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ANALYSIS OF A TIME DISCRETIZATION SCHEME FOR A NONSTANDARD
VISCOUS CAHN-HILLIARD SYSTEM
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Abstract. In this paper we propose a time discretization of a system of two parabolic equations de-
scribing diffusion-driven atom rearrangement in crystalline matter. The equations express the balances
of microforces and microenergy; the two phase fields are the order parameter and the chemical poten-
tial. The initial and boundary-value problem for the evolutionary system is known to be well posed.
Convergence of the discrete scheme to the solution of the continuous problem is proved by a careful
development of uniform estimates, by weak compactness and a suitable treatment of nonlinearities.
Moreover, for the difference of discrete and continuous solutions we prove an error estimate of order
one with respect to the time step.
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1. INTRODUCTION

This paper deals with a time discretization of a PDE system arising from a thermomechanical model for
phase segregation by atom rearrangement on a lattice. The model was proposed by one of us in [29]; the
resulting system has been analyzed in a recent and intensive research work by four of the present authors (see,
in particular, [16,17], both for well-posedness results and for a detailed presentation of the model).
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The initial and boundary value problem we consider consists in looking for two fields, the chemical potential
p > 0 and the order parameter p € (0, 1), solving

(1+2g(p))0p + p0rg(p) — Ap=0 in 2 x(0,7), (1.1)
dp—Ap+ f'(p) = ng'(p) in 2 x (0,7, (1.2)
Oppe=0yp =10 on I’ x (0,T), (1.3)

pli=o = po and  pli=o = po in (2 (1.4)

here {2 denotes a bounded domain of R? with conveniently smooth boundary I', T > 0 stands for some final
time, and 0, denotes differentiation in the direction of the outward normal v.

Problem (1.1)—(1.4) is parameterized by two nonlinear scalar-valued functions, g and f, which enter into the
definition of the system’s free energy:

6= Bl 9p. = (5 +906))+ £0) + 51V (15)

We point out that in (1.1)-(1.5) all physical constants have been set equal to 1. We also note that the last two
terms in (1.5) favor phase segregation, the former because it introduces local energy minima, the latter because
it penalizes spatial changes of the order parameter. For g, one can take any smooth function, provided it is
nonnegative in the physically admissible domain:

g(p) >0 forall pe(0,1); (1.6)

accordingly, the coefficient 1/2 of p in (1.5) should be regarded as a prescribed material bound. As to the
possibly multi-well potential f, we take it to be the sum of two functions:

f(p) = fi(p) + f2(p);

the one, f1, is convex over (0, 1), and such that its derivative f] (and possibly also f1) is singular at the endpoints

0 and 1 (¢f. (2.3)); the other is required to be smooth over the entire interval [0, 1], but not to have any convexity

property, so that in equation (1.2) f} may serve as a non-monotone perturbation of the increasing function fi.
As to the parameter functions, in [16] the choice made for g was:

a(p) = p, (1.7)

while the assumptions on f were compatible with choosing a double-well potential:

f(p) =ai{pn(p) + (1 —p) In(1 —p)} + azp (1 —p) + asp, (1.8)

for some non-negative constants ay, aso, az. Note that, if a3 is taken null, then, according to whether or not
204 > ag, f turns out to be convex in the whole of [0, 1] or it exhibits two wells, with a local maximum at
p = 1/2; moreover, for az > 0, the combined function:

—g(p)u+ f(p) (apart of )

shows one global minimum in all cases, and it depends on the sign of (ag — ) which minimum actually occurs.
On the other hand, the framework of paper [17] allows for much more general choices of g and f, as well as for
nonlinear diffusion of u. Existence and uniqueness results were proved in both [16,17], with different approaches.
Here, we take inspiration from arguments developed either in the one or in the other of those papers.

We introduce a time discretization of system (1.1)—(1.4) which is implicit with respect to the principal terms
and tries to handle very carefully the nonlinearities. Namely, we address the recursive sequence of the elliptic
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problems:
(1 + 2’7n) 5h,ufn + fnt1 5h'7n - A,UfnJrl =0 in Qa (19)
Onpn — Apny1 + f'(pnt1) = png'(pn)  in 2, (1.10)
&,unﬂ = 8,,pn+1 =0 on F, (111)

forn=0,1,...,N, where h = T/N is the time step, v, := g(pn) and, for any (N + 1)-ple 2o, 21, . . ., z2n5, we let
Onzn = (Zn+1 — 2zn)/h  for n=0,...,N — 1.

After showing the existence of a discrete solution at any step, we carry out a number of uniform estimates on
the time-discrete solution which allow us to prove convergence to the unique solution (u, p) of the continuous
problem (1.1)—(1.4), as h tends to 0 (or, equivalently, N goes to +00). Then, we estimate certain norms of the
difference between the piecewise-linear-in-time interpolants of the discrete solutions and the continuous solution:
more precisely, the first error estimate we prove is of order h/2; the second, which holds under stronger regularity
assumptions on the initial data, is of order h.

We regard our results as a cornerstone in the construction of a time-and-space discretization of prob-
lem (1.1)-(1.4). With reference to such a complete discretization of Cahn-Hilliard and viscous Cahn—
Hilliard systems, we quote papers [1-8,21-23]. Some recent efforts can be found in the literature with the
aim of analyzing other classes of phase transition problems, either to show existence via time discretiza-
tion [9,14, 15,19, 20,27, 30, 35,36] or to prove numerical results such as special convergence properties, stability
or error estimates [11-13,18,25,28,31,33,34] (cf. also [26] for a recent review on phase-field models). We dare
say that our contribution goes deeply into the structure of the mathematical problem, because, as is not the
case for many other similar investigations, we succeed in showing a linear order of convergence.

Our paper is organized as follows. In the next section, we list and discuss our assumptions, formulate the
continuous and discrete problems precisely, and state our main results. Section 3 is devoted to proving that
there is a discrete solution. The convergence result is proved in the long and articulate Section 4. Finally, the
last two Sections 5 and 6 contain detailed proofs of the two error estimates.

2. MAIN RESULTS

In this section, we describe the mathematical problem under investigation, introduce the time discretization
scheme, make our assumptions precise, and state our results.

First of all, we assume {2 to be a bounded connected open set in R? with smooth boundary I". For convenience,
we set

Vi=HYQ), H:=1L*), and W:={ve H*(2): d,v=0o0n T}, (2.1)
and we endow these spaces with their standard norms, for which we use a self-explanatory notation like || - ||y .
The notation |- ||, (1 < p < +00) stands for the standard LP-norm in LP({2); for short, we sometimes do not

distinguish between a space (or its norm) and a power thereof.
As to the parameter functions f and g, we assume that

f=/ i+ fe, where (2.2)
f1:(0,1) — [0, 4+00) is a convex C? function satisfying

. / _ . / _ .

lm fi(r) = —co and lim fi(r) = +oc: (2.3
f2:[0,1] = R is of class C%; (2.4)

g:[0,1] = R is of class C? and nonnegative.
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For the initial data, we require that

po € VNLX(R2) and po >0 ae. in §2; (2.6)
po €W C C°%2) and infpy >0, suppy < 1. (2.7)

We stress that conditions (2.7) actually imply that py is 1/2-Ho6lder continuous: indeed, as (2 is a three-
dimensional domain, W is continuosly embedded in C*'/2(£2). As a consequence, also f(pg) and f'(pg) are
1/2-Holder continuous, since f and f’ are smooth in (0,1). On the other hand, we point out that in the sequel
we will mostly exploit the compactness of the embedding W C C°(£2); Holder continuity will play no role.

As recalled in the Introduction, in papers [16,17] two versions of problem (1.1)—(1.4) were solved over an
arbitrary time interval [0, 7] in a rather strong sense, because the solution pairs (u, p) were required to satisfy

e HY0,T; HYNL*(0,T; W), (2.8)
peWhL(0,T; HYNH'(0,T; V)N L>(0,T; W), (2.9)
>0 ae. in Q, (2.10)
0<p<l ae in@ and f'(p) € L>(0,T;H). (2.11)

Note that the boundary conditions (1.3) follow from (2.8)-(2.9), due to the definition of W in (2.1). Accordingly,
the solutions to the problems of type (1.1)—(1.4) studied in [16,17] were pairs (u, p) satisfying, in addition
to (2.8)—(2.11), the system

(1+29(p)) Oep + p0rg(p) — Ap=0 ae. in Q, (2.12)
dp—Ap+ f'(p) = ng'(p) a.e. in Q, (2.13)
1w(0) =po and p(0) = po a.e. in (2. (2.14)

Some of the results proved in the quoted papers are summarized in the following theorem.

Theorem 2.1. Let assumptions (2.2)—(2.7) hold. Then, there exists a unique pair (u, p) satisfying (2.8)—(2.11)
and solving problem (2.12)—(2.14). Moreover, u € L>®(Q), and there exist p., p* € (0,1) such that p. < p < p*
a.e. in Q.

The main aim of the present paper is to show that, given the time-discretization scheme introduced here
below, the discrete solution converges to the solution (u, p) as the time step h tends to zero.

Notation 2.2. Assume that N is a positive integer, and let Z be any normed space. We define &;, : ZN+t! — ZN
as follows:

for z = (20,21,...,2n5) € ZNTt and w = (wo, ..., wy_1) € ZV,
Znt+l — 2
Onzn = (w,) means that wn:% forn=0,...,N —1. (2.15)
We can also iterate the discretization procedure, and define, e.g.,
0 -0 -2
522, = OhEnl ZOnEn _ Eng2 T Zmid T En o p g N o (2.16)

h h?
Next, by setting h := T/N (without stressing the dependence of h on N) and I,, := ((n — 1)h,nh) for n =
1,..., N, we introduce the interpolation maps from Z¥*1! into either L>°(0,T; Z) or W>(0,T; Z) as follows:
for z = (20, 21, ..., 2n) € ZNHL, we set
Zh, 2, € L®(0,T;Z) and 7z, € WH>(0,T; 2), (2.17)
Zn(t) =z, and z,(t) =2z,—1 foraa.tel,, n=1,...,N, (2.18)
zn(0) = 2z9 and 0z, (t) = dpzn—1 foraa.tel,, n=1,...,N. (2.19)
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These maps yield the backward/forward piecewise-constant and piecewise-linear interpolants of the discrete
vectors. We obviously have:

IZnll Lo (0,7;2) = n:Hll%)fNHZnHZv IznllLe(0,752) = n:()lflnfa%leanZ, (2.20)
N N-1

ZulZe0miz) = B D _llzal% NznlZeorizy =5 D llaall?. (2.21)
n=1 n=0

Moreover, as zp(t) is a convex combination of z,_1 and z, for ¢t € I,,, we also have

1Bl ~oriz) = max _lzallz = max{llzollz, 2l o~ 0.7, (222)
N

1Z0l1720.72) < 2 D (a1l + l1zal2) < Rll20llZ + 2020072 (0,7.2)- (2.23)
n=1

Finally, by a direct computation, it is straightforward to prove that

120 = Zlleoriz) = max zns1 — 2allz = b [0l ooz, (2.24)
n=0,...,N—1
h N—-1 h,2
2 = ZalBeorizy = 5 9 I2nst = 2alld = 5 105 3s 0.1,z (2.25)
n=0

and that the same identities hold for the difference z;, — Zj,.
At this point, we can write the discrete scheme presented in the Introduction in a precise form. For any
positive integer IV, we look for two vectors (u,)YN_o and (p,)2_, satisfying the following conditions:

i) the first components po and py coincide with the initial data;
ii) forn=0,..., N — 1, we have that
i1y Pt €W, ping1 20 and 0<pppr <1 in 2, f(ppi1) € H; (2.26)

i) if (v,)N_, is the vector whose components are 7, := g(p,), there hold

(1 + 29) Onptn + tng1 OnYn — Apint1 = 0, (2.27)
5h,0n - Aanrl + f/(anrl) = ,Ufng/(pn)v (228)

forn=0,...,N—1.

Also in this case, the homogenous Neumann boundary conditions are implicit in the regularity requirements
(see (2.26) and (2.1)).

Clearly, the “true” problem consists in finding (gn+1, prnt1) once (pp, pin) is given. Here is our result in this
direction.

Theorem 2.3. Assume (2.2)—(2.7). Then, there exists hg > 0 such that, for h < hg and n = 0,...,N — 1,
problem (2.27)~(2.28) has a unique solution (fni1, pnt1) satisfying (2.26).

Our next results concern firstly convergence of interpolants for vectors (p,,) and (u,) to the solution (u, p)
to problem (2.12)-(2.14), then error estimates. We point out that, for simplicity, the convergence theorem here
below is not stated in a precise form: the topological setting will be specified later, by means of relations
(4.34)—(4.38).

Theorem 2.4. Assume (2.2)—~(2.7). Then, in accord with Notation 2.2, the sequences of interpolants for the
discrete solutions given by Theorem 2.3 converge to the solution (u, p) given by Theorem 2.1 as h tends to 0, in
a suitable topology.
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Theorem 2.5. In addition to (2.2)~(2.7), assume that
po € H*(0). (2.29)
Then, for sufficiently small h > 0, the following error estimate holds:
150 = Pl .10z 0,757y + in — el Lo o,msmn2 03y < b2, (2.30)
where ¢ depends only on the structural assumptions and the data.
Theorem 2.6. In addition to (2.2)~(2.7), assume (2.29) and
po € W. (2.31)
Then, for sufficiently small h > 0, the following error estimate holds:
1Pn — pll a0, 7:m)AL>=(0,7:v) + [ — pll Lo (0,7:5)nL2(0,75v) < ch, (2.32)
where ¢ depends only on the structural assumptions and the data.

Remark 2.7. It is easy to see that our assumptions (2.2)—(2.7) ensure that both f/'(po) and pog’(po) belong
to V. It follows that (2.29) is equivalent to

—Apo + f'(po) — pog'(po) € V. (2.33)

We also notice that the assumptions (2.29) and (2.31) ensure further regularity for the solution (u, p) to the
continuous problem (see the forthcoming Rem. 6.1).

We prove Theorem 2.3 in Section 3 and Theorem 2.4 in Section 4; the last two sections are devoted to proving,
respectively, Theorems 2.5 and 2.6.

Throughout the paper, we account for the well-known embeddings V C L4(£2) (1 < ¢ < 6) and W C C°(£2),
and for the related Sobolev inequalities:

[ollg < Cllvllvand  |[v]lee < Cllvflw, (2.34)

for v € V and v € W, respectively, where C' depends on {2 only, since sharpness is not needed. We remark that
these embeddings are compact provided that ¢ < 6. In particular, the following compactness inequality holds:

lvlla < ol|Vullg + Co||lv||g, for every v € V and o > 0; (2.35)

in (2.35), C, is a constant that depends only on {2 and o. Furthermore, we make repeated use of Holder’s
inequality, of the following elementary identity:

(a—b)a= %(12 - %bQ + % (a—b)?, for every a,b € R, (2.36)

and of Young’s inequality
ab < ga® + i b2, for every a,b > 0 and o > 0. (2.37)
Moreover, we use the discrete Gronwall lemma in the following form (see, e.g., [24], Prop. 2.2.1): if (ag,...,an) €

[0, 4+00)V 1 and (by,...,bN) € [0, +00)Y satisfy

m—1
am < ag+ anan form=1,...,N, then

n=1

m—1
amgaoexp<2bn> form=1,...,N. (2.38)
n=1
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Finally, throughout the paper we use a small-case italic ¢ for a number of different constants that may only
depend on (2, the final time T, the shape of f, the properties of the data involved in the statements at hand;
those constants we need to refer to are always denoted by capital letters, just like C' in (2.34). Moreover,
a notation like ¢, signals a constant that depends also on the parameter o. The reader should keep in mind
that the meaning of ¢ and ¢, might change from line to line and even in the same chain of inequalities and that
their values never depend on the time step h.

3. EXISTENCE

In this section, we prove Theorem 2.3. We argue inductively with respect to n, i.e., by assuming that a
pair (pn, pn) satisfying (2.26) with n in place of n + 1 is given, we prove that problem (2.27)-(2.28) has a
unique solution (pnt1, pnr1) satisfying (2.26). More precisely, as is going to be clear from the proof, we need
less regularity for p,, e.g., p, € V. In particular, our assumptions on g are sufficient to start. We rewrite
(2.27)-(2.28) in the form

(1 + Yn + '7n+1) M1 — hApn1 = (1 + 2’7n) s (31)
Pnt1 — hAppi1 + hf/(pn+1) = pPn + hﬂng/(pn)a (3.2)

and solve (3.2) first for p,+1 (so that 7,41 is also known), then (3.1). In order to solve both problems, it
is expedient to replace each equation by a minimum problem, at least for h small enough. We consider the
functionals:

Ji:V—-R and J3:V — (—o00,+00], defined by, respectively,
h 1
J1(v) == 5 / |Vv|? 4 2 / (14 Yn 4+ Yng1) v — / (14 2v,) pipv  and (3.3)

n) =5 [0+ g [P [ Fo)= [ out g (o) v (3.4)

In (3.4), we have f = fi+ fa, where f5 is any smooth extension of f5 to the whole of R and f; is the unique convex
and lower semicontinuous extension of f; that satisfies f(r) = +oo if 7 ¢ [0, 1]. By the way, it is understood that
the corresponding integral that appears in (3.4) is infinite if f(v) does not belong to L'(£2). Therefore, both
functionals are well-defined and proper whenever u, € V and p, € W (and this implies boundedness of g(p,)
and ¢'(pn)). Moreover, in view of the above remarks, J; is continuous, and Jo lower semicontinuous, on V.

Now, we observe that equations (3.1) and (3.2), when complemented by the regularity requirements in (2.26)
(which yield the homogeneous Neumann boundary conditions), are the strong forms of the Euler-Lagrange
variational equations for the stationary points of .J; and Jo, respectively. More precisely, the strong form (3.1)
follows from the variational formulation thanks to the regularity theory of elliptic equations. As far as (3.2)
is concerned, the function f’ should be replaced — in principle, at least — by the sum 0 fl + fﬁ, where 0 fl is
the subdifferential of fi. However, once an L?($2)-estimate is obtained for the subdifferential (and standard
arguments of the theory of maximal monotone operators easily yield such an estimate, see, e.g., [10]), the
variational Euler-Lagrange equation can be written exactly in the form (3.2), because 9 fl is single-valued due
to our assumptions on fi (see (2.3), in particular). Consequently, existence and uniqueness of the solution
(ttn, pn) follow if the functionals (3.3) and (3.4) are convex, so that each of the correponding minimum problems
has a unique solution. This is granted for the first problem: indeed, J; is strictly convex and coercive, because
g is nonnegative. The same holds for .J,, provided that the second derivative of function r + 1r2/2 + hfa(r) is
strictly positive on [0, 1], which is the case if hsup|f{| < 1.

It remains to prove that p,1 > 0. To this end, we multlply (3.1) by —pt,,, 1, where v~ = max{—v,0} denotes
the negative part of v, and integrate over 2. We obtain:

/Q (14 g(pn) + 9(ons1)) a2 + 1 /Q Vo= - /Q (14 29(pn) finpi 1 <O,

because both g and p,, are nonnegative. This implies that y, ,, = 0, and hence that ji,,+1 > 0.
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4. CONVERGENCE

In this section, we prove Theorem 2.4. For convenience, we introduce one more vector, (&,)N_,, and recall
the definition of (7y,)2_:

&= fi(pn) and 7, :=g(p,) forn=0,...,N. (4.1)

Later on, we also use the interpolants of these vectors according to Notation 2.2. Our argument uses compactness
and monotonicity methods.

First a priori estimate. We multiply (3.1) by un+1 and integrate over (2. By accounting for the elementary

identity (2.36), we obtain
1 1 1
—/ MZH_—/ Mi+—/ |/~Ln+1—,un\2+h/ |Vt 41|
2 Ja 2 Ja 2 Ja 0

- /Q (Yntiz 1 + Ynt1tioy 1 — 2Ynbimfing1) = 0.
AS Ynpty g1+ Yot 11 = 2Ynbinfing 1 = Va1l 1 — Ty + Yo (tint1 — pn)?, we derive that
1 2 1 2 1 2
5 + Ynt1 | Ppgp1 — 5 +Yn | By 5 +Yn ) [ns1 — pinl
2 (% 2
b [ Vil =0,
2

On summing over n =10, ...,m — 1 with 1 <m < N, we conclude that
1 m—1 1 m—1
S5+ m ) i, + B2 /—+n5n2+h /Vnz
/Q(Qv)um > [ (5440 2 [ 19

1
:/ (——i—’yo),ug form=1,...,N.
o \2

As g is nonnegative and hence ~; > 0, this implies that ||pm,|g < ¢ form =1,..., N. Thus, the above estimate
also yields

N-1 N
Cmaxfpllf B llowplE R Y Y < e (4.2)
Y n=0 n=1

In terms of the interpolants introduced in Notation 2.2, with the help of ug € V, (2.20)-(2.21), and (2.24)—(2.25)
we have that

Hﬂh||2L<>c(o,T;H)mL2(0,T;v) + Hﬁh||2L<>c(0,T;H)mL2(0,T;v)
Bl 2 0,75 myn22(0,75v) + PIOER T2 0 7501) < - (4.3)

Second a priori estimate. In (3.2), we move p,, to the left-hand side. Then, we multiply by p,+1 — p, and
integrate over 2. We obtain

h h h
/ pnt1 = pal® + —/ Vpnsal* - —/ Vpnl* + —/ Vi1 — Vonl?
%) 2Jo 2 Jo 2Ja

+ h/ﬂf/(pn-‘rl)(pn-‘rl — pn) = h/n,ung/(pn)(pn+l — pn)- (4.4)
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Now, we consider the last integral on the left-hand side of (4.4). We split f' = f{ + f4 and use the convexity
assumption of f; and boundedness for f}. We get

/Q f/(pn+1)(pn+1 - pn) > /_Q (fl(ﬂn+1) - fl(ﬂn)) - C/Q ‘pn+1 — pn‘.

Since also ¢’ is bounded, we infer from (4.4) that

/Ipn+1—pn| + 5 /IVanI ——/ Vpnl* + /QIVanrl—Vpn\2

+h/9(f1(pn+l) - fl(pn)) < Ch/ﬂ(l +Mn)|pn+1 —pn\

1 1
<5 [ o= pal el [ i) <5 [ lpui— ol e
2 Jq Q 2 Ja

the last inequality being due to (4.3). By dividing by h, summing over n = 0,...,m — 1, and owing to the
obvious inequality mh < ¢, we conclude that

m—1 m—1
1
B [ Bousal 5 [ 19omal 402 Y [ 1050+ [ Ao <c (45)
for m = 0,..., N — 1. As the term involving the difference quotient d,pn—_1 is missing in the first sum since

m < N —1, we estimate it directly. We multiply (2.28), written for n = N — 1, by hdnpn_1 and integrate over (2.
We have

h/ Onpn—1[* +/ (Vpn —Vpn-1) - Vpn +/ filpn)(pn — pr—1) = h/ ¢ OnpN-1,
2 2 2 (]

where we have set ¢ := un—_1 9 (pn-1)— f4(pn—1). Owing to the elementary identity (2.36) and to the convexity
of fi as before, we have

1 1
blnon-alF + 5 IVonl -+ 5 V0w = Von-all+ [ filon)

N

1
< 5 I9onaallr+ [ i)+ Al 16non -l

A

1 h h
< 5 IVonally+ [ filow-s) + g6l + 5 1ohp-allu.
9]

Now, we observe that the first two terms of the last line are bounded by (4.5) written with m = N — 2 and that
¢ is estimated in H thanks to (4.2) and our assumptions of g and fo. Moreover, the last term of the first line
can be ignored since f; is nonnegative. Hence, we get the desired bound for the first term. At this point, we can
easily derive an estimate for ||p,, ||z for m = 1,..., N. By using the obvious identity p,, = po + h Z;':Ol Onpn
and the Euclidean Schwarz and Young inequalities, we see that

m—1 m—1
h
lpmller < llpoller +h > lInpnlla < ¢+ B <m+ > ||5hpn||%1> <c

n=0 n=0
Hence, by recalling (4.5) and our last estimates, we conclude that

N-1 N-2

hY lonpnlld + nax lpmlls + 22D 16n Vol < c. (4.6)
n=0 n=0
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In terms of the interpolants, (4.6) reads (thanks also to pp € V and to (2.20)—(2.21) and (2.24))

||8tﬁh‘|%2(O,T;H) + ||5h||2L<>c(0,T;V) + ||£h||2L<>c(0,T;v)
H1Pnl17 o 0,77y + ROV BRI 20 7—piary < - (4.7)

Third a priori estimate. We come back to (2.28) and rewrite it as (recall (4.1))

—Appi1 4 Ent = —0npn + fing' (pn) — fo(pns1)-

Hence, a standard argument (multiplying by —Ap,+1 and by &,4+1) shows that the following estimate holds
true

[Apnsillar + sl < el =0npn + ng (pn) = f2(pns+1) |l o
Thus, we infer that

1Apnr1llF + €nrillFr < e (I0npallfy + lunllfy +1)  forn=0,...,N—1. (4.8)
Moreover, by using the regularity theory of elliptic equations, we deduce that

lpnsillfy + €ns1llZ < ¢ (lpnsrlli + 10monllf + lnllZ +1) - (4.9)

Now, we multiply (4.8) by h and sum over n = 0,...,m — 1. By accounting for (4.2) and (4.6), we conclude
that

N—-1 N—-1
hY Npnsalliy + 2 lensall < e (4.10)

n=0 n=0

In terms of the interpolants, (4.10) yields (by accounting for pg € W)
15011 220.7wy + 12, 12200 707 + 101172 0,0 < € (4.11)

besides an estimate for, e.g., [|€, || in L?(0,T; H).

Fourth a priori estimate. We write (2.28) with n 4+ 1 in place of n and take the difference between the
obtained equality and (2.28) itself. Then we multiply this difference by 00,41 and integrate over 2. We have

/ (OnPn+1 — Onpn)Onpnt1 +/ (Vont2 — Vpnt1) - 0nVpnia
17} 17}
+/ (f'(pn+2) = [ (Pn+1)) Onpnt1 = /Q (19 (Pnt1) — tng (pn)) Onpnt1- (4.12)
17}
By accounting for the elementary identity (2.36), we get

/ (O i1 — npn)onpns1 = / Gnpusa | — 2 / Gl + = / 16n Pt — Snn 2.
2

Moreover, the second integral on the left-hand side of (4.12) can be written in terms of §;, 0,41 in an obvious way.
Finally, by splitting f’ into fi + f}, observing that the contribution due to the terms involving f{ is nonnegative
since f{ is monotone and moving the other ones to the right-hand side, we see that (4.12) yields the inequality

1 1 1
—/ |0hprs1l” — —/ 60| + —/ |0npnt1 — Onpnl® + h/ 16,V ppt1]?
2 Jo 2 Jq 2 Jq Q

< —/ (f2(pr+2) —fé(Pn+1))5th+1+/ (19" (Pn+1) = png (pn)) Onpnt1- (4.13)
o o
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The first term on the right-hand side of (4.13) is easily treated in the following way:

~ [ 5012 = F3(pna) i < b [ [npial® (4.14)
On the other hand, we have
/Q (19 (Pn+1) = fng (Pn)) Onpnt1
= /Q ftn+1 (9" (pn+1) = g'(pn)) Onpns1 + /Q (Hnt1 = kn) 9'(Pn)Onpn+1
< Ch/ﬂ%ﬂﬁhﬂd |Onpn1| + /Q (Hns1 = tin) 9 (Pn)Onprt1-

Next, we deal with the last integral by using equation (2.27). Owing to our assumptions on g, we obtain

g'(p
/ (:U'n+1 - ,Ufn) g/(pn)éhanrl = _h/ 1(7” (:U'n+1 5h'7n - A,UfnJrl) 5hpn+1
2 2 + 2'771

!
g p
< Ch/ﬂﬂn-&-l 10npn| |0nprt1] — h/Q Vi1 -V (1 Jf ;7)71 5hpn+1>

<ch [ st Bupal 61001
(9]

g'(pn) / g (pn)
—h -V§, —h [ 6 \V4 VS
/91 2 Vst - VOhpnti Y nPnt1 Ving1 Vo 2,

We treat the last three terms separately. Thanks to the Hoélder, Sobolev, and Young inequalities, and our
assumption on g, we have for every o > 0

h/ pint1 [0npul [0npnir| < ¢ hllpniallal|0npnll a |0npn+1lla
[0

ch
< ohl[dnpnialli + - 13 16k 0n 17, (4.15)

g’ (pn) /
—h Vi1 - Voppni1t < ch Vi, Vénpn
/91+2% Hnt1 - Vorppi1 < c Q| fnt1] [VOnrpri1]

ch
< o h||Vonpnsll + Fllvunullfm (4.16)

!
h / b Vi - VL) < oy / 6npm s [V 1] [Vl
1o} + 27y, %)

< chlldnpnialla IVinsalla IVonll
< ohl|Snpnralf + % IV inaallz (lonllz + 11 Apnll) - (4.17)
Now, we rewrite (4.8) as
1 Apall7r + 1nllE < € (”(Shpn—lH%{ + [l || + 1) forn=1,...,N,
and note that we can allow the choice n = 0 provided that we define

p—1:=po and, e.g., p—_1:=0.
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Hence, we can improve (4.17). By using (4.3) and (4.7) as well, we have

g'(pn)
—h/ Onpn+1 Vit - V"t
5 Prn+1 VHn+1 1+ 27,
ch
< ohonpnially + — IVpnsallz (IoallZr + 10nonlEr + llin-1llZ + 1)
ch
< ahl|npnia i + - IVpnsallzr (19non—llF +1) - (4.18)

By recalling all these estimates, we see that (4.13) yields

1 1 1
! / Gnpnia|? — 2 / Gpal? + / (Ghprass — Snpnl? + / PR
2 /o 2 /o 2 /o 17

ch
<ch [ upunal? + 30h0npuia [ + S sl nonl
2
ch
+— IV pnrillFr (1m0l +1) -

Now, just by changing the value of the constant ¢ in front of the first integral on the right-hand side, we can
replace the last integral on the left-hand side by ||6,0n+1]/?,. Then, we choose ¢ = 1/4 and rearrange. We obtain

1 1 1 h
5 [ upanal =5 [ 1600aP 5 [ Bnpnss — Bupal + § 1oupaial
2 2 2

= Ch/ (6 pn1|* + el tnsal3 10npnllZr + IV nsallFr (1npn—1ll7 +1) -
2

At this point, by assuming m < N — 1, we sum over n =0,...,m — 1 and have

1 1 m—1 h m—1
= | [6npml® + 5 / 0npns1 = Onpnl® + 5 D 0npnil}
: /Q wft g 3t S DL

1 m—1 m—1
<5 [P eh S [ ol +ch Y sl 1ousaly
«Q n=0 " n=0

m—1 m—1
+eh Y NIVinsa 3 10mon-1lF +ch Y I ViniallF (4.19)
n=0 n=0

The second and the last terms on the right-hand side of (4.19) have been already estimated by (4.6) and (4.2),
respectively. To treat the first term, we write (2.28) with n = 0 and add Apy to both sides. Then, we multiply
the resulting equality by d5po and integrate over £2. After a rearrangement, owing to (2.4) and the assumptions
on the initial data (see (2.7), in particular), we obtain:

/ Onpol? + / Vanpol? + / (F1(p1) = F1(po)) Smpo
N 0 0
:/Q(APoJrMog'(Po)—f{(Po)—fé(Pl))5hpo < c||6npoll a-

As (f1(p1) = f1(po)) dnpo > 0 due to the monotonicity of fi, we immediately deduce that

180l + Pl Vnpollz < c. (4.20)
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In particular, the desired estimate for ||0npo| g is achieved. Therefore, on recalling that dpp_1 = 0 because
p—1 = po, we see that (4.19) yields:

m—1 m—1
1nom I3 + D 10npns1 = Snpnlldr + 1Y l16npnia |l
n=0 n=0
m—1 m—1
<ot ch Y lnstll? 1npal + b S Vit 1npn-il
n=0 n=1
m—1 m—2
<ctchd lpneally 1nonlldy +ch Y I VinsallE 1nonll3
n=0 n=0
m—1
<Cr4Coh Y (lpnsally + lnsaly) I6nonl%
n=0
for m =0,..., N — 1. Hence, we can apply the discrete Gronwall lemma (see (2.38), where N is to be replaced
here by N — 1) and deduce that
m—1 m—1
18npm|F + D npns1 = Snpalltr + 2 1npnsa I3
n=0 n=0
m—1
< Ciexp (Czh > (lnaally + ||/~Ln+2|%/)>
n=0

for m=0,...,N — 1. Owing to (4.2), we infer that

m—1 m—1
18hpmll3r + > N0npnst — Snpulld + 0> Nonpnsally < ¢ form=0,...,N—1;
n=0 n=0

moreover, using the estimates of d,p9 and Vi, po given by (4.20), we conclude that

N-1 N-1
A v ;0 18hpn — Shpn—1l1% + A ;_:0 18nnll5 < c. (4.21)
In particular, (4.21) yields:
10:pk || o< (0,7 1) L2 0,73v) < €. (4.22)

Fifth a priori estimate. We improve (4.10)—(4.11). Owing to (4.9), on using (4.21) in addition to previous
estimates, we immediately obtain (cf. also (2.7)) that

lpmllw + [[émlle < ¢ form=0,... N, (4.23)
Hﬁh“%m(o,T;W) + HﬁhH%‘X’(O,T;W) + HﬁhH%N(O,T;W) < (4.24)
as well as an estimate for, e.g., &, in L>(0,T; H).
Sixth a priori estimate. We rewrite (2.27) in the form

(14 Y0 + Ynt1) Ontin — Apins1 = —fin OpYn-



1074 P. COLLI ET AL.

We test this equality by (gunt+1 — i), and integrate over 2. We obtain

h/ (1 + Y + 'Yn+1) |(5h//4n|2 +/ (Vﬂn+1 - Vﬂn) : v,un—&-l = _h/ Hn 5h7n 5hﬂn~
2 2 2

As g is nonnegative and Lipschitz continuous, we infer that

1 1 1
h / sl + / Vil / Vil + 5 / IV (s — )2
N N N 0

<ch / tin 18 Ontin] < o [anlls 10 Pl 1B stnll>
N

IN

h
5 lonsnllfr + e hllonpnlly (IVanllzr + ln )

IA

h
5 0nsnllfr + e hllonpnll¥ IV pnllZr + e hllonpallT,

the last inequality being due to (4.2). By rearranging and summing over n = 0,...,m — 1 with 1 < m < N|
we get:

m—1 2 m—1

h 1 h
BN Vool + 5 IV mls + S 9800
n=0 n=0

m—1 m—1

1
< S IVl + e S Inonld IV sallly + e S Iononlly

n=0 n=0

A

m—1

<ctch Y |8npally IVl

n=0

where we have used (4.21). Now, we first apply the discrete Gronwall lemma, (2.38) and then account for (4.21)
once more. We obtain, for m=1,..., N,

m—1 m—1
WY NSnpnllzr + 1V 7 + 52D IV onpnl% < c (4.25)
n=0 n=0

Next, by (2.27), the Holder and Sobolev inequalities and the Lipschitz continuity of g, we infer that

|Apinille < c(lonpnlla + ltnr10nynllm) < ¢ (10npnlle 4 | pnsilla |0y ll4)
< c(0npmllz + [lpnsillall0npnlla) < e (10npnlla + [ tnsallv 10npnllv) ;

note that in the last product we can ignore the factor ||pn+1|v, due to (4.3) and (4.25), provided we update the

last value of c¢. By squaring, summing up, and multiplying by h, we thus obtain for m = 1,..., N the estimate
m—1 m—1 m—1
WY N AunllE < eh Y 8nmnllE +ch Y npally,
n=0 n=0 n=0

and we can replace the H-norm of Ay,41 by the W-norm of i, thanks to (4.2). We collect this and (4.25)
and account for (4.21) and pg € V. We have:

N-1 N-1
B 0npalf+ | max [Fpnllfy +h 3 lanialy < e (4.26)

n=0 n=0
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so that
10t || L2 (0,1 + IR || Lo 0. 7:v) L2 0.7w) + |14, I 0,7:v) + IRl L0, 1v) < € (4.27)

We note that (4.25) also gives the non-sharp estimate

huvatﬁh”zm(o,T;H) <c (4.28)

Limit and conclusion. By standard weak compactness results, we find some convergent subsequence for
the interpolants. Therefore, in principle, it is understood that the convergence that we refer to holds for a
subsequence. However, once we prove that the limit we find is the solution (u, p) to problem (2.12)—(2.14), then
the whole family of interpolants is convergent, due to uniqueness. For the reader’s convenience, we select some
estimates among those we have proved in the previous steps. These are:

[7n Ml o 0,7 L2 0.7w) + |1, | Lo 0,1v) + | Rl Loc 0,77y < € (4.29)
[Prll Lo 0, 75wy + oy I 0,7,y + PRl o< (0,75w) < € (4.30)
01| L2 0,151y + 10:Pull Lo (0,7 )N L2 0,757y < € (4.31)

Now, we observe that (4.31) and (2.25) imply that

17, — Bnllzzo,mm) + 1y, — Arllzzo,rm) < ch (4.32)
1Pn = Prll20,mv) + 2y, = PhllL20,1;v) < ch. (4.33)
This yields, in particular, that the weak limits we find for 71, p, , and fin, by using (4.29) and weak compactness

results coincide and that the same happens for p,,, Py and py,. Therefore, we can conclude that some functions
1 and p exist such that

Bpy By,» B — o weakly star in L>(0,13V), (4.34)
p — 1 weakly in L2(0,T; W), (4.35)

P> P> pn — p  weakly star in L*°(0,T; W), (4.36)
OLin — Oyt weakly in L2(0,7T; H), (4.37)
Oipn — Oyp weakly star in L>(0,7; H)N L?(0,T;V). (4.38)

Now we prove that (u, p) satisfies (2.8)—(2.11) and solves problem (2.12)—(2.14).

We remark that the topology alluded to in the statement of Theorem 2.4 is precisely the topology associ-
ated with the convergences specified in (4.34)—(4.38). Clearly, (2.8)—(2.10) are fulfilled. Moreover, the Cauchy
conditions (2.14) are satisfied, because (fin, pn) converges to (u, p) at least weakly in C°([0,T]; H). Therefore,
it remains to check that (2.11) holds and that equations (2.12)-(2.13) are satisfied. To do that, we read the
discrete problem (2.27)-(2.28) in terms of the interpolants. We have:

(1427, ) &ufin + 045 — Ay, = 0, (4.30)
npn— Ao+ ' o) = 1,9 (p,) - (4.40)

Hence, the main problem consists in identifying correctly the limits of the nonlinear terms and those of the
products. To this end, we recover some strong convergence (without looking for sharpness, since it is not
necessary). We first recall that the embeddings V' C H and W C C°(£2) are compact, so that we can apply [32]
(Sect. 8, Cor. 4) and deduce that

fin — p strongly in C°([0,T]; H) and a.e. in Q, (4.41)
pn — p  strongly in C°([0,T]; C°(R2)) = C° (Q). (4.42)
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By combining this with (4.32) and (4.33), we infer that
Bpy by, — v and Py, p, — p strongly in L?(0,T; H) and a.e. in Q. (4.43)

We point out that a.e.-convergence actually holds for a subsequence. As f}, g, and ¢’ are Lipschitz continuous
on [0, 1], we deduce that

o), ¢ (p,) = (p) strongly in L2(0, T H) for &= f4,9.9" (4.44)

On the other hand, by comparison in (4.40), we see that f{ (p,,) remains bounded in L>°(0,T; H), so that f] (p;,)
converges (for a subsequence) to some £ in the weak star topology of such a space. As f] induces a maximal
monotone operator on L%(Q) x L*(Q) (cf., e.g., [10], Ex. 2.3.3, p. 25), f{ (p,) — € and p), — p weakly in L(Q),
and

lim sup /Q F P Pn < /Q .

h\0

owing to standard results in the theory of maximal monotone operators (one may see [10], Prop. 2.5, p. 27), we
deduce that 0 < p < 1 and & = f{(p) a.e. in Q. In particular, (2.11) holds. Furthermore, we also have

10:9R| = [6nyn| = [6ng(pn)| < clOnpn| = clOipr| a.e.in Iyiq, forn=0,...,N —1,
so that (4.31) yields an estimate of 9,7}, in L>°(0,T’; H). Hence, thanks to (2.24), we have
IVh = Fnll Lo 0,1:6) < ¢ h||OAR| Lo (0,7;5) < Ch,
whence even 74, converges to g(p), e.g., strongly in L?(Q). Then, we deduce that
O — Owg(p)  weakly star in L>(0,7T; H). (4.45)

Finally, as to the limits of the products in (4.39)-(4.40), we can infer that

v, — 9P, 0 — udrg(p), g’ (p,) = ng'(p),  weakly in L(Q),

Therefore, (2.12)—(2.13) follow from (4.39)—(4.40), and the proof is complete. In particular, let us stress that
the so found pair (u, p) solves (2.8)—(2.14) and then it must coincide with the unique solution (u,p) of the
continuous problem given by Theorem 2.1.

As a by-product of the above proof, it turns out that

Po < ﬁha Ph> Bh < /). in Q, for some poap. € (07 1)’ (446)

provided that h is small enough. Indeed, take ps € (0,p.) and p® € (p*,1), with p.,p* € (0,1) given by
Theorem 2.1. That (4.46) holds for p, follows from the uniform convergence given by (4.42). This means that
the same bounds hold for p,,, n =0,..., N (where (p,)N_, is the vector associated with p},), and hence also for

P and p, .

5. PROOF OF THEOREM 2.5

In this section, we prove Theorem 2.5. It is understood that h is as small as needed; oftentimes, we do not
pause and quantify such smallness precisely. First of all, we remind the reader that the interpolants pp, Py and
7y, are uniformly far for 0 and 1 (see (4.46) and the subsequent lines). Therefore, without loss of generality, we
can assume that the derivative function f’ is Lipschitz continuous. We need additional a priori estimates.
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Auxiliary a priori estimates. We prepare an estimate for ||Voppo||z. To this end, we notice that (2.28)
with n = 0 can be written as
onpo — hAdnpo = f'(po) — f'(p1) — o, (5.1)

where g := —Apo + f'(po) — o9’ (po). As Yo € V by (2.33), we can test (5.1) by —Adppo and integrate by
parts. In view of the Lipschitz continuity of f’, we find out that

IV6npoll 7 + Bl Adnpollzr < chllénpollm 1| A0kpoll + IV ¢olla IV ool m
< g 148k pol17; + ¢ hllonpollF + % IVonpoll 3 + ¢
By accounting for (4.20), we obtain the desired estimate
IVonpolla < c. (5.2)

Let us come now to the basic estimate we need. We write (2.28) with (n+1) in place of n, and take the difference
between the so-obtained equality and (2.28) itself. Then, we multiply this difference by —Adp,p,41 and integrate
over 2. We easily have, for n =0,..., N — 2, that

[ (Foupnis = 6u,) - Voupuss + [ (Apnes = Apur) Abupis
== [ Fns2) = £ r) (=201
[ g (1) = 105 () (= A (53)
By the elementary identity (2.36), the first integral is equal to
3 ) 19000l =5 [ (9600, 45 [ 98upnis = Vg
On the other hand, we obviously have that
/Q(Apn+2 — Appy1) Adppny1 = h/Q | Abhpnia]?.
Now, we deal with the right-hand side of (5.3). By Lipschitz continuity, we deduce that
- /Q (f'(pnt2) = f'(pny1)) (—A8npni1) < C/Q |Pn+2 — pn1| |[Adhpnt1]
<ch [ Bupnial|88upuis| < 7 [ 148000l b [ [Bnpnial”

As far as the last term of (5.3) is concerned, we combine the above elementary argument with the Holder and
Young inequalities and the Sobolev embedding V C L*(£2). We find:

/Q (ns19' (0ns1) — 1n (0n)) (— Abhprsr)

< C/Q (nt1lpnt1 = pnl + [tnt1 — pnl) |A0hpn11]
< ch(|pntllalldnpnlla + [0npnll ) | Adnpnia
h
<1 /Q | Ak pnr1]? + chll s l[§ [16non I3 + chllOnpn | -
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By collecting the inequalities we have obtained, we see that (5.3) yields:

1 1 1 h
! / V6 pnaa]? — / Vonpal® + 2 / V8pnss — Vonpl? + / |Adpns ]
2 Jo 2 /g 2 /g 2 Jo

< Ch/Q [6npns1l* + chll i IV 10mpnll3 + chlldnpinlZ -

At this point, we sum over n =0,...,m — 1, with 1 <m < N — 1, and deduce that

m—1 m—1
1 2 1 2 h’ / 2
= /Q Vaonl® 45 2 /Q Vipuis = Vgl 5 3 [ 130

N—-2

1
<5 [ IVl ch 3 [npia
2 n=0
N-1 N-1
b, g nallt b 32 Wl + e 3 fonenly (5.4)

The first term on the right-hand side of (5.4) is estimated by (5.2); all other terms on the right-hand side have
been estimated already (cf. (4.22) and (4.27)). Therefore, by recalling also (4.21), we conclude that

N-2

2 2
< .
m:g}%_l\l%pmllv +h nE—O | Adnppt1llE < c (5.5)
10¢pn| oo (0,7:v) + | A0¢pnll L20,13m) < c- (5.6)

Consequence. In view of the regularity theory for elliptic equations and the continuous embedding W C
L*>(12), we derive from (5.6) that

10epnll 207wy < ¢ and  [|0¢pnllL2(0, 750 (2)) < € (5.7)
Moreover, as the second (5.7) means an estimate of the difference quotients associated to the vector (p,)N_,

and as g is Lipschitz continuous, a similar estimate holds for the vector (g(pn))2_, (see (4.1)), and we infer that

10| L2 0,71 (2)) < ¢ (5.8)

Furthermore, by applying (2.25), we see that (5.6) also implies that
1Ay, — pr)llL20,m3m) < ch. (5.9)

Proof of Theorem 2.5. A possible strategy could be the following: to multiply the difference between (4.39)
and (2.12) by (an — p), and the difference between (4.40) and (2.13) by 9¢(pn — p); then, to sum up and start
estimating. However, in order to split calculations and give more transparence to the proof, we prefer to proceed
with those pairs of equation separately, and collect the inequalities we obtain later on. So, we first consider just
one couple, for instance, (4.40) and (2.13). We multiply their difference by 9;(pp, — p), integrate over @Q;, where
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t € (0,T) is arbitrary, and add the same integral to both sides for convenience. We obtain:
' 2 1 2
[ [ 1000 = 0P+ 513 - DOIR
0J0
t
- [ {=a6. -0~ @) - 70

+9 (gh) (), — 1) +p (9’ (gh) - g’(p)) + (Pn — p)}é’t(ﬁh - p)

I R )
<3 10¢(Ph = p)
0J
t
+C/0/Q{‘A(ﬁh_ﬁh)‘2+mh_p|2+|ﬂh_“|2+|£h_P|2+|ﬁh—p|2}. (5.10)

In the above inequality, we have used the Lipschitz continuity of f’ and ¢’, and the boundedness of p. Now, we
estimate the last integral of (5.10). Thanks to (5.9), we have that

t
| [ 146, - pP < e
0J0R

On the other hand, owing to (4.33), we obtain:

t t
L (=02 10, = o + 0= o) < [ [ (1702 + 1, = 5P + 17— o)
0J0R 0JN

t
<ct e[ [ lon-oP
0J0
Similarly, we have, by (4.32), that

t t t
[ =u<e [ [ (= ml + - uP) < et [ [ - u
0JNR 0JR 0JNR

By collecting the above inequalities, we see that (5.10) and the Gronwall lemma yield:

[ [ o=+ 1= ool <e{n+ [ [ oo+ [ [ i u} (511)

for every t € [0,T]. Now, we deal with equations (4.39) and (2.12). For the reader’s convenience, by recalling
that ), = g (py) and y, =g (Bh) (see (4.1)), we rewrite the former in a different way, namely,

(1 +29 (Qh)) Orin + 1,0 — Afiy, = 0. (5.12)
Next, we take the difference between (5.12) and (2.12) and write it as
(L+29(pn)) Oulin — 1) — Aftn — p) + (fin — p) = =20up (9(Pn) — 9(p)) — Ok (T, — 1) — 110c (Y — 9(p))
+2 (g(ﬁh) -9 (gh)) Oefin — A(fin — Tp,) + (Itn — p)-
Finally, we multiply this equality by (fir, — p) and obtain the following identity:
O { (5 +9(n)) (fin — w)*} — Aln — ) (fin — p) + (in — p)?
= 0i9(pn) (1in — p)* = 201 (9(pn) — 9(p)) (7in — )
= 0 (B, — 1) (Bin — 1) — 10 (Y — 9(p)) (Bin — 1)
+2 (gn) — 9 (p,) ) Oudin Gin = 1) = AGin — Tin) (in = 1) + (i — ). (5.13)
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At this point, we integrate over ();. As g is nonnegative, we get:

7
5 |l 0P + [ - n ol ds < 3150 (514)

with an obvious meaning of I;(t), j = 1,...,7. Now, we estimate these integrals, but the last one. By combining
the Holder, Young, and Sobolev inequalities, and in view of (5.6), we have that

L(t) < C/O 10en ($)l|all (B — 1) () | e[| (12 — 1) ()]]a ds
< C/ 10:on($)I[v | (Ben = ) ()| | (B = ) (8)[|v- ds

<a/||uh— uvds+ca/||uh— ()13, ds,

where o > 0 is arbitrary. Similarly, we infer that

I(t) < 2/ 10ers($) || | (P = p)($) [l all (120 = 1) (s)[a ds

<o/\| i — 1 Hvds+co/||atu 2B — ) ()] d.

Notice that, by means of the Gronwall lemma, we shall be able to control the last integral in terms of the
LY(0,T)-norm of the function s — [|G;u(s)||% (cf. (2.8)). We use a similar procedure for the next integral and
notice that the same remark holds, due to (5.8). Indeed, we have that

t) S/O 107k ()l oo | (1 — 1) ()| [ (21, = 1) () ds
< /0 10k ()0 | (12n = 1) ()| (N (B = ) ()| + W[, — 1) (5) ][ 1) dls
< /0 10 ()12 [l Gan — 1) ()17, ds + C/O (G = m) ) + 1 = 7n) ()]7) ds

t
<e / (19 + 1) |G — 1) ()% ds + ch?,
0

where the last inequality is due to (4.32). In order to treat I4(¢), we prove a preliminary estimate, namely, that

01 Gin = 9()| < ¢ {Ip = Pl + |, = | + 10 = I} 1070] + ¢ |0u(Bi — p)] (5.15)

a.e. in Q. As we argue pointwise, we fix (z,¢) a.e. in @ and choose n such that ¢t belongs to the interval
(nh, (n + 1)h]; in order to simplify the notation, we omit writing at what point (x,¢) we work. By the mean
value theorem, we find r between p,, and p,, 1 such that

.G —g(p)) = Lm0, — gy PP 0

=g (r)pn — g (p)0ip = (9'(r) — 9'(p)) Ospn + g’ (p) (Oepn — D) -
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As ¢’ is bounded and Lipschitz continuous, we infer that

191 G — 9(p)) | < clr — pl [94n] + I — Bupl.
On the other hand, we have

Ir = pl <|r—=pal+lpn = p| < |pn+1 = pul + lon — ol = [Pn — p, | + o), — Pl < 1P — Pul + 2|p, — Pu| + [P — pl-

Hence, (5.15) follows, and we can use it to estimate I4(¢). We also account for the boundedness of y and for
identity (2.24) and the analogue identity concerning z;. We have:

t
O < [ [ (=l + lo, = 5l + 1 = oI} 030 i =
t
+// 8@ — )| i — 1
<e {|| I+ 11p, () — ()% + 13n(5) — p(S)IZ } 192 (3)]1% ds
Pn (s H TIPS H T IPh PUS) I H tPh{S) |l
/Hat (B — p \|Hds+c/ 1@ — 1)(s) % ds
< ch?|0un 12w 0,751y 10ePR 1220 7,10 (12)) + C/ 10:0m (5) |12 1pn(5) = p(s)[|7 ds

/uatph— \|Hds+c/\|uh— (8)[13 ds:

furthermore, estimates (4.31) and (5.7) allow us to infer that
t N R 1 t R
Iy(t) < ch® + C/O 10:0n ()12 1Pn(5) = p(s)[I3 ds + 5/0 10:(Pn — p)(s)||7 ds
t
o [ 106 ) G = ) o)y s
Next, we deal with I5(t). By accounting for (2.25) and (5.7), we deduce that
t
I(t) < e / 1(7n = 2,,) (MoolGefin(s) el Gin = 1) (3)]Ls s
t
< ch?|0epnllT2 0,7 Lo (2)) T C/O 10utin ()71 (i — ) () |77 ds

t
< el e / 107 () 2 — 1) (3)]% s,

We note at once that we shall be able to control even the last terms of the last two estimates with the help of
the Gronwall lemma, in view of (5.7) and (4.31), respectively. Finally, thanks to (2.25) once more, we have:

//wh—uh -V (fin — )
<a//\Vuh— )|? +Co//‘vﬂh_ﬂh)‘

<o / /Q IV — )2 + e B2 VO 2o,

t
SU// IV (in — )| +co h, (5.16)
0J2
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where the last inequality is a consequence of the non-sharp estimate (4.28). We stress that I is the only term

of order h instead of h?. At this point, we collect all the estimates of the integrals I; we have obtained, and
come back to (5.13)—(5.14). If we choose ¢ small enough, we conclude that

1~
3 1= w0l + 5 [ 16~ I as
c{h [ 10AMGIE + 10 ) G — 1)) ds

+/0 (10es(3) 1137 + 10epn (5)113.) [17n(5) = p(s)I[3 ds

; //Q 9P — ) } / 1015 — 9)(s) 2 ds (5.17)

for every t € [0,T]. Now, we revert to (5.11) and add it to (5.17). After rearranging, we apply the Gronwall
lemma and obtain (2.30). This concludes the proof.

6. PROOF OF THEOREM 2.6

As is clear from the proof of Theorem 2.5, to obtain estimate (2.32) there is just one step to modify, namely,
the estimate of Is (see (5.16)), which was based on the non-sharp inequality (4.28). Thus, we only have to prove
that our further assumption (2.31) implies that Is must be of order h?, not h. Moreover, it is clear that this is
true whenever we improve (4.28) and replace it by

N-—1
VOGN aoray S 0 i B S [ Vonuallly < c. (6.1)

n=0

Hence, it suffices to prove (6.1). In order to make our argument transparent, we prove some additional estimates,
the first of which holds under assumption (2.31).

Further a priori estimates. We prepare an estimate of ||dppuol| . In view of (2.31), we write equation
(2.27), with n = 0, in the form:

(1 4+ 270)0npo — hASLpo = Ao — 1 610,

and test it by dppuo. As 7o is nonnegative, we immediately arrive at
[ 1l 1 [ [Vl < (1Al + el 15s01) sl
Thanks to (2.31), the Sobolev inequality, (4.26), and (5.5), we deduce that

ool + 1 [ [Vousol? < (6.2)
2

Let us come to the basic estimate we need. We improve (4.21) and obtain a bound for the second-difference
quotients &7 p, (see (2.16)). We write (2.28), with (n + 1) in place of n, and test the difference between the
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resulting relation and (2.28) itself by (0npn+1 — dnpn). We find:

/Q |0npnt1 — Snpal® + h/Q Vonpnir - V(0npnt1 = 6npn)

== [ 0us2) = (0u12)) G = 5up)

[ (G i)t + 1006 (02)) B = B

< C [ (ol + dnstal + i 500]) B2 = G (6.3)

By the elementary identity (2.36), we have:
VooV upnsr — 0non) = 51V0upn 1l — 5[V0upal? + 3 [Viupnsr — Vonpnl®

On the other hand, by the Sobolev inequality, (4.26), and (5.5), we infer that

Ch /Q (164 n+1] + 410l + 1tn] 610n]) [5nprns1 — 1ol
1

< /Q 01 = Snpnl® + €2 (1m0 [ + 16nall3r + sl 16000 ]13)
1

< /Q 0Pt = Snpnl® + 02 (1m0 3 + 1Snll3s + sl 1507
1

< /Q 51 — Snpnl” + 2 (18npas 3 + 16npally +1)

Now, we combine this estimate, the identity just above, and (6.3). Then, we divide by h and sum over n =
0,...,m—1, where 1 <m < N — 1. We obtain:

m—1 m—1

h 1
S Senllh + 5 IV0nomlif + 5 3 Vononsr —~ Vonpnllhy
n=0 n=0
m—1 m—1
< S I8npollfy +ch 3 [dnpnsalf +h S [6usmllf + e
n=0 n=0

At this point, by (5.5), (4.6), and (4.26), we conclude that

N-2

b l6renlld < c (6.4)

n=0

Consequence. With a view toward deriving an estimate for 677, we begin by arguing pointwise. So, for a.a.
(x,t) € Q (once again we omit writing at what point of Q we work) and for suitable r; between p,, 42 and pp41,
and 19 between p,, and p, 41, we have by the Taylor formula:

1059n| = 2 |g(pnt2) — 9(pn+1) + 9(pn) — g(pnt1)l
=h7?|g (Pns1)(pnt2 — pnt1) + 59" (1) (pns2 = pui1)?
+ 9 (Pni1)(Pn = pry1) + 5 9" (r2) (P — put1)?|
< c|0ipn| + ¢ (I6npnial” + |5hpn %).
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Now, we square this pointwise estimate, integrate over {2, sum over n, and deduce that

h Z 167 mlI T < ch Z 167 pnll7 + ch Z 16nonll3-

n=0 n=0
Then, (6.4), the Sobolev inequality, and (5.5) yield:

N-2

hY N6yl < e (6.5)

n=0

Proof of Theorem 2.6. As said before, it suffices to prove (6.1). We reason that, in order to obtain the analogous

estimate for the solution to the continuous problem, one first differentiates (2.12) with respect to time and
t

then tests the resulting equality by 0;u; this yields the desired term / / |V8t/¢\2 on the left-hand side. The

0J0
idea is to perform the corresponding procedure on the discrete equation (2.27). However, it turns out that the
calculation in the discrete case becomes simpler if one tests by the analogue of the product (1 4 2g(p))diu. To
simplify the notation, we introduce the vector 7 defined by

= (1+2v,)0ppr, forn=0,...,N—1 (6.6)

We write (2.27) with (n + 1) in place of n, and take the difference between the resulting equality and (2.27)
itself. Then, we test this difference by 7,41 and integrate over 2. By taking the elementary identity (2.36) into
account, we obtain for n =0,..., N — 2 that

1
/ ‘7Tn+1| / ‘ﬂ'n‘z + 5/ |Tnt1 _7rn|2 +h/ Vonpint1 - Vnga
2 (9] 2

= / (Hnt2 OnYn41 — fnt1 OnYn) Tntt-
(%}

By computing the fourth term on the left-hand side with the help of (6.6), recalling that g is nonnegative, and
rearranging, we deduce that

/ S / ral? + / et — Tal? + 20 / Vgt

= _2/ (Mn+2 6h7n+1 Hn+1 5h7n) Tn+1 — 4h/ 6hﬂn+1 V(sh,un—',-l v'}/n+1

_2/ 7Tn+1('un+2 - Mn+1) OhYn+1 — 2/ Tn+1 MPn+1 (5h7n+1 - 5h7n)
(9] (9]

- 4h/ Onbnt1 VOnpint1 - Voynt1
Q

_Qh/ Tn+1 5h,un+1 6h7n+1 - 2h/ Tn+1 Un+1 5}2L’Yn
2 22

— 4h/ 5hun+1 V(Shun_H . V'Yn+1~ (6.7)
(0]
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Now, we estimate each term of the right-hand side separately, before summing over n, in order to simplify the
notation. For the first one, we use Holder and Sobolev inequalities, and estimates (5.5) and (6.4). We have:

- 2h/ 41 Ontint1 OnYns1 < 20| Tnitlla |0npins1 || (100 ms1lla < chl|Onpinsrllv 10ntins1 ] o [|0npns1|lv
2

< 2 (I8t + [onp s I) + Al Busnsaly

< 2 IVl + sl

< 2 IVt 1l + e hlally + € Rl = mall%
For h small enough, namely, for h < 1/(3C'), we conclude that

h 1
—Qh/ Tn+1 Onfint1 OnYnt1 < 1 IVSnpntllzr + chllmllz + 3 [7n41 — mnll7
(93

Next, by (4.26), we similarly have:

on /Q Toet fims 027m < Chlnttnealla itms o 152 m L2

A

h
< 7 (IVonpniallzr + 10npns17r) + e hllpnsall5 1077

A

h 1
<7 IVOhtnsillF + R llmnll 3 + 3 I7n41 — Tl + cB107vn I3

for sufficiently small h. Finally, by accounting for (4.23), Sobolev inequality, and the compactness inequal-
ity (2.35), we have that, for h small enough,

—4h/ Ontint1 Vonping1 - Vint1 < chl|0npngrl|a [[VOnpmirllm |V onsalla
2

h h
< 1 IVOntins1llF + ¢ llOnpns |5 1V pnsallF < = IVOhptntallF + ¢ hllSnpnsa |l

h
<7 IVOnpnr1llzr + b (3 1VOnpnsllF + cllonpinialF)
h h 1
<5 IVOnpint1ll3 + chllmni||F < 3 IV Onpns1 3 + chllmallF + 3 I = Tl
At this point, we combine the inequalities just obtained with (6.7) and note that the terms involving m,+1 — 7,
cancel out. Then, we sum over n =0,...,m — 1, with 1 <m < (N — 1). We obtain:
m—1 m—1 m—1
el + 7 Y (1VonpntallFr < ImollF +h Y lmallZ +h Y 1677n 3
n=0 n=0 n=0

and the discrete Gronwall lemma allows us to deduce that

m—1 N-—-2
7mlFr + 2 D IV ohpntalfy < c (IIWoII?q +eh Y |5ivnli>

n=0 n=0
for 1 <m < (N —1). From (6.2) and (6.5), we infer that
N-2

R IVonpniali < e

n=0

This and (6.2) yield (6.1), and the proof is complete.
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Remark 6.1. As a consequence of estimates (6.1) and (6.4), the solution to the continuous problem enjoys the
following additional regularity properties:

Vo € L*(Q) and 97p € L*(Q).

This can give even more: for instance, equation (2.13) can be differentiated with respect to time, to show that
Ad;p belongs to L?(Q) as well, so as to conclude that

p € H*0,T; HYNnH(0,T;W).

However, this regularity result could be proved formally and directly for the continuous problem.
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