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MATHEMATICAL ANALYSIS OF A DISCRETE FRACTURE MODEL
COUPLING DARCY FLOW IN THE MATRIX WITH DARCY-FORCHHEIMER
FLOW IN THE FRACTURE*

PETER KNABNER! AND JEAN E. ROBERTS?

Abstract. We consider a model for flow in a porous medium with a fracture in which the flow
in the fracture is governed by the Darcy—Forchheimer law while that in the surrounding matrix is
governed by Darcy’s law. We give an appropriate mixed, variational formulation and show existence
and uniqueness of the solution. To show existence we give an analogous formulation for the model in
which the Darcy—Forchheimer law is the governing equation throughout the domain. We show existence
and uniqueness of the solution and show that the solution for the model with Darcy’s law in the matrix
is the weak limit of solutions of the model with the Darcy—Forchheimer law in the entire domain when
the Forchheimer coefficient in the matrix tends toward zero.
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1. INTRODUCTION

Numerical modeling of fluid flow in a porous medium, even single-phase, incompressible fluid flow, is compli-
cated because the permeability coefficient characterizing the medium may vary over several orders of magnitude
within a region quite small in comparison to the dimensions of the domain. This is in particular the case when
fractures are present in the medium. Fractures have at least one dimension that is very small, much smaller than
a reasonable discretization parameter given the size of the domain, but are much more permeable (or possibly,
due to crystalization , much less permeable) than the surrounding medium. They thus have a very significant
influence on the fluid flow but adapting a standard finite element or finite volume mesh to handle flow in the
fractures poses obvious problems. Many models have been developed to study fluid flow in porous media with
fractures. Models may employ a continuum representation of fractures as in the double porosity models derived
by homogenization or they may be discrete fracture models. Among the discrete fracture models are models
of discrete fracture networks in which only the flow in the fractures is considered. The more complex discrete
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fracture models couple flow in the fractures or in fracture networks with flow in the surrounding medium. This
later type model is the type considered here.

An alternative to the possibility of using a very fine grid in the fracture and a necessarily much coarser grid
away from the fracture is the possibility of treating the fracture as an (n — 1)-dimensional hypersurface in the
n-dimensional porous medium. This is the idea that was developed in [2] for highly permeable fractures and
in [16] for fractures that may be highly permeable or nearly impermeable. Similar models have also been studied
in [6,11,17]. These articles were all concerned with the case of single-phase, incompressible flow governed by
Darcy’s law and the law of mass conservation. In [14] a model was derived in which Darcy’s law was replaced
by the Darcy—Forchheimer law for the flow in the fracture, while Darcy’s law was maintained for flow in the
rest of the medium. The model was approximated numerically with mixed finite elements and some numerical
experiments were carried out.

The use of the linear Darcy law as the constitutive law for fluid flow in porous media, together with the con-
tinuity equation, is well established. For medium-ranged velocities it fits well with experiments ([8], Chapter 5)
and can be derived rigorously (on simpler periodic media) by homogenization starting from Stokes’s equa-
tion [3,4,19]. However, for high velocities experiments show deviations which indicate the need for a nonlinear
correction term ([8,12], Chapter 5). The simplest proposed is a term quadratic in velocity, the Forchheimer
correction. In fractured media, the permeability (or hydraulic conductivity) in the fractures is generally much
greater than in the surrounding medium so that the total flow process in the limit is dominated by the fracture
flow. This indicates that a modeling different from Darcy’s model is necessary and leads us to investigate models
combining Darcy and Darcy—Forchheimer flow.

In this paper we consider existence and uniqueness of the solution of corresponding stationery problems.
Assumptions on coefficients should be weak so as not to prevent the use of the results in more complex real
life situations. Therefore we aim at weak solutions of an appropriate variational formulation, where we prefer a
mixed variational formulation, due to the structure of the problems and a further use of mixed finite element
techniques. For a simple d-dimensional domain (2 and for the linear Darcy flow the results are well known
(¢f. [9]) and rely on the coercivity of the operator A coming from Darcy’s equation on the kernel of the
divergence operator B coming from the continuity equation and the functional setting in H(div, {2) for the
flux and L?(£2) for the pressure. For the nonlinear Darcy—Forchheimer flow the functional setting has to be
changed to W3(div, 2) (see Appendix A.1) for the flux so that A will remain (strictly) monotone and to
L3 (§2) for the pressure. This makes it possible to extend the reasoning for the linear case to the homogeneous
Darcy—Forchheimer problem and via regularization, using the Browder—Minty theorem for maximal monotone
operators, also to prove unique existence in the inhomogeneous case. This work is carried out in the thesis [18];
see also [5,10,15] for related results. Here we extend this reasoning to the situation of two subdomains of the
matrix separated by a fracture with various choices of the constitutive laws in domains and fractures. One
would expect that the Darcy—Forchheimer law is more accurate than Darcy’s law (and this will be partially
made rigorous); therefore, (and for technical reasons) we start with a model having the Darcy—Forchheimer law
throughout the domain (though with strongly variable coefficients) and extend the aforementioned reasoning
for existence and uniqueness to this case, (Sect. 3). By its derivation, Darcy’s law should be a limit case of the
Darcy—Forchheimer law. This is made precise in Section 4 by showing that the solution of the Darcy model is
a weak limit of solutions of the Darcy—Forchheimer model with the Forchheimer coefficient (multiplying the
nonlinear term) going to 0. This was shown earlier in [5] under slightly different assumptions, but we include
it here for completeness. This opens up the possibility of treating various combinations of the constitutive
laws. As rapid transport is more likely to take place in the fractures, we explicitly treat the case of Darcy’s
law in the matrix and the Darcy—Forchheimer law in fractures. By using the full Darcy—Forchheimer model
as a regularization and deriving corresponding a priori bounds we can show the existence of a solution as a
weak limit of the regularizing full models (Sect. 5). Uniqueness again follows as in all the other cases from the
monotone structure of the problem (see Appendix A.2). Technical difficulties stem from the different functional
settings for the linear case and the nonlinear case. It may be envisaged to extend this basic procedure in various
directions. An obvious extension is to the case of a finite number of fractures and subdomains, as long as the
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fractures do not intersect, which is quite restrictive. But also a general case where d-dimensional subdomains
are separated by (d-1)-dimensional fractures, which are separated by (d-2)-dimensional fractures, etc. may be
attacked with this approach. Another extension could be the investigation of other nonlinear correction terms
to Darcy’s law: cf. [7].

The outline of this article is as follows: in Section 2 the model problem with Darcy flow in the matrix and
Darcy—Forchheimer flow in the fracture as well as the problem with Darcy—Forchheimer flow in the matrix
and in the fracture will be given. In Section 3 the existence and uniqueness of the solution to the problem with
Darcy—Forchheimer flow in the matrix and in the fracture will be shown. Section 4 is concerned with showing
that in a simple domain (one without a fracture) that the solution of the Darcy problem is obtained as the limit
of the Darcy—Forchheimer problem when the Forchheimer coefficient tends to zero. Then Section 5 takes up
the problem for extending the result of Section 4 to the case of a domain with a fracture in which it is shown
that the problem with Darcy—Forchheimer flow in the fracture but with Darcy flow in the matrix is obtained as
the limit of the problem with Darcy—Forchheimer flow everywhere as the Forchheimer coefficient in the matrix
tends to zero.

2. FORMULATION OF THE PROBLEMS

2.1. Formulation with Darcy—Forchheimer flow in the fracture and darcy flow
in the matrix

Let §2 be a bounded domain in R? with boundary I', and let v C 2 be a (d — 1)-dimensional surface that
separates {2 into two subdomains: 2 C RY, Q2 =0, U~yU%, = 21NN2)NN, =002, and I} =
I'Nds2;. We suppose for simplicity that v is a subset of a hyperplane; i.e. that « is flat. Taking the stratification
of natural porous media into account this seems to be a feasible assumption covering a variety of situations.
The extension to the case that v is a smooth surface should not pose any major problems but would be
considerably more complex as the curvature tensor would enter into the definitions of the tangential gradient
and the tangential divergence. We consider the following problem, which was derived in [13,14]:

a;u; +Vp; =0 in 2,
divu; = ¢; in £2; (2.1)
Di = pai onlj

together with

(ay + By|uy|)uy + Vp, =0 on 7y
divuy =¢y+[ug-n—uz-n] onvy (2.2)
Py = Pd,y on dv
and the interface condition
pi = py + (=1)" 1 k(€u; - n+ fupq - n), onvy, =12, (2.3)

where n is the unit normal vector on ~, directed outward from {21, k is a coefficient function on ~ related directly
to the fracture width and inversely to the normal component of the permeability of the physical fracture, the
parameter ¢ is a constant greater than 1/2 and € = 1 — ¢, and for convenience of notation the index i of the
subdomains is considered to be an element of Z; (so that if ¢ = 2, then ¢ + 1 = 1). The tensor coefficients
aj,1 = 1,2, and a, are related to the inverse of the permeability tensors on (2,7 = 1,2, and -y, respectively,
and the coeflicient 3, is the Forchheimer coeflicient on v, assumed to be scalar. We assume that the functions
a; @ §2; — R4, a, : 7 — R4 are all symmetric and uniformly positive definite:

a;lx? < x-ai(y)x <@lx|*> Vye, xeR?
a |x” <x-a,(y)x <a,|x]* Vyey, xeR"! (2.4)

and B,< By =B, Vy €7,
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where ¢;, 0, and that the real valued coefficient function k : v — R is bounded above and below by

oy v —'Y>
positive constants:

0k <k(y) <R Vyen. (2.5)

Note that only minimal assumptions concerning «;, i = 1,2, @y and 3, reflecting the structure of the problem
are required and no further regularity, allowing for general heterogeneous media. However this means that the
standard functional setting of the linear case has to be modified and thus also the regularity requirements
concerning the source and boundary terms.

We make the following assumptions concerning the data functions ¢ and pg corresponding respectively to an
external source term and to Dirichlet boundary data:

q=(q1,q2,qy) € L3(£21) x L3(£22) x L*()

1 3 1 13 1 1 (2'6)
Pd = (Da,1,Pd,2,Pd,y) € Wa2(I)NH2(I)) x (Was2(Iy)NH2(I%)) x H2(0y),

where we have used the standard notation for the Lebesgue spaces LP, p € R, p > 1, and for the Sobolev
spaces WP k. p € R, p > 1; see [1]. Following standard practice we often write H* for the Sobolev space
W2 k € R. We have required more regularity of the data functions than necessary for a weak formula-
tion of problem (2.1)—(2.3) in order to use the same data functions for problem (2.1)—(2.3) and for prob-
lem (2.11)—(2.13) given below.

To give a weak mixed formulation of problem (2.1), (2.2), (2.3), we introduce several spaces of functions:

M= {p = (plap2ap’y) 1 pi € LQ(‘QZ)v’L = 1a27 and D~ € LS/Q(V)}
2

Pl pm = Z IPillo2,2. + [IPyllo,2 -

i=1

The space M being a product of reflexive Banach spaces is clearly a reflexive Banach space with the dual space
M/ = {f = (flvaaf’Y) : fZ c Lz(‘QZ)v’L = 172a and f’Y € Ls('}/)}
2

[RE i

i=1

lo,2,2; + || f5]l0,3.4-

We also define
V ={v=(v1,v2,vy) : v; € (L2(2))%,i = 1,2, and v, € (L3(y))4" '}
2

IVlv = Ivilloz.a + lv4llos~
i=1

and its dual space

V' ={g=(g1,82,8,) : & € (L2(£2;))%i=1,2, and g, € (L (7))}

lglv: =" llgilloze. + g

i=1

|0,%,v'

Remark 2.1. For f = (fi, f2, fy) € M/, respectively g = (g1, 82,8,) € V', we have used the ¢! norm on R?
to give the norm of f, respectively g, in terms of its three components fi, f> and f,, respectively g1, g> and g,
whereas the actual norm for the dual space would have used the £°° or maximum norm. However these norms
are equivalent since R3 is of finite dimension and we have found it more convenient to use the ¢! norms here.

For the domains £21, 2, in R? and ~ in R?~!, respectively, we need minimal regularity to make some of the
expressions used below well defined. In particular, we need exterior normal vector fields on the boundaries. To
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assume that the domains are Lipschitzian will be sufficient, and this will be done henceforth. We will need in
addition the space W defined by

W = {u = (ui,uz,uy) € V : Divu:= (divuy, divuy,divu, — [u; -n —uy -n]) € M’
and u; -n € L3(y),i = 1,2}
2

(2.7)
lullw = l[ulv + [ Divallae + Y fui-nfoz,).
i=1
One can show that W is also a reflexive Banach space and that
D = (D(21))" x (D(22))" x (D7)~ (2.8)

is dense in W (see e.g. [18], Lem. 3.13), where by D(O) is meant {p : 1 € C*°(R")}, for O a bounded domain
in R". We also have that for v.€ W,v; € H(div, §2),i = 1,2, and v, € H(div,v) (since L3(y) C L*(y)) so
that v; -n; € H—2(8;) and Vy -y € H~%(dv), where n;, i = 1,2, and n, are the exterior normal vectors on
082;, i = 1,2, and on 0, respectively.

Define the forms a : W xW — Rand b : W x M — R by

2 2
a(u,v) = Z /Q a;u; - v da + /(an, + 6y|uy)u, - v, ds + Z/ k(€w; - n+ fuipg -n)v; - nds,
i=1 i v =177

2
b(u,r) = Z /Q divu;r; do + /(divu7 —[u;-n—uy-n])r,ds = (Divu,r) s .
=1 i v

Note that the form a is continuous and linear in its second variable while the form b is clearly continuous and
bilinear. Define the continuous, linear forms g € W’ and f € M’ by

g:W-—R
2
g(V) = _Z <pd,i7vi : ni>H%(F1),H_%(F1) - <pd7’)’7v'¥ ' n'y>H%(8’y),H_%(3'y)
=l (2.9)

and f: M —R
2
flir)y= Z/ qiri daﬂ—k/qw7 ds.
i=1 % g

The weak mixed formulation of (2.1), (2.2) and (2.3) is

Find u € W and p € M such that
(P) a(u,v)—b(v,p) =g(v) YWweW

b(u, ) =f(r) VYreM.
Define also, for the moment only formally (see Lem. 3.1),
A:W-—W and B: W -— M
(A(u),viw' w = a(u,v) VveW (B(u),")pmr m = b(u,r) VreM

and note that B : W — M’ is simply Div : W — M’ so that for W, the kernel of B,
W = {V = (Vl,Vz,V,Y) €W : Divv = B(V) = 0}’
we have that

2
IViw = lIvlv + > llvi-nloz,  ¥veW.
i=1
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2.2. Formulation with Darcy—Forchheimer flow in the matrix and in the fractures

With 2,v,2,,n;, i = 1,2,n, and n as well as «;, ay, By, K, Gi, @, Pd,i> Pd,y, &, and € as in the preceding
paragraph, and with §; : £2; — R a function satisfying

B, < Bily) < B; Vye, (2.10)
where 3., 3;)0, we now consider the following problem:
h gz B8;)0 der the foll bl

(a; + Bilug|)u; + Vp; = 0 in £2;
divu; = ¢; in £2; (2.11)
Di = pds onlj

together with

(ay + By|uy[Juy + Vpy =0 on 7y
divuy =¢y+[ug-n—uz-n] onvy (2.12)
Py = Pdy on Ovy

and the interface conditions
pi =py + (1) k(Eu; -n + €u;p1-n), i=1,2. (2.13)

Due to the Forchheimer regularization in the matrix equations, the spaces in the earlier definitions need to be
replaced by spaces appropriate for the functional setting of the Forchheimer equations, i.e. L2(£2;) by L3 (£2,),
and consequently L?(§2;) by L3(£2;) for the dual spaces, thus obtaining a 3-version of the earlier spaces, i.e.
Mg instead of M, etc. For the sake of clarity we state explicitly:

Mﬁ = {p = (plvp?ap’y) 1 pi € LS/Q(QZ)vl = 1327 and P~ € L3/2(7)}
2

Ipllacs =D lIpillo.g.0 + Ipsllo,3.+-
i=1

The space Mg is clearly a reflexive Banach space with dual space
/ﬁ = {f = (flaf27f’y) : fZ S Lg(‘Qz)vl = 1a27 and f’y € L3(7)}
2
£ llay, =Y Ml fillos.e + 1 fllos.-
i=1

We also define

Vg = {V = (V1,Va,Vy) 1 V; € (L3(2:)%,i=1,2, and vy € (L?’(’y))d_l}
2

Vivs =D lIvi

i=1

|0735~Qi + HV"/ |0,3,"/7

which is similarly a reflexive Banach space, with its dual space

Vi ={g=(g1,82.8,) : 8 € (L?(2))%,i=1,2, and g, € (L¥?(v))" '}
2

lgllvy = llgillo,s,0, + llgy
=1

|0,%,7'

Again we have used the equivalent ¢! norm instead of the /> norm to construct the product space norm for
M,’@ and Wé We also need the space Wy defined by

Ws = {u=(ui,uz,u,) € Vg : Divu = (divuy, divuz,divu, — [u; - n —uz - n]) € Mj
and u; -n € L%(y),i=1,2}
2 (2.14)

lullw, = lullv, + IIDivulag + > [[ui - nlloz,.
i=1



COUPLING DARCY AND DARCY-FORCHHEIMER FLOW IN A DFM 1457

One can show that Wp is a reflexive Banach space, that D, given by (2.8), is dense in Wp, that for v € Wg,
for i =1,2,v; € H(div, £2;) and v, € H(div,v) so that v; - n; € H~2(82;) and vy N, € H~2(d7). Further
v; € W3(div, £2;) (see Appendix A.1). Define the forms ag : Wz x W3 — R and bg : Wz x Mg — R by

2 2

ag(u,v) = Z / (a; + Bilwi|)u; - v dz + /(an, + Gy|uy|)uy - vy ds + Z/ k(éu; -n+ iy - n)v; -nds,
i=1 /% v i=1"7
2

bg(u,r) = 2 /Q divu;r; de + [Y(divu7 —[w-n—uy-n])ryds = (Divu, ) umy m,-

Note that the form ag is continunous and linear in its second variable while bg is continuous and bilinear. Define
the linear forms

g:Wg—R and f: Mg—R

as in (2.9) but with g € Wj and f € Mj; which is valid with the regularity assumptions in (2.6). The mixed
weak formulation of (2.11), (2.12) and (2.13) is given by

Find u € Wj and p € Mg such that
(Pg) ag(u,v) —bg(v,p) =g(v) VveWs

bs(u,r) = f(r) VreMs.
Define again
A,@ :Wﬁ—>Wé and Bﬁ :Wﬁ—}MI/H
<A5(u),v>v/,v = ag(ll, V) Vv € Wﬁ <Bﬁ(u),7‘>/\/{2j Mg = bg(u,r) Vr € Mﬁ

for an equivalent operator equation and
Wg = {u=(u,uz,uy) € W : Div u:= Bg(u) =0},

and note that )

lullw, = l[ullv, + > llui-nfoz,  Yue Ws. (2.15)

i=1

Remark 2.2. Note that none of the spaces Wg, Vg, Wg, or Mg and neither of the operators bg nor Bg depends
on the coefficient §. The index ( is used simply to indicate that these are the spaces and operators used to
define the problem (Pg).

To obtain some of the estimates that we will derive in the following sections we shall make use of the following
technical lemma given in ([15], Lem. 1.1 and 1.4).

Lemma 2.3. For x andy in R"™, we have the following inequalities:

Hxlx = [yly | < (Ix] + [y]) [x = yl, (2.16)
1
5 X = v < (xpx = lyly) - (x = y), (2.17)
‘ x| "2 — IYI’%y‘ <V2lx-yl?, (2.18)

x —yl?

< * 7 (x—Yy).
VX[ + |Y|_<\/¥| \/m>( )

(2.19)
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In (2.18) and hereafter z — |z|~ 22 on R™ means the continuation of this function on R™ \ {0} to R™ obtained
by defining \0|_%O := 0, which by (2.18) is indeed Hélder continuous with exponent %

Here we introduce some notation that we will use throughout the remainder of the article: for any positive
integer n and any bounded domain O in R", we know that L3(0) — L?(0) and that the inclusion map is
continuous so that there is a constant C, o depending on n and the measure of the space such that if ¢ € L3(0)
then ||¢|lr2 < CL,0l||¢]|Ls. Here we shall assume that Cf, is a constant with Cr o < Cp, for all of the spaces O
that we deal with. (There are only a finite number for each problem.) Also we know that if s and ¢ are such
that 1 < s <t < 0o then the £ and ¢! norms on R" are equivalent (since all norms on finite dimensional spaces
are equivalent), and we shall assume that there are positive real numbers Cy and ¢, such that if x € R™ then
collx|ler < ||x]les < Ce||x]|¢+ for all dimensions n and all norms ¢* and ¢* with 1 < s <t < oo, that we encounter
in the problems that follow. (Again there will only be a finite number.)

3. EXISTENCE AND UNIQUENESS OF THE SOLUTION OF THE PROBLEM (Pp)
DARCY—FORCHHEIMER FLOW IN THE FRACTURE AND IN THE SUBDOMAINS

To show the existence and uniqueness of the solution of (P3), following the argument of [15], Section 1 we show
that the operator Ag : Wg — Wé is continuous and monotone and is uniformly monotone on Wg to obtain a
solution to the homogeneous problem with f = 0. (That Bg : W3 — M satisfies the inf-sup condition follows
just as in the linear case, cf. [16], however for completeness a demonstration is given in Appendix A.3). Then
taking any solution to the second equation of (Pg) (whose existence is guaranteed by the inf-sup condition) an
auxiliary homogeneous problem is constructed whose solution can be used to produce the solution of (Pg).

Lemma 3.1. The operator Ag : Wg — Wé is continuous and strictly monotone and is furthermore uniformly

monotone on Wg.

Proof. To see that Vu € Wg, Ag(u) € Wy i.e. that Vu € Wy, Ag(u) is bounded, suppose that u € Wj. Then,
using the equivalence of norms in a finite dimensional space and Hélder’s inequality, we have, for each v in Wp,

_ _ 3 :
/mmmrwmsm@/u&wmuSﬁp%/<m@%§ wama

< BiCPuillg 5.0,

Villo,3,0;-

We also have

/ aiw; - vide < @lluilloz,e.|Villo2.e, < @CE uillos.Ivillos,e.- (3:2)
2;
As we have similar inequalities for the norms on 7 and as £ > £ we conclude that for each v € W,

‘<Aﬁ(u)a V>WL§ ,Wﬁ|

Ag(u)|lw, = sup
1A (a)llw;, i Viiw,
v#0

2
< sup 43 (@CHIuillos.e Ivillose, + BiCE Il 5.0 villos.,)
VE;’\(Zﬁ i—1 (3.3)

+ aVC%”u’yHO,&’y vy llo3y + BWCZ?Hu'y||(2),3,7||v'y||0,3ﬁ

2 2
+¢R (Z ||ui‘n|0,2,"/> (Z ||vi~n||o,z,w>}/lvllwﬁ
i=1 i=1
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2
<> (mct 2a0,)
i=1 )
+ @, Cluyllosy + B, CEllus |3, + €7D [lui -
Y~ LIUY10,3,y ~y~e 1YY 10,3,y i 0,2,y
) i=1
<aCi|lullv, +BCHlul}, + €7 wi-nloss

i=1
< (max{aCi, {7} + BCY||ullv,)llullw,,

where @ is the max {@y, @2, @, }, and similarly for 3.

To see that Ag : Wz — Wp is continuous suppose that u and w are elements of Ws. Using Holder’s
inequality and then inequality (2.16) along with the equivalence of norms in finite dimensional spaces, we see
that, for any v € Wg and for i =1, 2,

/ Biuilu; — |wilwy) - vida < B, [uiu; — |wilw; [|g s
£2;

| y5 82

<B,CEI 2;)

Then using the analogous inequality for the nonlinear term on v we have

(As(a) = As(w), vVIw; w;
[Ap(n) — Ag(w)|lw; = sup :

VEWﬁ ||VHWE
v #0

=< ((EC%IIU—WIIVB + BCHullv, + [wllv,)llu = wllv,) [V,

lu;

+£HZ|| (= w) - nllozs 3 v:- n||oz,7) / Vi,
=1

< (max{w%, e7} + BC}(ullva + [Wliv,) )l = wilw.
To see that Ag : Wz — Wy is strictly monotone suppose again that u and w are elements of Wg. Then
using inequality (2.17), for i = 1 2,

B.c; .
/ Bl — walwa) - (us = wi) de > 28 g — wil[3 .0, (3.4)
£2;

We also note that if x,y € R then &(2? + y?) + 262y > min {1, 2 — 1}(2? + y?). It follows that Yu, w € Wj

pe; : .
(Aa(w) = Ap(w), u = Wiw; w, > S = wl, + mmin {1,261} [0 — wi) -0z,
i=1

> C(8,5,€) (IIU—WHVB + ZII i~ Wi) nll%,zq)

0,

(3.5)

v

where 3 = min {ﬁl, B, ﬁy}, and where we have equality only if u = w
To see that Ag is uniformly monotone on ‘NN,H it suffices to note that if u and w belong to Wﬁ then

{(As(u) = Ap(w), u = wiw; w, 2 G([lu - wliw,)llu - wllw,
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with ,
fald, + 3 s nl,
G(lallw,) = C(6, £ €) =
! = H112||W5
lally, + > lw - nl3.,
= C(ﬁvﬁag) 2;1 — as HUHWg — 00,
[ulv, + > - nlos
i=1
where we have used (2.15). O

Lemma 3.2. The linear form bg : Wg x Mg — R satisfies the following inf-sup condition: there is a positive
constant 0 such that ¥r € Mg
ba(v,r
Ol < sup 2T (36)
veWg HV”W[f
Proof. See Appendix A.3. O
Proposition 3.3. The homogeneous problem
Find u% € Wg and p% € Mg such that
(PY) ap(u},v) —bs(v,p3) =g(v)  VveWs
bs(uy, ) = 0 Vr e Mg
has a unique solution.
Proof. That there is a unique solution in Wg to ag(u%,v) =g(v),Vv € Wg, i.e. to A,@(u%) = g, now follows
from the Browder—Minty theorem ([20], Thm. 26.A). That there is a unique p% € Mg such that (u%,p%) is the
unique solution of (Pg) then follows as in the linear case as the operator Bg is still linear. O

To handle a source term in the continuity equation we start from any solution to this equation and construct
an auxiliary homogeneous problem whose solution is then combined with the solution to the (nonhomogeneous)
continuity equation to produce the desired solution to the full problem.

Theorem 3.4. The problem (Pg) admits a unique solution (ug,pg) € Wg x Mg.

Proof. Since, according to Lemma 3.2, bg satisfies the inf-sup condition, the subproblem of (Pg)
Find u € Wj such that
bg(u,r) = f(r) Vre Mg

has a (non-unique) solution. Let u* € Wy denote one such. We consider the auxiliary problem

Find u € W3 and p € Mg such that
(P5)  as(t+u*,v)—bsg(v,p) =g(v) VveWs
bﬁ(ﬁ,’l“) =0 Vr EMB.

Just as in Proposition 3.3, this problem has a unique solution, as one can show, just as in Lemma 3.1, that
ajp(u,v) :==ag(u+u*,v)

defines a continuous operator, strictly monotone on W3 and uniformly monotone on Wg. Then, due to the
bilinearity of bg, u := @ + u*, together with p is a solution of (Pg3).
To show uniqueness we refer to Lemma A.1 in Appendix A.2. O
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4. DARCY AS A LIMIT OF DARCY—FORCHHEIMER — SIMPLE DOMAIN

Suppose here that O is a bounded domain in R? with boundary 0. The object of this section is to show
that the solution of the Darcy problem
a,u=—Vp in O
divu = ¢q,, in O
D="D,0 on 00

may be obtained as the limit of a sequence of solutions of the Darcy—Forchheimer problems
apug + f[uglug = —=Vpg in O
divug = q, in O
P8 =Dy o on 00,
as B, — 0. As before we assume that the tensor coefficient function a, : O — R%9 is such that

a, X <x-a,(y)x <a,|x* VyeO, xe R, (4.1)

and the coefficient 3, of the nonlinear term is assumed to be a positive real parameter as we are merely
interested in obtaining the Darcy problem as a limit of Forchheimer problems. Let

W(O) = H(div, 0) M(0) = L*(0)

3

W5(0) = W(div, 0) M(0) = L} (0),

and recall that the image of the normal trace map on W(Q) is H~2(8O) while the image of the normal trace
map on W3(0) is W=3:3(90). Also as before the data functions are assumed to be such that ¢ € L3(O) and
Pyo € W53(00) N W22(9O).

Define the bilinear forms a,, and b, by

a, : W(O) x W(O) — R and b, : W(O) x M(0O) — R
(u,v) »—>/ ayu-vde (v,r) /div(v)r dz,
o o
and the linear forms g, € W(O)’ and f, € M(O)' by
g, : WO) — R and fo + M(O) — R

Vo {Poor V)t oy -4 00 "t /o Gor Az,
so that the problem (Pparcy) can be written as

Find u € W(O) and p € M(O) such that
(Pparey) (W, v) = by (v,p) = go(v) Vv e WO)
b, (u,) =f,(r) ¥YreM(O).

Since a,, is elliptic (coercive) on the subset W(O) = {v € W(O) : b, (v,r) = 0, ¥r € M(O)} and b,, satisfies
the inf-sup condition on W(O) x M(O):

e b, (v,r
o, [Viwo) < a0 (v V) W e WO)  and b frlmioy < sup c2lr)

, Vr e M(0),
vew(0) |IVIlwo)

the Darcy problem (Pparcy) has a unique solution (u,,p,) € W(O) x M(O), [9].
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To give the weak formulation of the Forchheimer problem note that since W3(O) C W(O) the bilinear form
a,, is also defined on W3(O) x W3(0O) and that the bilinear form b, is also defined on Wz(O) x Mg(O) (even
though Mg(O) ¢ M(O)). Further b, also satisfies the analogous inf-sup condition onW(O) x Mg(O) for some
constant 6, ,; see [18] or the more general version in Lemma 3.2. Now define the mapping a linear in its
second variable, by

8,07

a, o, : WH(O) x W(0) — R

3,0
(Wyv) /(ao—l—ﬁo|u|)u-vdaz,
O

and note that due to the regularity requirements on the data functions p, , and g, that the linear forms g,
and f, are defined and continuous on W3(O) and Mg(0), respectively, (as well as on W(O) and M(0O)), so
that the problem (Prorcn) can be written as

Find ug € W3(0) and pg € Mg(O) such that
(PForch) a[ﬂ,o (llﬁ, V) - bo (vaﬁ) = 8o (V) Vv e Vvﬁ(o)
b, (ug,7) = fo(r) VreMgz(O).

It is shown in [15] that the form a, . is continuous, strictly monotone on Wjs(0O), and coercive on VVg(O) =
{veW(0) : b,(v,r) =0, Vr € Mg(O)} [15], Proposition 1.2 and that the Forchheimer problem (Prorcn) has
a unique solution (u, ,,,p, ) € W3(O) x Mpg(O), [15], Theorem 1.8. Again see the more general vesion of this
reasoning in Lemma 3.1.

The demonstration that the solutions of the problems (Prorcn) converge to the solution of (Pparcy) is based
on a priori bounds for u, , and p, ,, independent of the parameter 3. In this section we will drop the spaces in
the notation for the norms as only O or 9O appears.

Lemma 4.1. There is a constant C' independent of 3 such that for § sufficiently small

1
||p[j,O||M5(O) + ”uﬁo ”W(O) + 5‘3 ”uﬁo HO’S <C.

In addition,
Bllu, o llosz — 0, as B —0.

Proof. Taking u, , for the test function v in the first equation of (Proren) and noting that Ws(0) C W(0O), as
in Section 3 (cf. estimate (3.5)) one obtains

|g,3 S go (uﬁ‘o) + b(uﬁ‘ovpﬁ‘o)
< ligollwioy v, o lwioy + Idiv(a, o)llo,sllps oo, 3

|0,2) + ”div(uﬁ‘o)”(),fi”pﬁ,o ”0,%'

3
C
QO Huﬁ,o ”(2),2 + Ezﬁ”uﬁo

< Hgo ”W(O)’ (”uﬁo ”0,2 + Hdiv(uﬁ,o)
Next directly from the second equation of (Proren) (regarded as an equation in Mgz(O) = L3(0)), we obtain
[div(a, o)llos = lIfollo.s: (4.2)

and, as there is a continuous embedding M(O) — Mz(0), i.e. L*(0) — L% (0) so that the second equation
of (Proren) holds for test functions in L2(O) as well as for those in L3 (O), we also have

[div(u, o)llo2 = [ fo

lo.2- (4.3)

5,0)

Combining these last three inequalities we obtain

3
C
aollus 082 + 5Bl 085 < llgo lwioy (1us.6llo2 + 1 follo.2) + [ follosllps.ollos
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and

3
C
%QO ”uﬁo ”(2),2 + éﬁ”u ,

8o vy + 180 lwioy Il fllo2 + 11 fo
—0
< Di+|fo

where D; is a constant depending only on the coefficient o, and the data functions determining g, and f,,.
Then with the first equation of (Prorch), We obtain, Vv € Wz(0),

(4.4)

bo (Vs Ps.0)| < g0 (W50, V) + 80 (V)]

< |u,, Vllo.2 + CZBllu, oI5 3]

lwioy IvIlws )

< (@ Cullw, ol + 10, o s + 50013 ) IVIw o)

1
3

where we again use O, respectively Cy, here specifically for the continuity constant for the embedding L?(O) —
L?(0), respectively ¢3(R%) — ¢%(R%). Using the inf-sup condition for b on W3(0O) x Mz(0O) we have

b, (v, 1)
Osolrlloz < sup ———
o103 VEW;(O HV||%(O)
and thus
3 < (@Crluolloz + CElu, oI35 + Ipaolly 3 ) - (4.5)

Plugging this estimate for pg into (4.4) we obtain

3
c
Syl oll32 + LBl ol < D1+ 5=l folos (FoCulu, ollos + CEBlu, ol + Ipsolly.2) -
B,0
Now using the inequality
o C’L 4 a CL
Iollosliu,olloz < - ( ol + Lol ol
B,O el 8,0
<Dy + 4= (9”“5(')”02
it is easy to see that
1 , & X 4 (@,Cr\’ 1
_QOHU[LOHOQ + _5H“[LOHO,3 <Di+— . ”fng,fi + —Hfo||0,3cgﬁ”uﬁ‘oHg,fﬂ
4 2 go 050 050
—If
Qﬁo o 33

< Dj+Dy+ C’4ﬁ||ug,o||(2),3 + Ds,

with constant terms D, which depends on f,,CL, @ O’—o and 6, ,, and D3, which depends on f,,p, , and
0, -, and a constant coefficient Cy, which depends on f,, 6, , and C,. Now using Young’s inequality, (if p > 0
and % + % =1 then ab < a}Tp + %) with a = (8%||u, o [l0,3)%, =1, p= 2 and ¢ = 3 one obtains

1

ZQOHU ,

c; 2 _os 1 _
éﬁ”u ollos < D1+ Dy+ Ds+ §C4ﬁ1 #(8°]lug 0 llos)* + 50451 >

and that

1 o 2 _ 1 iy
Zﬂollu olld, (5@51 R 50451 23) (8°Ilus.0ll0,3)* < D1+ Dy + D3 + gcwl *
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or, in particular, that (with s = )

1 o102 1 1
1%l old2 + (5% 5 504) (8% lla,.0ll05)° < Di+ Dy + D5+ 5Cy = Da. (4.6)
1
Thus for 3 sufficiently small, we obtain an a priori bound on a3 ||u, , [|o,2:
1
agllu, ollo2 <2(Da)?, (4.7)

and also that
1
(B lu, o

C?’ 1 2 -1
l0,3)° < <§Kﬁ5 - §C4> Dy

so that
1
ﬁ§ ”uﬁo ”0,3 —0 as 5 — 0. (48)

Rewriting (4.6) as

1

3
c 2 1
Zgo H“ﬁ,o ”(2),2 + %5”“5,0 |8,5 <Ds+ 504(ﬁ2 H“ﬁ,o |0’3)3a

we obtain in turn an a priori bound for 33 lug ollo,3:

1
B5|[u, ollos < (Da+ €)%, (4.9)

with € > 0 arbitrarily small for 8 < 3 for some 3. > 0. Now combining (4.5), (4.7) and (4.9) one obtains the
following a priori bound on p, , in L2(0):

2a,C i O3 2 1
rolog < 220 (D)} + gt (Dut 9F + 7yl g (4.10)
5.0Qd p.0 #,0
With (4.10), (4.7) and (4.3) the lemma is completed. O

From (4.7) and (4.10), we conclude that if {3;} is a sequence converging to 0 then there is a subsequence still
denoted {g;} such that the sequences {u, .} and {p, .} are weakly convergent in (L2(0))? and in L3 (0),
respectively:

u, , —ain (L20)?  and  p, , —pinL3(0), (4.11)

85,0

i.e. explicitly
/ au, ,-vdr— / ati-vdz v e (L2(0)"  and / Py 0q dr — / pq da Vg € L3(O). (4.12)
o 7 o o " o

Further, (4.8) implies that {5]% uﬁj‘o} converges strongly to 0 in L3(0). Thus

3 3
. 5 u 3 dx)
lo,3 </@ BFlug, o (4.13)

1
|ﬁj2 u;aj,o Hg,fi —0as ﬁj — 0.

] [ ol o v o

< vlloallBilu,, o, ollos = IIv

= [vllo,3

Lemma 4.2. Assume that the spatial dimension d satisfies d < 6. Then the pair (a,p) defined by (4.11) is a
solution to (Pparcy) and hence is the unique solution of (Pparcy): @ =u, and p = p,,.
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Proof. A priori, a € Wz(O) C W(O) and p € Mg(O) ¢ M(O). It follows from (4.13) and (4.12) that
/ ayu-vdr — / div(v)pde = —(p, »,, v - n)H%(ao) a3 (00) Vv e W3(0). (4.14)
o o :

However, if v € D(O), then /aoﬁ~v dz — /div(v)i) dr = 0 so that V) = —a, 1 € (L3(0))4, and thus
o o

p € Wh2(0). By the Sobolev embedding theorem, [1] , we have, if d < 6, then W13 (0) c L%(0) = M(O).

Also we have supposed that p, ,, belongs to W22(90) as well as to W32 (90). Thus each of the terms of (4.14)

is well defined for v € W(O), and we have since W3(O) is dense in W(O) that

/O ayt-vdr — /O div(v)pde = —(p, o, V- n>H%(aO),H*%(aO) Vv € W(O). (4.15)

Turning now to the second equation of (Pparcy), we recall that f, = g, belongs to L3(O) = Mg(O)’, and
thus also to L?(0) = M(O)’. As we have seen, the second equation of (Pgoren) implies that for each 3 > 0,
div(u, ,) = f € L3(0). This with (4.7) implies that u,, is bounded in the W(O) norm and that for a
subsequence {3} of {f3;},ug, converges weakly to @ in W(O). It follows that

/o div(a)r doe = /oqor Vr e M(O).

Thus the pair (@1,p) in W(O) x M(O) is a solution of (Pparcy) and (@,p) = (u,,p,) by uniqueness. O

5. DARCY AS A LIMIT OF DARCY—FORCHHEIMER — DOMAIN WITH A FRACTURE

The object of this section is to obtain the original problem (P) (with Darcy flow in the subdomains 24
and 2, but Forchheimer flow in the fracture ) as the limit of the problem (Pg) (with Forcheimer flow in the
subdomains and in the fracture) studied in Section 3 when the Forchheimer coefficient in the subdomains
decreases to 0. In this section, as in Section 4, for simplicity we shall assume that (; is the same constant,
positive, real parameter for ¢ = 1 and 7 = 2:

B1=pF2=08>0.

(The tensors [y, «; and a (2.4), as well as £ (2.5), remain as in Sect. 3.) For ecach § sufficiently small, let
(ug,pg) € Wz x Mg be the solution of (Ps). We will derive a priori bounds on (ug, pg) which are independent
of /3, thus obtaining a limit function which we shall show is a solution to (P).

Lemma 5.1. There is a constant C' independent of (3, such that, for each 3 sufficiently small,
2
1
lusllw + Ipsllaes + 55D [ugillose < C.
i=1

In addition,

2
1
823 |ugillos.e. — 0, as 8 — 0.
=1
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Proof. The proof follows closely the lines of the proof of Lemma 4.1. Taking for test function v = ug in the
first equation of (Pg), noting that ug € W and that g € W', and letting C¢ denote xmin(1,2¢ — 1) we obtain

2
3 (gim,i |) talug,
=1

< ag(ug,ug) = g(ug) + bs(us,pp)

2

3
c f
6.2 + 58, g l5s + > Cellug,i - n.
i=1

3
C
32+ Lhilug,

< llgllwllusllw + [Pivug| s, lpslags

2
~ ligllw- (numv T IDivuglae + 3 llugs - n||o,2,7) + [Div uslle, 195l a4,
=1

and from the second equation we have Divug = f so that

IDivugliag, = [ fllm
’ ’ (5.1)

IDivugs|ae = [[fllae

Combining these estimates, analogously to (4.4) we obtain

2
3 (ginuﬁ,z-

i=1

3 2
C .
) + o lhus B+ 28, Lo I + 3 el -l
i=1

o) + 17l Il

3
C
3o+ Lhllug,

2
< llgllw- (||uﬁ|V + e+ g -n
i=1
2 2

< llgllwr (Z lusillon + lupallosy + 3 llugs - n

i=1 =1

|) 1 llaag Ipsllag, + D,

where the constant term D; depends on g and on f. Then, using Young’s inequality we have

7

2 2
1 3 . 2¢3 1
(5gi||uﬁ,z-||a2 + fﬂnuﬁ,zwm,s) 0y s o+ 528, sl s+ 5 Cellug - nl3
=1 i=1

< |1 fllaas Ipsll g, + D1 + D,

where Do depends on g,gi,ﬁy, and C¢. The inf-sup condition for bg : Wg x Mg — R together with the first
equation of (Pg) yields

b(V,pg)
eﬁHPﬁHMﬁ < sup
vEWg HV”Wﬁ
o 42) — g(v)
vEWS ”VHW,B

)

and using (3.1)

53lvillos)

2 2
+RE (Z Jug,i-n |0,2,v> (Z [[vi - n||0,2,7>
=1

1=1
+ay|lug,4llo,2,

2
las(ug,v) —g(v)| <D @illugillozlvilloz + CEBlug.
=1

Vallo.zy + CEB, s 4113 5.1V llo.s. + llgliwy VI
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Then combining the last two estimates, analogously to (4.5) we have

2
O5llpsllas < Y (Cravlug,

i=1 _
+ CLa—yHllﬁ,'yHO,Z'y + CgﬁyHuﬁn

o2+ CEBllusillg 5 + Fllug,i - n

o) o3

135+ llglw;-

So

c; 1<
) + sl B + S8, s s + 53 Celluss - nl
=1

[ fllae, /&
P . (Z (Crailugilloz + CPBlug lls 5 + Féllug,i - nllo2)

i=1

2 C?
10,2 + 55““54’

> (el

i=1

< D)+ Dy+ D3+

O, usallony + omuﬁ,yn%,s,w),

where D3 depends on g, 6g, and f. Then using Young’s inequality (three times with exponents 2 and 2 and
twice with exponents 3 and 2) we obtain

1 c 1 cf Iy
> (Zgi”uﬁ,i”?xz + fﬁlluﬁ,illg,s) + §Q~,||uﬁ,v||(2),2 + g’zﬁwﬂum 16,3+ ZZ Cellug,i-n[3 ,
i=1 =1 (5.3)
2 2 1 3 .
< D1+ Do+ D+ Dat 3C5) (WIIuﬁ,iHo,?)) )

i=1

with Dy depending on Ei,gi,ay,gwﬁv,gv,ﬁ, k,&, 03, and f, and, analogously to (4.6),

1 o1 2 1 31 1
> (Gelbusadis+ (G078 = 55) (¥1wilna)” + {Cellunnds) + o w13

=1
3
c
+§Zﬁn,”uﬁw”8,3 < Dy + Dy + D3+ Dy.

(Recall that 63 does not depend on 3.) Hence
B%ugillos — 0as B—0, i=1,2,

as in (4.8), and, as in (4.7), (4.9) each of the terms ||ug;llo,2, |[ug,-nllo2,, |usgllo2+, llugqllos,, and
i _
B3 |lug,illo,s is bounded by a positive constant D5, depending on @;, @, 3,,,§, f and g but independent of 3:

1
lug,illo2 + llugi-mlloz~ + lussllo2~ + llusslloss, + B3lugillos < Ds. (5.4)

Combining (5.1) and (5.4) yields an a priori bound on ug,; in the H(div, £2;)-norm. Equation (5.1) also gives
an a priori bound on divug , — [ug, 1 - n —ug, 2 - 0] in the L*(y)-norm, which completes the a priori bound of

g [w
To bound pg we recall (5.2)

2 2
05 (Z Ips.illo,s + ||pm||o,g,7> <> (Craillugillos + C3Blusll s + EFllugi - nllo2,,)
=1

i=1

+Cray|lug o2y + C78, lus s 35, + llelw
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and obtain for a positive constant Dg, depending on @-,EW,BW,E, &, f,g and 63 but independent of [ :

2

> lps.illo,z + llpsllo,s., < D, (5.5)
i=1
which gives the a priori bound on ||pg||am,- O

Theorem 5.2. Suppose d < 6. There exists a unique solution (u,p) € W x M of problem (P), and (u,p) is a
weak limit of solutions (ug,pg) € W x M in the sense made precise below.

Proof. The proof follows from the error bounds (5.4), (5.5) obtained in Lemma 5.1. As the spaces H (div, {2;),
L%(QZ-), L3(y), L%(v) and L2() are reflexive Banach spaces they are sequentially weakly compact. Thus
from (4.7) and (4.10), we conclude that if {5} is a sequence converging to 0 then there is a subsequence {3;}
such that the sequences {ug, i}, {pg, ;}, {ug;+}, {pg, 4} {ug,; - n} and divug, , — [ug,1 -1 —ug, 2 - n] are
weakly convergent in H (div, £2;), L2 (£2;), L3(7), L (v), L*(v) and in L3(y) respectively:

3

ug; ;i — u; in fI(diV7 2;) Pa,i — p; in Lz($))
O JO

ug, 4 — 0y in L*(9) Pg, H — Dy in L2(7)

divug, 4 — [ug, 1 -n—ug, 2-n] = 0, in L3(y) ug,;-n—10; in L*(y)

and )
B2ug,; — 0in L*(£2;).

We remark that since ||ug,;-nl| Cllug,ill r(aiv, ;) is bounded independently of 3 that ug, ;-n converges

H™3(00)) <
weakly to @; - n in H—? (0£2;). Then since ug, ; - n converges weakly to @; in L?(7), we have i; = @; - n

We also note that divug,, € L%*(y) so that ug,, € H(div,7). Further, |divug, ,|/z2(y) and thus
lug, ~ |l #(div,y) is bounded independently of 3 so that ug, , converges weakly to G, in H(div,~). Following
the same lines of reasoning we conclude that

a, =diva, — (01 -n — 02 - n).
Thus with @ = (0, G2, Gy) we have . € W, and it is clear that
b(a,r) = (Diva,r),, = f(r), Vr e M,

i.e. the second equation of (P) is satisfied by a.
For each > 0, the first equation of (Pg) is

ag(ug,v) —b(v,pg) = g(v), Vv € W,

Y

2
Z /Q (i + Blug,)ug, - vi do + /(0‘7 + BylugH)up,y - vy ds
i=1 Y%

1 _
—|—Z/ ;(gum' ‘n+&ugt1 -n)v; -nds — b(v,pg) = g(v), Vv € Wy,

or

ug,i Vi dx+/ﬂv|uﬁﬁ
vy

2\/
i=177

2
ug~ - vyds = — E /Q oug; - vide — / o,ug - Vyds
i=1 v

2
> [ s
i=1 %

(¢ug;-n+&ugit-n)v; -nds +b(v,pg) + g(v), Vv € Wg.

x| =

7
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Then taking the limit as 3 goes to 0 we have, due to (3.1) and Lemma 5.1

2
lim /ﬁy|u5ﬁ\u5ﬁ -vyds = —Z / o0, - vy de — / oy Uy - vy ds
B—0 v i=1 £2; v

2

1 _
—Z/ E(fﬁz ‘n+ &Uiqq -n)v, -nds + b(v,p) + g(v), Vv € Wp,
i=17

and in particular, for test functions v € (D(£21))¢ x (D(§22))? x {0},

2 2
Z / o, - vide — Z / divv; p; dx = 0.
i=1 /% i=1 /%

Thus Vp; = —a;1; € L?(£2;) and therefore p; € Wis (£2;). From the Sobolev embedding theorem we then have
p; € L?(92;) (for d < 6) which means that p € M. Now from the density of W5 in W we conclude that

2
lim /ﬂ7|uﬁﬁ\ug,ﬂ, -vyds = —Z / o0, - v do — / ay,y - v,y ds
£—0 Y i=1 02; Y

2
1 _
—Z/ E(fﬁz ‘n+ &4 -n)v, -nds + b(v,p) + g(v), Vv e W.
i=1

~

Now there remains to see that
e B
Toward this end we define a mapping on L3(v) x L3(7) by
(Wy,vy) Lﬁvwv|wv vy ds

and the associated mapping C : L3(y) — L%(v). That the mapping C' is monotone and continuous can be
shown as in the proof of Lemma 3.1 where the monotonicity and continuity of Ag are shown. Therefore C'
maps weakly convergent sequences to convergent sequences; see [20]. Thus, since ug, — 1, we have that
C(ug,y) — C(0y) in L*(v) which now yields that

a(,v) —b(v,p) = g(v), Vv e W.

Thus (@1,p) € W x M is a solution of (P).
As in (3.5) we see that A is strictly monotone on W. Thus we can refer to Lemma A.1 for uniqueness. [

APPENDIX A

In this appendix for the sake of completeness we give the definition and some basic properties of the spaces
WP(div, £2), and we include the demonstrations of some lemmas needed in the previous sections.

A.1. The spaces WP(div, O)

We recall the definition given in [15,18] of the spaces WP(div, O) for O C R? a bounded domain in R? and
p € R a number with 1 < p:

WP(div, 0) := {v € (LP(0))? : divv € LP(0)} (A1)
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with norm

IVIlwe(giv,0) == IVIlLe (o) + |divv]| Le (o).
As pointed out in [15] and in [18] it suffices to note that WP (div, O) is a closed subset of (LP(O))? to see that
WP(div, O) is a reflexive Banach space. Further, normal traces of elements of W?(div, O) belong to W_%’p(a(’)).

A.2. A general uniqueness result

The object here is to show a uniqueness result that is used in the proofs of Theorems 3.4 and 5.2: that if A,
B and B! are the operators associated with a mixed formulation and A is strictly monotone and B is surjective,
then the mixed problem has no more than one solution; more precisely

Lemma A.1. Let X and Y be Hilbert spaces and let a be a form, linear in its second variable, on' Y XY and
b a bilinear form onY x X and let A:Y — Y’ and B: Y — X' be the associated linear operators defined by
(A(v),w)yy = a(v,w), Yw € Y and (B(v),r)x’ x = b(v,r), Vr € X, respectively. Suppose further that f € X'
and g € Y'. Then if A is strictly monotone and B is surjective, the problem

FindueY and p € X such that
(P) a(u,v) =blv,p) =gv)YveY (A.2)
b(u, ) =f(r)yvreX

has at most one solution.
Proof. Suppose that (u,p) and (w,s) € Y x X are solutions to (P). Then

a(u,v) — a(w,v) —blv,p—5)=0,Yv eY
b(u —w,r) =0,VreX,

and taking as test functions v = u—w and r = p—s we obtain a(u, u —w) —a(w,u—w) = 0 or (A(u)—A(w),u—
w)y+y = 0. Then, as A is strictly monotone we have u = w. To see that p = s we suppose the contrary and
use the surjectivity of B to obtain an element v € Y with (B(v),p — s)x/ x # 0. However, as u = w we have
0 =a(u,v) — a(w,v) =b(v,p—s) = ( B(v),p — s)x/,x contradicting the choice of v. O

A.3. Some inf-sup conditions

In this paragraph we give proofs of the fact that some of the bilinear operators considered in the text satisfy
the inf-sup condition.

Proof of Lemma 3.2. This proof is just as that for the problem with Darcy flow in the fracture and in the
subdomain (see the proof of [16], Thm. 4.1), only modified for the inf sup condition in the W3(div) x L? setting
as in the proof of ([15], Lem. A.3). It clearly suffices to show that the induced mapping Bs = Div : W5 — M
is surjective and has a continuous right inverse. Given an element ¥ = (¢1,2,%,) € M/ﬁ, to construct an
element vy, = (vi,vs,vy) € Wp with Bgvy = ¢ and |[vyllw, < C’||1/JHM;3 one solves the auxiliary problem

Ap = ¥ in 2, ¢ = 0 on I', with right hand side ¢ € L3(02), the function that agrees with v; on §2;. The
solution ¢ is in W?2:3(§2) if (2 is sufficiently regular (otherwise we solve the same homogenous Dirichlet problem
on a larger more regular domain and take the restriction of the solution to 2), and ||¢||2,3,0 < C||1/; lo,3,2 with
a constant C' that depends only on 2. Then v := V¢ € (W3(£2))? € W3(div, 2) and divy = ¢ € L3(2) so
that [[V|ws aiv,0) < (1+dC)||%h]l0.3.02- We also have v; := Vig, € (WE3(82))4 € W3(div, £2;) with divv; = ¢; €
L3(£2;) so that

. 1 ~
[villws @iv,2) < (1 +dO)[¢]los,e < (1+ dC)C—Z(H%HO,&nl + [[2ll0,3,2.) < Cllvla,-
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As v; € (Wh3(62))%, we have v; - n; € W%’3(ani)7 where n; is the exterieur unit normal vector on 2;, and it
follows that v; - n; € L3(y) C L?(y) and

Ivi - nilloas < Vi nillz 5,00, < IVillwsgaa < Clvllag.

Thus the pair (vq, ve) is suitable for the first two components of v.

To obtain the third component v., note that as v € W3(div, £2) we have vi -n; + vo - ng = 0 on 7, and thus
the problem in the fracture domain ~ is decoupled from that in the subdomains 2; and {25. One has only to
define v, := V¢, where ¢, is the solution of A¢, =, in v, ¢, =0 on 9v. It is straightforward to verify now
that vy, = (v1, v2,V,) is a suitable antecedent for ¢ and that the mapping ¢ — v, is continuous from M/ﬁ into
W;. O

Lemma A.2. The inf-sup condition holds for the bilinear form b: W x M — R; i.e. there exists 6 € R such
that for each r € M

b(v,r
sup 27 > Bl . (A.3)
veEW ”VHW

Proof. The proof of this lemma is just as that of Lemma 3.2 only the auxiliary problem in the subdomains is in
the H(div) x L? setting. As the auxiliary problems in the subdomains and in the fracture domain decouple no
difficulty arises from the fact that one of these involves H(div) x L2 while the other involves W3(div) x L%. [

Acknowledgements. We are grateful to the anonymous referee, who pointed out a considerable simplification of the
original proof of Theorem 1.
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