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ROBUST OPERATOR ESTIMATES AND THE APPLICATION
TO SUBSTRUCTURING METHODS FOR FIRST-ORDER SYSTEMS

CHRISTIAN WIENERS! AND BARBARA WOHLMUTH?

Abstract. We discuss a family of discontinuous Petrov—Galerkin (DPG) schemes for quite general
partial differential operators. The starting point of our analysis is the DPG method introduced by
[Demkowicz et al., STAM J. Numer. Anal. 49 (2011) 1788-1809; Zitelli et al., J. Comput. Phys. 230
(2011) 2406—-2432]. This discretization results in a sparse positive definite linear algebraic system which
can be obtained from a saddle point problem by an element-wise Schur complement reduction applied
to the test space. Here, we show that the abstract framework of saddle point problems and domain
decomposition techniques provide stability and a priori estimates. To obtain efficient numerical al-
gorithms, we use a second Schur complement reduction applied to the trial space. This restricts the
degrees of freedom to the skeleton. We construct a preconditioner for the skeleton problem, and the
efficiency of the discretization and the solution method is demonstrated by numerical examples.
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1. INTRODUCTION

Petrov—Galerkin schemes for the numerical solution of partial differential equations are among the most
flexible and powerful discretization techniques. In particular, these methods allow for different test and ansatz
spaces in the variational problem formulation. This additional flexibility possibly increases the robustness and
stability in case of parameter dependent systems. Uniform stability can be granted for a large class of partial
differential equations including, e.g., the nearly incompressible linear elasticity case. However, the choice of
suitable finite dimensional test and trial spaces is far from trivial in the conforming setting since uniform inf-
sup conditions have to be satisfied. Recently introduced discontinuous Petrov—Galerkin schemes [15,16,18,34] are
of special interest and provide attractive alternatives to standard conforming schemes, see, also e.g., [9,13,17].

Here we focus on this newly introduced abstract family of discretizations and provide robust a priori estimates
and define iterative solvers. More precisely, we show that a broad class of linear partial differential equations can
be efficiently approximated by methods which allow for a local reduction to positive definite Schur complement
problems. Schur complement reductions are extensively investigated for finite element methods of least-squares
type [4,5] and, recently, for least-square problems on element level resulting in discontinuous Petrov—Galerkin
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methods [15,16]. In combination with the reduction to the interface [10,25,27] efficient iterative solvers can be
designed. Note that there is also a close link to the FOSLS scheme [1,2,11,22], to the Trefftz method (see [21]
for an overview), and to a least-squares approach in negative norms for first-order systems [7].

The starting point is a linear first-order partial differential system. This is obtained either directly from
balance equations and constitutive laws, e.g., in the case of Darcy’s law, or alternatively we rewrite a second
order equation as first order system by introducing auxiliary unknowns. To discretize this system, we use
element-wise domain decomposition techniques involving traces, fluxes and suitable lifting operators. Once the
traces on the element boundaries are known, the interior values can be reconstructed approximately by solving
local low dimensional problems.

Before we consider the abstract setting, we sketch the ideas for a simple model problem in Section 2. The
abstract setting for the DPG method fits perfectly well into the standard saddle point framework. In order to
obtain optimal a priori bounds and to explain the concept of Petrov—Galerkin discretizations with optimal test
spaces and the connection to Schur complements, we briefly review saddle point problems in Section 3. Then
in Section 4, we verify the stability for several examples including elasticity, the Stokes system, the Helmholtz
problem, and Maxwell’s equation. In Section 5, it is shown that the stability of the skeleton reduction only
depends on the stability constant of the first-order system. The discretization of the skeleton reduction is
analyzed in Section 6 within the abstract framework. Finally in Section 7, we conclude with some numerical
examples demonstrating the robustness of the method.

2. A SCALAR MODEL PROBLEM
We consider the second order elliptic partial differential equation
—Ap+b-Vp+ap=f in 2, p=0 ondf (2.1)

with f € La(£2). The domain 2 C R?, d = 2,3, is assumed to be bounded and Lipschitz. Here b € H!(£2,R%)
is the solution of an incompressible flow problem with V -b = 0, and a € L2(f2) is a non-negative function.
The regularity assumptions on a and b will guarantee that our weak formulation is well-defined. To define a

first-order system, we introduce a flux variable o = bp — Vp and rewrite (2.1) as ap+ V-0 = f. Then the model
equation reads as: find (0%, p*°') € U = H(div, £2) x H}(£2) such L(c*°, p*°!) = (0, f), with

L(o,p) = (0 —bp+ Vp,ap+V - o). (2.2)

2.1. Local substructuring

Following the ideas of non-overlapping domain decomposition techniques, the discretization scheme is based
on a disjoint partitioning 2 = U,c7 7 into open subdomains 7 C (2. Let I'r = |J, 4 07 be the skeleton of this
decomposition. Then Schur complement techniques allow to eliminate the inner subdomain degrees of freedom
and to reduce the system to trace values at the skeleton.

On each subdomain 7, we define the local spaces V; = H(div, 7) x H*(7), on the boundaries O the local trace
spaces V, = H™1/2(87) x H/2(87), and the local trace operators y, : V, — V; with v, (0, p) = (c|ar - nr, plor),
where n, is the outer normal vector on d7. We define the adjoint trace operator v24(n, q¢) = (q|ar,n|or - nr) and
the adjoint differential operator

L*(n,q) = (n— Vg,ag—b-n—V-n). (2.3)
Then integration by parts yields for all test functions (n,q) € V;
(L(o,p), (n,q)), = (0 —bp+Vp,n)_+ (ap+V -0,q)

= (0,77 - Vq),,. + (p, aq — b- [/ = 77)7’ + <0‘87 : n‘rvq‘87> + <77‘8T . n‘rvp‘87'>
= ((0,p), L*(n.q)) . + (v+(0,p), %24 (n.q)),
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where (-,-) denotes a vectorial duality pairing of H~'/2(97) and H/2(d7). Combining the local traces defines
for (o,p) € H(div, 2) x H'(£2) the skeleton values

’YI‘(O',p) = (’YT(O-’p))TET € V = HTET VT.

This gives for the solution (65!, p*') € U of the system L(c®°, p*!) = (0, f) and its trace yp (o5, p°') € V the
variational equality

(™, p°), L*(n,9)) . + (7 (6>, p°") .2, @) = (f, )=, (m,q) € V7 (2.4)
Restricting the test space V =[] . Vr to the kernel of the adjoint operator

N(L*) = {(n,q) € V: L*(n,q) =0},

we observe that the skeleton values vy (o%°!, p*°!)

Y (@ p ) 2 ma) = (fa)e. (n.4) € N (L), (2.5)

satisfy

Knowing yr (0%, p*), we can recover (0°!, p*°!) by solving independently for each 7 € 7 a local problem. Now

the main idea is to define suitable discrete approximation spaces for v, (U) and N(L2?) such that the discrete
version of (2.5) is well-defined. We point out that the spaces yr(U) and N (L?!) have a completely different
structure. The kernel A'(L?) is purely subdomain-wise defined. Thus A/(L*?) can be written as a product space
on the subdomains, whereas each (o,p) € U with a non-trivial trace v (o, p) has at least two subdomains as
support. Thus a discretization of vy (U) and N'(L*) will naturally lead to a Petrov—Galerkin scheme.

2.2. A Petrov—Galerkin discretization

We approximate the trace of the solution @' = (6%, p™!) of (2.5) in a given discrete space Uy < vp(U).
A natural choice of Uy, is to take the trace of the fluxes of mixed finite elements, such as, e.g., Raviart-Thomas

or BDM elements, see, e.g., [8], for the first component, and for the second component the traces of standard
conforming finite elements. The Petrov—Galerkin solution @5°! = (@ SOl) e U, of (2.5) is defined by
ZT< Sro}w% o) = ((0, £),vn) o vp € Np. (2.6)

To obtain a well-defined system, the choice of N}, is crucial. Is the dimension of N}, too small compared to the
dimension of Uh, (2.6) has no unique solution. Is the dimension too large, then there is possibly no solution. To
guarantee a unique solution of (2.6), the construction of A}, is done in two steps. Firstly, we choose finite element
spaces H, , C La(7,RYxR) and V., C V; such that the dimension of the discrete kernel N'(L29) = IL N (Lid)
with

Ny (L) = {vnh EVin: (Ladvhﬁ,th)T =0 for up,, € Hﬁh}

is larger or equal than the dimension of U. Secondly, we select a positive definite, continuous and symmetric
bilinear form a.(+,-) on V;;, x V; and define for 4y, € Uy, the solution N, (p,) € N (L34 by

ar(N-(tp),v) = (G p, 72 ), ve N (L), (2.7)

We point out that N, (i) is, by construction, well-defined. It can also be obtained by the solution of the
following local saddle point problem: find (N (@), My (ay)) € Vi p X Hyp such that

ar(N7(an),v) + (M‘F(ﬂh)’Ladv)r = <ﬁ‘r’ha'ﬁa—d U>’ v € Vo,

(LA N-(ap), w) =0, w € Hy . (2.8)
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If the pairing (V; n, H-p) satisty a suitable inf-sup condition, a unique solution exists of (2.8). Otherwise the
first solution component is unique but not the second one. Associated with IV is the global operator N which
maps Uy, into N'(L34) by Ny (an)|» = Ny (an,). Now we set N}, = Ny, (Uy). Obviously, this choice guarantees the
existence of a solution of (2.6). Uniqueness is obtained if dim A}, = dim U}, or equivalently if the operator Ny
is injective. By construction, we find dim A}, < dim Uy, and if dim A}, = dim Uy, then (2.6) is equivalent to the
symmetric positive definite variational problem: find ﬂZOI € Uy, such that

Zar (Nh (QZOI) aNh(ﬁh)) = ((O?f)th(,&h))_Qv 'ELh S Uh~ (29)

The variational problem (2.9) is not very well suited for a direct numerical realization since it requires the
knowledge of the action of the operator N}, on each element of Uj,. Alternatively, combining (2.7) and (2.8),
we can obtaAin the solution of (2.5) by the solving the saddle point formulation: find (v§°!, us°!, @°') €], Vrp X
[L, H-n x Uy, such that

a(vi®v) + (uZOI, Ladv)Q - <ﬁ2°1,'yjﬁd v> =0, v e[l Von,
(Lad’UZOI, w)(l =0, w e HT Hﬁh, (210)
(i1, 72 vl = ((0,f), Nu(@)) @ € Un,

where a(v,w) = > _a;(v|-,w|;), v,w € [[, Vop, and (-,73 - ) and (L*®-,-) have to be understood in the
broken subdomain-wise sense. By construction, (2.10) has a solution for all possible choices of V;, H;j and
U;,. However uniqueness is not granted. Under the assumption dim A}, = dim Uy, uniqueness of iy, is given.

3. SADDLE POINT ESTIMATES IN OPERATOR DEPENDENT NORMS

It is shown in ([30], Thm. 3) for the Stokes problem and in [9] for Friedrichs’ systems that an a priori estimate
for the variational problem (2.4) can be derived from a single stability constant, and in ([20], Thm. 2.1) it is
proved that the upper bound for the error of the discrete DPG method relies only on a local inf-sup constant.
Optimal estimates for Petrov—Galerkin discretizations using Kato’s identity on idempotent operators are derived
in [33], and optimal estimates for saddle point problems are recently presented in [26]. These estimates depend
on the considered norms, and thus smaller constants can be obtained by selecting proper norms. It is obvious
that in the well-posed elliptic case with a symmetric bilinear form, the ellipticity and continuity constants are
one if the norm is defined as energy norm. Here, we show that the concept of energy norms can be extended to
the saddle point setting.

Let X and Y be Hilbert spaces, and let A € L£(X,X’) be a positive and self-adjoint operator, so that
llz]|la = v/(Az,z) is a norm in X. Moreover, let B € L(Y, X’) be an injective operator and assume that the
Schur complement S = B’A~!'B defines a norm in Y by

By, x
lylls = /(85,9 = sup LBL2

, cvy. 3.1
S el y (3-1)

It is easy to see that if B is continuous and the system is inf-sup stable, then the Schur complement norm is
equivalent to the Hilbert space norm in Y. We now study in W = X x Y the saddle point operator

K o= A B - idy 0 A0 idx A-'B
TA\B 0] \BAlidy 0-S 0 idy /-

This block decomposition motivates us to define the self-adjoint and positive definite operator

7o (idx 0 (A0) (idx A'B) _ (A B
“\BAtidy J\os)\ o idy )T \B 28
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and the norm ||(z, y)H% = (K(x,y),(z,y)) in W. Observing the identity K'K 'K = K, we obtain

1K (2, 9)1 %0 = (K (2,9), K 'K (2,y)) = (K(2,9), (,)) = |(z,9)]%

for all (z,y) € W, i.e., | K| zow,wr) = ||K*1HL(W/7W) = 1 with respect to the operator dependent norm in W.

Let X;, € X and Y}, C Y be a family of finite dimensional subspaces, and let A, € L(Xj, X)) and
By, € L(Yn,X}) be the Galerkin approximations of A and B, respectively. The corresponding discrete Schur
complement is given by S = B;lAngh. We assume uniform inf-sup stability of the discrete saddle point
problem, i.e., there exists a 1 > 3y > 0 independent of h such that

B B
wp (Bl By )

Yn € Y.
enexn  ll7nlla cex zlla

This implies that the discrete operator Ky (zn, yn) = (Anxn+Bryn, Bjxp) is invertible, and we have the spectral
bounds

B8 (Syn, yn) < (Snynsyn) < (SYn.yn), Yn € Y. (3.2)

The following lemma shows that K, L inherits its continuity constant from the inf-sup constant.
Lemma 3.1. ||Kh_1H£(W’,W) <28,% -1

Proof. Define [?h(l‘h, yh) = (Ahxh"‘Bhyha B;L.Z‘h—i—QShyh) in Wy, = Xj X Yy. As above, we find HKh”l:(Wh,W,’L) =
HK}?IH‘C(W}/’JW’L) = 1 with respect to the discrete norm ||(:Eh,yh)\|§~<’ = (I?h(xh,yh), (zh,yn)) in Wj. Next, we
consider the natural embedding E}, € L(Wy, W) with E},(zn,yn) = (@, yn). From (3.2) and
[@n, yn)lI% = [lzn + A7 Bynll% + (Syn, yn) = llon + Ay Buyala + (25 = Sk)yn, un)
< llwn + A3 Buyalls + (2657 = 1)(Swyns yn) < (265 = Dll(zn, yn)lI%,

we obtain the bound || Ep || 2w, w) < 1/28; % — 1, and the assertion follows from

1K e wy < NEnll cownw) 1K Heows wio lEBbllcowrwry = 1BallZow, wy < 285° — 1. O

For given (z°°, y*°!) € W, let (25°!, y;°') € W}, be the Galerkin approximation, i.e., (x5!, yi!) € W), is the
unique solution of

<Kh( SOlv y?LOl) (l'h, yh)> = <K(x5017 ySOI)v (xhv yh)>’ (xhv yh) € Wh.
Then we obtain the following upper bound for the discretization error in terms of the best approximation error.

Theorem 3.2. H( sol SOI) (xZOI,y,SlOI)HK (250 —1) 1nf H( sol SOI)—whHR.

Proof. We use the observation in [33] on the Hilbert space norm of idempotents. The Galerkin property yields
(K, 'K)(K,'K) = K, 'K, K, 'K = K, 'K, so that K, 'K is non-trivial and idempotent. Then, Kato’s iden-
tity, see, e.g., [31], reads | idw —K;lKHE(W,W) = HK;lKHE(W,W). In terms of Lemma 3.1, the Galerkin
orthogonality for all (zp,,yn) € W}, gives
||( sol’ ysol) (xzol’ yzol) ||f( — ||(1dW —K,:lK) (l,sol sol) ||K

= || Gdw — K5 K) (2, 5% — (2, 9n)) |

<K cowwn 1Kl eowr w12 9% = (@, yn) |

< (2657 = D) [l ™) — (zn, yn) | - U
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As we have already seen for the model problem, a well-posed Petrov—Galerkin formulation can be related to a
saddle point formulation. Here we state the reverse. The saddle point approach also provides a Petrov—Galerkin
discretization. Therefore, we consider a right-hand side f € B(Y) C X'/, and let y*°! = ST1B’A~1f € Y be the
unique solution of the equation By*°! = f. Then, we observe that the approximation yZOl =95, 1B;1A;1 f is the
unique Petrov—Galerkin solution of the variational problem: find ;°' € Y}, such that

(Brys®, ) = (f, zn), zp € X3¢ = A, ' Br(Ys) C X
The operator S;IBZAIZIB is idempotent, and we have
IBllerxny = 14, e xy =1 IBRlleexnyy = 18, e vy < 66

Following the lines of the proof of Theorem 3.2 (see also [33], Thm. 2.1), we obtain
— Ynlls, (3.3)

sol sol

_ .80l < -1 inf
ly™ = vills < By~ inf ly

provided that we can show that ||S;, " By || z(x,.v) < B - To do so, we start with the straightforward estimate
- - . . _ 1
”Sh lB;ll'hH%rh = <1’h, BhSh lB;Lxh> < ||1’h||A<AhlBhSh lB;ll'h, BhSh lB;Lxh>2
. . . 1 . 1 .
= llznllazn, BrSy, ' BLA, By Byan)? = ||znllalen, BrSy ' Byan)? = l|lznllall Sy Byanlls, -
Using now the upper spectral bound for S, we find ||S; ' Byzulls < By 1Sy, Byanlls, < By llznlla
Remark 3.3. Additionally, the identity

|(Bryn, zn)|* |(Bnyn, Ay ' Buiin) |2 (Shyn, Jn)?
sup Tt = s o h R — il
zpEXfed ||1'h||A JhE€Yn ”Ah Bhyh”A JnE€Yn < hyhvyh>

= llynl3,

implies inf  sup W > [ for the reduced space X}°d C X, (see also [20], Thm. 2.1).
Yn€Yh g, € xred rllAlYRils
Before we focus on stability estimates in the next section, we relate the Schur complement norm (3.1) with
an inf-sup constant. We assume that v > 0 exists such that

B
supMZVHwHX, r e X.

vev  ylly

]l

Then, since B is injective, we obtain by duality ||y|ls = sup L2221 > ~||y|ly for y € Y (cf. [6], Lem. 4.4.2).
zeX

4. STABILITY ESTIMATES FOR FIRST-ORDER SYSTEMS
For representative first-order differential operators L we specify the stability constant C;, < co.

4.1. An abstract framework

Let H be a Hilbert space with norm || - ||, and let U C H be a dense subspace. We assume that L: U — H
is a closed linear operator, i.e., the graph of the operator {(u, Lu):u € U} is closed in H x H, the domain U
is a Hilbert space in the graph norm |jul|y = \/||u[|%; + || Lu||%, and the operator L has closed range. Moreover
we assume that L is injective and surjective, and that its inverse is bounded.

In our examples, this setting is obtained as follows: for a dense subset D(L) C H, we verify the existence of
a stability constant C, < oo satisfying

lullgr < Crl|Lul m, u € D(L). (4.1)

We then define U as the closure of D(L) with respect to the graph norm |[ul|?, = |lu||?; + || Lu||% and L can be
extended to U. The stability estimate (4.1) holds also for v € U, and the range L(U) C H is closed. Thus the
choice H = L(U) guarantees that we are in the above abstract setting.
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4.2. Examples of second order partial differential equations and first order systems

We recall that d = 2,3 is the spatial dimension and that 2 ¢ R? is a bounded Lipschitz domain. Let
082 = 002p U df2n be a decomposition of the boundary into Dirichlet and Neumann part, and let n be the
outer unit normal on 9f2. For simplicity, we consider, without loss of generality, only homogeneous boundary
conditions. The standard Lg-norm on (2 is denoted by || - || . In our first examples, we start with a second order
partial differential equation and transform it to a first-order system. In all cases, the Hilbert space H is a subset
of L2 (Q, RM)

A scalar elliptic model problem. We reconsider the model problem (2.1) with Dirichlet boundary 0§2p = 912
and D(L) = H(div, 2) x H{(£2). Let Cp > 0 be the Poincaré constant with ||p|lo < Cp ||[Vpl| for p € H{($2).
Furthermore, the continuous Sobolev embedding H*(£2) C L4(£2) yields that there exists a Cj, > 0 such that

Ibplle < Pl bl 2) < CollVplle,  p € Hy(52). (4.2)
The first-order operator L is given in (2.2).

Lemma 4.1. The stability constants of the scalar elliptic model problem can be defined as

Cr = \/2+(4+C,%+4C§)(1+Cl%).

Proof. To verify (4.1), we firstly provide an upper bound of |Vp|ln in terms of ||L(o,p)|n. Due to the
homogeneous Dirichlet boundary condition and the assumption V -b = 0 on b, we have (p,b- Vp)o =
—(p,b-Vp)o + (%, b-n)ag = —(p,b- Vp)g, which gives (p, b- Vp)Q = 0. Then, we get

IVelE <IIVelG + (ap,p)e = IVDlG = (9,6 V), + (ap, p)o
= (0 —bp+Vp,Vp),+ (V-0,p),+ (ap,p)a = (L(o,p), (Vp,p))

< Lo )2l (Ve p)lle < /1+ CE Lo, p)] VPl o-
Secondly, we bound ||o|| in terms of ||L(o, p)||e and ||[Vp|lo by
lol% = (o = bp+ Vb, )0 + (bp = Vp. o) < (IIL(o D)l + lIbp = Yl )l
which yields ||o|ln < ||L(o,p)||o + ||bp — Vpl|| . This gives the estimate
loli, + 1lplE < 2/ Lo p)IIE + 2lbp = Vol + IpllE = 21 L(o, p) S + 4llopl* + 4] VplE + 1%
<2|Lio,p)l + (46} + 4+ CR)IVplh < (24 (4CE +4+ CRY(1+CP)) LoDl O

We note that the stability constant does not depend on the norm of a but depends on b. Stable estimates for
dominating convection are considered in [12, 18] with suitable weighted norms in order to compensate strong
boundary layers. Stability for the pure transport problem is discussed in Theorem 2.4 from [13].

The Helmholtz problem. As second example, we consider the Helmholtz equation

—Ap —w?p=iwg in £, Vp-n+iwp=0 on 02, (4.3)
where w > 0 is a given positive wave number. Introducing ¢ = —1/(iw)Vp, we obtain L(o,p) = (0, g) with
L(o,p) = (iwo + Vp,iwp+ V - 0) (4.4)

defined on D(L) = {(o,p) € H(div, 2) x HY(2): 0 -n —p=0o0n 02} C H with H = Ly(£2,C% x C).
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Lemma 4.2. Assume thal a constant a > 0 exists such that x - n(x) > « for a.a. x € 2. Then, the stability
constant for the Helmholtz problem can be defined as

R? d-1
CL=3R—|-—+—27
«Q w

where d is the space dimension and |z| < R for x € 052.

We note that such a constant « exists, e.g., for star-shaped domains with the origin placed in (2.

Proof. Following the ideas in [28] Proposition 8.1.4, [16,19], Section 4.3, the stability estimate can be shown
in three steps. Firstly, we provide upper bounds for ||p|la and ||o||q. Secondly we consider smooth curl-free
vector fields o and bound ||p||. Finally a Helmholtz decomposition is applied.
Using the boundary conditions for (o,p) € D(L), we get||p||3, = (0 - n,p)ae = (Vp,0)o + (p,V - 0)n. The
definition of L(o,p) now yields
||p||%ﬂ = Re (lw ”(0, p)”?) + (VP, U)Q + (v + 0, p) _Q) (458‘)
= Re ((iwo + Vp,0) + (iwp+ V- 0,p) ,) = Re(L(0,p), (0.p)) , < | L(o,p)] 2ll(0,p)] 2

1 . . 1
ol = P& + —5Re (L(o,p), (iwo, —iwp), < Il + —IIL(o. P ell(0,p)llo- (4.5b)
In the second step, we restrict ourselves to (o,p) € D(L) such that o is smooth enough and V x o = 0. A

crucial role within this step plays the following equalities which can be easily established by a straightforward
computation

V-(lofz)=0 V(o -2)+7 V(o -x)+(d—2)|o]% (4.6a)
V- (Ip|*z) =pVp-z+ Vp-xp+d|p|°. (4.6b)

In terms of (4.6), we can now express boundary terms by volume terms and find by integration by parts

(lof?, - n)(,m = 2Re(0, V(z - U))Q + (d—2)(0,0)0, (4.7a)

(‘p|27$n)89 =2Re(p,pr)Q+d(p,p)Q (47b)

A reformulation of Re(L(o, p), (xp,x - 7)), in terms of (4.7) and the use of the boundary condition give

9]

QRe(L(o,p)7 (xp,x - U))Q = 2Re(V o O')Q + 2Re(p,x . Vp)Q
=2Re(n-o,7-0),, —2Re(0,V(z-0)), + 2Re(p,z- Vp) ,
= 2Re(p71' . U)ag - (‘0’|2,.’E : n)ag + (d - 2)(07 U)Q + (|p\2,x : n)ag - d(pap)ﬂ

or equivalently
d||p||% + (|0\2,x . n)(,m = (|p\2,x . n)a(z + 2Re(p,x . 0)89 +(d—=2)(o,0)0 — 2Re(L(o,p), (zp,x - U))Q.

Using the assumptions on {2 there exits R < oo with |z| < R for x € 962 and thus a < z-n < R for almost all
x € 912. This observation guarantees that we can provide an upper bound for ||p||%, by using Young’s inequality

dllple, +allolfe < Rllpl5e + 2R pllaclolloe + (d = 2)|ol5 + 2R | Lo, p)l2ll(o.p) |2 ,
2

R
ol < (R+ 5 ) ol + 2R ILG Dol Pl + (0 = 2ol
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Now the upper bounds (4.5a) and (4.5b) can be used, and we get

w2
1 2 d-2
—<3R+R—+

2 «

R? d—2
Aoty < (R4 204 22 ) I lal(n)lo + (@ DIl

lplE <

) 1L )2l Pl o

w2
Combining the results of the first two steps, we obtain for all (o,p) € D(L) with o = V1) the stability bound

R? d-1
le.p)le < (3R+ i

=) L@ llo = CullL(o. Pl 18)

A density argument yields that the above estimate hold also for all (o,p) € D(L) with V x ¢ = 0.
Finally in the third step, we have to show that the above stability estimate holds true for all (o,p) € D(L).
To do so, we use a Helmholtz decomposition. Introducing

Hy={oe La(2,C%): (0,V x v)g = 0 for all v € Ho(curl, 2)},
(0,p) € D(L) has a unique orthogonal decomposition into (o, p) + (01, 0) with og € Hy and (01, Vq)n = 0 for

all ¢ € H'(£2). Then the definition of L trivially gives L(oy,0) = (iwoy,0). Moreover the operator L preserves
the orthogonality between (oo, p) and (o1,0). These observations guarantee now in terms of (4.8)

1
(e p) 1% = (o0, )1 + I, )| < CLIL(o0, )l + — || L1, p)IIE
< Ci(IIL(o0, p)IE + 1 L(o1, p)[[%) = CLIIL (0, )%, O

Remark 4.3. We note that the stability constant C}, is uniformly bounded for large wave numbers.

Linear elasticity. We consider the linear elasticity system

—div(Ce(u)) = f in £2, u =0 on 0f2p and Ce(u)n =0 on A2, (4.9)
where C is the positive definite elasticity tensor in REX{, e(u) = sym(Du) is the linearized strain tensor,

f € La(£2,R?) is a prescribed volume load, and u is the displacement. We assume that 0f2p has a positive
measure in d — 1. Introducing the stress ¢ = Ce(u), we can rewrite (4.9) as a first-order system L(o,u) = (0, —f)
with

L(o,u) = (0 — Ce(u),div(0)) (4.10)
and domain D(L) C H = LQ(Q,RS},XI;‘II x R?) given by

D(L) = {(o,u) € H(div, 2)% x H'(£2)": o' =0, on=0o0n 92y and u =0 on o}

On H we use the norm ||(o,u)||% = (C™'0,0) 0 + ||ul|% and recall that the stability constant has to be specified
with respect to this norm.

Lemma 4.4. The stability constant of the elasticity problem can be defined as

Cr = \/1+2C3C1(1+ Clc—1)).
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Proof. Firstly we provide a bound for ||u||; by ||L(0, )| m. By assumption the Dirichlet boundary part is non-
trivial, and thus no rigid body motion is in D(L) and Korn’s inequality shows, i.e., for all u € H!(£2)¢ with
u = 0 on 0f2p there exists a constant Cx > 0 only depending on {2 and 0(2p such that

lulle, < Clle()lIE; < CRICT(Ce(u), e(w)) -

Korn’s inequality show that to bound [|u||%,, we have to bound (Ce(u), e(u))Q For (o,u) € D(L) we have, due
to the boundary conditions,

(Ce(u),e(u))nz—(a — Ce(u),e(u))Q + (o,e(u))Q =—(o— Ce(u),e(u))n — (div(a),u)Q
< || L(o,w) ||zl (Ceu), w)llar < |L(o,u) | m (1 + CEICT)) % (Ce(u), e(u))

and thus [Jullf, < CFIC™H|(1 + CRICT ) L(o, u) 1%
Secondly we bound (C~1o,0)q by ||L(o,u)|| i and ||ul| . Integration by parts and the homogeneous boundary
conditions guarantee

Q=

(Cto,0)g = (00— Ce(u),C to)g + (e(u),0) 0 = (0 — Ce(u),C o) o — (div(e),u)q
< 12wl 0l < 1L W)l + 5(C7 0 0)0 + 5 ullh
Combining these two bounds, we obtain the assertion by
(o, w7 < |1 L(o w)llF + 2lully, < (1+2CKICTH (1 + CRICT) Lo, )l O

Remark 4.5. Since |C7!|is bounded in the incompressible limit, the estimate is robust for nearly incompressible
materials.

The Stokes system. We consider the stationary linear Stokes system which can be regarded as the incompressible
limit of the elasticity system

div(u) _o 2, u=0ondf. (4.11)

Introducing o by o = e(u) — pI, we can rewrite (4.11) as a first-order system L(o, u,p) = (0, —f,0) with
L(o,u,p) = (o + pI — e(u),div(o),div(u)) (4.12)

defined on D(L) = {(0,u,p) € H(div, 2)? x H'(2)? x Ly(2): 0" =0, u=00n 042, [,pdz =0}.

Lemma 4.6. The stability constant of the Stokes problem can be defined as

2
Cr :JC% (C§(+\/§/c§,) + <1+ (‘i@ + 1) 01>

P

with Cy = \/1+ d+ C% and the inf-sup constant c,,.

Proof. We proceed in three steps and consider the terms ||(u)| o, ||p||« and ||o|| o separately. For (o, u, p) € D(L)
Korn’s inequality can be applied and thus, we get

le)|[§ = (e(u) — o = pl,e(w)) , + (0,6(w)) , + (pL,2(w)),
= (e(u)— o —pl,e(u))(Z - (div(a),u)Q + (p, div(u))Q

< Loy u, p)l[2ll(e(u), u, div(w)) [l < /1 + CF + d || (o, u, p)l| elle(w)] o-
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To bound ||p||2, we use an inf-sup estimate, which yields
,div(v [+ o,e(v + (div(o),v
lplas  sp  BEODg o, pIEo), s dvio) ),
le@lle ™ ©0woep) le(v)lle

(0,v,0)eD(L)
< lpI + 0 —e(u)lle + le(u)lle + Ck|| div(o) | o < C1V3 || L(o,u,p)| o

Finally in terms of the two previous upper estimates, we can bound
(0,0)0 = (0 —pl —&(u),0)0 + (pl,0)0 + (e(u), o)

< (I w.plle + Valpla + le@le) lolle < (1 + (m ) 01> IZ(o,u,p)llellollo

which yields C3 = C3(CE +v/3/c2) + (1 + (42 4 1)C1)2. O
Mazwell’s equations. For linear materials, electro-magnetic waves are determined by the first-order system for
the magnetic H and the electric £ field

L(H,E) = (OH+p 'V x &, 0, — 'V x H)

Here the permeability p and the permittivity € are positive constants. The boundary is disjointly decomposed
in 02¢ and 0§2y. In 2, we define

D(L) = {(H,& € Ly((0,T), H(curl, £2)*) " H'((0,T), La(£2)%): div(uH) = div(e€) = 0 in £2 x (0, 7)),
H(0) =E€(0) =0, in 2, Hxn=0ond2 x(0,T), Exn=0o0nd2 x(0,T)}.

By H we denote the closure of D(L) in La((0,7) x §2,R® x R?) associated with the inner product

T
((1.8).0.8)) = [ (0. 70) o+ (0. 80) )
Lemma 4.7. The stability constants of Mazwell’s equations can be defined as
Cr =2T.

Proof. Due to the boundary conditions in D(L), we have (V x £(s), H(s))o — (V x H(s
straightforward use of the definition of the norm and of the initial condition shows for (

T
oy O
— %
m
@b
=
— o
—
=
@
B
o

T t
1(,€) 1% = / / 2 (MH<s>,H<s>)Q+(ee<s>,6<s>)9) dsdt
( HOH(3), H(s)) , + (0,E(5), E(s)) ) ds dt
( (M, 2E)) , — (V x E(s), H(s)) ,, + (V H(s),é’(s))n) ds dt
:2/0 / ((L(H. €)(s). (4. 26)) ; ds dt < 2T |L(H. ) 1| (H. €)1 0

The monochromatic Maxwell problem. Now we consider special monochromatic solutions of Maxwell’s equation
of the form (H, E)(x,t) = exp(iwt)(h(x), e(z)) for given frequency wj; this results in

L(h,e) = (iwh + IV X e, iwe — e 1V x h).
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In analogy to the Helmholtz case, we show stability on

D(L) = {(h,e) € H(curl, 2)*: (uh, V)) o = (ge, Vip) o = 0 for all ¢ € CF°(£2),
(nx h,¢) =(nxenxa¢)forall ¢ € C®(002)°}.
Smooth functions with V- (ge) = V- (uh) = 0 in 2 and Robin-type boundary condition nx h— (nxe) xn =0 on

92 are dense in D(L). We set H as the closure of D(L) in La(£2, C3 x C3) with ||(h,e)||% = (h, ph)o + (e,c€) 0.
Following the Helmholtz case, we consider domains with z-n(x) > « > 0 for a.a. z € 962 and |z| < R for z € 2.

Lemma 4.8. The stability constants of the monochromatic Mazwell equation can be defined as

2

Proof. For the proof, we use the techniques in ([23] Thm. 3.3, [29] Thm. 5.4.5). We start with an upper bound
for ||n x e||agn. For all smooth functions in (h,e) € D(L), we find
(L(h,e), (h,e€)), = (iwph+V x e h), + (iwee =V x h,e) , = iw [(h,e)||7 + (V x e,h), — (Vxhe),

Integration by parts then yields in terms of the boundary condition for the real part

=l x el3g-

Re(L(h,e), (h,e)) ;= Re((V x e,h), = (V x hye) ;) = —Re(n x hye) ,p, =

This gives ||n x e[|3o < [ L(h, €)l|u ]l (h, €)|a-
The rest of the proof is based on the two following identities which can be obtained by a straightforward
computation

(xxh)- (Vxh)+(@xh) - (Vxh)+h-h=V-((h-h)x)—V-((x-h)h) (4.13a)
+(V-h)(x-h) =V -((x-h)h)+ (V-h)(x-h),
(xxh)-(nxh)=x-nlhl* = (z-h)(n-h) (4.13b)

see, e.g., Lemma 5.3.1 from [29], for (4.13b). Using V - h = 0, we get in terms of the Gauss theorem
2Re(V x h,z x h), + (h,h), = (n-z,|h*),, —2Re(n-h,z-h),, =2Re(n x b,z x h),, — (n-z, ),
Finally by means of h- (z x &) = (h x ) - & = —(x x h) - &, we can establish the following equality
2Re(L(h, e), (z x ee, —x x uh))H

= 2Re((iwuh,ac X ee)Q—l— (V X e,T X ee)Q— (iwee,x X uh)n—l— (V X h,z X uh)n>

= QMRe(V X h,z X h)(z —|—2€Re(V X e,T X e)Q

= QMRe(n X h, T X h)an - u(n -, |h\2)a(Z - (h,uh)Q + 2€Re(n X e, T X e)an - e(n -, |€|2)8n - (e,ee)n.
Now we can use the definition of the boundary conditions and get

(h,uh) , + (e.2€) o + p(n -, |h?) o, +€(n- 2, ]e]?) oo
= —2Re(L(h,e), (z X ee, —x X uh))H +2uRe(n x e,n x (x x h))an + 2eRe(n x e,z X e)(,m.

Applying Young’s inequality results in the estimate

Iy e)l13 + allblidg + acllelg
2| L(h, )|l (2 x e, =z x ph)|[a + 2ulln X ellaalln x (2 x h)llaq + 2¢[ln x elaellz x ellae
< 2epR||L(h, e)l|ull(h, e)[[ g + 2uR][n x ellaallhlloa + 2eRl|n x ellac|le]ae

ARVAN

IN

1R? eR?
2\/EpR||L(h,e)||u||(h,e)|lm + o In % ell3q + apllhlzo + o In x el|3q + aclle]3e-
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Observing that the Lo (02)-terms cancel, we obtain by means of the upper bound for ||n x e||%,

(u+ e)R?
«

12, €)lI; < 2VERR L e)l|all (R €)l| + IL(h, )l al[ (s )l -

This is shown for all sufficiently smooth functions satisfying (4.13) and tangential trace in Ly; a density argument
now yields the stability constant Cr, in D(L). O

Remark 4.9. We note that C';, does not depend on the wave number.

5. THE CONTINUOUS SUBSTRUCTURING METHOD

In this section, we provide a Schur complement formulation of the problem. It gives rise to a symmetric
positive definite formulation and is thus of special interest for efficient numerical solvers. To do so, we start
with the introduction of a suitable partitioning and trace spaces, formulate the weak problem and apply a local
static condensation.

We assume that we are in the abstract setting of Subsection 4.1. Then, for all f € H a unique solution
ul € U of Lu™' = f exists such that [[u™!||y < \/C? + 1||f||#. We recall, that we use the graph norm
|ullZ = |lull3; + || Lul|3, for uw € U. Moreover, let U = {v € H: f € H exists such that (v, Lu)g = (f,u)g for
all u e U} be the adjoint space, and the Hilbert adjoint L*! is given by (v, Lu) g = (L*v, u)y for v € U2,

Partitioning and product space. For a given disjoint partitioning 2\ I'r = |J, ., 7, we define the local spaces
H; ={ul;:ue H} CLy(r)™ for all 7 € T, and we assume that the restrictions L[, and L*!|. of L and its
adjoint L9, respectively, are defined in the extended space V; D {u\T: ueU+ Uad}. We assume that V; is a
Hilbert space with the graph norm ||v|[3, = [[v[|3; + [|L*@v[|; of the adjoint operator. We will use V, as test
space. In general, V; will not include boundary conditions. Associated with the local spaces is the product space
V =TI, Vr equipped with the norm [[o|3, = > [|o- 3, -

Traces and trace norms. On 7, we assume that trace spaces VT and surjective trace mappings v,: V, — VT
exist such that V, is identified with the quotient spaces V. /N (v, ), and we use the corresponding trace norm

o1y, = _inf _florly..
Associated with the trace mapping v, is the adjoint trace v: V, — VT/ defined by
(LvT,f)T)HT = (UT,LadT;T)HT + <'yTvT,7ffdf)T>, vy, Ur € V.

The embedding U C V allows to define U= yr(U), where yp: V. — []. V, is the product trace mapping.
We observe for the kernel of v that N(yr) C U. The trace space U will be identified with the quotient space
U = U/N(yr) associated with the norm

e
Jillg = _inf _[lull

For w € U and @« = yru we set 4, = ~,u. Then, we have for 0, € V; and @ = (4,) € U the estimates
H'YTUTHVT < [Jvr[lv, and

(r,72%07)
>,

= inf
Yru=1i

— ad _ ad
= W}L{ﬁ ZT@Tu,yT vr) ZT (L“’UT)HT (u, L vT)HT‘

inf > (ILull, forlla, + lulla, 1220 )
Yru=u T

1 1
. 2 2
inf (D7 Lul, + i, )" (30 ol + 122013, )

Yru=u
inf Alullylvllv = [lallgllv]lv. (5.1)
Yru=i

IN

IA

IN
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A weak formulation. For given f € H, we set F € V] and F' € V' by (Fr,v) = (f,v)u, and (F,v) = (f,v)n
respectively. In a next step, we define the local bilinear forms B, € £(H,,V/) and B, € L(U, V) by

(Bru,v) = (u,Ladv)HT, <B-,—ﬁ,’l)> = <ﬁ7,vidv>,

and observe that (Lu,v)H = (Byu,v) + (Brv;u,v). For the global operator B € L(H x U, V') given by

(B(u,a),v) = > (Brus + B, v,), we find that the solution u' € U of Lu*®' = f and its trace 4! = ypu™!
satisfy

B (v, @) = F. (5.2)

This observation motivates our interest to focus on the properties of B(-,-). The following lemma shows that
(5.2) has a unique solution and thus is equivalent to our original problem.

Lemma 5.1. The operator B € L(H x U, V") is bounded by

[(B(u,@),0)| < O [|(w, @) yygllvllv,  (ua) € HxU
with Cp = /2, and for given f € H a unique solution of (5.2) exists.
Proof. Using (5.1) we obtain for (u,4) € H x U

‘ZT<BTuT,UT>

I (B
and thus |(B(u, @), v)| < ([lulla + [[allp) < V2w, W) g pllvllv-
The solution u**! € U of Lu**! = f is unique, and we have B (u™', yru®') = F by construction. Thus, it is
sufficient to show that B is injective. Let (u, @) € U x U be a solution of the homogeneous problem B(u, &) = 0.

In the first step, we test with v € A'(yr) C U which yields

<D Nurlla 12, < Jlullzlolv,

(@, 77%r) | < llallgllvllv,

0= (B(u,a),v) = (u, L*%) g = (Lu,v) .

Since N (vyr) is dense in H, this implies Lu = 0 and since L is injective, we obtain u = 0. Then, we have
0 = (B(0,4),v) = 3 (B,i,v,) for all v € V, with implies & = 0, since B, is injective. This shows that B is
injective on U x U, and since U is dense in H and B is continuous, B is also injective on H X U. O

The Schur complement. For the solution of the equation B(u*!, 4*°!) = F we now construct a Schur complement

problem. To do so, we introduce self-adjoint and positive operators A, € L(V;,V!) and A € L(V, V') by

(Arvr, i) = (v ) o+ (L0 D95) 0 (Av,0) = Y (Arvor, i),
and the Schur complement S = B'A~'B € L(H x U, H’ x U’). This gives
Sl 4% = B'ALF,
We now show that this problem is well-posed using the abstract theory of Section 3 with Y = H x U.
Lemma 5.2. We have for all (u,@) € H x U
cs [, @)l o < (S(u, @), (u,0)) < Cs || (w, D)7,

with cs = (4C% +2)~! and Cs = 2.
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Proof. We start with the proof of the upper bound. We have (Av,v) = ||[v[|%,, (F, A7'F) = ||F||?.,, and

N 2
(S, ), (u, 8)) = (Bl @), A~ Blu, ) = | Bu, )2 = sup L2

5.3
SR (5:3)

Thus, Lemma 5.1 yields the upper bound Cs = C% = 2.
To show the lower bound, we use that for all v € V C H a function u, € U with Lu, = v exists. Using the
definition of the norm in U and U, we get

1o, yruo)lly, o = luoll + lvruolf < luollr + luollt = 20wl + | Luo |17

< (207 +1) || Luolfr = (2CF + 1) [lv]1%-
This observation and (B(uy, yruy),v) = (Luy,v)g = ||v]|3 yield

sup ‘<B(UL,’LL),U>| > <B(uvﬁruu),v> > 1
(u,a)eHXU ”(u’u)”HxU H(uU”YFUU)HHxU QC% +1

[l

Moreover testing with (u,4) = (L*%v,0), a second lower bound is obtained

wp  Bi)) | (B(L.0).0)

i = = || L*|| g
(u,0)eH XU ([ (ws @) grcpr | Ladv|| g

Combining these two estimates gives

B N 2 Lady||2 1
(B @) o) o g § Il paagy s TG DT lollv-
207 + 1 V2207 +1 VACL +2

Recalling that B is injective, the lower bound is now obtained by duality, see, e.g., [6], Lemma 4.4.2. O

sup —
(u,8)eHXU H(uvu)HHxU

The skeleton reduction. Finally we eliminate u*°' and obtain a positive definite system for the trace 4°°!. We
point out that u®' can be recovered locally from @°°'. This is an attractive feature for the discrete setting.

Inserting @ = 0 gives for the local Schur complement S, = B, A7 B, the estimate cg [Ju-[3 < (Srur, u.).
Thus, we can construct the local projection P, = idy, —A-'B;S-'B! on N(B.) with P, A71B, = 0. Moreover,
we have A, P, = P/ A;, i.e., P; is an orthogonal projection in V.

We use the projection to eliminate the local solutions u$*! € H, and thus for the reduction to the skeleton
values U. We obtain from B,us! + B, = F, the local equation P, AZ 1B a5l = P, AZL1F,. Setting on the
skeleton S = >or B.P.A;7'B, and F = > B.P.A;'F,, the global equation for u*! can be rewritten as

Siret = (5.4)
Lemma 5.3. We have cg ||ﬁ\|12] < (Sa,1) < Hﬂ||[21 forieU.
Proof. For given @ € U and the special choice u, = ~S-1BLAC 1B 4, we have
Bru, + By = (=B, S;'BL AT +idv. ) Bra = PLB .
Using P, A;'P. = P. A, we obtain for u = (u,)

(S(u, @), (u, @) = (Brur + Brit, A7 (Brur + Brit)) = Y (P Brii, A7 Pl Brai) = (S, @).

T
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Then, the lower bound cg Hu||2 < cg ||(u, )] (Sa, @) follows from Lemma 5.2, and the upper bound

follows from (5.1) by

|H><U -

(Sti, ) = Z (B,i, P AT B <Z | Brl|v: | Pr A7 Bl v,

< Z ||B UHV’ < Z lnf uT?’YT UT> S Hu”?] u

7 lvrllve

This shows that S is positive and the equation (5.4) has a unique solution @*°'. Then, the local solutions

u! = S-1BL ATV (F, — B, are determined by the skeleton solution and the right-hand side.

6. THE DISCRETE SUBSTRUCTURING METHOD

In this section, we firstly proceed exactly as in the continuous setting and then comment on inf-sup stability
and preconditioning. Since the Schur complement equation for the continuous problem corresponds to a saddle
point problem, we need a uniform inf-sup stable discretization. Let H.; C H;, be local finite element spaces,
and let U, € U be the trace space of a conforming finite element space. Then, we assume that discrete spaces
Vin C Ve and By € (0,1) exists satisfying for all (urp, 4n) € Hrp X Uy,and T €T

sup ‘<B‘rur,h + BTﬁh, UT,h>‘ > ﬁo sup |<B-ru7-,h + B'rahv ’UT>‘ .
Vrn €V [vr,nllv, vV, [[vzlv,

Let B; p, BT,h, A;p, and F; ) be the Galerkin approximations of B, BT, A;, and F;, i.e., for u,p, € Hyp,
Ur,p € Up, and vy p, 07 p € V7 we have

<Br,hu‘r,hav'r,h> = <B‘ru'r,h7v‘r,h>7 <BT,h’&T,h7UT,h> = <B‘rar,hvv‘r,h>7
<AT,hUT,ha ﬂT,h> = <ATUT,h7 'ET,h>7 <Fr,ha UT,h> = <F~,—, UT,h>~

As in the continuous setting, we define the spaces H, = [[. H; and Vj, = [[, V7 5. The Galerkin approxima-
tions of B, A, and F are denoted by By, € L(H}, X Up, Vi), A € /.:(Vh, Vy), and F}, € V. Since Aj, is symmetric
and positive, the discrete approximation Sy, = Bj, A, 'By, € L(H), x U, H; x Uh) of S is well-defined.

A direct approximation of the equation B(u*!, 4*°!) = F requires that the discrete solution space Hy, x Uy, and
the test space have the same dimension. This can be achieved by selecting the test space A_lBh(H B X U, n) C Vi,
or equivalently, by the solution of the discrete Schur complement problem given by Sy, (u5°!, 45°") = B;IA;IFh.

We now show that the local inf-sup stability guarantees that S, is uniformly positive in Y, = Hp x Uy, so
that a unique solution of the Schur complement problem exists.

Lemma 6.1. We have for all (up,0p) € Hp X Uy,

s | (un, @)l 3 < (Snluns @n), (un, @n)) < Cs [|(un, @n)l1%,, -
Proof. The upper bound follows from the continuity of the operator B. More precisely, we get

By (un, @p), vn B(up,tp),v .
sup [(Bhn( ) >|<Sup\< ( ) >|§CBH(U’U)HH><U'

onEVi llonllv vev llvllv

By construction of V; j,, we have for all (up,4p) € Hp X Uy

B 1 2 B B, i 2
(Sh(un; @n), (un, @n)) = sup s h(Uh’th)’vhH :Z sup [Brhtirn + Brniin, vrh)
vR EVY ”UhHV Torn€Ven

Brurp + B, vr))? . R
>R, sup KPS ). s ),
vr eV UTHV.,—

so that the lower bound is obtained from Lemma 5.2. O
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Lemma 6.1 allows us to formulate an a priori bound for (us, @%°") — (u5°!, a5°").

Theorem 6.2. We have the a priori bound

VCs

usol ’ELSO] o usol ,LALsol < inf usol ’ELSO] — (ur. 0 .
(e, @) = (ui?s @37) e < ﬁO\/@(uh,ﬁh)eH;LxﬁhH( V%) = (uns @n) |

Proof. Combining (3.3) with Lemmas 5.2 and 6.1, see also Theorem 2.1 from [20], gives the a priori bound. O

Remark 6.3. We note that Theorem 6.2 can be regarded as an extension of Céa’s lemma to the more general
setting of first order systems. More precisely, the stability and the inf-sup constants of first order systems play
the same role as the continuity and coercivity constants for Céa’s lemma, respectively. For parameter dependent
problems, the ratio \/Cs/(y/csBo) = 24/C% + 1/ has to be uniformly bounded to obtain robust estimates
with respect to the parameter space.

The skeleton reduction. For the elimination of the inner degrees of freedom, we proceed as in the continuous
case. From Lemma 6.1 we obtain for the discrete local Schur complement S, = B‘/f',hA;}lBth the estimate
cs B2 ||urn |fq7 < {87 nUrp,ur ). Thus, the local operators S;;, can be inverted, and we can define the local
projections Py = idy, , —A;}IBT’hS;,llB/ﬂh on N (B} ;) and

Sy, = ZT BL,PryAL} B, F, = ZT Bl Prn AL Fr.
Analogously to Lemma 5.3, we obtain spectral bounds
csf llanllF < (Snin, @n) < llanllF,  dn € Un. (6.1)
This shows that S, is positive, and ﬁ?fl e Uy is the unique solution of
S5t = . (6.2)
Then, local computations give uSTO}l = S;}{,B;—’hA;}l(FT,h — Bthﬁifl) for all 7.

Inf-sup stability. So far we have been assuming the existence of a uniform discrete inf-sup constant. Here, we
derive a simple criterion and show that inf-sup stability can be achieved if V}, is large enough.

We start with the explicit evaluation of the supremum. For given (u, 5, ur) € Hyp X Uh, we define locally
F; = Brurp + By, € V! and Frj, = Br purp + BT,hﬁh S Vr/,h’ and we observe

IAZLFrnllve = \J(Arn AZL e, AZLFr ) = (o, AZEFL )

~ sup |<BT,huT,h+BT,hah7UT,h>| ~ sup [{(Brurp +BTﬁh,Ur,h>|
Ve hE€Vrn HvT,h |VT v hE€Vrn ”UT,hHVT
B B 1
< sup [Brtmnt Brlvr)| VA ATV = [|AT |y,
v €V vz [V,

lv. > Bol|A-1E, ||y, for some 3y € (0,1)
independent of the mesh size. For a more detailed discussion, we define the spaces W, = A~ 1(BTHT7 h+ BTU )
and W, = A;}L(BT,hHT,h + Bnhf]h). Note that dim(W;) < dim(H,p) + dim(Uh) in our applications. An
obvious requirement for inf-sup stability is dim(W; ;) = dim(W;). Since we have dim(W; ;) < dim(V ), this
implies that V5 has to be large enough.

Now we discuss two cases. In the first case, we assume that W, can be determined explicitly. Then, we can
compute 3y > 0 for every 7 by a simple eigenvalue analysis in RA™(W=) For an affine family of subdomains 7

Thus, uniform inf-sup stability is obtained if we can show HA;},,FT,h
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this reduces to an eigenvalue analysis on a reference element. In this case, a suitable Fortin mapping can
explicitly be constructed, see [20] for the Poisson problem and for linear elasticity.

For the more general case, we assume that V., C V-, p € P, is a dense family of discrete subspaces, so that
the orthogonal projections Py p, € LW, Vr pp) satisty limpep || Prnp —idw, ||z, ,v,) = 0. Recalling that W,
is finite dimensional, for each By € (0, 1) there exists a p € P such that

inf e np —wrllv, < (1= Po)llw-llv,,  wr € Wy

Vr b, p€Vr h,p

For given (urp,Up) € Hrp X Uy, we define w, = AZYBrury + ETﬁh) € W, and the approximation w;  , =
-1

T,h,p(Bthvputh + Brpptn) € Wrpp. Then we observe

lwrhp —wrllv, = inf - flurnp —welv,.
Vr h,pEVr h,p

This yields

[(Brtrh + Brin, vrnp)|
sup
Vr,h,p€EVr n,p ”’UTJ%P”V

= lwrnpllv, > lwellv, = wrpp — wr v,

Bru 7h+B Up, UV
> Bollwr v, = Bo sup LLBrtmh + Brin,v)]
sup Tolly

In some applications it may be required to choose p € P depending of 7 adaptively which can be achieved by a
local variant of the greedy algorithm in [14].

Preconditioning. Although the discrete problem (6.2) is a well-defined symmetric positive definite system, the
condition number depends on the mesh size. Thus, for an efficient solver a good preconditioner is required.
To our knowledge, up to now for discontinuous Petrov—Galerkin methods only a one-level additive Schwarz
preconditioner is discussed, see [3].

Here, we show that an efficient preconditioner for S, can be constructed from an efficient preconditioner in
Vi, N U. For this purpose, assume that a subspace U, C U NV}, with trace space vr(Up) = Uh, a self-adjoint
positive operator AY € L(Uy,U}), and a self-adjoint preconditioner Gj, € L(U},Uy) exists.

Let vrp € L(Up, U, 1) be the Galerkin approximation of yp|y, and define the corresponding skeleton precon-
ditioner G}, = ’}/thGh’}/}vh S E(U b Uh) for Sj,. The following theorem shows that the skeleton preconditioner
inherits its properties from the self-adjoint preconditioner, the inf-sup constant and suitable norm equivalences.

Theorem 6.4. Assume that 0 < cy < Ca and 0 < cg < Cq exists such that

ca (Af un,un) < yruall?, < Ca (Af un, un), (6.3)
G <A,[{uh, uh> < (Aguh, GhAgum < Cqa <A,[{uh,uh> (6.4)

holds for up € Uy. Then, with cg = cgeacsfE and Cg = CgCy, we have
ca (Shiin, in) < (Spiun, GnSpin) < Ce (S, ), tn € Uy, .

Proof. We proceed in two steps. Flrstly, we bound <Shuh, GhShuh> in terms of (6.4). Secondly, we show the
spectral equivalence of S, and Sh'yp hAh VphSh We have for 4y, € Uy,

(Snitn, GnSnitn) = (A (AY) ™ 25w Shitn, Gh AR (AF) ™ Y, Snitn)
and thus, using (6.4),

ca (VrnSntin, (AY) ™ Y nSniin) < (Shin, GrSnin) < Ca (VppSuin, (AY) ™'V, Snitn).-



ROBUST OPERATOR ESTIMATES AND SUBSTRUCTURING METHODS FOR FIRST-ORDER SYSTEMS 1491
Introducing AY = (yp,h(Ag)*l'y}’h)fl € L(U,U"), this equivalence reads as
G (Sniin, (AF) 7 Suitin) < (Snitin, GhSnin) < Ca (Snin, (Af) ™ Spiin). (6.5)
Thus it remains to show that Sh( h) 18, is spectrally equivalent to Sh.
For given 1y € Uy, define uj, = (Ag) vp hA Uy, so that yr pup = 4y, and <A Up, Up) = <Agﬁh, Up). Inserting
these equalities in (6.3) yields
ca (A an, in) < ||anll?, < Ca (A an, i), dn € Un. (6.6)
Together with the spectral bound (6.1), we obtain
cacs B3 (Af iin, @) < (Swin, tn) < Ca(Afan, @n), iy €Uy,
or equivalently
cacsB (Fn, S By) < (Bn, (AV) TV Ey) < Ca (B, S,V Ey), By € Uf.
The choice Fh = ghﬁh now gives
cacs B2 (Spiun, an) < (Shin, (A;I{)ilghﬁw < Ca (Spip, )

and in combination with (6.5) the assertion is verified. O

We shortly comment on a suitable construction of Uy, satisfying (6.3). Let Pp € £(U, N'(yr)) be the orthogonal
projection to N'(yr). Then, we have

upl|ly = Inf up —vlly = |lun — Pru .
vrunlly vEN("/p)” n—vllu = [lun — Prup|v

This shows that choosing Uj, = (idU,L _vah) (UNV},) with the orthogonal projection vah € LIUNVy, N(yrn))
gives (6.3) with c4 € (0,1) close to 1 and C4 = 1, if V} is fine enough and if the operator AY is given by
(AYup, @p) = (un, )i + (Lup, Lay) g

Error control. The condition Uh C yr(Vy) allows for a local reconstruction of the discrete skeleton solution
SOl € Uh in U by determining ’USOl € Vj, such that ’}/FU%l = us"l Then, we have ’USOl € UNV, and the error
bound

[ — @y < [[u™ = villo < \/1+ CFIL™ = 03| = /1 + CF I = Loy || (6.7)

In the special case U, = ~vp(V3,) and N(yp) = {0} the reconstruction is unique. Then, the error bound is
minimal for the result of the standard least squares method in U, = U N V4, i.e., by computing a minimizer of
R(on) = 31 — Lenl.

Better results can be expected if N'(yr) # {0}, where the lifting 11501 with yrvi°! = 45°! is not unique, i.e.,

SOI € A-r h’yT h(’yT hA-,— h’yT h)i The + N(’VT)

Uniqueness can be achieved by the additional condition (LU§01 foon)m, =0 for vy, € N(v,).
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FIGURE 1. Isolines of p for a diffusion problem with homogeneous Dirichlet boundary values
on the top boundary (ze = 1), Neumann boundary values o - n = 1 on the bottom boundary
(x2 = 0), and homogeneous Neumann boundary values else (left), and isolines of |o| for nearly
incompressible linear elasticity with homogeneous Dirichlet boundary values on the bottom
boundary (z2 = 0), a pressure load for xs = 1, and homogeneous Neumann boundary values
else (right).
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7. NUMERICAL EXAMPLES

As a proof of concept, we consider two simple examples. In both cases we test the convergence of the
discretization by computing the error bound (6.7), and we test the convergence of the skeleton preconditioner Gh.

The first example is a diffusion problem —Ap = 0 in 2 C (0,1)? with impenetrable obstacles in the domain,
see Figure 1 for the geometry and boundary conditions. Let U, = RT¢ g0 (7n) X S1,60p (71) be the lowest order
finite element space, Uy, = vp(Up) its trace space, Hg = Po(K)? x Py(K), and Vg = P1(K)? x P,(K). For
preconditioning, we choose

(A ((on,pn), (Gn.Bn)) = (on,6n)2 + (V- 0n, V- 6n) e + (Pr.Br)e + (Vou, Vi) 2, (on,pn), (Gh,Pr) € Uhp.

In the first component, G}, is a H(div, {2) multigrid preconditioner with hybrid smoothing [24], and in the
second component we use a parallel damped block Jacobi smoothing and local Gaufi-Seidel smoothing on each
processor [32]. As stopping criteria for the parallel Krylov iteration with V(2,2)-multigrid preconditioning, we
use a residual reduction by the factor 10~'2. The results in the upper part of Table 1 show asymptotically the
expected convergence rate O(hg) for the lowest order approximation and mesh independent convergence for the
multigrid preconditioner.

In our second example, we test the robustness of the discrete scheme for nearly incompressible 2D linear
elasticity — divCe(u) = 0 with constant pressure load on = —pon on 902x C 942, see Figure 1. Here, we use
Hg =Po(K)Z2 x Po(K)? and Vi = P1(K)2%52 x P1(K)?, and a V(4,4)-multigrid cycle is applied. The results
in the lower part of Table 1 show robustness of the approximation and for the multigrid preconditioner in the
incompressible limit.

The transfer to more challenging problems requires the proper choice of A;{ in U, =V, NU, an efficient
preconditioner GG, and for the error control a suitable reconstruction operator.
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TABLE 1. Numerical results for the diffusion problem and for linear elasticity. The recon-
struction in (6.7) is determined by the evaluation of @°! at the nodal points of Uy, and
the error is estimated by pp, = ||(c + Vp,V - 0 — f)|ln for the diffusion problem and by
prn = ||[(C 1o — Du,divo + f)|| ¢ for elasticity.

number of triangles 1912 7648 30592 122368 489472 1957888 7831552

diffusion dim(f]h) 4072 15808 62224 246832 983152 3924208 15679984
Ph 0.24044 0.15507 0.09852 0.06227 0.03928 0.02475  0.01560
log, % 0.633 0.654 0.662 0.665 0.666 0.666
multigrid steps 19 20 20 21 21 21
elasticity dim(U3) 8144 31616 124448 493664 1966304 7848416
v =0.49 Dh 0.010224 0.006978 0.004593 0.003028 0.002010 0.0013434
log, %h 0.551  0.60333  0.601 0.591 0.582
multigrid steps 32 32 33 34 36
v =0.499 Ph 0.010170 0.006941 0.004569 0.003014 0.002002 0.001338
log, ’;f: 0.550 0.603 0.600 0.590 0.580
multigrid steps 32 33 33 34 36
v = 0.4999 Dh 0.010164 0.006938 0.004567 0.003012 0.002001 0.001338
log, %h 0.550 0.603 0.600 0.590 0.580
multigrid steps 33 33 33 34 36

Concluding remarks. Robust operator estimates and, as a consequence, a priori estimates in operator depending
norms are essential for the design of robust discretization methods and robust numerical solvers. Here we have
shown that for representative problem classes suitable stability estimates can be provided leading to convergence
estimates of discontinuous Petrov—Galerkin methods. The efficiency of the preconditioning is demonstrated for
diffusion and elasticity. Further numerical results for the Poisson problem [15], for the transport equation [13],
for convection diffusion problems [12, 18], for the Helmholtz problem [16], and for the Stokes problem [30]
underline the flexibility and efficiency of discontinuous Petrov—Galerkin methods. Nevertheless, to exploit the
full potential of a Petrov—Galerkin approach, further research is required to identify the optimal balance of local
approximations and skeleton discretizations.
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