the
mechanics and the cross-link dynamics comes in by assuming that the elastic properties of the matrix depend on
the density of the cross-links and that strain or stress within the cell wall can break calcium-pectin cross-links.
The strain- or stress-dependent opening of calcium channels in the cell plasma membrane is addressed in the flux
boundary conditions for calcium ions. We consider two different cases, one in which the calcium-pectin cross-links
diffuse and another in which they do not diffuse. Thus the microscopic problem is a strongly coupled system
of reaction-diffusion equations or reaction-diffusion and ordinary differential equations, with reaction terms
depending on the displacement gradient, and the equations of linear elasticity, with elastic moduli depending
on the density of calcium-pectin cross-links.

To analyse the macroscopic behaviour of plant cell walls, comprising a complex microscopic structure, we
rigorously derive a macroscopic model for plant cell wall biomechanics. As there are thousands of microfibrils in a
plant cell wall, the derivation of the macroscopic equations is also important for effective numerical simulations.
The two-scale convergence, e.g. [3,42], and the periodic unfolding method, e.g. [12,13], are applied to obtain
the macroscopic equations. Some previous results on the homogenization of problems in linear elasticity can be
found in [4,5,28,43,53] (and the references therein). A multiscale analysis of microscopic problems comprising
the equations of linear elasticity for a solid matrix or cells combined with the Stokes equations for the fluid part
was considered in [23,27,39).

The main novelty of this paper is twofold: (i) we derive a new model for plant cell wall biomechanics where
the mechanical properties and biochemical processes in a cell wall are considered on the scale of its structural
elements (on the scale of the microfibrils) and (ii) using homogenization techniques we obtain a macroscopic
model for plant cell wall biomechanics from a microscopic description of the mechanical and chemical processes.
This approach allows us to take into account the complex microscopic structure of a plant cell wall and to analyze
the impact of the heterogeneous distribution of cell wall’s structural elements on the mechanical properties and
development of plants.

The main mathematical difficulty arises from the strong coupling between the equations of linear elasticity
for cell wall mechanics and the system of reaction-diffusion and ordinary differential equations for the chemical
processes in the wall matrix. The Galerkin method together with classical fixed-point approaches are used to
prove the existence of a unique solution of the microscopic problem. However, since the reaction terms depend
on the displacement gradient and the elasticity tensor is a function of the density of chemical substances, the
derivation of a contraction inequality is non-standard and relies on estimates for the L°°-norm of the solutions
of the reaction-diffusion and ordinary differential equations in term of the L?-norm of the displacement gradient.
The theory of positively invariant regions [51,55] and the Alikakos [2] iteration techniques are applied to show
the non-negativity and uniform boundedness of solutions of the microscopic model. The iteration technique [2]
is also used to derive a contraction inequality.

The analysis of the coupled system also depends strongly on the microscopic model for the chemical processes.
For the chemical processes in the cell wall matrix we consider two situations: (i) chemical processes are described
by a system of reaction-diffusion and ordinary differential equations and (ii) all chemical processes are modelled
by reaction-diffusion equations.

In the first situation, the solutions of the ordinary differential equation have the same regularity with respect
to the spatial variables as the reaction terms. Thus, for the proof of the well-posedness results for the microscopic
problem and for the rigorous derivation of the macroscopic equations, the dependence of the reaction terms on
a local average of the displacement gradient is essential. The well-posedness of the microscopic problem can be
proven by considering an e-average, where the small parameter ¢ characterizes the microscopic structure of the
cell wall. However, the proof of the strong convergence for a sequence of solutions of the ordinary differential
equation, which is necessary for the homogenization of the microscopic problem, relies on the fact that the local
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average is independent of €. Also, in the proof of the strong convergence we apply the unfolding operator to map
solutions of the ordinary differential equation, defined in a perforated e-dependent domain, to a fixed domain.

In the second case when all chemical substances diffuse, solutions of the reaction-diffusion equations have
higher regularity with respect to the spatial variables and a point-wise dependence of the reaction terms on the
displacement gradient can be considered. In this situation in order to pass to the limit in the nonlinear reaction
terms we prove the strong two-scale convergence for the displacement gradient.

Similar to the microscopic problems, the uniqueness of a solution of the macroscopic equations is proven
by deriving a contraction inequality involving the L°°-norm of the difference of two solutions of the reaction-
diffusion and ordinary differential equations.

The paper is organised as follows. In Section 2 we give the general setting of the two microscopic models
for plant cell wall biomechanics. The main results of the paper are summarized in Section 3. The existence
and uniqueness results for weak solutions of the two microscopic problems are proven in Sections 4 and 5.
The homogenization and derivation of the macroscopic equations for both microscopic models for plant cell
wall biomechanics are conducted in Sections 6 and 7. Some results on the numerical simulations of the unit cell
problems, which determine the effective macroscopic elastic properties of a plant cell wall, are given in Section 9.
The detailed derivation of the microscopic model for plant cell wall biomechanics on the length-scale of the cell
wall microfibrils is presented in Section 10. Concluding remarks are included in Section 11.

2. FORMULATION OF THE MATHEMATICAL MODELS FOR PLANT CELL WALL BIOMECHANICS

In the mathematical model for plant cell wall biomechanics we consider interactions between the mechanical
properties of the plant cell wall and the chemical processes in the cell wall. The derivation of the models is
presented in Section 10.

In the mathematical model we consider the microscopic structure of a plant cell wall, which is given by
microfibrils embedded in the cell wall matrix. By 2 C R? we denote a domain occupied by a flat section of a
plant cell wall and can consider 2 = (0,a1) x (0,az2) x (0,a3), where a;, i = 1,2, 3, are positive numbers. We
assume that the microfibrils are oriented in the zs-direction (see Fig. la). The part of 92 on the exterior of
the cell wall is given by I'e = {a1} x (0,a2) x (0,a3), and the interior boundary I'z of the cell wall is given
by I'7 = {0} x (0,a2) x (0,a3). The top and bottom boundaries are defined by I, = (0,a1) x {0} x (0,a3) U
(0,&1) X {ag} X (0,&3). R )

To determine the microscopic structure of the cell wall, we consider Y = (0,1)? and an open subset Y, with
Ve C f’, and define Yy, = Y \ SA’F, Y =V x (0,a3), Yp = Vi x (0,a3), and Yys = Y \ Yr, where Y3, and
Y represent the cell wall matrix and a microfibril, respectivelly (see Fig. 1b). We also define I" = 9Yp and
I'=0Yr.

We assume that the microfibrils in the cell wall are distributed periodically and have a diameter on the order
of e, where the small parameter ¢ characterizes the size of the microstructure (the ratio of the diameter of
microfibrils to the thickness of the cell wall, i.e. the microfibrils of a plant cell wall are about 3 nm in diameter
and are separated by a distance of about 6 nm, see e.g. [14,29,57], whereas the thickness of a plant cell wall is
of the order of a few micrometers). The domains

05 = |J {e(0Wr + & x (0,a3) | (Y +€) € (0,a1) x (0,a2)} and Q5 =02\ 0%
ccz?

denote the part of {2 occupied by the microfibrils and by the cell wall matrix, respectively. The boundary
between the matrix and the microfibrils is denoted by

I = 005, N 0%

In the mathematical model of plant cell wall biomechanics we consider deformations of the cell wall and
the interactions between five species within the plant cell wall matrix: the number densities of methylestrified
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FIGURE 1. (a) A depiction of the domain (2 with the subsets representing the cell wall matrix
25, and the microfibrils (2%.. The surface I’z is in contact with the interior of the cell, and the
(hidden) surface I's is facing the outside of the cell, and I, is the union of the surfaces on the

top and bottom of 2. (b) A depiction of the unit cell Y.

pectin pj, of enzyme PME p§, of demethylestrified pectin nj, of calcium ions n§, and of calcium-pectin
cross-links b°. We shall consider two situations: (i) it is assumed that the calcium-pectin cross-links ° do not
diffuse and (ii) the diffusion of the calcium-pectin cross-links b° in the cell wall matrix is considered.

Model I: In the first case, where the calcium-pectin cross-links b* do not diffuse, the microscopic problem is
composed of a system of reaction-diffusion and ordinary differential equations for p¢ = (p5, p5)’, n° = (n§,n5)7,
and b°, coupled with the equations of linear elasticity for the displacement u®

op® = div(D,Vp®) — Fp(p°)

Omn® = div(D, Vn®) + F,(p°,n°) + R, (n%,b°, N5(e(u®)))

6tba = Rb(naa bav N(S(e(ua)))

with the boundary and initial conditions

D,Vp®v = Jp(p°)
{DnVnE v = G(n°) Ns(e(u?))
D,Vp*v = —, p°
{DnVns v =2J,(n°)
D,Vp°v =0, D,Vn°rv =0
pS, n°
P (0,2) = po(z), n°(0,2) =no(x), b°(0,z) = bo(x)

in (0,7) x £25,,

in (0,7) x 25,

on (0,T) x I7,

on (0,T) x I,

on (0,T) x (I, UTI*),
as-periodic in x3,

for x € 25,

where div(D,Vp®) = (div(D}Vp5),div(D2Vp3))” and div(D, Vn?) = (div(D;, Vns), div(D2Vnj5))T.
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The displacement u® satisfies the equations of linear elasticity

div(E® (b, x)e(u®)) =0 in (0,T) x £2,
(E°(b°,x)e(u®)) v = —prv on (0,T) x I, (2.4)
(E°(b°, z)e(u®))v =f on (0,7T) x (I'e UIy), '
u® as-periodic in 3.

The elasticity tensor is defined as E<(¢,z) = E(¢,#/¢), where the Y-periodic in y function E is given by
E(& y) = Em(§xy,, (¥) + Erxy, (v), with constant elastic properties of the microfibrils and the elastic properties
of cell wall matrix depending on the density of calcium-pectin cross-links.

In (2.2) and (2.3), N5(e(u®)) denotes the positive part of a local average of the trace of the elastic stress

Ni(e(wd))(t,z) = (][ tr BS (0%, )e(uf)(t, ©) di)+ for all = € 12 and ¢ € (0,7),

Bs (I)ﬁQ

where ¢ > 0 is arbitrary fixed and wt = max{w,0}.

From a biological point of view the non-local dependence of the chemical reactions on the displacement
gradient is motivated by the fact that pectins are very long molecules and hence cell wall mechanics has a
nonlocal impact on the chemical processes. The positive part in the definition of Ns(e(u®)) reflects the fact that
extension rather than compression causes the breakage of cross-links.

In the boundary conditions (2.3) we assumed that the flow of calcium ions between the interior of the cell
and the cell wall depends on the displacement gradient, which corresponds to the stress-dependent opening of
calcium channels in the plasma membrane [59].

The assumed dependence of the reaction terms on the local average of the displacement gradient is also
important for the analysis of Model I. The dependence on the local average of the displacement gradient in the
ordinary differential equation for b° allow us to derive an estimate for the L*-norm of the difference of two
solutions b=! and b=? in terms of |le(u®! — u®?)||4(o,1,12(02)) for some ¢ > 2, which is important for the proof
of the well-posedness of the coupled system (2.1)-(2.4). The fact that the local average Nj is independent
of € is used in the proof of the strong convergence of b, and hence is important for the homogenization of
the microscopic problem (2.1)—(2.4). However, if we assume diffusion of b, then a point-wise dependence on
e(u®) can be considered. From a biological point of view the situation where cross-links diffuse corresponds
to a less connected network of calcium-pectin cross-links and, hence, the mechanical stress in the cell wall
will have a point-wise impact on the chemical processes. This motivates the consideration of the following model.

Model II. In the second case we consider (2.1) and (2.4) together with the modified equations for n® and b¢,
which include the diffusion of b° and reaction terms depending on E¢(b°, z)e(u®) instead of its local average

On® = div(D, Vn®) + F,(p%,n%) + Q,,(n°, b°, e(u®
{ ' ( )+ Falp,n%) + Qu () in (0,7) x (25,. (2.5)

0b® = div(DpVI°) + Qp(n®, b, e(u®))
In addition to the boundary conditions in (2.3), we define the boundary conditions for b°:

DyVb v =0 on (0,T) x (I'*UI7UIy), Dy v = -y b° on (0,T) x I,

o (2.6)
b® as-periodic in 3.

As an example we can consider Q,, (n®, b%, e(u®)) = Q(n®, b°) P(b%, e(u®)), where Q : R? xR — R? is continuously
differentiable and P : R x R3*3 — R is a positive continuous function given e.g. by

P(b,e(uf)) = (tr E5(b°, x)e(u®))". (2.7)
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Notice that in both models, Models T and II, the boundary conditions for n® depend on Ns(e(u®)), see (2.3),
because the elasticity equations do not provide enough regularity to consider the trace of e(u®) on the boundary
(0, T) x I'7.

Next we shall analyse the two microscopic problems: Model T comprised of equations (2.1)—(2.4) and Model 1T
given by equations (2.1), (2.3)—(2.6). The main difference in the analysis of the two models is related to the
regularity of b°. If we have an ordinary differential equation for 0%, then b° has the same regularity with respect
to the spatial variables as the functions in the reaction terms. Whereas in Model II the diffusion term in the
equation for b° in (2.5) ensures higher integrability and spatial regularity of b°.

We adopt the following notations for time-space domains: 27 = (0,7) x 2, 25,7 = (0,T) x 25, I't =
(O,T) X FE, FI,T = (O,T) X FI, ngT = (O,T) X Fg, FZ/I,T = (O,T) X Fu, Fguﬂ* = (O,T) X (Fg UFL{), and define

W) ={ue H'(R?) | /
(9]

V($25,) = {ve H'Y(25)) ’ v is ag-periodic in x3}, V() ={ve H () ’ v is ag-periodic in x3}.

udz =0, / [(Vu)lg — (Vu)gl] dz =0, and u is ag-periodic in z3},
Q

By Korn’s second inequality, the L?-norm of the strain
Il = lle(@)l| 2oy for allu e W(£2)

defines a norm on W({2), see e.g. [10,30,43]. The Korn inequality holds since W(£2) N R(£2) = {0} ([43],
Lem. 2.5), where the space of all rigid displacements of {2

R(2)=A{re Hl((Z;R3) |r(z) =d+Wzforze 2 de R? and W is a skew matrix}

is the kernel of the symmetric gradient. To show that W(£2) N R(§2) = {0}, consider r € W(£2) N R({2) of the
form r(z) = d + Wz for all z € 2, where z is viewed as a column vector. It follows from the second condition
in the definition of W({2) that W15 = 0. Using the third condition, we have r(0) = r((0,0, ag)), which yields
W3 = Wy3 = 0. Finally, since we now know that W is zero, the first condition in W({2) implies that d = 0,
and hence r = 0.

For a given measurable set .4 we use the notation (¢1, p2) 4 = fA ¢1¢2 dz, where the product of ¢; and ¢s is
the scalar-product if they are vector valued.

By (¢1,12)17,1 we denote the dual product between v € L?(0,T;V(£25,)') and vo € L*(0,T;V(£25,)) and
by (1, d2)vr v(2) we denote the dual product between ¢; € L2(0,T;V(£2)') and ¢y € L*(0,T; V(£2)).

For some p > 0 we define Illj = (—p, +00)*, with k € N.

Assumption 1.

1. DJ and D, are symmetric, with (D2€, &) > d.|€|?, (Dp€, &) > dp|€|? for all € € R? and some dp, dy > 0,
where o =p,n, j = 1,2, and ~,, v > 0.

2. F,:R? — R? is continuously differentiable in Z72, with F}, 1(0,1) = 0, F,2(£,0) = 0, F1(£,1) > 0, and
[Eya(€,1)] < 92(€)(1 + ) for all £, € Ry and some gy € CH(R 5 Ry).

3. J,: R?* — R? is continuously differentiable in Z7, with .J, 1(0,7) > 0, J,2(£,0) > 0, |, 1(€,1)] < 7s(1+€),
and |Jp2(&,m)| < g(€)(1+n) for all £,n € Ry and some vy >0 and g € C*(R4;R;).

4. F, :R* - R? is continuously differentiable in Iﬁ, with F, 1(£,0,m5) >0, F,, 2(€,1m,,0) >0, and

|[Fna (€| < vp(L+g2(6) + [n),  [Fa2(&,m)| < 771+ g2(6) + |nl),

for all £, m € R and some 711;,7127 >0 and g2 € C'(R3;Ry). ‘
5. R, :R* xR, — R?and Ry : R® x R, — R are continuously differentiable in Iﬁ x Ry and satisfy

R1(0,€5,n,€) =20, Rn1 (&m0 < Bi(1+ [l +m)(1+0),
Ry 2(£4,0,1,¢) = 0, [Rn2(&m, Q)| < B2(1 + [€] +n)(1 + C),
Ry(€,0,¢) =0, |By(&,m, Ol < B3(1 4 [€] +n)(1 +C),

for some 1, 32,083 > 0 and all £ € Ri, n,¢ € Ry.
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6. J,:R?— R?is continuously differentiable in Z2, with .J,, 1(0,7) > 0, J, 2(£,0) > 0, [Jn1(€,m)| < 74 (14€),

and |J,2(£,1)| <21+ &+ n) for all £, € Ry and some v}, 72 > 0.

G(&,n) : R? — R?, with G(£,1) = (0,71 —72n)T for n € R and some 1,72 > 0.

The initial conditions py,ng € L>(§2)? and by € H'(£2) N L>(§2) are non-negative.

fe HY(0,T; L*(I'e UTy))?® and pr € HY(0,T; L*(I'r)).

0. Exr € CHR), Er, Ej possess major and minor symmetries, i.e. Erijwt = Erwi; = Erjiw = Erijik,
for L = F, M, and there exists wg > 0 such that ErA - A > wg|A|? and Ep(§)A - A > wglA|? for all
symmetric A € R3*3 and ¢ € R,.. There exists yy; > 0 such that [Eps(€)] < var for all £ € R,

11. Q,, € C(R? x R3*3;R?) and Q, € C(R? x R3*3;R) satisfy

Qn,1(0,€5,m,A) >0, Qn,2(§1,0,m,A) >0, Qp(§,0,A) >0,
1Q,, (& m, A)| +[Qu(&,m, A)| < v (1 + [AN(L + €] +m),
Q. (&, AY) — Q,, (&1, A%)| +|Qu(&,m, A) — Qu(&,m, A®)| < 72(1 + €]+ n)|AT — A?,
Q. (&5 0" A) — Q, (&%, 7%, A)| < (1 + AN+ €+ €% + [n' |+ I (1€" — €[+ In* — 7)),
Qu(€" 0", A) — Qu(&, 0, A)| < (1 + [ANL + (€ + €2+ [n'| + [n*DIn" — n°|

+ys5(L+ 1€ + €2+ In'| + [n?])]€" — €7

for some v, >0,1=1,...,5 and all A,AL, A2 R>3 £ eRY neRy, & €2, p/ €T}, j=1,2.

w

= © 0N

Remark 2.1. Notice that for P of the form (2.7) Assumption 1.11 is satisfied if the elasticity tensor for the
cell wall matrix is bounded from above, as in Assumption 1.10. This assumption is not restrictive, since every
biological material will have a maximal possible stiffness.

Remark 2.2. To prove the non-negativity of solutions p®, n®, b* of the systems (2.1), (2.2) or (2.1), (2.5), with
the boundary conditions in (2.3) and (2.6), Lipschitz continuity of the reaction terms and nonlinear functions
in the boundary conditions in an open neighbourhood of zero is needed. However it is sufficient to specify the
growth assumptions only for non-negative values of p§, p5, nj, nj, and b°. The non-negativity assumptions on
the nonlinear functions in the reaction terms and boundary conditions ensure the non-negativity of the solutions
of the system. The non-negativity of F, 1(£,n) and the sub-linearity of J,, 1 (&, n), uniform in ), for all £,n € Ry,
are used to show the uniform boundedness of pj.

Remark 2.3. Notice that the reaction terms and boundary conditions in the model developed in Section 9
satisfy Assumption 1, with F,(p) = (Rer(p),0)T, F.(p,n) = (Reg(p) — 2R4c(n) — Ryni, —Rg.(n))7T,
R,,(n,b, Ns(e(u))) = (2R,(5)Ny(e(w)), Ry(b) Ns(e(w))T, Ro(n,b,Ns(e(w)) = Rac(n) — Ry(b) Ns(e(w)),
Jp(p) = (Je((P1s 1 )an ), JEUP1, 1 )20 ) — CEPQ)Ta and J,(n) = (—’del,%,1 - 'Vc,2n2)Ta where p = (n67nE)T?
n = (ng,n.)T and b = ny.

Next we give the definitions of weak solutions of both microscopic problems: Models I and II.

Definition 2.4. A weak solution of the microscopic problem (2.1)—(2.4) are functions (p®, n®, b°, u®), such that
u® € L20,T; W(02)), b° € HY(0,T; L(£25,)), p,n° € L2(0,T;V(925,))%, 0:p°,0mn® € L2(0,T;V(£25,)")? and
satisfy the equations

<8tp57 ¢p>V,V’ + <Dpvpsa V¢P>QJEVI‘T = _<Fp(ps)a ¢P>‘QJEM,T + <Jp(p5)a ¢p>FI,T - <'7p pE? ¢p>FS,T (28)
and
(Om®, @, vy + (DnVn®, Ve, ) o = (Fp(p®,n°) + R, (n°,b°, Ns(e(u))), ¢n>QFM‘T

+ <Jn(n5)’ ¢">F5,T + <G(nE)N5(e(uE))’ ¢n>

=
M, T

(2.9)

I'zr
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for all ¢, € L?(0,T;V(£25,))%, where a = p, n,
Oib® = Ry(n®,b°, Ns(e(u®))) a.e. in 25 1, (2.10)
and
(E=(b°, w)e(u®),e(¥)), = —(pz v, ¥)rrr + (£ 9) e s (2.11)
for all ¢ € L?(0,T; W({2)). Furthermore, p°, n°, and b¢ satisfy the initial conditions in L?(£25,), i.e. p(t,-) —
Po, n°(t,+) — ng in L2(£25,)%, and b°(t,-) — by in L?(£25;) as t — 0.

A weak solution of Model II is defined in the following way.
Definition 2.5. A weak solution of the microscopic problem (2.1), (2.3)—(2.6) are functions (p®, n®, b°, u®), such
that u® € L*(0,7;W(R2)), p*,n° € L*(0, T;V(£25,))*, b° € L*(0, T3 V(£25))), 9¢p°,0m® € L*(0, T;V(£25,)')?,
0¢b® € L2(0,T;V(£25,)") and satisfy the equations (2.8) and (2.11), and
<atn€v ¢n>V,V’ + <Dnvn€v vd)n>QijT = <F’ﬂ(p€a ne) + Qn(ngv bga e(us))v ¢n>QiLT + <J7’L(n€)7 ¢n>F£,T
+(G)Ns(e(u)), &), (2.12)
(O, duhv + (DI, Van)as, , = (Qu(n, %, e(u)), 80) = (b, du)re

for all ¢,, € L2(0,T;V(£25,))%, ¢» € L?(0,T;V(£25,)). Furthermore, p*, n®, and b* satisfy the initial conditions
in L2(£25;)% and L?(£25;), respectively.

3. FORMULATION OF MAIN RESULTS

The main results of the paper are the establishment of the existence and uniqueness results for both of the
microscopic problems and the rigorous derivation of the macroscopic equations using homogenization techniques.

To show the well-posedness of the microscopic problems we consider first the system of linear elasticity for a
given b° and the reaction-diffusion system for a given displacement u®. The Lax—Milgram theorem is used to show
the existence of a solution of the problem (2.4) for a given b°, whereas the Galerkin method and the Schauder
fixed-point theorem are applied to prove the well-posedness of both systems (2.1)—(2.3) and (2.1), (2.3), (2.5),
(2.6) for a given u®. Then we apply the Banach fixed-point theorem to show the existence and uniqueness of a
weak solution of the coupled system. Because of quadratic non-linearities the proof of the fixed-point argument
is non-standard, and the main difficulty is in deriving a contraction inequality involving the L°°-norm of b°.

In the case of Model I (no diffusion term in the equation for b°) the dependence of the reaction term in the
equation for b° on a local average of E¢(b%, x)e(u®) is important for the derivation of a contraction inequality.
For the proof of the strong convergence of b° it is crucial that the average in Ns(e(u®)) is independent of e.

The regularity of b and delicate estimates for the terms Q,,(n°,b°, e(u®)) and Qp(nc,b°, e(u®)) are used
to prove the existence of a unique solution of Model II. To derive the macroscopic equations for the prob-
lem (2.1), (2.3)—(2.6) we prove the strong two-scale convergence of e(u®). More specifically, the strong two-
scale convergence of e(u®) is needed to pass to the limit in the nonlinear functions Q,,(n®,b%,e(u®)) and
Qp(n°,b°,e(u®)). Recursive estimations of the LP-norms, for all p > 2, are used to derive a contraction in-
equality in L*°(0,T'; L*°(§25,)). This method is also applied to show the boundedness of n® and b°, although
other methods can also be used to derive the L>-estimates for n® and b%, see e.g. [8,32,37]. The uniform in &
boundedness of p®, n° and b° is used in the proof of the strong two-scale convergence of e(u®).

Theorem 3.1. Under Assumption 1 there exists a unique mon-negative weak solution of the microscopic
Model 1, (2.1)—(2.4), satisfying the a priori estimates

[0 Lo 0,msw(2)) + 1000° ([ L20,73w(02)) < C,

16 lw o0 (0,752 (25,)) < C

<0 (3.1)

1%l Lo 0,120 (25,)) + IVP llL2(ag, 1) + 107l 0,mn0(025,)) + VRS ([ 2(05,
H’ﬁhpg _ p€||L2(91€u,T—h,) + H’l9hfn,5 _ nEHL2(QJEVI,T—h) < Ch1/4’
for all h > 0, where Ypv(t,x) = v(t + h,z) for (t,z) € (0,T — h] x 25, and the constant C is independent of €.
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A similar result also holds for the Model II. The main difference in the proof of the well-posedness results for
both of the microscopic problems (Models I and II) is in the derivation of a priori estimates.

Theorem 3.2. Under Assumption 1 there exists a unique mon-negative weak solution of the microscopic
Model 11, (2.1), (2.3)(2.6), satisfying the a priori estimates

lu®]| o< 0,70 (02)) < C, (3.2)
9"l Lo 0,100 (25,)) + IVP llL2(as, o) + 107l e o, (25,)) + VRl 203, ) < C,
1651 Lo 0, 7520 (25, )) + VOl L2025, ) < C (3.3)

||’l9hpE — pE”LQ(QE ) + ||’l9h’nE — nE”LQ(QE ) + Hﬂhbs — bEHL’Z(Qs ) S Ch1/4,

M, T—h M, T—h M, T—h
for all h > 0, where Ypv(t,x) = v(t + h,z) for (t,z) € (0,T — h] x 25, and the constant C is independent of €.

Using the a priori estimates in Theorems 3.1 and 3.2 and applying the two-scale convergence and the unfolding
method, see e.g. [3,12,13,42], we derive the macroscopic equations for both microscopic models of plant cell wall
biomechanics. First we formulate the unit cell problems, which are obtained by the derivation of the macroscopic
equations and determine the macroscopic elastic and diffusive properties of the plant cell wall.

The macroscopic diffusion coefficients and elasticity tensor are defined by

. . . T
Diy,ij :]{? [Diy,ij + (DLV@VL,z)j]d@ fori,j =1,2,3, Vyvi,z = (8y1Vi’p5’y2VJa,za0) )
M
. L . N\T
Dy :f [Dyij + (DoVgu)]dg  forinj =123,  Vyol = (90],9,20],0) (3.4)
Y
]Ehom,ijkl(b) = ]Z: []Eijkl (ba y) + (]E(bv y)éy (WU))M] d:&a ivja kv l= 17 2a 37
v

where § = (y1,v2), @ = p,n and [ = 1,2, and the functions v, vg and w* are solutions of the unit cell problems

diV@(ﬁéV@Vi’l) =0 in YM, =123, (3 5)
(ﬁgVQvi’l + ﬁgbj) v=0 onl, Vi’l Y — periodic, <sz,17 1>§,M =0 .
fora=n,p, 1 =1,2, and bg = (ny,ij)@j:lv?’ Dla = (Dé7ij)i=1,2,j=l,2,3a
le@(be@’Ui) =0 in YM7 .7 = 1a 273a (3 6)
(ﬁbV@vZ +Dyb;)-v=0 on I, UZ Y — periodic, (vi, Dy, =0, .
where Dy, = (Db.ij)i =12, Dy = (Db,ij)i=1,2,j=1,2,3 and
divy (E(b,y)(&,(w?) + b)) =0 inY, (3.7)

(wh 1)y =0, wl Y — periodic

for (t,z) € 2r. Here, b’ = 1(b; ® by + by, ® b;), where (b;)1< <3 is the canonical basis of R®. For a vector-
valued function v we denote divyv = 0y, V1 + 0y, v2 and &,(v) is defined in the following way: &,(v)s3 = 0,
&, (v)3j = &,(Vv)js = 30y, vs for j = 1,2, and &,(v);; = 2(0y,v; + 9y, v;) for i,j = 1,2.

We have the following macroscopic equations for the microscopic models of plant cell wall biomechanics.
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Theorem 3.3. A sequence of solutions of the microscopic problem (2.1)—(2.4) converges to a solution p,n €
(LQ(O,T; V(£2))NL>(0,T; L“(Q)))Q, be HY0,T; L2(2))NL>(0,T; L>(£2)), and u € L>=(0,T; W(£2)) of the
macroscopic equations

div(Epom(b)e(u)) = 0 in Op, (3.8)
Oyp — div(D,Vp) = —F,(p)
oyn —div(D,Vn) = F,(p,n) + R,(n,b, N (e(u))) in Qp, (3.9)
i = Ry(n. b, N§"(e(u)))
together with the boundary and initial conditions

D,Vpv =0, J,(p) on 'z, D,Vpv =0, p onler

D, Vnv =0, G(n) N (e(u)) on Iz, D,.Vnv = 0} J.(n) on Ier,

D,Vpr =0, D,Vnv =0 on Iy T, (3.10)

p(0,2) = py(z), n(0,2) = no(x) in 02, b(0,x) = bg(x) in §2,
IEhom(b)e(u) VvV = —pzV on FI,T7 ]Ehom(b)e(u) v=f on FE,T U FL{,Tv

where Oy = [Yar| /Y] and
N3 Celw)t.) = (f
Bs(z)N$2

Here div(D,Vp) = (div(DjVp,),div(DiVp,))" and div(D,Vn) = (div(D,Vni),div(DiVn,))", and the
macroscopic diffusion coefficients D!, for o = p,n and | = 1,2, are defined in (3.4).

i1 (Enom (b)e(u)) da?)+ for (t,z) € 2. (3.11)

The difference between the macroscopic problems for Model I and Model II is reflected in the equations for
n and b.
Theorem 3.4. A sequence of solutions of the microscopic problem (2.1), (2.3)—(2.6) converges to a solution
p,n e (L*0,T;V(£2)) N L>=(0,T; L“(Q)))z, be L2(0,T;V(2)) N L>®(0,T; L>(£2)), and u € L>(0,T; W(£2))
of the macroscopic equations (3.8) and

Op —div(D,Vp) = —F,(p)
oyn—div(D,Vn) = F,(p,n)+ Q" (n,b,e(u)) in L7, (3.12)
b — div(DyVh) = Qs (n,b,e(u))

together with the initial and boundary conditions (3.10) and
DyWb-v=0 onlrrUlyr, DyVb-v=—0mb onlgr. (3.13)

Here fof(n» b.e(u)) = fYM Q,(n, bfW(t’ z,y)e(u)) dy 'qnd ngf(n’ b.e(u)) = J[YM Qo(n, b, W(t,z,y)e(u)) dy,
where Wi (¢, x,y) = 0irdj1 + (éy(wZJ (t,z, y)))kl and w" being solutions of the unit cell problems (3.7).

The macroscopic diffusion coefficients D, are defined as in (3.4), with a = n,p,b, where div(D,Vp) =
(div(DyVp, ), div(D2Vp,))T and div(D,Vn) = (div(D;, Vi), div(D2 Vny))T.

4. A PRIORI ESTIMATES AND THE EXISTENCE AND UNIQUENESS RESULTS
FOR THE MICROSCOPIC MODEL I

In this section we analyse Model I, i.e. equations (2.1)—(2.4). We split the proof of the existence and uniqueness
results into three steps. First we show that for a given non-negative b° the equations of linear elasticity have a
uniques solution. Next we prove the well-posedness of the problem (2.1)—(2.3) for a given u®. Finally, showing a
contraction inequality for b° in L°°(0,T; L*°(£25,)) and applying the Banach fixed-point theorem, we conclude
that there exists a unique weak solution of the coupled system.
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4.1. Existence and uniqueness of a weak solution u® of the problem (2.4) for a given b®

Lemma 4.1. Let b>',b°2 € L>®(0,T;L>(£25,)) be given with b>'(t,z),05*(t,x) > 0 for a.a. (t,x) € 25 1.
Then there exist u®J € L>(0,T;W(82)), with j = 1,2, satisfying

div (B (b7, z)e(u?)) = 0 in (0,7) x £2,
(E5(b57, 2)e(u))v = —prv on (0,T) x Iz, (4.1)
(B (579, x)e(u ) = £ on (0,T) x (I U Ty).
and the estimates
07| Lo 0, 7m(2)) < Ch, j=12, (4.2)

[e(u®! —u®?)|| L 0,1522(2)) < Callb™' — b2 oo (0,75150(25,))
where the constants Cy and Co are independent of € and b™7, with j = 1,2.

Proof. Due to the assumptions on E¢, see Assumption 1.10, the solutions u®7 of (4.1) exist by the Lax—Milgram
Theorem. Taking u® as a test function in the weak formulation of (4.1) and using the properties of E¢ and the
non-negativity of b we obtain

wglle(u™ () z2(0) < o [0 ()| L2(rp) + 107 )l z2(reunny ] + Co [IEE) | 22(reune) + 1Pzt 2]

for a.a. t € (0,T), where o > 0 is arbitrary and C, is independent of . Applying the second Korn inequality
for u®J € L>(0,T;W(2)) and the trace estimate in H'(§2), and choosing o > 0 sufficiently small yield the
estimate (4.2).

Taking u®! —u®? as a test function in the weak formulation of (4.1) for j = 1,2 and subtracting the resulting
equations imply

<]E5(b5’1,l‘) e(ue,l _ ue,Z)’ e(ue,l _ us,2)>ﬁ — <(E5(b5’1,$) _ ]Eg(bs’2,ac)) e(us,2)7e(us,1 _ u5,2)>9.

Then, using the positive definiteness and regularity of E¢(b5'!, x) together with the boundedness of e(u®?) in
L>(0,T; L?(£2)) and of %7 in L>°(0,T; L>°(§25;)), where j = 1,2, we obtain the inequality (4.3). O
4.2. Existence and uniqueness of a weak solution of (2.1)—(2.3) for a given u®

In this subsection we prove that for a given u® the system (2.1)—(2.3) has a unique weak solution. In the
derivation of the a priori estimates, uniform in €, we shall use the properties of an extension of p¢ and n® from a
connected perforated domain 25, to 2. Using classical extension results [1,11], we obtain the following lemma.

Lemma 4.2. There exists an extension v° of v from W1P(05,) into WLP (), with 1 < p < oo, such that
[0l Lo () < millvllLe(os,) and VU [|Lo0) < mall Vo |loeos,)

where the constant p11 depends only on'Y and Yar, and 25, is connected, with perforations (microfibrils) having
empty intersection with (2 or near 02 microfibrils are perpendicular to some parts of 0f2. See Section 2 for
the description of the microscopic structure of £25,.

Remark 4.3. Notice that the microfibrils do not intersect the boundaries Iz, I, and I['s, and near the bound-
aries (002 \ (I't U I'e U Iy)) it is sufficient to extend p® and n® by reflection in the directions parallel to the
corresponding boundary. Thus, classical extension results [11,49] apply.
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For v¢ € LP(0,T; WhP(025,))NWLP(0,T; LP(£25,)), define 9 (-, t) = v°(+, t) almost everywhere in (0, T). Since
the extension operator is linear and bounded and 25, does not depend on ¢, we have ©° € LP(0,T; WhP(£2)) N
WLP(0,T; LP(£2)) and

10l r(0r) < pallvillLecas, )5 1060% ] Lo(0r) < pallOpvlLr(es, 1) and (V% [|lLr(or) < pallVOS|lLr(es, )
In the sequel, we shall identify p® and n® with their extensions.

Theorem 4.4. Under Assumption 1 and for u® € L*°(0,T; W(S2)) such that

[0 Lo (0,7;w(2)) < C, (4.4)

where the constant C' is independent of €, there exists a unique non-negative weak solution (p°, n,b%) of the
microscopic problem (2.1)—(2.3) satisfying the a priori estimates
1"l Loe (0, 75120(25,)) T IIVP®llL2(as, 1) + I (Lo 0,100 (05,)) + IV R llL2(0s, 1) < C,

! (4.5)
1% w00 (0,752 (025,)) < C,

where the constant C' is independent of €.

Proof. To show the existence of a solution of (2.1)—(2.3) for a given u® € L>°(0,T;W({2)), we shall apply the
Schauder and Schaefer fixed-point theorems and the Galerkin method. First we consider the subsystem for p©.

For p; € L*(0,T;H*(525,)) with 0 < p5(t,x) < A for (t,x) € 25, and some constant A > 0, and
¢ € (1/2,1), we consider

ohp® = div(QprE) - F,(p°) in 23 p,

D,Vp*v = Jp(ps) on Iz, D,Vp*v = —v,p° on le T, (4.6)
pe az-periodic in x3, D,Vp*v =0 on Iy 1 UIFE,

p°(0,z) = py(x), in £25,,

where fp(pe) = (Fp1(P§,P5), Fp2(p?))T and jp(pe) = (Jp1(P5,P3)s Jp.2(PF))T. Applying the Galerkin method
and using the estimates similar to (4.7) and (4.10), together with the boundedness of p§ when considering the
problem for p5, we obtain the existence of a unique weak solution of the problem (4.6).

First, we use the theory of positive invariant regions to show the non-negativity of the solutions of (4.6). The
assumptions on F,, and J, ensure

val(ovf)g) = 07 JPvl(O’ﬁg)
Fp,2(p§a 0) =Y Jp,Z(pi 0)

and F,, J, are Lipschitz continuous in (—u, M)? for some g > 0 and any 0 < M < +oo. Thus, the non-
negativity of the initial conditions p; ; and pg 5 and the Theorem on positive invariant regions ([51], Thm. 2),
with K3 (p®) = —pj and Ka(p®) = —p5, imply p§(t,r) > 0 for (t,x) € 25,7 and j = 1,2.

Considering p§ as a test function in the weak formulation of the equation for p§ in (4.6) and using the
non-negativity of p; and p5, along with the assumptions on J, and F,, we obtain the estimate

for all p5 > 0,

>0,
>0, for all p7 >0

IPill Lo (0,7;2(022,)) + IPIll2 (0,701 (025,)) < C, (4.7)

where the constant C' is independent of €. The estimates for the boundary terms are obtained by using the
extension of pj from (25, to {2, see Lemma 4.2, and the trace inequality

) TollVPiliae:)]  (48)

£
M

1P51Z2(ry) + 1P5 72y < CollPilZae) + ol VPilli2(e) < m[CollPillis (o

where ¢ > 0 is arbitrary, the constant C,, is independent of ¢, and p1 is as in Lemma 4.2.
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Next, we show the boundedness of pj. We define 95 as the solution of the linear problem

0,95 = div(DVP5) in 2% 7, 5(0,2) =0 in £25,,
DV@%~u:ﬁ(1+¢%) on Iz, DV®G-v=0 onlry, (4.9)
DVes-v =0 on I'sy,r D5 az-periodic in z3,

where D is symmetric and (Dg, &) > d|€|? for all £ € R? and some d > 0, and 3 > 0. In the same way as in [37],
using the extension of 5 from (2§, to {2 we obtain

195 Lo (0,751 (25,)) < C 185l o< (0,132 (2)) < C,

where 45_% denotes the extension of 45% from Qf\/f’T to 27 and the constant C' is independent of . We also notice
that &5 > 0 in 25, . Considering p; =p5 — 97, , where & is the solution of the problem (4.9) with D = Dzl,
and 8 = p1, where 1 = v;(A1 + 1) with A1 > |[pg;|lL>~(e) and 77 is as in the Assumption 1.3, and taking
(p] — A1)t as a test function yield

Oell(BT — A1) 72z, +2dplI V(BT — A1) T 17205,y < 2l1(BT — A1) [ T2 ry)-

Using the properties of the extension of (pj —®5, — A1)™ from 2§, to 2 and the trace estimate, similar to (4.8),
and applying the Gronwall inequality we conclude p§ (¢, ) < A1 + [|95, HLOO(QIEVI,T) for a.a. (t,z) € 25, 7.

Using the boundedness of p§ and the non-negativity of pj and p3, along with the assumptions on J, and
F,, and considering p§ as a test function in the weak formulation of the equation for p§ in (4.6) yield

P2l (0,7;02(05,)) + 1Pl 220,711 (25,)) < C, (4.10)

where the constant C' is independent of €. The boundary terms are estimated using the inequality similar
to (4.8). In the same way as (4.7) and (4.10) we also obtain the uniform estimates for |[p®||2(0. 1.1 (2¢,)) and
IP® [l o< (0,732 (022, ), With p5 instead of p in (4.6).

To show that p§ is bounded, we consider p5 = p§ — @5, where @5 is the solution of (4.9) with D = Dg
and 8 = B2 with 82 > (A2 + 1)[lg(P])l|L~(ry 1), Where Aa > ||pgollz=(2) and the function g is as in the
Assumption 1. Notice that the boundedness of pi in 25, 7 together with p] € L2(0,T; H(£25;)) ensures the
boundedness of p§ on I'z 7, see e.g. [21].

Taking (p5 — A2e™*)T, with M such that AoM > [A; + 1+ H@E?HLN(QRI’T)] lg1(PD) 225, 1)
introduced in Assumption 1, as a test function in the weak formulation of the equation for p§ in (4.6) and using
the assumptions on F), o and J, o and the properties of the extension of (p§ — D5, — ApeMt) T and applying the
Gronwall inequality yield p5(t, ) < Aze™T + |05, Lo (03, ) for a.a. (¢, ) € 23 7. Since A in the assumptions
on p; is an arbitrary constant, it can be chosen so that Aze™” + ([ HLoo(QiLT) < A.

where ¢y is

From equations (4.6) and the estimates for p* in L2(0,T; V(£25,))? shown above, we obtain the boundedness
of Oyp® in L2(0,T;V(£25,)")? for every fixed e.

To show the existence of a solution p of (2.1) with the corresponding boundary and initial conditions in (2.3),
we consider

X ={ne€ L*0,T; H(125;)) | 0 <n(t,x) <A for (t,x)¢c Qurh

with ¢ € (1/2,1), and define an operator £; : X — X, where p5 = K;(p5) is given as a solution of the
problem (4.6). The continuity of the functions F,, and J,, along with the a priori estimates for p¢ and the
compact embedding of L2(0,T;V(£25,)) N HY(0,T;V(£25,)") in L?(0,T; H*(£25,)), with ¢ < 1, see e.g. [33],
ensures the continuity of K;. Utilizing the a priori estimates and the compact embedding of L2(0,T;V(£25,)) N
HY(0,T;V(£25,)) in L?(0,T; H*(£25,)) again, and applying the Schauder fixed-point theorem yield the existence
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of a non-negative, bounded weak solution p® of the equations (2.1) with boundary and initial conditions in (2.3),
for every fixed e.

To show the existence of a weak solution of the equations (2.2) for (n®,0%), we first consider for a given
ny € L*(0,T; He(£25,)) N L>(0,T; L>(825,)) with n5(t, ) > 0 for (t,z) € 025, 7, where ¢ € (1/2,1),

dn® = div(D,Vne) + F,(p°,n°) + R, (n%, b5, Nj(e(u))) in 25 7,
0:b° = Rp(n5,n3, 0%, Ns(e(u®))) in 25 7,
D, Vn®v = G(n°) Ns(e(u®)) on I’z 1, D, Vnfv = J,(n°) on e, (4.11)
n¢ as-periodic in x3, D,Vnv =0 on Iy UIE,
n°(0,z) = np(x), b (0, x) = bo(x), in £25,,
where

R, (n°,b°, Nj(e(u))) = (Rn1(nf, 05, b, Ny(e(u))), Ru2(n, b°, Ny(e(u))))”,
F,(p",n) = (Fo1(p°, 05, 15), Fr2(p™,0%)",  Jn(0) = (Ju1 (01, 15), Juo(n)”.
Similar to the problem (4.6), applying the Galerkin method and using the estimates similar to (4.15), we obtain
the existence of a unique weak solution of (4.11).
To show the non-negativity of n§, n§, and b%, we define the reaction terms in equations (4.11) by

fn,l(ni’ b* le(psv ni’ ﬁ;) + le(niv ﬁ;, bE’Né(e(uE)))a
fn2(n,0%) = F, o(p®,n%) + R, 2(n°, 0%, Ns(e(u))),
fo(n7,b%) = Ry(n7, 03, 0%, Ns(e(u))).

)=
)=

Using the properties of the functions F,,, R,,, Ry, and Ej; and the non-negativity of n; and P, Jj =12, we
obtain that f, 1, f» and f, 2 are Lipschitz continuous in (—u, M)? and (—u, M)3, respectively, for some p > 0
and any 0 < M < +o00 and

fn,l(ovbs) Z 07 fb(nio) Z Oa fn72(n§:,0,b€) Z 0 for l’li Z 07 b° Z 0.

The assumptions on J,,, G, and Ej; ensure that the boundary terms are Lipschitz continuous in (—pu, M)? and
(—p, M)3, respectively. Moreover, J,, 1(0,13) > 0, J, 2(n5,0) > 0 and N5(A) Ga(n5,0) > 0 for all n§ > 0 and
A e R3*3,

Applying the Theorem on positive invariant regions ([51], Thm. 2), with K;(n®,b%) = —nj, K»(n®, ) = —nj,
and K3(n®,b°) = —b° and using the non-negativity of the initial data yield nf(¢,z) > 0, n5(¢t,z) > 0, and
be(t,x) > 0 for (t,x) € 25, 7.

Next, we derive estimates for the solutions of (4.11). Taking n® as a test function in the weak formulation of
the equation for n® in (4.11) yields

8t\|n€\|i2(n;u) + HVHEH%'Z(Q;I) <Gi1+ ||92(P5)H%2(n;,) + ||n€||%2(n;u) + ||ﬁ;||2L2(n;,)]

+ O [1+ ||Ns(e(u)) || Lo (] [1 + In®| 220,y + D3] 2202,y + HbE”L?(n;w)] In[|L2(qe,)-
Notice that the estimate (4.4) for u®, and Assumption 1.10 ensure
N5 (e(w®)) ()| oo () < C6 2|0 L (0, mm(02)) < Cs (4.12)

for a.a. t € [0,T], where the constants C' and Cs are independent of e. The boundary integrals are estimated as

[(na (05, 85),m5) | < Co(L+ 030z, ) + 0l V05[22 .

[(Ns(e(u®)) Ga(n%),m5) . |+ [(Jn2(n%),n3) . | (4.13)

<Co (573”116”2L°C(0,T;W(_Q)) + ||n€||2L2(Q;4) +1) + UHVHEH%%le)a
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where o > 0 is arbitrary fixed. Here we used the properties of the extension of n®, see Lemma 4.2, and estimates
similar to (4.8). Testing the equation for b in (4.11) with b° and using the assumptions on R}, and (4.12), yield
at”bEH%%le) <Cs[1+ HbEHQL?(Q]EVI) + ||n§||2L2(Q;w) + HﬁSHQL?(QfW)]'
Using the boundedness of p® and the regularity of the initial data, and applying the Gronwall inequality imply
16° 0 o< 0,7:22(25,0) + 0% [ pow 0,7 220025,y + 1VD® |22, ) < C[1+ 3]l 205, )] (4.14)
where C is independent of . Considering n§ instead of nj in (4.11), in the same way as (4.14), we obtain
1651 o 0,522(05,)) + 10| 2o (0,722 (025,)) + VD [|22(05, ) < C (4.15)

where C' is independent of €.

The estimates for n® in L>(0,T; L?(£25,)) and L2(0,T; H(£25,)) and for b° in L°°(0,T; L*(£25,)) and the
weak formulation of equations (4.11) ensure the boundedness of d;n® in L*(0, T; V(§25,)") and 0;b° in L*(£25, 1),
for every fixed € > 0.

Next we show the boundedness of n® and b°. For each fixed ¢ > 0, we have that n® are bounded as solutions
of reaction-diffusion equations in a Lipschitz domain 25, with the reaction terms in L°°(0,7; L*(£25;)) (see

g. [32], Thm. IIL.7.1 generalized to Robin boundary conditions). To show the boundedness of nj and n§
uniform in € we use the iteration Lemma 3.2 in Alikakos [2]. We derive the L*-estimates considering n§ instead
of 5 in (4.11). The derivation of the L>°-estimates for n® and b° with n in (4.11) follows along the same lines,
with the only difference that on the right-hand side of (4.17) and (4.18) we will have additionally the term
Hﬁ;“%‘”(O,T;L‘X’(Qi,))' Since n§ and n§ are bounded for each fixed € > 0, we have that [n®|P~2n®, with p > 2,
is an admissible test function. Taking |n®|P~2n®, with p = 2%, k = 1,2,3,..., as a test function in the weak
formulation of the equation for n® in (4.11) and using (4.12), we obtain

9¢|n® HLp 25, +2—||v|n6‘_”[,2 ) = CY +p(p —1)|n° HLp 25,
_3p
+ Co [1+ 07 2[u | Lo 0.mmian] [(0 = DD IG5 g ) + 1150 0z, + O3] + CE6F W1 g ey

for 7 € (0,T]. Here, the boundary terms are estimated by applying Lemma 4.2 to |n®|P/? together with the
trace inequality for H'-functions:

[(Ns(e(u?)) G(n%), [ ™n%) |+ [(Tu(n), n[""n%) |
< (p - 1) |:CO'||nE||[[),P(QT) + (U/p )HV‘HEP HL"’((ZT):| + Cf/p + (Cg/p)(s_?p HUEHILioo(o,T;W(Q)) (4.16)
< (= D)[Colln s or, ,+ /BTN Fagag, ]+ (C7/0) 57 F I 1L i iy + 1]

where o > 0 is arbitrary and 7 € (0, T], and the constants C, C7, Cs, C,, and 1 are independent of . Applying
the extension Lemma 4.2 to [n°|P/? and using the Gagliardo-Nirenberg inequality [6] imply

P g P s P
071170 0c,) < N°I201Z200) < Ellvlnslz 7200y + Cop®lIn°|2 1710
g P P
< [Euvmﬂz 325,y + Cor* N1 3o
where ¢ > 0 is arbitrary, the constant C, is independent of ¢, and g4 is as in Lemma 4.2. Thus we obtain

p—1 D 5
0O + 2t 190 s, ) < 2°Ch [ sup [
p ’ (0,7)

€||2
L2(QE )

_3p
+ O3 [0 N oy + IO N Zoe 0,70y +1]
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for 7 € (0,T]. Then, using similar recursive iterations as in ([2], Lem. 3.2), we obtain

”ng(T)Hif’(Qij) < CP22(P—1)21OP[1 + HuEHpm(O,T;W(Q)) + ”bEHZOO(O,T;LP(Q))]

for 7 € (0,7] and C' > 1. Applying the pth root, and taking p — oo, yield
105 F e (0,720 22,7y < Cr L+ (1017 e 0,7 Lo (22, 7)) 5 (4.17)

for all 7 € (0,7] and C is independent of €. Multiplying the equation for b° in (4.11) with b°, integrating over
(0,7), using the assumptions on Rj, and considering the supremum over 25, give

155 (B s,y < Nb0l3e e, 7 Co L4 105N s,y + 103w 011005, (4.18)

for 7 € (0,T] and C is independent of . Using (4.17) and iterating over time intervals of length 1/(2C%(Cy +1))
yield the estimates for b° and, hence, for n® in L>°(0,T; L*°(£25,)), independent of ¢.

The boundedness of Ns(e(u®)), n® and b° ensures the estimate for [|0;0%|| (0,71 (0:,)), independent of e.

To show the existence of a weak solution (n¢, b%) of the equations (2.2) with the boundary and initial conditions
in (2.3), we consider the operator Ko : X — X defined by n§ = K»(n3), where n§ solves the problem (4.11)
and X = {n € L*(0,T; H*(£25,)) N L>(0,T; L>(£25,)) | n(t,x) > 0 for (t,z) € 25,1}, with ¢ € (1/2,1). The
continuity of KCs is ensured by the continuity of F,,, R,,, Ry, J,,, and G, the a priori estimates for n® and 6°, the
compact embedding of L?(0,T; H'(£25,)) N H(0,T;V(§25,)") in L*(0,T; H*(£25,)), for ¢ < 1, and the estimate

(%U,ZP) ||b€71 - b672HL2(Q§4) S 05 [Hnt'J - n672HL2(Q;4,T) + Hﬁ;’l - ?1372HL2(QIEVI,T):|. (419)

The estimate (4.19) is obtained by considering the difference of equation (4.11) for 5! and b2, testing by
b>! — b®!, and using the properties of R;. Then applying the Schaefer fixed-point theorem and the compact
embedding of L?(0,T; H(£25,)) N H(0,T;V(£25,)") in L?(0,T; H*(£25,)) yields the existence of a fixed point
of ICQ.

Hence, combining this result with the existence result for p®, ensures the existence of a weak solution of (2.1)-
(2.3). Considering the equations for the difference of two solutions p! — p*2, n®! — n®2 and b*! — b=2, and
using the uniform boundedness of pj’l, nj’l and b5, with j = 1,2 and | = 1,2, we obtain the uniqueness of a
weak solution of the problem (2.1)-(2.3) for a given u® € L>(0,T; W({2)). O

Remark 4.5. The proof of Theorem 4.4 follows along the same lines if J,, is a function of f e pcdx instead
M
of p©.

4.3. Existence of a unique solution of the coupled system (2.1)—(2.4).
Proof of Theorem 3.1

Considering the estimates in Lemma 4.1, to prove the well-posedness of the coupled system we shall derive
estimates for b7 |Loo(0’T;Loo(QIEVI)) in terms of ||e(1~15’j)||LN(O,T;L2(Q)), where b%7 = b7 — p&ITL and w7 =

u®? —u®7t! are the differences of two fixed-point iterations.

Proof of Theorem 3.1. We prove the existence of a unique weak solution of the coupled system by applying a
contraction argument. We define the operator K : L>(0,T; L>(£25,)) — L®°(0,T; L>(£25,)) by K(b=971) = b,
where b5/ is a solution of the system (2.1)—(2.4) with b° in (2.4) replaced by b%7~! and with u® in equations (2.2)
and the boundary conditions in (2.3) replaced by u®7.

For a given non-negative b1 € L°°(0,T; L>(£25,)), satisfying the initial condition in (2.3), by Lemma 4.1
there exists a unique u®? € L%(0,T;W(£2)) satisfying (2.4), with b° replaced by b*!. Then for u®? €
L>(0,T;W(£2)), by Theorem 4.4 there are unique p®2,n%2 € (L2(0,T;V(£25,)) N L>=(0,T; L>(£25,)))?,
b2 € Whee(0,T; L>(£25,)) satisfying (2.1)—(2.3), and plS’Q,nlS’Q, b2 are non-negative, with { = 1, 2. Iterating
for j = 3,4,..., we obtain (p*9,n®7 b%J usJ), for j > 3.
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For each j > 2, similar to (4.2) and (4.5), we obtain a priori estimates for u®’ in L>(0,T; W({2)), for

p=7, 07 in (L?(0,T; H'(£25,)) N L>=(0,T; L°°(()]€V[)))2 and for b7 in W1°°(0,T; L>(£25,)), independently of
b=t

To derive a contraction inequality in L>°(0, T; L>(£25,)) we first take ¢,, = [n°7|P~20, where p = 2%, with
k=1,2,3,..,and n°/ = n°/ —n®J T as a test function in the difference of the equatlonb for n®7 and n®J+1,
For the boundary integrals in the equations for n°’ we have, using the trace inequality,

(Ni(e(u®) [G(ne) — o), [
<Jn(n€,j) _ Jn(ne,jJrl) o

p— 2~€,J>FI < 07

pP— 2~€7J>F <CapH~€J

s,y + 00— 1/ IVIE1 o

and

(G =) [N (e(u™)) - Ns(e(usT )], 557725 | < Colp = DS I, s,
+o(p = 1)/0? V1857 1F (32 s, + (C/0) [ (e(u)) = Nsle(u ™ )7, g,

with an arbitrary o > 0. Then, the uniform boundedness of n®7 and b*/ and the Gagliardo-Nirenberg inequality

applied to [1°7|P/2 ensure
OG22~ IV E g,y < CL+ INblo(u ) amon] [P5° 1
HI 1 ) + N5 e (™)) = No(e(w )2, ]
Considering iterations in p as in ([2], Lem. 3.2) with p = 2" and k = 2,3,..., we obtain

”ﬁsu( )”LP i) S Cp210p22(p 1) U|e(~w)”ioc(o;;L?(Q)) + ||b€,ij°°(O,T;LP(QIE\4))]
for 7 € (0,7] and Cs > 1. Here we also used the estimate
W (e(u™)) = Ni(e(u )|, gy < C76~ % [[e(@) |2 ) + 157 [ )
Taking the pth root, and considering p — oo yield
18 [| oo (0,7 (25,7) < Cs [1€(@) | Lo (0.7:£2(2)) + 1657 || e 0,515 (025, )] - (4.20)

Consider the difference of equations (2.10) for two iterations b7 and b=7+1, and multiply by ¢, = b7 to obtain
||g€’j(7)||2Lw(n;w) < 06/0 {HNé(e(uE’j)) —Né(e(us’jﬂ))uioo(g;l) + ||ﬁs’j\|%oo(n;w) + \|gs’j\|%w(ogl)] dr.

Using the estimate (4.20), the definition of A, and the boundedness of b/ yields

69

|L°° 0,7;L°°(£25,)) < CW[HG( ')H%oo(o,nm(n)) + Hbs’j||2Loc(o,T;Loc(n;,))]
for 7 € (0,T]. Then, iterating over time intervals of length 1/(2Cs), ensures

||Ze,j 2

2 oy < CTl@ )2

00 (0,73 L2(£2))

for all T € (0, T] and the constant C' independent of T, b>! and (p7,n=7, b7 u=7) for all j > 2. Estimate (4.3)
yields
() 0 211200 < CIB 2 o (121)
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The last two inequalities ensure that for fixed § and T sufficiently small we have the contraction inequality for
the operator IC. Thus, the same arguments as in the proof of the Banach fixed-point theorem yield that K has
a unique fixed point. Hence, there exists a unique weak solution of (2.1)~(2.4) in (0,T) x £2. Since T depends
only on the model parameters, iterating over time intervals yields the existence of a unique weak solution in
(0,T) x £2. The a priori estimates (4.2), (4.5), together with (4.22), shown in Lemma 4.6 below, imply the
estimates (3.1). O

Lemma 4.6. Under Assumption 1, weak solutions of (2.1)—(2.4) satisfy

10su®|| Lo 0,7 (02)) < C,

4.22
|Unp® — p° (4.22)

) < ChMY,

205, 0 T 1000 = nfllr2os,

for any h > 0, where Ypv(t,x) = v(t+h,x) for (t,z) € (0,T — h] x 25, and the constant C is independent of €.

Proof. Differentiating the equations of linear elasticity (2.4) with respect to time ¢, testing it with d;u®, and
using the uniform boundedness of J;b° imply the estimate for ||0;e(u®)|| L (0,7;12(2)). Applying the second Korn
inequality we obtain the estimate for dyu® in L°°(0,T; W(£2)).

To show the estimates for ¥, p® — p® and ¥;,n® — n® we integrate the equations for p¢ and n® in (2.1) and (2.2)
over (t,t 4+ h) and consider ¥,p® — p® and ¥J,n° — n® as test functions, respectively,

t+h
+ </ F,(p°) ds, 0yp° — p€>
Q¢ t

€
M,T QM,T

t+h
- vp/ p°ds,9pp° — p°
t

t+h
[9np" — PSH%’Z(Q;I B ‘<Dp/ Vp©ds, U, Vp® — VPS>
‘ t

t+h
</ Jp(p%) ds, 9pp° — p5>
t

_|_

Ie

€
I g,

I, v

and

t+h t+h
[[9pn® — n5||2LQ(QJEM ) < <Dn Vn®ds, 9, Vn® — Vn5>Q + < G (n®)Ns(e(u®))ds, Ipn® — n5>
T t M, t
I'z,+

t+h ‘
+ </ J.(n®)ds, ¥9pn® — n€>
¢

2%, Ie.

+

t+h
< /t [F,.(p%,n%) + R, (n°,b°, Nj(e(u®)))]ds, Jn® — n5>

for all 7 € (0,7 — h] and any h > 0. Notice that p*,n® € (L?(0,T; H'(£25,)) N Hl((),T;V((ZJSV[)’))2 for every
fixed e > 0. Then the boundedness of p$, n$, and b°, with j = 1,2, the estimates for Ns(e(u®)) in (4.12) and
for p* and n® in (4.5), together with the Hélder inequality, imply the estimates for p*(t + h,x) — p(¢, z) and
né(t + h,z) — n°(t, z), stated in the Lemma. O

5. A PRIORI ESTIMATES AND EXISTENCE AND UNIQUENESS RESULTS
FOR THE MICROSCOPIC MODEL II

For the equations of linear elasticity (2.4) we have the same results as in Lemma 4.1. The main difference in
the proof of the well-posedness result for Model II is in the derivation of a priori estimates for n® and b°.

5.1. Existence of a unique weak solution of the problem (2.1), (2.3), (2.5), (2.6)
for a given u®

Theorem 5.1. Under Assumption 1 and for u® € L*°(0,T; W(S2)) such that

[u{| Lo (0,7w(02)) < Cs (5.1)
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where the constant C' is independent of €, there exists a unique non-negative weak solution (p°, n,b%) of the
microscopic problem (2.1), (2.3), (2.5), (2.6) satisfying the a priori estimates (3.3).

Proof. The equations for p® in both microscopic problems, Models I and II, are the same. Thus the proof of
the existence and uniqueness and the derivation of the a priori estimates for solutions of the subsystem for p®
follows the same lines as in the proof of Theorem 4.4.

The current proof differs from that of Theorem 4.4 in the derivation of the a priori estimates for n® and
b°, since now the reaction terms in equations (2.5) depend on E¢(b°,x)e(u®) and not on its local average.
Similar to the proof of Theorem 4.4, to show the existence of a weak solution of (2.5), with the initial and
boundary conditions in (2.3) and (2.6), we apply a fixed-point argument and consider F, ;(p®, n$,n3) instead
of F,1(p°,n°) and Q,, ;(n7,n5, 0% e(u®)) instead of Q,, ;(n%,b%,e(u®)) in the equations for n, as well as
Qv(ng, 03, b°, e(u®)) instead of Qp(n®, b, e(u)) in the equation for b° and J, 1(n5,n3) instead of J, 1(n®) in
the boundary conditions for n§, for a given n; € L?(0,7; H*(£25,)) N L>=(0,T; L>°(£25,)) with nj > 0 and
¢ € (1/2,1). Notice that due to the assumptions on F,,, Q,,, Qp, and J,, the derivation of the a priori estimates
follows along the same lines for n§,n5 > 0 and n§,n§ > 0.

By applying the theory of invariant regions ([51], Thm. 2 and [55], Thm. 14.7), we obtain the non-negativity
of nf, j = 1,2, and b° in the same way as in the proof of Theorem 4.4. Taking n® and b° as test functions
in (2.12) and using the non-negativity of n and b° and the boundedness of p*, along with the assumptions on
F,., Q,, Qp, and J,,, see Assumption 1, yield

(10 ()25, + 15 ()2 g,y + 190 g, + 198 s, ] < Ol N3, ) + 1530, )]

M, M,
+C2[1 4672 le(u®) |7 0,7 12(2))] + Cslle(u)l zoe 0,225, [0 1720, 7 L3025, ) + ||bg|i2(o,T;L4(n;,))(] |
5.2

for 7 € (0,T] and the constants C; and Cy independent of e. The boundary integrals for n® are estimated in
the same way as in the proof of Theorem 4.4, see estimate (4.13). Considering the properties of the extension
of n® and b° in Lemma 4.2, applying the Gagliardo-Nirenberg inequality to estimate ||n®||p1(o) and [|b%||L4(q),
taking into account the estimate (5.1), and using the Gronwall inequality imply
y IV llLzog, ) < C, (5.3)

) H IO 0, 102005

0% Lo 0.1:22(02,)) + VD[ L2(02 .

74

where the constant C' is independent of €.

The properties of F,,, Q,,, J,, and @, and the estimates for n®, b°, and ||e(u®)|| (0, 1;12(02)) yield that for
each fixed € > 0 the functions n® and b° are bounded (see e.g. [32], Thm. II1.7.1 generalized to Robin boundary
conditions), and, hence, (b°)P~! and |n®|P~2n?, with p > 2, are admissible test functions in (2.12). Considering
[b¥|P~1 as a test function in the equation for b° in (2.12), using the assumptions on @, and the non-negativity
of b° yield

£ p_ 1 s 2 I3 ek
I8 (0 gy + AP 018 i, < O+ 10 ez )) + 0 = DI I o

=
M

b D
+Cslle(u”) || Lo (0,7:12(2,)) [(p = D[[7]> H%z(o,nmm; y T [[[mn®]> H%z(o,nﬁ(n;w)) + Cp]’

74

In a similar way, using the boundedness of p® and the assumptions on F,,, Q,,, G, and J,,, see Assumption 1,
and considering [n°[P~2n® as a test function in the equations for n® in (2.12) yield

3p

p—1 P _3p
[0 )Wy + 451V I E s, ] < O+ 67 )o@ o ey + 10 Wworncoz + 1

i
p— 1 1212 122 el&2
+ Y IV®[Z 720z, )+ C2 2Nk 12205, ) + (= Dn°[2 IZ2(0,ms2(25, )]

11615 1320 s, ) + C7)-

+ Calle(u®) | =025, [0~ DI B2 0 g :

74
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The boundary terms (Ns(e(u®)) G(n®), |n°|P~?n%) . and (J,(n%), |n°[P~?n°),  are estimated in the same
way as in the proof of Theorem 4.4, see the estimate (4.16). Applying the Gagliardo-Nirenberg inequality
together with the properties of the extension of [n°|% and |b°|2, see Lemma 4.2, implies

I8 (g + 1O g,y + IV, )+ 1910 B g, < O™ [sup [l

2
+ Czplo[(bup ||b5||22 @5, )} + CE 1+ 0% 0722002,y + 10T (0,7 220, 7)) + CENl@UNT o 0.1, 22(02))-

Then similar to the proof of Theorem 4.4, iterating in p (see [2], Lem. 3.2), and using the estimate (5.3) yield

[ Lo (0,725 (025,)) + 10| 2o (0,7, (25,))

4
<G+ [[0f Lo 0,m22(05,)) + 16| oo 0,522 (25, ) + [€(u®)[| Lo 0,732 (02)) < Co,s (54)

1

where C1, Cy are independent of e. Here we used that [[b%[| Lr (s ) + [0 Lr(0s,) < 2[||b€||Lp(Q?M)+||n€||ip(9?w)] »
Hence, similar to the proof of Theorem 4.4, using the a priori estimates (5.3) and (5.4) and applying the
Galerkin method and the Schaefer fixed-point theorem yield the existence of a unique solution of the microscopic
problem (2.1), (2.3), (2.5), (2.6) for a given u® with [[e(u®)||~(0,7;2(02)) < C. The estimates (5.3) and (5.4)

also ensure 9;n° € L%(0,T;V(£25,))? and 8;b° € L*(0,T;V(£25,)") for every fixed € > 0.

Similar to the proof of Lemma 4.6, to show the last estimate in (3.3) we integrate the equations for n® in (2.5)
over (t,t+h) and consider ¥,n° —n° as a test function, where 9,v(t, z) = v(t+h,x) for (t,x) € (0,7 —h] x 25,,

h h
[[9pn® — n5||2L2(m ) < ’<Dn v Vn®ds, 9, Vn® — Vn5> ’ + ‘< /t+ Jn(n%)ds, 9pn® — n5>
M7 t 25, t Ter

N ‘</tt+h[Fn(pE’nE) + Qn(n67b67e(us))]d8”lghng . n5> E N < tt+hg(n5)/\[5(e(us))d57ﬂhng _ ng>

M,

I'z -

for all 7 € (0,7 — h] and any h > 0. Then the boundedness of pj, with j = 1,2, the estimates for u®
n (5.1) and for n® and Vn® in (5.3) and (5.4), together with the Holder’s inequality, imply the estimates
for n*(t + h,z) — n°(t, z), stated in the Theorem. Similar calculations ensure the corresponding estimate for
be(t+ h,x) — b°(t, x). O

5.2. Existence of a unique solution of the coupled system (2.1), (2.3)—(2.6).
Proof of Theorem 3.2

We prove the existence of a unique solution of (2.1), (2.3)—(2.6) in a similar way as Theorem 3.1. The only
difference is in the derivation of the estimate for ||b*7 — bg’j—‘rl”[/oc(o,T;Loc(QIEVI)) for two fixed-point iterations.

Proof of Theorem 3.2. Similar to the proof of Theorem 3.1 we define the operator K : L%(0,T; L*(£25,)) —
L%(0,T; L>(£25,)) and derive a contraction inequality. Considering the equations for n =J and b*J, where
n°/ =ni —n° st b = bEd — b=+ and U = ud — usit! , and taking n°”’ and b7 as test functions yield

557 (D)1 Z2(ag,) + IVE 152005, )+ 1577 (7)1 2(qg,) + 195

|2
L2(925%,7)

< i1+ e

[eetg, ) + 107 s, ] (1@ ey, ) + 18 Raqar, ) + 157 i3acas, )]

)+ 167

M,r |L°°(-Q€ )+Hn67j+1HL°°(-QE )

+ 02He(u67j+1)||L°C(O7T;L2(‘Q ) [1 + ||n J”LOC(Q

+ 1657 oo (25,.,) } {HHEJHL? 0,7;L4(05,)) T 6 22007 L4028 I))}
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€,J

Using the trace inequality and the assumptions on J,, and G, the boundary terms for n" are estimated as

(30 (0) = 3, () 5 < [ Fags, )+ 0 VI Fags, -
(Ns(e(u™))(G(n*7) — G™T)),5%), <0
and

[((NVs(e(u™)) = No(e(u™ 1) G0 1), 0%7) | < Coy [|N5(e(u™)) = Ns(e(u™ )| For,

e,J+1

+o1 |07 |7 e (I ,)HﬁE]HL? (Iz.) < o(|n J”L?(Q y T HVﬁ;JH%Z’(n;LT))

N , G+l NE
+05(||e(u6j)HLoo(o,T;L'Z(Q))||b€JHL2(Q ) + 1b° i ||L<>c 0,7;L2(82% I))He( )”L?(QT))a
with arbitrary o1,0 > 0. Using the Gagliardo—Nirenberg inequality we estimate Hﬁs’jH%z(o FLA(95,)) and
[ |%2(Qi“), respec-

tively. Then the a priori estimates, similar to those in (4.2) ‘and (5.3)-(5.4), and the Gronwall’s inequality
yields

[Z2(0mze(g,) I terms of [A™N1Z e, IVA™ 12 (gq, ) and (6971172 g, 5, I1VH7

[

|L°° 0,7L2(25,)) T HVﬁEj”L?(QEI y + HbEJHLw(o riL2(025,)) T ”v{)EJ”L?(Q ) S Clle(u® )HL?(Q

M, ‘r)
Considering (Z‘E’j )P~1 as a test function in the equation for the difference of two iterations b/ and b=/*1 implies

4(p_ 1) 7e.d
+ ———IV[6’

1~ »
SIEI Do, 122005, ) < C [1+ 0| o

M, T

)+ 1657 || oo (2

&)

09 a1 o, o] [ [+ e g ) 5P e,

o 55 2ag, B g, |t

g, ) [ 1@z TP oo . (59

+ C3[1+ |0 || poc (e, )+ [|b°7

1\47

The last term in (5.5) we rewrite as

T I T Gres NG om0\ T
/OHe( =) | 2 (qe ) I [657 |L2(%)dt<</O IIe(ug’j)ILZ‘(%O (/0 1165712 [ )dt>
1

1 ~c. p—l (1+<) I+<
< =Clle(@=)||? — / Bk 2 dt
<l Ly P (I

(5.6)

with some 0 < ¢ < 1. Applying the Gagliardo—Nirenberg inequality yields

|Hbsj‘2 ||L4 o) = Ol[||v|bg’]

1135 e |67 1B 12502, + 15915 13 s, )

where a = 9/10 (for a three-dimensional domain). Considering ¢ such that a(1 +¢) < 1 we obtain

2a(14<) Mg |\ el e (1+9)
a S 1—a(l+s S
v (I ) [
0
1—a(l+4s)

a(l4s) o 2(1+:)(1 a) T—a) T
G+ oS ([T ) T e [T
0 0

/ B8 205 ae < ¢

p 1+
<(2) v
p

5 ||L1(+Q? dt
(5.7)
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for an arbitrary o > 0. Using the estimate (5.7) in (5.6) implies

T . ~ 1 O p—1 ~ . p
e g 1P gt < O e o P IV B,

1
2 0,702(025))

(0,7

2
1—a(l+s) ~
+Cy (r0=005 +wis>p9[sup ||b€ﬂ|’z’||mm] -

The same estimates hold for the term ||ﬁe’j||L2(Q;4) H|g€7j|p_1||[/2(015w) in (5.5). Using the Gagliardo-Nirenberg
inequality, the first integral on the right-hand side of (5.5) is estimated as

9
T £, 7,512 £, +a p2 7e,712
/0 le(u™ D2z b= [E 12 a0z, ydr < Clle™ DI r20z,)) + 1) (p— 1) 1165713 1 20,2125,

+ =D/ V0755, )

Applying the recursive iterations as in ([2], Lem. 3.2), in the same way as in the proof of Theorem 3.1, we obtain

B

| Lo (0,731 (025,)) < O”e(ﬁs’j)HL1+%(0,T;L2(Q)) for any ¢ € (0,1/9) and 7€ (0,7]. (5.8)

Then, similar to the proof of Theorem 3.1, combining (5.8) and (4.21), choosing 7 sufficiently small, applying
the same argument as in the proof of the Banach fixed-point theorem, and iterating over time-intervals, yield
the existence of a unique weak solution of Model II. O

6. CONVERGENCE RESULTS AND THE DERIVATION OF THE MACROSCOPIC EQUATIONS
FOR MODEL 1

In this section we first prove convergence results for a sequence of solutions of the microscopic problem (2.1)—
(2.4) and then, using homogenization techniques, derive a macroscopic model for plant cell wall biomechanics.

6.1. Convergence results for solutions of the microscopic Model I

Lemma 6.1. There exist functions p,n € (L*(0,T;V(£2)) N L>=(0,T; LW(Q)))Q, D, E LQ((ZT;Héer(}A/)/R)Q,
and b € WhH(0,T; L>=(£2 x )A’M)), u,0u € L>(0,T;W(02)), & € LQ(QT;Héer()A’)/R)?’, such that for a sub-
sequence (p®,n°,b%,u) of the sequence of solutions of the microscopic problem (2.1)—(2.4) (denoted again by
(p°, n°,b%,u%)) we have

p° — p, n° —n weakly in L*(0,T; H'(2)),

p° — p, n°—n two-scale,

Vp" = Vp+ @yij, Vnt — Vn+ @yﬁ two-scale,

p° —p, n°—n strongly in L*(27) and L*((0,T) x 012),

b® — b, b — b two-scale

as € — 0, where Vyv = (9,,v,8,,v,0)7, and

u® —u weakly™ in L>(0,T; W(£2)),
opu® — diu weakly in L*(0,T; W(£2)),

u" —u, Vu —=Vu+V,u two-scale,

/ e(u’)dr — / e(u)dx strongly in L*(0,T), as € — 0.
17} 17}
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Proof. The a priori estimates in Theorem 3.1 together with the extension Lemma 4.2 and the compactness
theorems for the two-scale convergence, see e.g. [3,42], ensure the weak and two-scale convergence of p¢, n®, b°,
and u®, stated in the Lemma.

The strong convergence of p and n® in L?({2r) follows from the estimates for || Vp® lz2(2s, ) IV L2002, ),
|9np° — pE”L?(QIEM,Tih), and ||9pn® — n6||L2(QiLT7’L), see (3.1), together with the linearity of the extension from
25, to 2 and the Kolmogorov compactness theorem [6,41]. The embedding {y(v) | v € HS(2)} C L*(912),
with ¢ € (1/2,1) and ~y(v) denote the trace of v on 9f2, the compact embedding H'(£2) C H*({2), the estimates
for ||9,p° — p5\|L2(Q;4,T7h), and ||9pn® — n5\|L2(Q;4,T7h), and the compactness result in [54] ensure the strong
convergence in L2((0,T) x 9§2). The boundedness of p¢, n®, b°, and 9;b°, along with the convergence results,
implies the boundedness of the limit functions p, n, b, and 0;b.

The a priori estimate for d;e(u®) yields the last strong convergence stated in the Lemma. O

In order to pass to the limit in the nonlinear functions R,,, Ry and Ej; we have to show the strong convergence
of a subsequence of {b°}. To show the strong convergence of a sequence defined on the perforated e-dependent
domain (25,, we use the unfolding operator to map it to a sequence defined on the fixed domain {2 x Yy, see
e.g. [12,13].

Definition 6.2. For a measurable function ¢ on {25,, the unfolding operator 7 is defined as
7;(¢)(1'7y) = ¢(5[i'/€]YM + 5y,1’3) for = € “Qa Yy e YM»
where & = (z1,22) and [%/e]y, is the unique integer combination of the periods, such that &/e —[2/e]y, € Yar.

For the unfolded sequence {7:(b°)} we have the following strong convergence result.

Lemma 6.3. Under Assumption 1 we have, up to a subsequence,
T.(b°) — b strongly in L*>(Q2p x Yar), ase— 0.

Proof. Using the extension of n® from (25, to (2, see Lemma 4.2, we define the extension of b* from 25, to {2
as a solution of the ordinary differential equation

04b° = Rp(n®,b°, Ns(e(u®))) in (0,T) x 42, (6.1)
b°(0,z) = bo(x) in 0. '

The construction of the extension for n® and the uniform boundedness of n° in 25, ., shown in Theorem 4.4,

ensure

) < Ca,

Il o= 0,755 (2)) < Culln®llze= 0,755 0,

with the constants Cy and Cy independent of €. Then, from equation (6.1) and using the assumptions on Ry,
we also obtain the uniform boundedness of b° and 0;0° in L>°(0,T; L>°({2)).

It follows from the properties of the unfolding operator [12,13] that the lemma holds if it is shown that b°
converges strongly to b. We show the strong convergence of b° by applying the Kolmogorov theorem [6,41].
Considering equation (6.1) at (¢, +h;) and (¢,x), where h; = hbj;, with (by, bs, bs) being the canonical basis
in R and h > 0, taking b°(t,z + h;) — b°(¢, ) as a test function and using the boundedness of n§, n§, and b°,
along with the local Lipschitz continuity of Ry, yield

16 (7, - + ) = 0°(7, )32,y < O/O [||ne(t, -+ hy) =0 ()72, + 10°(4 - + hy) = (2, .)||2L2(92h)} dt

2

dt

+bo(- +hs) — bo()]? +5—6/ H/ tr B (b%)e(u (¢, 2 di"‘
1o i) O()||L2(Q2h') 0 Bs,n(z)N2 (E)e(u’ (2. 2)) L2(22n)
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for 7 € (0,T], where (2, = {x € 2 | dist(x,d12) > 2h}, Bsn(z) = [Bs(z +h;) \ Bs(z)] U [Bs(z) \ Bs(z +h;)],
and the constants ', Uy are independent of £ and h. Using the regularity of the initial condition by € H L(92),
the a priori estimates for e(u®) and Vn® along with the fact that |Bsp(z) N 2] < C§2h for all z € 2, and
applying the Gronwall’s inequality we obtain

sup [|b(t, - + hy) = 0°(t,-) [ F2(0,,,) < Csh (6.2)
te(0,T)

Extending b¢ by zero from Q27 into R, x R? and using the uniform boundedness of b in L>(0,7’; L>°(£2)) imply
Hb€||2<>c (0,T;L2(231)) + ”beuiz((Tfh,TJrh)xQ) < Ch, (6'3)

where (25, = {x € R3 | dist(z,0£2) < 3h} and the constant C is independent of ¢ and h. The estimates for 9;b°
enstre

165+ by ) = b7,z 0.r—myx2) < CLB2 066772,y < Cah?, (6.4)
where C; and Cy are independent of € and h. Combining (6.2)-(6.4) and applying the Kolmogorov’s theorem
imply the strong convergence of b° to b in L?(£27). The definition of the two-scale-convergence yields b = b, and

hence the two-scale limit of b° is independent of y. O

Remark 6.4. Notice that the two-scale convergence of u® and the estimates for d;e(u®) and 0;b°, together
with the Kolmogorov theorem [6], imply that

/]Es(b z)e da:—>/][ (b y)(e(w) + &, (@)dyde  in L*(0,T),

where &, (V)33 = 0, &,(v);3 = &,(V)s; = £9,,vs for j = 1,2, and &,(v);; = 2(0,vj + 9y, v;) for i, = 1,2, and

][ E® (b, z)e(u®)dz —>][ ][ (b,y)(e(u) + &,())dydz in L*(0,T)
B(s(x)ﬂ Bs I)ﬁQ

as € — 0, for all z € £2. Then, Lebesgue’s dominated convergence theorem ensures
][ E (b, Z)e(u®)di —>][ ][ (b,y)(e(u) + &,(1))dydz in L*(2r) and L*(I'r7), (6.5)
Bs(z)N2 Bs(z)N2
as € — 0. In the same way we also obtain

][ e(uf) di — e(w)di  in LX(Qr) and [2(Irr),  as & —0. (6.6)
Bs(z)N2 Bs(z)N2

6.2. Derivation of the macroscopic equations for Model I. Proof of Theorem 3.3

Using the convergence results, shown in Lemma 6.1, and applying the two-scale convergence and the periodic
unfolding methods, see e.g. [3,12,13,42], we derive the macroscopic equations for Model I.

Proof of Theorem 3.3. We consider ¢, € C>(02r) and @, (t,x) = @,(t,z) + e (t,x,2/c), where @, €
C™(2r)? is ag-periodic in x3, ¢, (T,x) = 0 for x € 2, and ¢, € C;°(2r; C2(Y)), for o = p,n, as test
functions in (2.8)—(2.10). Applying the two-scale convergence and using the strong convergence of 7;(b%), p®
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and n®, yield

— (2,010, 0y x5+ (Dp(VDP + VD), Voo, + Vith, ) v = —(Fu(D): @) 0p vy — 1V (00 Py ) 1e 1
+[Y[(J [(Ip(P), >FI,T + (Pos #p(0,7)) gy,
—(0,000,) 5, 34, + (Dn(VD 4 V), Voo, + Vb, ) v = [Y(GD) N5 (e(w)), ®,)rr
+ Y [(In(0),@,)re 1 + (Fn(p,n) + R (0,5, N5 (e(1))), ©,) 0, w3, + 10, 0,(0,2)) o5,

(Oeb, o) 2 = (Ro(0,0, N5 (e(n))), @1) 02 67

6.7

Here we used the fact that the strong convergence of 7 (b%), the two-scale convergence of u®, and the estimates
for 9;u® and 0;b° ensure

Ns(e(u®)) — NET(e(u)) in L?(27) and in L*(I'rr7) as € — 0,
see the convergence in (6.5) and the definition of NE% in (3.11). Choosing ¢, = 0 we obtain

(Dp(VP+ VD), Vyth,) o ., =0 and  (Dn(Vn+ Vyn), Vyth,) o g =0. (6.8)

The linearity of (6.8) implies that p and n have the form

p(t,x,y) = Za% ta:vj() n(t,xz,y) = Z@ntxvj()
j=1,2,3 j=1,2,3
i,lavi,Q)T
D! and the fact that Vi,l are solutions of (3.5) ensure that D!, are strongly elliptic, with o = n,p and [ = 1,2.
Taking 1, = 0 and considering first ¢, € C}(27)? and then ¢, € CL(0,T;C*(2))?, with ¢, being az-
periodic in x3, where o = p,n, yields the macroscopic equations and boundary conditions for p and n in (3.8)
and (3.9).
Equation (3.9) and the regularity of p, n and u imply dn, &;p € L2*(0,7;V(2))?. Thus, p,n €
C([0,T]; L?(£2))? and together with the equations for p and n in (6.7) we obtain p(t,-) — p, and n(t,-) — ng
in L2(£2)? as t — 0. The regularity of b and the two-scale convergence of 9;b° ensure b(t,-) — by in L?({2).

where vI = (v are solutions of the unit cell problems (3.5), for « = n,p, j = 1,2, 3. The definition of

Considering_ '(/)(t ) = (t,x) + ey(t,x,2/e), with ¥, € CH2r)® N L20,T;W(R2)), ¥, €
C3°(027;C2,(Y))?, as a test function in (2.11) and applying the strong convergence of T;(b°) and the two-

scale convergence of u®, we obtain

|?|71<E(ba y)(e(u) + éy(ﬁ))ve('lpl) + éy(1p2)>_QT><f/ = [<f71p1>FSM,T - <pIV?,(/)1>FI‘T] .

Taking ¢, = 0 yields
(E(b,y)(e(u) + &,()), éy("/’z)>QTxY =0. (6.9)

The structure of equation (6.9) implies

3
R B 1 Oui(t,xz) = Ou,(t, ) ij
at,z,y) =5 ) ( i AL

i,7=1

where w' are solutions of the unit cell problems (3.7). Considering 1), = 0 implies the macroscopic equations
for u. Similar to ([43], Thm. II.1.1) we obtain the symmetries and the strong ellipticity of Epom.

In the same manner as for the microscopic model, by deriving a contraction inequality we prove the uniqueness
of a weak solution of the macroscopic equations and obtain that the whole sequence of microscopic solutions
converges to a solution of the macroscopic problem. Here we use that due to the boundedness of b for solutions

of the unit cell problem (3.7) we have w € L (§27; per( ))3, for i, j = 1,2, 3. The contraction inequality and
a fixed-point argument also ensure the existence of a solution of the macroscopic equations (3.8)—(3.10). O
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7. CONVERGENCE RESULTS AND THE DERIVATION OF THE MACROSCOPIC EQUATIONS
FOR MODEL II

Considering the extension of solutions of the microscopic problem (2.1), (2.3)—(2.6), given by Lemma 4.2, we
have the following convergence results.

Lemma 7.1. There exist p,n € (L2(0,T;V(2)) N L2(0,T; L(2))°, b, 7 € L*(Qr; Hio(Var)/R)2,
b e L20,T;V(2)) N L®(0,T;L>(R2)), b € LZ(QT;H;er()A’M)/R), and u € L>®(0,T;W(f2)), a €
L?(Qr; H;er(f/)/R)?’, such that for a subsequence (p®, n®,b°,u®) of the sequence of solutions of the microscopic
problem (2.1), (2.3)—(2.6) (denoted again by (p°, n°,b°,u®)) we have

p°—p, n° — n, b*—b weakly in L*(0,T; H'(£2)),

p°—p, n° — n, b* —b strongly in L*(2r) and L*((0,T) x 82),
Vp" — Vp+ ﬁyﬁ, vn® — Vn+ @yﬁ, Vb* — Vb + @yi) two-scale,

u® —u weakly™ in L>(0,T; W(£2)),

Vu® — Vu + V,a two-scale.

(7.1)

Proof. The convergence results for p® and u® are obtained in the same way as in Lemma 6.1. Due to the
a priori estimates derived in Theorem 3.2 and the compactness theorem for the two-scale convergence, we
obtain the weak and two-scale convergence for n® and b°. The estimates for [|[Vn®||12(q,) and [[V0®||12(0,), as
well as for |[n°(- + h,-) —n°(-,-)||L2(@,_,) and [[6°(- + h,-) — b°(-,-)||L2(2s_,), Obtained from the last estimate
in (3.3) and the linearity of the extension, together with the Kolmogorov compactness theorem [6,41], ensure
the strong convergence of n° and b° in L2(27). As in the proof of Lemma 6.1, the compactness of the embedding
H(Q) C H<(R2), for ¢ < 1, and the compactness result in [54] ensure the strong convergence in L2((0, 7)) x 02).
The boundedness of n® and b°, together with convergence in L?({27), implies the boundedness of n and b. [

Next we derive the macroscopic equations (3.8), (3.10), (3.12), (3.13) for Model II, i.e. for equations (2.1),
(2.3)—(2.6).

Proof of Theorem 3.4. Since the equations for p® are the same in both microscopic problems Model I and Model
I1, the derivation of the equations for p follows along the same line as in the proof of Theorem 3.3. Using the
strong convergence of b°, in the same way as in the proof of Theorem 3.3, we obtain the equations for u.

To derive the macroscopic equations for n and b we have to show the strong two-scale convergence of e(u®) in
order to pass to the limit in the nonlinear functions Q,,(n%, %, e(u®)) and Qp(n®, b°, e(u®)). Consider u® as a test
function in (2.11). Then, using the lower-semicontinuity of a norm, the positive definiteness of E¢ (b, x), the uni-
form in ¢ boundedness of b in L°°(0,T; L>(£25,)), together with the weak convergence of u® in L2(0, T; W(£2)),
the two-scale convergence of e(u®), and the strong convergence of b°, we obtain

VTH(E(b, y)(e(u) +&,(d)), e(u) + &, (1)), ¢ < lim inf(E° (6%, z)e(u”), e(u)) or .
2
< lim sup(E* (6%, z)e(u®),e(u®)) o, = ilil(l) [(f, U)oy — <p11/,u5>pIYT] = (£, Wreyr — P2V, W)y o (7:2)

e—0

Taking u as a test function in (3.8) and 1 as a test function in (6.9), and using the definition of Eyop,, yields

<f7 u>F£L{‘T - <pI’/’ u>FI‘T = ‘Y‘_1<E(b’ y)(e(u) + éy(ﬁ))v e(u) + éy(ﬁ)>QT7{/'
Hence we obtain that

lim (E° (b°, w)e(u), e(u)) o, = [V|"H(E(b, y)(e(u) + &, (1)), e(u) + &, (1)), (7.3)
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and, using the positive definiteness of [, the strong convergence of b°, and the lower semicontinuity of a norm,
we conclude the strong two-scale convergence of e(u®). Taking into account the microscopic structure of 25,
and the definition of the unfolding operator, from (7.3) we also have

VI~ lim (B(T: (0°). ) Te (e(u)), Te(e(u)) o = [VITH(E®, y)(e(u) + &, (1)) e(u) +&,(0)), o (7.4)

To show the strong convergence of 7z (e(uf)) in L2(27 x V) we consider

= (E(Z=(b°). ) [T=(e(u?)) — e(u) — &, ()], Z=(e(u®)) — e(u) — &,(
= (E(Z(b"),y) Te(e(u7)), Te(e(uf)) ), o — (B(Z(6%),y)Te(e(uf)), e(u) + &, (@) g, 5
— (E(Z=(b°). y) [e(u) + &, (0)], Te(e(u))) ,, o + (E(T(b%), ) [e(u) + &y ()], e(u) + &, (1))

Then, the convergence in (7.4) and the strong ellipticity of E, together with the strong convergence of b° and
weak convergence of 7;(e(u®)), ensured by the two-scale convergence of e(u®), yield

(7.5)

lim [ 7-(e(u®)) — e(w) = &(8)| 2 g, ) < w5 imZ = 0.

The a priori estimates for u®, n°, and b°, see (3.2) and (3.3), and the local Lipschitz continuity of Q,, and Qy,
see Assumption 1, ensure

17:(Q,, (0%, 0%, (W)l L2 (2 w9y + 17e(@o (0%, 6%, €(u))) | L2 vy < Cn

and A
17(Q, (n", 0%, e(u?))) — Q,, (1, b, e(u) + &, ()| 1 (0, 07,

+ 1 7=(Qp(n®, 0%, e(u))) — Qp (1, b, () + &, (W)l L1 (0, 9, )
< Co(1+ le(u)z2(en) [17e(0%) = 0l 120, vy + T2 (07) = bll L2 w9
+Cs[1+ InflLa(or) + [Bllz2(2n ] 17:(e(u%)) — e(w) — &y (W)]| 120 x vy
where the constants Cp, C2 and Cs are independent of €. The strong convergence of 7;(e(u®)), n°, and 7. (b)
implies
lim (T:(Q (07 1%, e(u))). ) .y, = (Qun.boe(w) +&,(0).4),, ¢
+ ili% <7;(Qn(n€7 bEv e(us))) - Qn(n7 b’ e(u) + éy(ﬁ))v ¢>QT’YA4 = <Qn(n7 b’ e(u) + éy(ﬁ))v ¢>QT’YA4

for all ¢ € Co(£2p x Yas)2. A similar convergence result holds also for 7z (Qy(n®, b°, e(uf))). Hence, we conclude

Z(Qn(ns’ bsa e(ug))) - Qn(na bae(u) + éy(fl)) Weakly in L2(QT X YM),
T.(Qp(n, 0%, e(u®))) — Qp(n, b, e(u) + &,() weakly in L?(2r x Yas)

and, due to the relation between the two-scale convergence of a sequence and the weak convergence of the
unfolded sequence, see e.g. [13], we also obtain

Q,.(n%, 0%, e(u’)) = Q,(n,b,e(u) + é,(q)) two-scale, 7.6)
Qp(n®, 0%, e(u®)) = Qp(n, b, e(u) + €,(0)) two-scale. (7.
Considering ¢,,(t,z) = ¢,,(t,x) + e, (t,z,&/c) and ¢p(t,z) = @p(t,x) + ep(t, z, & /c), with ¢,, € Cl(ﬁT) ,

wop € CY(27), ¢, (T,z) =0, (T, x) = 0 for x € 2, and ¢,,, ¢p are az-periodic in x3, 1, € C3(27;CL. (V)2

per
Yy € Cg(27; C, (Y)), as test functions in the equations for n® and b° in (2.12) and using the convergence results
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in Lemma 7.1, together with the two-scale convergence of Q,,(n®, %, e(u®)) and Qp(n®, b, e(u®)), see (7.6), we
obtain

—0r(0,0ip,) 2 + [V (Dn(Vn+ Vi), Voo, + Vyih,) o v = 00(00,0,(0,-)) 2 + (Jn(n), 0,) re 1
HY [ Fo(p,m) + Q, (1, b,e(w) + &, (1)), 0,) 0, 3, + (N5 (e(w) G(n), @)y (7.7)

—0ar (b, Oupr) 2 + V17 HD(Vh+ Vyb), Voo + Vi) 3 = V|{(Qs(m, b, (1) + &,(1)), Pb) 00 Tus

+011(bo, 5(0, ) 2,

where 0y = [Yas|/|Y| and N (e(u)) is defined in (3.11). As in the proof of Theorem 3.3, choosing ¢, = 0
and ¢, = 0 we obtain the unit cell problems (3.5), (3.6) and the macroscopic diffusion coefficients D!, and
Dy, with [ = 1,2. Taking 9,, = 0, ¥, = 0 and considering first ¢, € CL(27)?, ¢p € Ci(2r) and then
@, € CH0,T;CH2))?%, op € CL(0,T;CHR2)), with ¢,,, pp being az-periodic in 3, we obtain the macroscopic
equations and boundary conditions in (3.10), (3.12), and (3.13). The equations (3.12) and the regularity of
n, b and u imply dn € L2(0,7;V(2))? and ;b € L*(0,T;V(£2)). Thus n € C([0,T]; L*(2))? and b €
C([0,T); L*(£2)), and using (7.7) we obtain n(t,-) — ng and b(t,-) — by in L*(£2) as t — 0.

To show the uniqueness of a solution of the macroscopic problem (3.8), (3.10), (3.12), and (3.13) we consider
the equations for the difference of two solutions. Using the boundedness of p and the local Lipschitz continuity of
F,, we obtain the uniqueness of a solution of the subsystem for p. In the same way as in the proof of Lemma 4.1
and Theorem 3.2 we obtain

I o< 0,7 22(2)) + IV 202,y + 1Bl Lo (0,7;22(2)) + [[VOl|L2(0,) < Clle()| z2(.),
[0/l Los (0,752 (2)) < Clle(@)|| pr+1/50,7;22(02))5 (7.8)
le(@)|Loe0,7;:22(02)) < Cllbll Lo (0,7:2°0(2))>

for 0 < ¢ <1/9 and 7 € (0,T], where i = n' —n2 b =b' — b2, & = u! —u2, and (n',b',u’) and (n2,b2, u?)
are two solutions of the macroscopic problem (3.8), (3.10), (3.12), and (3.13). Then considering 7 sufficiently
small and iterating over time-intervals yield the uniqueness of a weak solution of the coupled system (3.8),
(3.10), (3.12), and (3.13) in £27. The inequalities (7.8) together with a fixed-point argument also ensure the
well-posedness of the macroscopic problem. O

8. ANALYSIS OF THE MICROSCOPIC EQUATIONS WITH THE REACTION TERMS DEPENDING
ON STRAIN

It is possible to assume that the breakage of calcium-pectin cross-links depends on the strain instead of stress:

n
Ns(e(u®))(t,z) = <]{3 ( )mQtr e(u®)(t, 1) di") for all z € 2 and t € (0,7), (8.1)

P(b*,e(u%)) = (tr e(u’))", (8.2)

with Q,,(n%,b°) = Q(n®,b%)P(b°,e(u®)), see (2.7). In this situation the analysis of the microscopic problems
follows along the same lines as in Theorems 3.1 and 3.2. Moreover, in this situation the growth assumption on
Ejs is not needed. In the macroscopic equations, see Theorems 3.3 and 3.4, we will have

+
Nef(e(u)) = ][ tre(u) dz and  P(h, We(u)) = (tr We(u))™,
B,;(:E)Q.Q
where Wijn (¢, 2,y) = 6irdj + (€, (W' (t,x,y)))kl and w* being solutions of the unit cell problems (3.7). The
proof of the strong convergence of 7:(b°) in the case where Ns(e(u®)) depends on the strain can be conducted
in a different way.
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+ —
Lemma 8.1. In the case of Model 1, (2.1)~(2.4), and Ns(e(u®))(t, z) {fB (©)ne tre(us(t,i))di} forxz e (2

and t € (0,T), we have, up to a subsequence,
T.(b°) — b strongly in L*(2p x Yar) ase — 0.

Proof. To show the strong convergence of 7z (b°) in L?(£27 x Yar), we prove that 72 (b°) is a Cauchy sequence in
L2(027 x YM) In the proof of the Cauchy property for the sequence 7;(b%) we shall use the Gronwall’s inequality.
Thus, we consider equations for b in (0,7) x £25,, for any 7 € (0,T].

Applying the unfolding operator 7; to the equation for b° in (2.2) and taking 7.  (b°™) — 7, (b°*) as a test
function in the difference of the equations for 7¢, (b°) and 7, (b°*) yield

17, 67 ) (1) = T, 07 ) (D)1 2 vy = 1o (b0) = T (B0) |72 o3 F 2001 + T2 + I3),
where
I =(Ry(T.,, (n), T.,, (5°7), T2, Ns(e(u))) — Ro(Te, (™), T2, (b), T2, Ni(e(us)), 85 S T (6)) g,
=(Ry(7:, ("), T, (b%), I:, N5 (e(u™™))) — Ry(Tz, (nF), 7c, (b5 ), To N (e(u™))), 6 T2 (6%)) sy, »
=(Ry(Tz, (n*), Tc,,, (b°7), 7c,, Ns(e(u™™))) — Ry (7, (n*), T2, (b5 ), ¢, Nis(e(u™))), 65 T2 (6%)) o9,

with §5m T (b¥) = T, (b)) — T, (b°*) and 7 € (0,T]. Using the strong convergence of n® in L%(27), the
assumptions on Ry, and the boundedness of n® and b° for the first term we have

|Il‘ < Ul(gmacek) + HITEm(bgm) - (bsk)HLz 2, xVar)?

where 01(em,er) — 0 as €, e, — 0. The boundedness of n® and b° yield
L] < C[IT:,, (Ns(e(u™))) = To, (s (@™ )2 ny + 1T 67%) = To 6520 g ] = Cllan + ).

Using the properties of the unfolding operator 7., i.e. || Z:(¢ )”L?(QXY) < |Y|||</§H%2(Q) and 7:(¢) — ¢ strongly
in L2(2 x Y) for ¢ € L*(£2), we have

i< 30 [T No(e(u) = T Ns(e ()2 g, + 172, Ni(e(u) ~ Nate() [, 5|

j=m,k
<[V [Ns(e(u)) — Ns(e(w))l[72(q,) + o2(em, ex),
j=m,k
where o2(gm,ek) — 0 as e, — 0. Applying the weak convergence of e(u®) and the strong convergence of
fB(;(z)ﬁQ e(u®)dz, see (6.6), yields
2

INie(u™)) - Ns(eu) o < [ [ durdt < C5-04(c),

][ le(u™ (t, 7)) — e(u(t, )] di
Bs(z)N$2

where o3(¢;) — 0 as ¢; — 0, with j = m, k. We estimate I3 as

13| < C[1+ srl)lp/\/a(e(us’"))] 17, (b5) = T, (b7%)

||L2(Q XY]VI)
Combining the estimates for I, I>1, and I3 and applying the Gronwall’s inequality we obtain

o 2, 6°7) = T (0 5, < 91(5ms 1)

where 04(gm,er) — 0 as e, ex — 0. Hence, we have that {7;(b¥)} converges strongly in L?(2r x YM)
The macroscopic equation for b implies that b is independent of the microscopic variables y € Yj,. O
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9. ON THE COMPUTATION OF THE EFFECTIVE ELASTICITY TENSOR

The macroscopic equations allow for the development of efficient numerical simulations of the models discussed
above. To solve the macroscopic problem numerically, the first step is to obtain the macroscopic effective diffusion
coefficients and elasticity tensor. To compute the effective diffusion coefficients, one must solve the unit cell
problems (3.5) and (3.6). Since in (3.5) and (3.6) we have Poisson equations defined on a unit cell Y3, and
are independent of the macroscopic variables, standard numerical methods can be applied. Solving (3.7) to
determine the effective elasticity tensor is more involved, since the unit cell problems in (3.7) depend on the
microscopic variables y € Yar as well as on the macroscopic variables  and the time variable ¢ through the
density of the calcium-pectin cross-links b. Thus, in general the system (3.7) must be solved for each possible
value of b(t,z) for (t,z) € £27. However, under physically reasonable assumptions on the elasticity tensor for
the cell wall matrix, it can be shown that it is sufficient to solve (3.7) for only two values of b.

If the cell wall matrix is isotropic, then the effective elasticity tensor depends linearly on the Young’s modulus
of the wall matrix. To see this, consider the definition of the homogenized elasticity tensor

]Ehom,ijkl(b) = ][}; [Eijkl(bv y) + (]E(bv y)éy(wzj (b)))kl] dy’ (91)

where
E(b,y) = Eam(b)xv (v) + Erxye (y)

and w* are the unique solutions of the unit cell problems (3.7). Experiments suggest that only the Young’s
modulus E = E(b) depends on the density of the calcium-pectin cross-links b, see e.g. [64]. Since the cell wall
matrix is isotropic, the elasticity tensor of the cell wall matrix depends linearly on the Young’s modulus, and
thus is of the form _

En(b) = En(E(b)) = E(b)Er + Eo.

To prove that Epom also depends linearly on E(b), we shall show that there exist Enom,1 and Enom o such that
]Ehom(b) = E(b)Ehom,l + IEhom,O~ (92)

For any positive numbers « and 3, we define
_ (% N (= N
Wila, §) = (Ea+8.y)e,(w(a+ ) — (El@y)e,(w? () .
It follows from (9.1) that for (9.2) to hold it is sufficient to show that [, W (e, 3)dy is linear in 3 and independent

of a. Tt follows from equations (3.7) and the Y -periodicity of w* and E(b,-) that W(a, ) is Y-periodic and
satisfies R - R
diVy(W(OZ, B8) + ﬁElbUXYM) =0 inY. (93)

The Helmholtz—Hodge decomposition theorem for Lz(f/')SXS implies that W (a, 3) has a unique representation
W (o, §) = (curl, U(er, 9))" + Z(or ),

where (cﬁrly U(a, 8))T and Z(«, ) are L2-orthogonal periodic matrix functions, see e.g. [36]. Here (cﬁrlyU)ij =
€110y, Ui + €210y, Ui, with summation over k = 1,2, 3 and € beeing the three dimensional Levi-Civita symbol.
Then Z(«, ) is the unique Y-periodic solution of

divy(Z(e, B) + BE by, ) =0 inY,
that is orthogonal to the kernel of divy. Therefore Z is a linear function of 5 and is independent of oe. Moreover,

it follows from the periodicity of U that fY (cﬁrly U(a, 3))Tdy = 0. Thus, ff, W (a, 8)dy is independent of «
and is linear in .



HOMOGENIZATION OF A SYSTEM OF ELASTIC AND REACTION-DIFFUSION EQUATIONS 623

TABLE 1. Effective macroscopic elasticity tensor for the Young’s modulus £ = 10 MPa.

21289 233 0 0 O
89 212 233 0 0 O
23.323.3 433675 0 0 O
0 0 0 14 0 0
0 0 0 014 0
0 0 0 0 0 5.7

Since Eyon is a linear function of the Young’s modulus of the cell wall matrix, knowing Eyqp, for two different
values of this modulus completely determines Eyom. Thus, given the Young’s modulus of the cell wall matrix
as a function of the calcium-pectin cross-link density, the macroscopic elasticity tensor can be computed for
different cross-link densities by solving the unit cell problems (3.7) for only two values of b.

As an example, we compute Eyon numerically for £ = 10 MPa, which corresponds to b = 2.48 uM when
E(b) = 0.775b + 8.08, see [64]. Since the cell wall matrix is assumed to be isotropic, it suffices to specify the
Poisson’s ratio to completely determine the elasticity tensor of the wall matrix. Here, we consider the Poisson’s
ratio to be equal to 0.3, a common value for biological materials. The microfibrils are transversely isotropic [16]
and, hence, the elasticity tensor is determined by specifying five parameters: the Young’s modulus Er associated
with the directions lying perpendicular to the fibril, the Poisson’s ratio vg; which characterizes the transverse
reduction of the plane perpendicular to the microfibril for stress lying in this plane, the ratio ny between Er and
the Young’s modulus associated with the direction of the fibril, the Poisson’s ratio vpo governing the reduction
in the plane perpendicular to the micofibril for stress in the direction of the microfibril, and the shear modulus
Zp for planes parallel to the fibril. These parameters are assigned the values

EF = 15000 MPa, Vp1 — 03, ng — 0068, VEpo — 0.11, ZF = 84842 MPa,

which are chosen based on experimental results [64] and to ensure that the elasticity tensor for the microfibrils
is strongly elliptic. The computations involved the unit cell Y = (0,1)? with

Yr = {(y1,52) € Y | (y1 — 0.5)% + (2 — 0.5)? < 0.25%}.

The unit cell problem (3.7) was solved using FEniCS [34,35,44]. This involved the discretization of the domain Y
using a nonuniform mesh with 15,991,809 vertices that had a higher density of vertices near the boundary
between the cell wall matrix and the microfibrils. The linear system, obtained using the continuous Galerkin
finite element method, was solved using the general minimal residual method with an algebraic multigrid
preconditioner.

Table 1 shows the computed effective elasticity tensor expressed in Voigt notation. When a larger value of b is
considered, the components of the resulting effective elasticity tensor are larger. As can be seen, the macroscopic
elasticity tensor possesses tetragonal symmetry. This is in agreement with a general result on the symmetry
of the effective coefficients, see [50]. The C3z3 component is several orders of magnitude larger than the other
components of C since it describes the resistivity of the cell wall to being stretched in the direction parallel to
the microfibrils, and the microfibrils are much stiffer than the cell wall matrix.

10. DERIVATION OF THE MATHEMATICAL MODEL

In this section Model I for plant cell wall biomechanics is derived. The derivation of Model II follows along
the same lines. We will emphasise the differences between Models I and II at the end of the section.
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FIGURE 2. Schematic diagram of a plant cell wall. MF denotes cell wall microfibrils, CMT
denotes cortical microtubules in a plant cell.

The primary wall of a plant cell consists mainly of oriented cellulose microfibrils, pectin, hemicellulose, struc-
tural proteins, and water, see Fig. 2. The cross-linked pectin network is the main composite of the middle lamella
which joins individual cells together. The main force for cell elongation (turgor pressure) acts isotropically, and
so it is the microscopic structure of the cell wall which determines the anisotropic growth of plant cells and
tissue. The orientation of microfibrils, their length, high tensile strength, and interaction with cell wall matrix
macromolecules strongly influence the wall’s stiffness. Hemicelluloses form hydrogen bonds with the surface of
cellulose microfibrils, which may strengthen the cell wall by creating a microfibril-hemicellulose network, but
also weaken the mechanical strength of cell walls by preventing cellulose aggregation [56]. Pectin is deposited
into cell walls in a methylesterified form, where it can be modified by the enzyme pectin methylesterase (PME),
which removes methyl groups by breaking ester bonds. The de-esterified pectin is able to form calcium-pectin
cross-links, and so stiffen the cell wall and reduce its expansion, see e.g. [60,64].

Thus, the biomechanics of plant cell walls is determined by the cell wall microstructure, given by the mi-
crofibrils, and the physical properties of the cell wall matrix. There are a number of models of a plant cell wall,
each of which focuses on different aspects of its structure. Mathematical models of the cellulose-hemicellulose
network were proposed in [20,45]. The account of the microstructure of a cell wall has been addressed by con-
sidering the anisotropic yield stresses or by distinguishing between the free energies related to the elasticity
of (i) macromolecules and hydrogen bonds or (ii) the matrix and microfibrils [7,17,58]. The influence of the
microfibril orientation and the external torque on the expansion process has been considered in [19]. The effect
of changes in the chemical configurations of pectins (methylesterified and demethylesterified) and the calcium
concentration on the viscous behavior of a cell wall in a pollen tube has been analyzed in [31,52].

In our model we focus on two aspects which have not been considered together before: the influence of the
microstructure, associated with the cellulose microfibrils, and of the calcium-pectin cross-links on the mechanical
properties of plant cell walls. In the microscopic model of cell wall biomechanics derived here, the cell wall
microstructure and the dynamics of the formation and dissociation of calcium-pectin cross-links are considered
explicitly.

It is supposed that calcium-pectin cross-linking chemistry is one of the main regulators of cell wall elasticity
and extension [61]. It has been shown that the modification of pectin by PME and the control of the amount
of calcium-pectin cross-links greatly influence the mechanical deformations of plant cell walls [46,47], and the
interference with PME activity causes dramatic changes in growth behavior of plant cells and tissues [62].
We consider the most abundant subclass of pectin, homogalacturonan, which is important for the regulation
of plant biomechanics and growth. Homogalacturonan consists of a long linear chain of galacturonic acids.
Pectin is deposited into the cell wall in a highly methylestrified state and then is modified by the enzyme
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pectin-methylesterase (PME), which removes methyl groups [60]. The demethylesterified pectin interacts with
calcium ions to produce load bearing cross-links, which reduce cell wall expansion, see e.g. [61].

In the mathematical model a flat section of a cell wall composed of a polysaccharide matrix and cellulose
microfibrils is considered. Let 2 be a reference configuration of the plant cell wall. The domains §2); and 2p
denote the parts of {2 occupied by the cell wall matrix and microfibrils, respectively.

We consider five species within the plant cell wall matrix: methylestrified pectin, the enzyme PME, demethyl-
estrified pectin, calcium ions, and calcium-pectin cross-links. To form cross-links with calcium ions Ca2*, pectin
molecules need to have only some of their constituent acids de-estrified, see e.g. [15,60]. Thus, when describing
the density of pectin in the different states, we refer to the density of the galacturonic acid groups in the different
states.

Let ne, ng, ng, ne, and np denote the number densities of methylestrified pectin acid groups, PME enzyme,
demethylestrified pectin acid groups, calcium ions, and calcium-pectin cross-links in the reference configuration
2, respectively. Let S = {e, F,d, c¢,b} be an index set and ng will denote all five of the densities. We assume
that the densities n,, with @ € S, are changing due to spacial movement, reactions between the species, and
external agencies. Thus, the balance equation for n,, is given by

Oing = 1o — divje + ha in 2y, a €S, (10.1)

where 7, models the chemical reactions between the species, j, is the flux, and h,, is the species supply due to
external agencies. The momentum balance for the cell wall reads

0=divTg+b  in 2, (10.2)

where Tpg is the Piola stress and b denotes the external body forces, including inertial forces. We consider
elastic behavior of the wall material and assume that the chemical processes in the wall matrix influence the
mechanical properties of the cell walls, see e.g. [15,60]. The constitutive law of linear elasticity, see e.g. [9], for
the stress is assumed:

Tr = (]EM (nS)X-QM + ]EFX-QF)e(u)v (103)

where Ep/(ng) and Ep are elasticity tensors for cell wall matrix and microfibrils, respectively, and e(u) =
%(Vu—i—VuT) is the symmetric part of the displacement gradient, x 4 is the characteristic function of a domain A.

The interactions between the mechanical properties of the cell wall and the biochemistry of the wall matrix
are also reflected in the reactions terms

Ta = Ta0(ns) + Za(ng) - Ny(e(u)), (10.4)

where

Nife)@) = f  Blns)e(w(@)dz
Bs(x)N§2
for all z € 2, with E(ns) = Ear(ns)X 0y +Erxa,. We assume that the stress influences the chemical reactions
and the dynamics of calcium-pectin cross-links [48]. Since pectin are long molecules, we assume the nonlocal
impact of cell wall mechanics on chemical processes. Thus, stresses within a neighborhood of a point affect the
rate of the chemical reactions. The length scale ¢ is associated with the length of the pectin molecules.
The flux of species « is assumed to be determined by Fick’s law:

Ja = —DaVng, (10.5)

where Dy, is the diffusion coefficient of the species a.
Next, we specify assumptions on the constitutive laws introduced in (10.3)—(10.5) that reflect the physics
of the plant cell wall. The cell wall matrix has the same properties in all directions and, hence, is isotropic,
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see e.g. [64]. This is expressed mathematically by requiring
En(ns)(Qe(u)Q") = Q(En(ns)e(u)Q™,
Zo(ns) = QZ,(ns)QT, for all rotations Q. (10.6)

D, = QDaQTv
Using standard representation theorems for isotropic functions, see e.g. [24], equations (10.6) imply that

Ear(ns)e(w) = 2u(ns)e(u) + Ang)(divu)1,
Za(ns) = za(ns)1, (10.7)
D, = D,1.

While it is known that polymers can diffuse [25], the diffusion coefficient of calcium-pectin cross-links is much
lower than the diffusion coefficients of the other species and, thus, we assume first that calcium-pectin cross-
links do not diffuse, i.e. Dy = 0. Unlike the matrix, the microfibrils have different elastic properties in different
directions, see e.g. [16]. For a plant cell wall, the amount of calcium-pectin cross-links plays a decisive role in
determining the elastic properties of the wall matrix [56,61]. Thus, we assume that E,; or, equivalently, p and A,
depends only on ny,.

We consider the following four interactions between the species in the matrix:

(1) The enzyme PME interacts with methylestrified pectin to form demethylestrified pectin.

(2) Demethylestrified pectin decays.

(3) Demethylestrified pectin and calcium ions bind together to form calcium-pectin cross-links.

(4) Under the presence of stress, calcium-pectin cross-links break to yield demethylestrified pectin and calcium
ions.

For a detailed discussion of Interactions 1-4, see e.g. [48, 60, 64].
We begin by discussing the reaction term r4, which is decomposed into the sum of three terms:

Td = TeE + Tdd + Tfb,

where r.g is the rate of change of the density of demethylestrified pectin acid groups, ng4, associated with
Interaction 1, 744 is the rate of decay of ng mentioned in Interaction 2, and ry; is the rate of change of ng
associated with the formation and breakage of calcium-pectin cross-links specified in Interactions 3 and 4.
From Interaction 1, we have
Tep = —Te.

We assume that the binding of PME to and dissociation from a pectin acid group are very fast, and that the
enzyme PME is not used up during the demethyl-esterification process so that rg = 0. From Interactions 3

and 4 it follows that )
Ty = —Te = —irﬂ,.
The factor of a half in front of 7, reflects the fact that two demethylestirified galacturonic acids are needed to

form a calcium-pectin cross-link. We assume that
TeE = ReE(nea nE)7
rad = —Rand,

where R.p defines the demethyl-esterification reaction between methylestrified galacturonic acid groups and
PME and Ry > 0 is a decay constant of the demethylestrified pectin. Interactions between demethylestirified
pectin and calcium ions increase the number of cross-links, while stress can break the cross-links. Thus

ry = Rac(na,ne) — Ro(np) Ns(e(u)), (10.8)
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where Rg4. models the formation of cross-links through the interactions between demethylesterified pectin and
calcium ions, and Ns(e(u)) is defined as

+
Ns(e(u))(t,z) = (ﬁ - tr E(np) e(u)(t, 7) di) for all x € 2 and t € (0,7). (10.9)

Having r, depend on the positive part of the local average of the stress does not follow from (10.4), but it is
consistent with the isotropy assumption. The reason for the choice (10.8) is based on the idea that stretching,
rather than compressing, of the cross-links will cause them to break.

Possible choices for the functions R.g, R4., and R}, are

kdc,lnc

; R = kpnp,
Faes T 1e ng »(np) = kenp

ReE(nea nE) = keEnenEa Rdc(nda nc) =

where keg, kde,1, kac,2, and kp are positive constants. Due to the high calcium concentration in plant cell walls,
we assume saturation kinetics for the density of calcium ions in the reaction term Rg..

Remark 10.1. The constitutive laws, considered here, are consistent with the Second Law of Thermodynamics
in that, in the elastic case, Maxwell’s relation

0T Ot

O Oe(u)

holds, where i, is the chemical potential for species «, which depends on ng, and e(u), see [24]. The chemical
potential is related to the flux j, through the relation

Ja = —MyVig.
To obtain the flux used in this section, set
N a#b,
Ha =191 ORE
Ee(u) : 8—nb(nb)e(u) a=b,
D,1 a # b,
M, =
0 a=hb.

The environment can effect the cell wall in two different ways: through external influences and boundary
conditions. The effects of the supply of species h, and external body forces b, including inertial terms, are
neglected so

ho =0 in 2y and b=0 in .

The boundary 942 of {2 is decomposed into four disjoint surfaces: I'z, I's, Iy, and 082\ (I'T UTe Uy, ), where
I’z is the part of 92 in contact with the interior of the cell and I's is the part of 0f2 in contact with the middle
lamella. Let v denote the exterior unit-normal to whatever surface is under discussion. On I = 9002p \ 012, v
points away from (2.

PME, produced in the Golgi apparatus of a plant cell, is deposited into the cell wall and diffuses through the
cell wall into the middle lamella. PME can also diffuse back into the cell to degrade. Thus, we assume that the
enzyme PME can enter or leave the cell wall through I’z but can only leave the wall through I'c. To account for
the mechanisms controlling the amount of PME in a cell wall [61], we assume that the inflow of PME into the
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cell wall depends on the total amount of methylestrified pectin within the wall, which leads to the boundary

fluxes
je-v=—-Jg / nedzr | + (gnE on Iz,
O2nm

JE-V=17EnE on I,

where (g and g are non-negative constants.

Methylesterified pectin is produced by the cell and then transported into the cell wall through I'z, e.g. [60].
To account for mechanisms controlling the amount of pectin in the cell wall, we assume that the inflow of new
methylestrified pectin decreases with an increasing amount of methylestrified pectin in the wall. Methylestrified
pectin can leave the wall through I's and enter the middle lamella. Thus,

Je-v=—J, / ne dx on I7,
(/) o

Je "V =Yene on [g,
where 7, is a non-negative constant. We assume an outflow of demethylesterified pectin from the cell wall into
the middle lamella:

jd~1/:0 on FI, jd-l/:'y(ind on Fg. (10.11)

Calcium ions may enter or leave the cell wall through both I'7 and I's, but the flow of calcium through I'z
is controlled by stretch activated calcium channels in the plasma membrane, see e.g. [18,59]. Thus, the flow of
calcium through I’z is assumed to depend on the local average of the stress and on the density of calcium, so
that

jc"/:_ c,£(nc) on I,

je-v=—N;s(e(u)) Jez(n:) onIr, (10.12)

where
JC,I(nc) = Ye,1 — Ye,2Mc, Jc,E(nc) = Cc,l - Cc,2n07

with non-negative constants v.,; and (. ;, where i = 1,2, and Nj(e(u)) is given by (10.9). Similar to (10.8), we
assume that the right-hand side of (10.12)2 depends on the positive part of the local average of the stress.
The traction boundary conditions

Trv = —pzv on I7, Trr =1 on I'e U Iy,

come from the constant, positive turgor pressure pz within the cell and the traction force f, caused by sur-
rounding cells. We consider zero-flux boundary conditions on the surface of the microfibrils and on I7;:

Jo-v=0 on I’ and Ja-v=0 on Iy, a=-e,F d,c.

On 902\ (I'z UTe UIy) periodic boundary conditions for the densities and displacement are imposed.
Possible choices for the functions that determine the boundary conditions are

Be
J / nedzr | =0 / ne dz, Je / nedzr | = ,
" ( 1037, > " 2m ( 2m 1+ ¢e fQM ne da

f=pev onlg, f=pyv only,

where Bg, Be, (e, pe, and py are positive constants.
The difference between Models I and II is that in Model II we assume that the calcium-pectin cross-links
can diffuse, i.e. Dy > 0. In this situation we assume that the reaction term associated with the formation and
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destruction of cross-links depends on the point-wise values of the displacement gradient rather than the local
average:
7y = Rac(na,ne) — Ry(np) Q(ny, e(u)), (10.13)

where a possible choice for Q is Q(ny,e(u)) = (trE(ns) e(u))+. Considering the diffusion of calcium-pectin
cross-links corresponds to the situation where the calcium-pectin network is less connected and the mechanical
stress in the cell wall have a point-wise impact on chemical processes.

11. SUMMARY

In this paper we developed a mathematical model for plant cell wall biomechanics which explicitly considers
the microscopic structure of the cell wall and the biochemical processes that take place within the wall matrix.
The microscopic model defined on the scale of the cell wall’s structural elements describes the interconnections
between the calcium-pectin cross-links dynamics and the changes in the mechanical properties of the cell wall.
We consider both a non-local effect of strain or stress on the calcium-pectin cross-link dynamics as well as
a point-wise dependence of chemical reactions on mechanical forces. Applying homogenization techniques we
rigorously derive macroscopic models for plant cell wall biomechanics. We also show that since the cell wall
matrix is isotropic, the macroscopic elasticity tensor is a linear function of the Young’s modulus of the wall
matrix. Then assuming that only the Young’s modulus of the wall matrix depends on the density of calcium-
pectin cross-links we compute numerically the effective macroscopic elastic properties of the plant cell wall as a
function of the density of calcium-pectin cross-links. In the numerical simulations, the cell wall microfibrils are
assumed to be transversal isotropic. The numerical analysis of the full macroscopic model will be the subject
of future research.

Acknowledgements. The authors would like to thank Dr. Sebastian Wolf for fruitful discussions on the molecular biology
of plant cell walls.
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