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APPROXIMATION BY HARMONIC POLYNOMIALS IN STAR-SHAPED
DOMAINS AND EXPONENTIAL CONVERGENCE OF TREFFTZ hp-dGFEM *

RALF HIPTMAIR!, ANDREA MoOIOLA?, ILARIA PERUGIA® AND CHRISTOPH SCHWAB*

Abstract. We study the approximation of harmonic functions by means of harmonic polynomials in
two-dimensional, bounded, star-shaped domains. Assuming that the functions possess analytic exten-
sions to a d-neighbourhood of the domain, we prove exponential convergence of the approximation error
with respect to the degree of the approximating harmonic polynomial. All the constants appearing in
the bounds are explicit and depend only on the shape-regularity of the domain and on §. We apply the
obtained estimates to show exponential convergence with rate O(exp(—byv/N)), N being the number of
degrees of freedom and b > 0, of a hp-dGFEM discretisation of the Laplace equation based on piecewise
harmonic polynomials. This result is an improvement over the classical rate O(exp(—by/N)), and is
due to the use of harmonic polynomial spaces, as opposed to complete polynomial spaces.
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1. INTRODUCTION

We fix a domain that meets the following requirements, see Figure 1.

Assumption 1.1. The domain D C C is open and satisfies®

(i) diam(D) =1,

(ii) there exists 0 < p < 1/2 such that B, C D,

(iii) there exists 0 < pg < p such that D is star-shaped with respect to B,,, i.e., Vw € D and Yv € B,,, the
straight segment with endpoints w and v is contained in D.

Keywords and phrases. Approximation by harmonic polynomials, exponential orders of convergence, hp-finite elements.
* CS supported by the European Research Council (ERC) under Grant No. ERC AdG247277.

I Seminar of Applied Mathematics, ETH Ziirich, 8092 Ziirich, Switzerland. hiptmair@math.ethz.ch

2 Department of Mathematics and Statistics, University of Reading, Whiteknights, RG6 6AX, UK. a.moiola@reading.ac.uk
3 Faculty of Mathematics, University of Vienna, 1090 Wien, Austria. ilaria.perugiaGunivie.ac.at

4 Seminar of Applied Mathematics, ETH Ziirich, 8092 Ziirich, Switzerland. schwab@math.ethz.ch

SWe write Br(wo) := {w € C: |w —wo| <7} and B, := B,(0).

Article published by EDP Sciences © EDP Sciences, SMAI 2014


http://dx.doi.org/10.1051/m2an/2013137
http://www.esaim-m2an.org
http://www.edpsciences.org

728 R. HIPTMAIR ET AL.

FIGURE 1. Geometry of domain D, see Assumption 1.1.

In this article we investigate the best approximation on D of a function f : D — C by means of (complex variable)
polynomials. We obtain ezponential convergence in the polynomial degree provided that f is holomorphic in an
open neighbourhood of D. Our main approximation result from Section 4.2 reads as follows®.

Theorem 1.2. Fiz 0 < § < 1/2 and define the inflated domain Ds = {w € C : d(w,D) < 6}. There exist
C,b > 0 only depending on p, po and § such that, for any function f which is holomorphic and bounded in Dy,
there is a sequence of polynomials {qp}p>1 of degree at most p such that

1 = ol ey < Ce 1l -

In Section 4, the values of C' and b will be made fully explicit in terms of § and the geometry of D (Thm. 4.7),
and we will prove similar results for the derivatives of f (Cor. 4.9).

Our considerations follow the pioneering work of Melenk in [27], Chapter IT and [28], refining and completing
his arguments. The linchpin is Hermite’s representation formula for the error of polynomial interpolation of
holomorphic functions in complex domains, see Section 4.2. It is applied using, as integration contours, the level
lines of the holomorphic mapping ¢p : C\ By — C\ D provided by the Riemann mapping theorem. Thus we need
rather precise information about the position of these level lines, and this information is gleaned in Section 3
by means of fairly intricate estimates. A result similar to Theorem 1.2 was stated in [27], Theorem 2.2.10, the
novelty of the present contribution lies in the explicit expressions for the constants C' and b in terms of the
parameters §, p and pg only. The importance of having explicit dependence of the constants on the geometry,
in the context of Trefftz methods, is described in Remark 5.6.

Our work was motivated by the desire to obtain convergence estimates for the hp-version of Trefftz-type dis-
continuous Galerkin finite element methods (AGFEM) for second-order scalar elliptic boundary value problems.
For the Laplace equation Au = 0, these methods rely on harmonic polynomials for the local approximation
on the mesh cells. Thus, with D standing for a mesh cell (after the identification of R? with C and, possibly,
a similarity transformation), estimates like that of Theorem 1.2 become instrumental for showing exponential
convergence of the discretisation error in terms of the dimensions of the trial spaces. This will be outlined in
Section 5, in the case of (straight) triangular and quadrilateral meshes, building on the hp-dGFEM conver-
gence theory of [40]. On geometrically graded meshes, this scheme features faster exponential convergence than
standard methods: the energy norm of the error decays as exp(—b\/N ), N being the number of degrees of free-
dom and b > 0, as opposed to standard schemes which achieve only exp(—bW ). A dGFEM based on harmonic
polynomials was already introduced in [24,25], only the convergence under mesh refinement was discussed there.

6Here and in the following, we denote the distance between a point w € C and a set D C C and the distance between two sets
D1,D2 C C by d(w,D) :=inf,ecp |w — w’| and d(D1,D2) := infy, e, ,wyeDy w1 — wal.
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The results of the present paper can be extended to general second-order elliptic equations by means of the so-
called Vekua theory [31,36]. This technique provides continuous bijections between spaces of harmonic functions
and spaces of solutions to the considered elliptic equation. In particular, the case of Helmholtz boundary value
problems is relevant as several Trefftz-type numerical schemes have recently been proposed for their efficient
approximation at medium and high wave numbers, see [8,13,14,19,20,23,29,32], the references therein, and the
review in [30], Section 1.2. In this case, Vekua’s theory allows to translate approximation estimates for harmonic
polynomials into similar bounds for circular waves and can be related to approximation results for plane waves.
This is pursued in recent work [21].

We close this introduction with some remarks on the geometry of the domain D in our approximation results.
We refer to Figure 1 for an illustration of the notation in the following statements. By Assumption 1.1, D is
bounded, simply connected, 0 € D and D C B;_,. Moreover, D satisfies the following uniform cone conditions:
there exist Ho > 0, and A, X € (0, 1] satisfying

2
min{A, A\} > — arcsin ro , (1.1)
us 1—p

such that, for any w € 0D,

a) there exists a cone’ with vertex w, opening angle Ar and height Hy contained in D,
b) there exists an infinite cone with vertex w and opening angle Aw contained in C\ D.

The proof can be found in Theorem A.1 of [22] Appendix A. The uniform cone conditions imply that D is
Lipschitz (see, e.g., [16], Thm. 1.2.2.2).

Remark 1.3. If D is convex, we could choose pg = p. However, in order to avoid the discussion of special cases,
we will always assume pg < p, obviously with no loss of generality.

We also notice that, in the convex case, the exterior cone condition holds with A = 1 (the cone is a half plane
through w that does not intersect D), while for the interior cone condition one always has A < 1.

Remark 1.4. We chose to consider star-shaped domains since, as mentioned above, the main application we
have in mind involves the use of the Vekua operators, which are defined only under this assumption, see [31]. On
the other hand, all the proofs in the present article would be hugely simplified if we assumed convex domains
instead (e.g. compare the proof of bound (3.2) in the convex case in Section 3.2 and in the star-shaped one in
the appendix), and it could be argued that convex elements suffice for applications to finite elements. However,
we believe that the abstract approximation results we state may be of much wider interest than for Galerkin
schemes only. Moreover, if a boundary value problem is to be solved in a piecewise-smooth, non-convex domain,
it is not possible to partition it into convex elements. Finally, we envisage the use of the bounds proved here in
the context of finite elements for more general elliptic PDEs, where elements might be analytically mapped to
transform the original PDE into the Laplace equation, in this case convexity would not be preserved.

2. EXTERIOR CONFORMAL MAPPINGS

Let D C C be a non-empty, simply connected “generic” domain that is either compact or open and bounded.
Set D¢ := (CU {o0}) \ D and Bf := (C U {oc}) \ By. Owing to the Riemann mapping theorem, there exists a
unique one-to-one conformal mapping ¢p : Bf — D¢ such that ¢p(c0) = co and ¢, (00) is real and positive.
The proof can be found in [17], Corollary 5.10c (where “regions” are non-empty, open, connected sets as defined
n [17], Sect. 3.2) or in [26], Volume III, Theorems 1.2 and 1.3, after using the inversion across 0B;. If 9D is a
Jordan curve, then ¢p can be extended to a homeomorphism from Bf — D¢, i.e., it is bijective and continuous,
with continuous inverse also on the boundary (see [33], Sect. 17.20 or [17], Thm. 5.10e).

7Follovving [27], Proposition 2.1.6, we call “cone” an isosceles triangle, “infinite cone” the sector of the plane delimited by two
half lines with common origin, and “opening angle” the angle adjacent to the two sides with equal length of a cone, or to the two
half lines of a infinite cone.
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For every h > 0, we define the level line of ¢p by

Ly[D] := ¢p(9B14n). (2.1)

Since @p is a homeomorphism, the level line Ly, [D] partitions C into two connected components and we denote by
Int Ly, [D] the closure of the bounded connected component. Whenever D = D, which satisfies Assumption 1.1,
we set for brevity ¢ := ¢p and Ly, := Lj,[D].

In Section 16.5.11 of [18] (Eqgs. (16.5—7), p. 374) and in [37] (Sect. 4.4, p. 74)%, the value ¢/, (c0) (which is
real and positive by definition of ¢p) is identified as the classic analytic capacity of D.

If Dy C Dy, then ¢, (00) < ¢, (00). Besides, Theorem 16.6j of [18] asserts that <p’BR(w)(oo) = R and, thus,
for the domain D,

p<¢ploo) <1—p. (2.2)

Let P be a bounded polygon with counterclockwise ordered vertices {wk}fle and corresponding internal
angles {aym}_,. Then, using conformal inversion across dB; and ([11], Eq. (4.6)), the conformal mapping ¢p
is given by the Schwartz—Christoffel formula

1/z

N C 1—ag
er)=a+Coo [ II(1-2) " ac B>, (23)
k=1

2k

where z, = ¢p'(wy), |2x| = 1. We have ij:l ap = N — 2 (or ij:l(l — ay) = 2), see also ([26], Vol. III,
Eq. (9.10), p. 331). The constant A € C depends on translations of P and on the initial point in the integration,
the constant Cgc is related to rotations/dilations and from [11], page 53, we have

|Csc| = ¢p(c0). (2.4)

The complex derivative of the Schwarz—Christoffel mapping can easily be computed as

N 1 1—ag 1 N
op(z) = ~Csc [] (1 - > = —Csc I G-z, (2.5)
k=1

ZZ
k=1 k

where in the last step we have used |z;| = 1 and ), (1 — ax) = 2. When z approaches one of the z;’s, then
©'»(z) tends either to 0 or to co, depending on the sign of 1 — ay.

Next, we recall the estimates of ([27], Lem. 2.1.3), applied to our domain D.

Lemma 2.1. Let ¢ be the conformal mapping from B{ onto D®. Then, for 0 <h' < h

P’ b ¢'(c0)|2|

d(Ln, L) > () m(h -1, ¢’ (2)] < 1

|z] > 1.

Proof. We refer to [27], Appendix A.2, for the second bound, which is based on the “area formula” of (]26],
Vol. III, Thm. 1.4), while here we report the proof of the first bound given in [27], Appendix A.2, taking into
account our assumptions on D.

8Notice that, in both these references, the inverse conformal map <p1_)1 is used.
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Fix 0 < A’ < h, Ly, Ly are compact, thus we can choose 1 < |z1| = 1+ 1/ < |23] = 1+ h such that
d(Lp, Lp) = |¢(22) — ¢(21)|- Then,

h=h" < =zl =l (e(z) — 07 (e(a)]

¢(22)
= / (™" (w) dw| < [@(z2) — @(21)] sup (o™ 1) (w)]
e(z1) 14+ <=1 (w)|<14R
1
= ©0(z2) — (21 sup
lplz2) = o(z)] 1+h<|z|<14h | ¢/ (2)
[27], page 165 (]_ + |Z|)3
< 0(22) — @(21)] ¢ (00 sup -
(o) —pleleleo) | sib L T = DIpGIP

(2+h)3
h/pz

8(1+h)3

< d(Ln, Lh’)‘P/(OO) W p? )

< d(Lp, Ly )¢’ (00)

which gives the result. The bound we used from ([27], p. 165), is a consequence of the “distortion theorem”,
see [26], Volume III, Theorems 1.7 and 1.9. O

The following result is a direct consequence of Schwarz’s Lemma [17], Theorem 5.10b, i.e., of the fact that every
holomorphic function f : By — By satisfies |f(2)| < |z| Vz € By, applied to the function z — 1/(4,05} (pp,(1/2))).

Lemma 2.2. Let D1 C Dy be two bounded, simply connected, Lipschitz domains. Then, Int Ly,[D1] C Int Lj,[D-]
for all h > 0.

3. DISTANCE ESTIMATES FOR LEVEL LINES OF ¢p

We need precise quantitative information of how far the level lines Lj move away from 9D as h increases. It
is provided by the following key result.

Theorem 3.1. Let Ly, be the h-level line of the conformal mapping of D. Define 0 < £ <1 as

2
— arcsin Po if D is non conver,
E:=Qm 1—p
1 if D is convex.
Then, provided that 0 < h < 1, we have
Yw € D, Ywy, € Ly, |lw — wp| > Crh?, (3.1)
Ywp, € L, Jw € 9D : |w — wy| < Cpht, (3.2)
27

where we have set Cr := g and Cg := ?
Remark 3.2. In the case of a convex polygonal domain D, (3.2) holds with Cr = 9 instead of 27 and, for more
general convex domains, Cg can be improved up to 9 + ¢y, with any ¢y > 0, see Section 3.2 below.
Remark 3.3. The bounds (3.1) and (3.2) can be rewritten as

d(Ly,0D) > C1h?,  d(wp,dD) < Cgh®  Nwy, € Ly,.

A result in the spirit of Theorem 3.1 is proved in [27], Proposition 2.1.6. There, an upper bound for d(w, Ly,)
with w € 9D is given, which is different from our estimate (3.2). Another difference is that the exponents of h
in the bounds (3.1) and (3.2), as well as the constants C; and Cg, are specified under our assumptions on D.

The proofs of the two bounds (3.1) and (3.2) are given in the following Sections 3.1 and 3.2, respectively. On
first reading these may be skipped.
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3.1. Proof of the lower bound (3.1)

Lemma 3.4. Let S C C be the segment [—p, p], p > 0, on the real axis. Then d(p, Ly[S]) = for all h > 0.

1+h)
Proof. For any p > 0, the Joukowski map ([17], Sect. 5.1, p. 294), J(z) = %(z + %) is the conformal mapping
that maps B in the exterior of the segment S, with J(0B;) = S, J(c0) = oo and J'(0c0) = p/2. It level lines
are ellipses whose foci are the endpoints of S. For every h > 0,

o Lol = i o= I = in o= (@ me + )

z€0B14+1n 96[ T Tr]
p |20+ h)e? — (14 h)%e?? 1 p . 0 12
21 + h) veloma o0 21 + h) veloma |+ h)e —1[7,

the minimum is A% and it is achieved for # = 0, and the proof is complete. O

Proof of (3.1). The proof proceeds along the lines of [27], Proposition 2.1.6. Since D is star-shaped with respect
to the origin and B, C D, then for any w € 0D, there exists a (closed) straight segment S, with one endpoint
at w and length 2p such that S,, C D. By Lemmas 3.4 and 2.2, we have

ph?
= <
2(1+ h) d(w, Lp[Sw]) < d(w, L) Yw € 0D,
which implies (3.1) with C; = p/4, since h < 1. .

Remark 3.5. In Proposition 2.1.6 of [27] a bound similar to (3.1) was established with a better power of h,
i.e., 2 — A instead of 2. This was proved by comparing the level lines of D with those of a triangle, instead of
comparing with those of a segment. We were not able to prove this result with a fully explicit constant Cf.
On the other hand, exponent 2 is sufficient to establish exponential convergence for the approximations of
holomorphic functions by complex polynomials.

3.2. Proof of the upper bound (3.2) for convex domains

In this section we consider the case of convex D, which already reveals the key ideas with moderate technical
complexity. For the much more intricate case of general D with non convex boundary, we refer to Appendix A.

Proof of (3.2) for convex domains. We consider first the case when D is a convex polygon (with straight sides)

with vertices {wy }2_, and corresponding internal angles {aym}2_,. Set 2, = ¢ (wy) € 9By, k=1,...,N.
Fix wy, € Ly, and set z,, = ¢ '(wp,) € dB14p. Thus 2z, = (1 + h)e'?, for some 0 € [—7, 7). Deﬁne z = el

w = p(z), and denote by S the straight segment of length h connecting z and zj,. From (2.4) and (2.5) we have

o — w] = |zn) — |</|s0 ) dy < ¢ /|2Hy 217 dy.

For any y € S, we have |y —Zx| < 2 4+ h and, due to the convexity of D, 1 —ay > 0, k = 1,...,N. Then,
recalling that ij:l(l — ag) = 2, we arrive at

N
T Iy — 2l < @+ W= = (24 )2
k=1

Notice that this bound is independent of the number N of the vertices of P. Using |y| > 1 and (2.2), since
h <1, we obtain

I—— (1—p)(2+h)2/ Ldy < (24 h)®h < 9h.
S
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FIGURE 2. The extremal case in the proof of Lemma 4.1 and the angle 6*.

If a convex D has more general shape, we exploit the fact that, for any fixed € > 0, we can find a convex
polygon P. containing D such that, for all w € 9P., d(w,0D) < ¢ ([38], Thm. 3.1.6). For £ small enough,
P. C By, thus ¢, (00) < 1.

Fix wy, € Ly = Ly[D]. Let P. be an approximating polygon as before, with £ < %d(wh,ﬁD). Then, wy, €
Ly/[P.] with b/ < h, as a consequence of Lemma 2.2. Let zj,, = <p}§: (wp) = (1+h")e'?, and define z = el?. Then,

d(wp, 0D) < d(wn, pp.(2)) +d(ep.(2),0D) = |pp.(21r) — ¢p. (2)| + d(pp.(2),0D)
<(@2+K)PH +e<(2+h)h+ %d(wh,aD),
which implies d(wy,dD) < 2(2 + h)?h < 18h. O

4. INTERPOLATION ESTIMATES

In this section, we prove error estimates for the approximation of holomorphic functions by means of poly-
nomials. We first state some auxiliary results.

4.1. Auxiliary results
We define the “polar parametrisation” ¥ : C — C such that
W(B1)=D,  w(re’) =40,  4:[-mm) = [p,1-pl.

Lemma 4.1. The function i : [—7,7) — [p,1 — p] is Lipschitz continuous with constant L satisfying

2
Ly:= sup ¢'(0) < U=pr
oe[—m,x] Lo
Proof. Assumption 1.1 guarantees that D is a Lipschitz domain, therefore by Rademacher’s theorem (see [12],
Sect. 3.1.2), ¢ is differentiable almost everywhere and, for almost every point of 9D, there exists a tangent line.
Because of the star-shapedness requirement, no tangent line to 9D can intersect the open ball B, .

Therefore the steepest (in polar coordinates) possible tangent line at a point ¢(6) is tangent to dB,,. Since
the angular derivative of a straight line is larger for points with larger moduli, we can bound ¢’ () with the
angular derivative at § = 0 of one of the two straight lines through 1 — p that are tangent to B,,.

This line has polar representation r(6) = po/ cos(60* — 6), where 6* = arccos 1”_—/} (i.e., 0 is the angle at 0 of
the rectangular triangle of vertices 0, 1 — p and the tangent point of the line to dB,,, see Fig. 2). Its “polar
slope” in 6 = 0 is given by

iy * 2 * _ 2
‘T/(e)‘gzo _ |:p0 Sln(e 9)|:| _ p0| sin 6 | o (1 p)
6=0

cos?(6* — 0) cos20*  po

£0
L—p

1-p?
Po

sin arccos

<

Then [¢'(0)] < (1;—0’))2 and the proof is complete. O
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(19)7”619 or, in Cartesian coordinates (after identifying C with R?),

The inverse of ¥ is given by ¥ (rel?) =

<

-1 i = (L cosf, ——sinf ) =: . .
U~ (rcosf,rsinf) = (¢(9) 0, o0 0) (Fy, Fy) (4.1)

Moreover, ¥~ is Lipschitz continuous, and an estimate for its Lipschitz constant is given in the next Lemma.
Lemma 4.2. The function ="' : C — C is Lipschitz continuous with constant Ly -1 satisfying

w—v| _2@p+Ly)
2 b

Ly-1:= sup <
v w,weC, w#v ‘![/(w) - ![/(U)‘ P

with Ly as in Lemma 4.1.

Proof. Let DU~ be the Jacobian of ¥~!. Considering the representation (4.1) of ¥ 1, we have

OFy _ wcost y —sinb(0) + cosy’(0) OF; _xsinf y cosfy(d) +sindy’(0)
dr T (d) v (1(6))? ’ oz T (0) v (1(6))? ’
OF _ y cosf L2 —sin 01 (0) + cos 0y’ (6) OF, _ y sinf L2 cos O (6) —|—sin9w’(9).
dy T v (1(6))? ’ dy T (1(6))?

Since |z, [y| < r and 0 < p < [¢)(6)| < 1, we can bound || D¥~ in the matrix co-norm) as

1||Lo<>(<C) (

1 1 1 Lw _2(2p—|—L¢,)
27 e <2 (54 5 4 57 ) = 25

Since Lg-1 = HDW* the proof is complete. g

e o)

Lemma 4.3. For every positive h, the following bound holds:
; 2 2\?
el — (14 h)|” > (;) (0> + h?) = CE(0* +h*) Y0 € [-m, 7).

Proof. Using 1 — cosf > %92 for any 0 € [—m, 7], we have
4

|6 — (1+1)|" = (14 h = cos0)? + (sin)> = h> + 2(1 — cos §) (h + 1) > — (6% + h?). O
™
Now, we provide a refined version of [27], Lemma 2.1.8.
Lemma 4.4. If 0 < h < Cy is such that Ly, C Bi4, and wg € Ly, then
1
/ ——dw < Cpl|loghl, where Cp = 4W\/§Lng,—1,
ap |w — wol

with Ly and Ly-1 as in Lemmas 4.1 and 4.2, respectively.

Proof. Fix wg € Ly, and assume, with no loss of generality, that wy is on the positive real axis. Define d :=
wp — 1 (0) and notice that d(wg,dD) < d < 1.
Setting w(f) := ¥(e'?) = 1(0)el’ € dD, using Lemmas 4.2, and 4.3 and 1(#) < 1, we obtain, for all § € [, 7],

[w(f) — wol” = Lg%, |77 (w(9)) — ™ (wo)[* = L2, [€ — wo/¥(0)[? (4.2)

_ 4
> L, 0% [0% + (wo — v(0))%] = = L2 (0% + d%) =: L} (6% + d?).

—2 2
2 L.}p—ch
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Then,
1 ™ 1 Lem. 4.1 ™ 1
7dw:/ L we)ds = L/ S Y
Lo o= oy v | Tw(®) = wol
2 L—l/Tr L _ap<2viL L—l/ﬂLd9<2\/§L L5 (log(m + d) — logd)
D SVt S A '
Since
p 1 1 1
< = - < — < 1
hsCr=1<g<i31577a°"

we have log(m 4+ d) < |logh| and

1
/aD mdw < 2V2Ly L3 (| logh| + |logd])

d>d(wo,dD)
< 9VRL, L5 (| log b + | log d(wo, AD)|)

wo€Ln, (3.1)
T 9VaL, L (|log C1| + 3| log )

h<Cr<1
<" 8V2L,Lg'logh| = 4mV2LyLy-1 |loghl,
—_———

=:Cp

where we can use (3.1), because h < Cy < 1.

Remark 4.5. Using Lemma 4.2, Lemma 4.1 and pg < p < 1/2, we have the bound

2(2 L 1—p)2(2 1—p)?
Cp = 47V2Ly Ly < 4W\/§wa§8m@( p)?(2ppo + (1 — p)?)

5P
8712 L \2/0 .2 2 872 2 9 812
< 2 [(L=p)"(2p"+(1=p)7)] < 2 (L=p) (A +p7)] < T

since (1 —p)2(1+p?)=1-2p+2p> —2p +p* < 1.
Define the sequence of complex polynomials {wy},en with
p—1

wp(w) := H (w - (62””"/1’)) ,

k=0
where ¢ is the exterior conformal mapping of D.
Lemma 4.6 ([27], Lem. 2.2.9). Under the same hypothesis on h as in Lemma 4.4 we find
hEP1 @' (00) P (1 4 h)P < Jwp(w)] < h=CPle/(00)[P(1+R)P Vw € Ly, Vp €N,

where Cp is the constant in Lemma 4.4.

Proof. We refer to the proof of [27], Lemma 2.2.9. The constant at the exponents of h is equal to Cp and the

threshold on & is the one needed by Lemma 4.4.

O
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4.2. Main interpolation estimates
As in Theorem 1.2, for § > 0, define the inflated domain
Ds :={weC: dw,D) < d}. (4.3)
Assume ¢ > 0, then Theorem 3.1 guarantees that, if 0 < h < %(%E)l/g, then Lg, C Ds.
Our main approximation results is a refinement of [27], Theorem 2.2.10.

Theorem 4.7. Fiz 0 < § < 1/2. Provided that

1/
0< h < h*(6) _min{%(c%) : g}, (4.4)

there exist Cappr > 0 and o > 0 depending only on D through p and po, such that, for any f holomorphic in Ds,
there is a sequence of polynomials {qp}p,>1 of degree at most p such that

1 = ol et 1y < Coppeh ™ (L 1) P [ F 1] -

where

N2
20(1 — p) <17 a<3+16\/_7r

32 T p? T

Remark 4.8. Compared to ([27], Thm. 2.2.10), this estimate features fully explicit bounds in terms of shape
parameters of D. Moreover, no complete proof of Theorem 2.2.10 was given in [27], ¢f. Remark 3.3.

Cappr >~

Proof of Theorem 4.7. We choose ¢, as the polynomial of degree p which interpolates f at the p 4+ 1 points
(e 2mik/ P‘H)) k =0,...,p. Since L3, C Ds, using the Hermite interpolation error formula (see [27], p. 17
or [9], Thm. 3.6.1), we have

p( )| HfHL‘X’(IntLgh,).
271' inftelnt Lap ‘Wp( )‘ (Lh7L3h)

1 / wp(w) f(1) dt‘ - length(Lsp,) SUDyemt 1, | @
Lan wP(t) (t - w) o
Since ¢ is a curve parametrisation ¢ : 0B143, — Lap, it satisfies length(Lsp,) < 27(1 + 3h) sup), 1435 [#'(2)]-

This, together with the lower bound of d(Ly, L3p) and the upper bound of |¢’(z)| given in Lemma 2.1, and the
bounds in Lemma 4.6, gives

If— ‘Ip”Loo(IntLh) = sup

weElInt Ly, 2me

8(1+3h)°¢ (0)? 5 o 1+h
16 = ol < S 3020 () 1 e
4¢'(0)? 3 ¢ L+h\’ 5
S 31+CDp2h P 1+3h (1+3h) HfHL‘”(IntLgh)

20(1_0)2 _3-2C 1 p
STh ’ 1+h e (s £

where in the last step we have used 3'+¢2 > 3 |o/(00)] < 1 — p, 111—3'}1 < ﬁ, and (1 + 3h)> < 5, since
h <p/4= h <1/8. The use of Lemma 4.6 (and thus of Lem. 4.4) is legitimate due to the hypothesis imposed

on h and §. The result of the theorem follows from the bound of C'p derived in Remark 4.5. O

Obviously, Theorem 1.2 from the Introduction is an immediate consequence of Theorem 4.7: given 0 < h < h*,
just define C' := Cappe(h*(6)) ™ and b := log(1 + h*(9)).

The polynomials g, defined in the proof of Theorem 4.7 as the complex interpolants of f in special points,
stmultaneously approximate the first p derivatives of f (denoted f @ j = 1,...,p), as established by the
following corollary.
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Corollary 4.9. Under the assumptions of Theorem 4.7, for any’ j € N, j < p, we have

1l
@ _ 6 _ ) p-a -
Hfj a4 HLOC(D) = Cappr(01h2)jh L+ )Pl oo (rnt £n)-

Proof. We use Cauchy’s inequalities ([26], Vol. I, Thm. 14.7) for the interpolation error f0) — qz(,j) to obtain a
sharp bound on the complex derivatives of holomorphic functions:
4!

() _ (y‘)‘ I oy
Hf Qp L>=(D) = d(Lh,aD)j Hf quLOC(IntL;L)7

the assertion of the corollary follows from the bound (3.1) and from Theorem 4.7. g

As a consequence of the previous results, we can gauge the approximation of real-valued harmonic functions by
harmonic polynomials. To this purpose, setting z = = + iy we identify S C C and {(x,y) € R?| 2 = z +iy € S}
and now regard f : Ds — C as a real analytic function of two real variables f = f(z,y). We also adopt
this perspective for the polynomials g,, which have been defined in the proof of Theorem 4.7 as the complex
interpolants of f in special points.

The statement of the following results makes use of the (standard) W7°°(S)-seminorms, j € N, and of the
weighted Sobolev W1:°°(S)-norm, for sufficiently smooth functions, and S C Ds:

|Ulyysce 5y 1= ﬁeNzuEa\—j ||D'6u||Loo(s)7 ullprrce gy = llull o (g) + diam(Ds) [Vl oo (g)-
2 18—

Theorem 4.10. Fiz 0 < § < 1/2, and let h satisfy (4.4). For any real, harmonic function u in the inflated
domain Ds defined in (4.3), there is a sequence of harmonic polynomials {Qp}p>1 of degree at most p such that

[lu— QpHLoo(D) < Capprh_a(l +h)7P ||uHW1,oc(Int Lsp)

25\’ _ _
|U_Qp|wj,oc(p) < Cappr <W> h™*(1+h) pHuHWLoc(IntLS,L)a

[lu — QPHL2(D) < VD[ Capprh™ (1 +h)77 ||U\|W1,°¢(Int Lsn)

e 2\’ -
‘u_QP‘Hj(D) < VID[(G +1) Cappr (W) h=*(1+h) p||UHW1»°C(IntL3h)

for all j € N, j <p, where |D| < 1 is the Lebesque measure of D, and the constants Cappr and « are the same
as in Theorem 4.7.

Proof. For any real, harmonic function w on a simply-connected domain D 3 (zo,yo), there exists a unique
holomorphic function f on D, with f(xzo + iyo) € R, such that u(z,y) = Re f(z + iy) ([26], Vol. II, Thm. 5.2).
More precisely, f(z) = u(z,y) +iv(z,y), with z = x4+ iy and v a real, harmonic function satisfying the Cauchy—
Riemann equations ‘3—; = G_Z’ ‘g—z = —%, and v(zo,y0) = 0. If D is star-shaped with respect to (zo, o), and
[ull Lo (py» VUl (py are bounded, it holds || f[|;«(py < [[ull oo (p) + diam(D) [[Vu| o p). Moreover, if f is a
holomorphic function, then u(Re z,Im z) = Re f(z) is harmonic, thus, the real part of any complex polynomial
is a harmonic polynomial. Obviously, [[u[|pwp) < [|f|[ e (p) holds true.

With these considerations, defining @, := Re gy, with g, as in Theorem 4.7, the desired bound in L°°-norm
is direct consequence of Theorem 4.7. Notice that [[ul|pe(1n;1,,) @0d [Vt poc (14 14,) are bounded (and thus
[ullyyroo (tng 1) < +00) because, by (4.4), the (closed) set Int Lgj, is contained in Ds, the (open) domain of
analyticity of w.

9We use the following standard notation: N = {1,2,...}, No ={0,1,2,...}.
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For the bounds in W7 *°-norms, the inclusion D C Ly, the interior estimates for the derivatives of harmonic
functions in [15], Theorem 2.10, and the bound (3.1) give

lu—=Qplyysco(py = sup | DP (u — Qp)”;;oc(D)
BENG, |Bl=j
2\’ 2j 1\’
< (m) H“_ QP”LOO(IntLh) < (W) ||U_QpHLoc(IntLh)’

again, Theorem 4.7 allows to conclude. Finally, the bounds in integral norms follow from

u— Qpﬁqj(p) = Z /D |D'B(“(x) - Qp(w)) |2 dz < |D|(j +1) |u— Qp‘{z/vj,OO(D)

BENG, |Bl=j

and the previous inequalities. O

From Theorem 1.2, with the same considerations as in the proof of Theorem 4.10, we obtain the following
result.

Corollary 4.11. Fiz 0 < 0 < 1/2 and j € Ny. There exist C > 0 and b > 0, depending only on p, pg, 6 and
j, such that, for any real-valued, harmonic function u which is bounded along with its first-order derivatives in
the inflated domain Ds defined in (4.3), there is a sequence of harmonic polynomials {Qp}p of degree at most
p such that

lu— Qp|wj,oc(D) <Ce'? HuHWLOC(D(;)v lu— Qp|Hj(D) <Ce ' ”uHleN(D,;)'

Remark 4.12. The boundedness of f, u and Vu in Theorem 1.2 and Corollary 4.11 is assumed only in order
to write estimates with L°°-norms in the whole Djs on the right-hand side. Actually, the estimates hold true
also With || f|| oo (1a¢ £4,) @0 wlyyr.00 (1n 14, » TESPeCtively, on the right-hand side, for any 0 < h < h*, with no
need of assuming boundedness of f, u and Vu in Ds.

The constants C' and b in Theorem 1.2 and Corollary 4.11 depend on § only through h*(d) defined in (4.4).

Remark 4.13. The interpolating polynomials ¢, (and @Q,) in Theorems 1.2, and 4.7 and Corollary 4.9
(Thm. 4.10 and Cor. 4.11, respectively) interpolate exactly the function f (u, respectively) in at least p + 1
points lying on the boundary of D. The exact location of the points depend on the conformal map ¢p. This fact
follows from the definition of ¢, given in the proof of Theorem 4.7 and the relations u = Re f and @), = Reg,.

5. APPLICATION: EXPONENTIAL CONVERGENCE OF TREFFTZ hp-dGFEM

In this section, we outline how to apply the estimates of Corollary 4.11 and prove exponential convergence
of a Trefftz hp-dGFEM for the mixed Laplace boundary value problem (BVP), i.e. a FEM with discontinuous,
piecewise harmonic, polynomial basis functions on a geometrically graded mesh. We establish exponential con-
vergence with rate O(exp(—bv/N)), for some b > 0, in terms of the overall number N of degrees of freedom. This
result is an improvement over the classical rate O(exp(—b+v/N)) shown for inhomogeneous problems in [2,4]. This
improvement is due to the use of harmonic polynomials, instead of complete polynomials, in the trial spaces.
Indeed, as it was already observed e.g. in [28], page 38, the (2p+ 1)-dimensional space of harmonic polynomials
of degree at most p enjoys the same approximation properties (when approximating harmonic functions) as the
space of continuous polynomials of the same degree, which has higher dimension %(p + 1)(p + 2). This is the
reason of the better asymptotic properties (both in A and in p) of Trefftz methods compared to classic schemes,
and is reflected in the hp-analysis performed here.

Since we rely on the hp-dGFEM theory from [39], we restrict ourselves to the case of (straight) polygonal
domains and meshes comprising (straight) triangles or parallelograms. The extension to curvilinear domains
and mesh elements would require to develop, for such elements, several tools as polynomial Ap-inverse estimates,
scaling estimates of Sobolev seminorms, and approximation estimates for linear and bilinear polynomials near
corners. This goes beyond the scope of this paper.
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5.1. The Laplace BVP

Without further explanation, we use the notation for the weighted Sobolev spaces (Hg”(())) and the count-
ably normed spaces (Bg(Q) and Cé(Q)) from [2], Section 2, along with the analyticity and analytic continuation
results given in [2-5]. -

Let £2 C R? be a bounded, Lipschitz polygon with corners c,, 1 < v < n,, whose boundary is partitioned
into a Dirichlet and a Neumann boundary I''% and I'l!l| respectively, such that the interiors of 1'% and "' do

not overlap and T[O] U T[l] = 012. Moreover, we assume that I'l%) has positive 1-dimensional measure. Consider
the following (well-posed) boundary value problem: given ¢!}, i = 0,1, find u € H L(£2) such that

Au =10 in 2, (5.1a)
VOU’F[O] = g0l on ', 71u’1,m = gl on ', (5.1b)
Here, 79 and v, denote trace and normal derivative operators, respectively.
; 24 ; . .
There exists a weight vector 3 € (0,1)"« such that, if gl e B (I, i = 0,1, problem (5.1) admits a

unique solution u which belongs to C,%(Q)7 [2], Theorem 3.5. Moreov_er, as in [2], page 841, it can be proved that
there exist two constants Cy, > 0 and d,, > 1 such that
d

k
—“)> kK Yxp €, a €N, ol =k >1, (5.2)
0

(D))l < Cu 5

where &(xq) := [[2, min{1, |xo — ¢, |}, thus u admits a real analytic continuation to the set

N(u) := U {XER2 Dx — x| < Q(XO)} C R% (5.3)

_~ 2d,,
x0€2\U sil Cv

5.2. Trefftz hp-dGFEM

We now formulate the hp-dGFEM discretisation of the BVP (5.1) on geometric mesh families My = {T1}22,
in 2, with increasing number £ of layers and geometric grading factor 0 < o < 1.

5.2.1. Geometric meshes
Given ¢ € N, the mesh 7 is a partition of the domain {2 into open triangles or parallelograms ij (such

that 2 = Ui ﬁfj and (ij N Qf/j/ =0 if (i,5) # (¢,75)). The elements are grouped in layers, denoted by [,gi,
1 < i < /¥, such that

14
== {0 1<i<e1<j<T0)},
i=1

where J (i) > 1 is the number of the elements in ith layer E?i. Given an element ij € 7/, the index i denotes
the layer ij belongs to, and j identifies it among the J (i) elements belonging to the ith layer. We say that 7./
is a geometric mesh if it belongs to a family M, = {7£}2°, that satisfies the assumptions (GM1)-(GM4) listed
below.

For every element ij,
centre, respectively, of the largest ball inscribed in {2

nearest corner of (2.

we define the following parameters: hfj = diam(ij), pfj and ij the radius and the
¢ ¢

1> and rfj = mili<y<n, d(c, Qij) its distance from the
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Assumption 5.1. The family 9, = {7f}22, satisfies the following conditions.

(GM1) The elements are uniformly shape-regular triangles/parallelograms: 3 0 < k1 < 1/2, independent of o,
¢, i and j, such that, for all 7 € M, and ij €Tt

(GM2) The distance rfj between an element ij and the nearest corner of {2 depends geometrically on its layer
index i: 3 0 < kg < Koy < 00, independent of o, £, i and j, such that for all 7 € 9, and (ij €Tt
with 1 <1i </,

Ko o <’I” < Koy o'

The ¢th layer is the set of the elements abutting at domain corners (i.e., T =0&si=1{).
(GM3) The size of an element Qz depends geometrically on its layer index i: 30 < k3_ < K34 < 00, independent
of o, ¢, i and j, such that for all ! € M, and (ij €T},

o <h S/{3+U

(GM4) For ¢ > 2, T is obtained from 7/~! by only refining the elements in the layer Eﬁ}ll adjacent to the

domain corners, forming two new layers [,g’ s—1 and [,f_, - Equivalently, the elements of [,fm» are uniquely
defined for all £ > 7 + 1:

Z/
£l,=cl Yie{l,2,... mn(0)-1}; Ll,= Uc{;ﬂi VO > 0> 1. (5.4)

Note that (GM2) and (GM3) imply that the diameter of an element ij is proportional to its distance from the

domain corners:

R3— o Vi K3+ z . .7
arijghijfm Tij 1<i<t, 1<j<J). (5.5)

Using (GM1) and (GM3), we can control the area |(ij\ of each element: for all (ij €Tt LEN,
(h)* 2 1241 2 B, (x4))| = 7(0))? = m(s1hf))? = m(ams- )20,

Moreover, (GM2) and (GM3) imply

J ()

U Q = U < max (r”Jrhf )(Cu)> C U (B(HHJH%JF)@(CV)) 1<i<d,
j=1

1<5<T (G 1

from which ’U_;fizl) (ij <
in 7:

o (Kaq +r3y)?0?t. Therefore, the number of elements per layer is uniformly bounded

‘UJ(Z) QZ n )
i) < <ng(ZEEEE) —rm,) 1@< LeN. (5.6)
min, . 5 |() | K1K3—

<)
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5.2.2. hp-subspaces on M,

For a positive integer p, let P, (D) be the space of bivariate real polynomials of degree at most p on a domain
D C R2. Define the spaces SP(7}) of discontinuous, piecewise polynomial functions of degree at most p on 7.

SP(TY) = {v € L*(): v’% € ]P’,,((ij) for every (ij € ’Z;f}, (5.7)
and its subspace of discontinuous, piecewise harmonic polynomials (i.e., the Trefftz subspace):

SPA(TY) = {v €S(T)): Alv

ij) =0 for every (ij € ’Z;f} . (5.8)

For the sake of simplicity, we confine ourselves to the case where the same polynomial degree is used in every
element of the mesh; the results below can be extended to more sophisticated degree distributions. For example,
in the elements adjacent to the domain corners, the use of linear polynomials on triangles and bilinear poly-
nomials on parallelograms preserves the exponential convergence. Thus, if quadrilateral elements are used near
the domain corners, we will choose p > 2 in order to include bilinear functions in the trial space. Polynomial
degrees linearly decreasing with the layer index will also give the same convergence.

Lemma 5.2. If the family M, satisfies Assumption 5.1, for all p,£ > 1, we have

p+1)(p+2)f

aim(§7(7)) < () LEPE2E ), dim(S74(T1)) < J* (M) (2p+ 1Y = O(pe),

where J*(IM,) is defined in (5.6) and is independent of ¢ and p.

Proof. The mesh T has at most J*(90,) elements in each layer [’fm” 1 <4 < ¢, thus at most £J*(9M,) elements
in total. Thus, dim(]P’p(ij)) = (p+1)(p+2)/2 and dim(]P’p((ij)ﬂ{v : Av = 0}) = 2p+1 imply the assertion. [

5.2.3. hp-dGFEM

We consider both the symmetric interior penalty (SIP) and the non symmetric interior penalty (NIP) methods
introduced, respectively, in [6,10], and in [7,34] (see [1] for a survey of interior penalty and other dGFEM for
elliptic problems).

For a given mesh 7 € M, on (2, let V,(7f) be either of the subspaces defined in (5.7) and (5.8). For
simplicity, we denote here by K a generic element of ’ij, instead of using the more detailed notation _ij. Let
Ent be the set the interior edges of 7., i.e., the intersections between two elements of 7./ that have positive
1-dimensional measure; moreover, let £p be the set of the edges of 7/ lying on 'Y and set Eint,D = Eint UED.
For a piecewise smooth function v, we define jumps and averages across the edges e € Eing, p:

{{v]}\e:—w, [v]le :==v|xknk + v|xk K ee?ﬂ?/, K,K’G’Tf,

{vlle : = [v]le = vle eC F[O]a

where ng is the outgoing unit normal on K. We set hx := diam(K) and define the meshwidth function
h:En.p — R as h(x) :=min{hg : x€ K € T/}.
For 6 € {1,—1} and v, w € V,,(7), define the two bilinear forms and linear functionals

BY (v, w) := Z /KVU~dex+ Z

KeT! e€E&int, D

/e ( —{Vo} - [w] +6[v] - {Vw} + afv] - ﬂwﬂ) ds,

LY (w) ::/ gMwds + 9/ g My ds + / a g% wds.
rul ol rtol
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Here, a is the discontinuity stabilisation function given by a(x) := ap?/h(x), where o > 0 is a parameter
independent of h and p. Fixing 0 € {1, —1}, the hp-dGFEM reads: find uf, € V,(7}) such that

BaT(“Zavp) = LQT(UP) Vuy, € Vp(ﬂ)~ (5.9)

The method defined in (5.9) is SIP, for § = —1, and NIP, for § = 1.

Integrating by parts the volume term in Bg—, and using the fact that the discrete functions are harmonic,
one would obtain an “ultra weak formulation”, containing only skeleton and boundary integrals. For Helmholtz
BVPs, a similar approach has been first adopted in [8]; the corresponding hp-version is analysed in [21].

We recall the following result from [39], where the mesh-dependent norm || - ||q¢ is defined by
2 2
lolde = 3 V0l + 3 [Valllfay, — we V(T
KeT! e€E&int, D

Proposition 5.3 ([39], Thm. 2.3.7, Cor. 2.4.2). Let 8 € (0,1)" be such that the analytical solution u to (5.1)
belongs to Cg(ﬂ) If either 0 = 1 and « is positive, or 8 = —1 and « is sufficiently large, then the hp-

dGFEM (5.9) admits a unique solution.
Moreover, let w7 : H§2(Q) — V,(TE) be an arbitrary operator such that, for every element K € T, there

exist at least two zeros (5” ni=u—n7u in K. For 0 = +1 (with sufficiently large o, if 0 = —1), it holds

0 2 2 2(1=Bxy) |, 12
lu—uplic <Cp*Q D2 Mlimngg + 3 Ficllieao+ D2 b Inlze (5.10)
KeT! KeTi\KL Kekt -

where C > 0 is independent of o, £ and p. Here, K = Eﬁx C TY designates the set of elements abutting at
domain corners and, for any K € K¢, Bik] = sup{f, : ¢, € OK}.

5.3. Exponential convergence of hp-dGFEM

We apply the approximation estimates proved in Section 4.2 to establish exponential convergence of the
hp-dGFEM scheme. We begin with the following lemma, which puts in relation the domain of analyticity of u
and the geometric mesh family 91, .

Lemma 5.4. Let M, be a family of geometric meshes T on 2 satisfying Assumption 5.1, and let u be the
solution of the BVP (5.1) on §2. Then, there exists 0. > 0 depending on u (only through d, in (5.2)), o and
My, such that u is analytic in ij + Bs e = {xeR?: d(x, ij) < J*hfj} for all ij ETI\KL, TLeMm,.

Proof. We define the domain parameter

. . Cy — Cyr
Eqo:=minq1, min g ,
1<v#£1'<ng 2

which depends only on the position of the corners of {2, and consider an arbitrary element ij €T\ KL.

First, we consider the case (ij C Bg,(c,) for some v’ € {1,...,n,}. Fixx € (ij; by the triangular inequality
|x —c,| > |ey, — | — |x — cpr| > Eg, for all v # /. The definition of ¢ and the bound (5.5) give

Na
Ko_
20 = [ max{L b= cul) = [x = e | By~ 2 rf By 2 020 p ! e g,
v=1

This, together with the definition of the domain of analyticity A'(u) in (5.3) and of the parameter d,, in (5.2),
implies that

d(ij,aN(u)) - infxeﬂfj P(x) o Koo Ee! B

hfj o 2du hfj o 2du K3+
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Now consider the case when ij ¢ Bg,(cy,) forany v € {1,...,n,}. Fixx € ij such that |x —c,| > Eq, for
every v € {1,...,n,}. Thus, by (GM2) and (GM3),

: 1 0 i . log N2+€rf;3+ ok
Eqp < 1§1un§fn,,, x —c,| <71y + by < (Ko + R34 )0t = i< “logo =47,
i.e., ij belongs to one of the first ¢* layers. The elements in first ¢* layers are uniquely defined in all the meshes
with at least i* + 1 layers, see (GM4). Thus we can define

d(02¢, 0N (u

(52 = min —( L 7 ( )),
ijLEN hij

i<i®, i<l 1<5< T (3)

which is positive since is the minimum of a finite number of positive values, although ¢ can take any value in N.

Therefore, if J, := min{dy, d2}, for any element Q-Zj € T\ K, for any T € M,, the solution u is analytic

,

in (ij + Bs e . Note that d, depends on u through d,, on o through *, but is independent of 4, j and £. [0
ij

Theorem 5.5. Consider the solution u € Cg((}) of the Laplace mized BVP (5.1) and its approximation ug €
Vo (T)) := SPA(TY) computed with the Trefftz hp-dGFEM (5.9) (with a > 0, if = 1, or « sufficiently large, if

0 = —1) on a family M, of geometric meshes T satisfying Assumption 5.1. Assume uniform polynomial degree
p = ( and define N := dim(V,,(7f)). Then, ug converges exponentially to w: there exist b,C > 0 (depending on

u, 2, o and M, but independent of p = L) such that
[u — ul]lac < Cexp(~bVN).

Proof. Since N = O(pf) by Lemma 5.2 and p = ¢, we have to prove Hu — uZHdG < Ce~ %, Thanks to Propo-

sition 5.3, we only need to define an operator w7 : Hé’z(ﬁ) — V,(T}) with suitable approximation and in-

terpolation properties. We treat separately the elements ij adjacent to a domain corner (ij € K’) and the
remaining ones (ij with 1 <i</—1).

In the elements ij € K%, we define w7 (u) as the (piecewise) linear or bilinear interpolant of u at the vertices
of ()fj, if (ij is a triangle or a parallelogram, respectively. Then, 77 (u) is obviously harmonic. Using ([35],
Lem. 4.16, Lem. 4.25) see also ([39], Lem. 2.5.2), and taking into account (GM3) with ¢ = ¢, the contribution of
the elements ij € K to the right-hand side of (5.10) has exponential order of convergence in p = £ (for some
b> (1 —max, 5,)(—logo)).

Consider now the elements ij € 7!\ K. For any ij € T/ \ K%, due to Lemma 5.4, the solution u
is analytic in ij + Bs. Rt for some ¢, independent of 7, j and ¢. Define the corresponding scaled element

D = ﬁfj = {X = (x —x{;)/hi; € R? : x € 2/;} and the scaled solution %(X) := u(h{;X + x;). The scaled
element satisfies Assumption 1.1 with p = pfj / hfj > k1 and for any 0 < pg < p, due to (GM1) and the convexity
of ij. The domain of analyticity of @ is dilated in the same way, therefore the hypothesis of Corollary 4.11 are

verified with 0 = J,. Thus, there exists a harmonic polynomial @p of degree at most p such that

_ <Ce™  m=0,1,2,
™ (2f)

i,

for some constants C' and b > 0 depending only on k1, 0. (which, again, depends on M, o and u, through

dy) and ||ﬂ\|W1,m(ﬁ(u)) (which, again, depends only on u and 2). We scale @, back to (ij and define the local
interpolant as

(WTU(X)) \ij = @p((x - ij)/hfj)'
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Remark 4.13 guarantees that the interpolation is exact in at least p + 1 points on the boundary of ij. From
the usual scaling of Sobolev seminorms |-\H,€(%) < C’(hfj)l_k |'|H’“(f25’j)’ we obtain

2 2 _
o (Il + 0 Il ) < Cte™,
1<i<e-1,1<5<J (i)

with C' and b depending only on u, o, {2 and 9, . Here we used the fact that the number of elements in 7./ is
O(¥), as proved in Lemma 5.2.

The assertion is then obtained by combining the last bound with the one previously obtained for the elements
incident to the corners, using ¢ = O(\/N ), and noting that 7 (u) interpolates u at least in two points per element,
thus Proposition 5.3 applies, and the hp-dGFEM error is bounded by the approximation error. O

Remark 5.6. In standard FEM convergence analysis, approximation estimates are derived only for few refer-
ence elements, which are then mapped to the “physical” mesh elements. For Trefftz schemes this is usually not
possible: spaces made of harmonic functions (or harmonic polynomials) are not invariant under general affine
mappings but only under similarity transformations, thus estimates that are uniform for every element shape
must be proven, up to scaling and isometry only. This is one of the reasons for deriving the approximation
estimates of Section 4.2; however, they hold in much more generality than what we used in the hp-dGFEM
analysis (i.e., for star-shaped elements instead of triangles and parallelograms). The explicit dependence on the
geometry, only through p and pg, shows that these bounds are uniform for all the elements of a shape-regular
family of meshes. The obstruction to extending the results of Theorem 5.5 to more general (e.g., curvilinear)
geometries is not due to the new approximation estimates, but only to the limitations of the existing theory on
quasi-optimality of dGFEM solutions.

APPENDIX A. PROOF OF THE UPPER BOUND (3.2) FOR NON CONVEX DOMAINS

We consider first the case of polygonal domains (with straight sides) in Section A.1, then we extend the result
to more general curvilinear domains in Section A.2. We recall that we are assuming 0 < h < 1.
A.1. Polygonal domains

Denote by {agw}ggl and {af Cw}zgf the convex and non convex internal angles, respectively, of D,
by {w{}7¢, and {wl“}7NC the corresponding vertices and set

28 = o Hwf) for k=1,...,n¢c, 20 = o Hwl ) for k=1,...,nnc.

The following relations hold (see the left plot of Fig. 3 for the geometrical meaning of the parameters):

0<af <1, 0<8S:=1-af <1 k=1,...,nc,

l<ap9<2, —1<pN%=1-ah“<0 k=1,...,nnc,

nNc

nc
S S 2
k=1 k=1

Recalling the definition £ = 2 arcsin 1”_—°p for non convex D, from Assumption 1.1 and ([22], Rem. A.1), we have

of >¢ pY<1-¢  k=1,...,n0, 2-a9>¢ pBNC>¢-1  k=1,...,nyc.

(A1)

One of the crucial ideas of this proof is the fact that the sum of the f;’s corresponding to an arbitrary set V'
of consecutive vertices of a polygon P C B;_,, which is star-shaped with respect to B,,, satisfies the inequalities
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zZ

ng,2,2

FIGURE 3. Left plot: the geometrical meaning of the parameters ay’s and (i’s. The ay’s are
all positive, while the (3;’s are positive only on convex corners: 31, 04, B < 0 < (32, B3, 35. The
angle between the first and the last segment can be computed by summing over the G;’s, i.e.,
Bs = 22:1 Bk In this example [, is negative since the corresponding internal angle is non
convex. Right plot: the location of the pre-vertices zj's in case i1) with two non consecutive
L= ngar 1 } =

non convex corners. The four dashed segments have lengths max {|1 —zN C| ;

min {[1 - 23] [1-2_[}.

Nfar,2
§—1<3 ey Br <1 —&. It will be therefore necessary to take into account the ordering of the vertices along
the polygon.
As in Section 3.2, fix wy, € Ly and set 2, = ¢~ (wy,) € OB1yp; thus 2z, = (1 + h)e'?, for some 0 € [—7, 7).
Define z = €', w = ¢(z), and denote by S the (straight) segment of length h connecting z and zj. From (2.5)
and (2.4) we have

’ ’ 1 T =C 1—af T =NC 1—ay©
lwp —w| = lp(zn) — ()| < | W dy<¢'(0) [ —[[lv—21 """ I |v— = dy
s s lyl” = k=1
nc nNc
o8¢ _NC B e
S/H|y_zk0’k ITlv—=" ay=1, (A2)
S k=1 k=1
since ¢’'(00) < 1 and |y| > 1. Finally, for any y € S,
|y—§g|§2+h k=1,...,n¢, |y—§gc|§2+h k=1,....,nncC-

With no loss of generality, we consider 6 =0, i.e., 2z =1, z;, = 1 + h and S lies in the positive real axis.
We consider separately four situations.

i) D has only one non convex angle. In this case, the term T in (A.2) can be bounded by
NC NC
T < (2+h)2kﬁ’?/ |y—2i\fc|ﬁ1 dy < 27/ |y—E{VC|B1 dy,
s s
since h <1 and Y, Bf <3, due to >, Bf + VY =2 and ° > —1.
Since V¢ < 0 and |y —E{VC| > |y — 1| for all y € S, we have

h NC

RO 97hs
T§27/|y—1\ﬁ{vcdy:27/ s = 2 — < ,
s 0 1o +1 §

because V¢ > —1, h < 1and pN¢ +1 > ¢
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ii) D has only two non conve:z: angles, and these angles are non consecutive. Assume |1 — ZNC’ < |1 —évc
The points ZV¢ and Z)¢ separate the points in {Z{ , into two blocks, z¢ nc i and 76,1192 We set
k 7,1 7,25 5=1"
Nfar,1 = arg max |1 — zjcl| Nfar,2 = argmax |1 — ch2| ,
] 1 »No1 j=1 ..... ngc,2 ’
and assume
=C
‘1_an ’1 nfar2 )
consequently, as can be inferred from the right plot in Figure 4,
1-25, | < -2 (A.3)
We have
nc 1 nc,2
_NC B¢ 83’ By
T=/|y— Yy - éVC|2 H|y “H|y o dy
s
NCBYC _nesY < |z ﬂj,l o |Zifie
< [ ly==" fy =y \y S el M
(A~3),570120 NC c > . 8%
. C By _NC|B2 T+ By _C 5.2
TR L el T e
a) If BNC + >
NC
e BY BT o7hE
T < (2+ h)? / _NOT gy < o7 < :
== R RS R
b) Ifﬁévc—i-z 1 <0, we write
NC NC C
T<(2+ h)Zjﬂfz/ |y — ZNC | TR B g
s
If we prove that
B =B+ 80+ B =1, (A.4)
J
then Z 2 =2 — (* < 3, from which
27h¢
T§27/S|y—szc|ﬁ dy <T (A.5)

In order to conclude, we only need to prove (A.4).

Consider the counterclockwise oriented part of 0D formed by the consecutive (oriented) sides s;, i =
1,...,m:=nc;+3, abutting w¥, w wy ¢ i=1,...,nc1,and wy. Let £; be the oriented line containing
si, ©=1,...,m. Since D is star-shaped with respect to B,,, then B, lies in the intersection of the half
planes lying on the left of the ¢;’s.

Let K be the infinite cone obtained by intersecting the right half planes generated by ¢; and ¢,,. Its
opening is (1 + 8%)m < 7, with §* < 0 (¢f. the left plots of Figs. 3 and 4).

Define D’ := D\ K; D’ only has one non convex angle of internal amplitude (1 — 3*)x. The ball B, lies
on the left side of every edge of D’, thus this domain is star-shaped with respect to B,, and D" C B,,
by the bounds (A.1) we have 1 + 8* > £ (c¢f. the left plot of Fig. 4). Therefore, §* > £ — 1 > —1, which
concludes the argument.
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C
NC Z
Znear,4 far.3 NC
c ‘ near,3
far,5 o
NC T
Znear,5 e ™ o
Bl S Zfar,l
C L
Zfar,ﬁ 1
__________ NC
____________ f Znear,l
NC
Znear, cha:r 2
zZ.
c near,2
Rfar,4

FIGURE 4. Left plot: an example of a domain D with two non consecutive, non convex corners
(wl¥¢ and wl¥®). In this case nc1 = 3, nca = 4 and m = 6. The cone K is delimited
by the dashed lines ¢; and ¢s. The ball B, lies on the left of every edge when 9D is run
counterclockwise. The set D' = D \ K is star-shaped with respect to B,,. Right plot: the
pre-vertices zj satisfy the ordering relation (A.7). Notice that z[\$. | and char,n (in the picture
n = 6) do not enter the relation. Therefore it is not relevant which one between Zgr,l and

zﬂgnl is closest to 1. The number of pre-vertices lying in the upper and in the lower half of the

complex plane does not affect the ordering of the distances.

iii) D has only two non convex angles, and these angles are consecutive. We have
B¢ _ BNCLgNC
T§(2+h)27ﬁ7 / |y_Z{VC| 1 > dy,
S

assuming again |1 — E{VC| < |1 — Eévc|. If we prove that
B = pNC 4 BNC > 1> -1, (A.6)

then Zj ﬁjc =2 — (" < 3, from which we get again (A.5).
For the proof of (A.6), consider the part of D formed by the m = 3 consecutive sides abutting w¢ and
w)© the rest of the proof is identical to that of (A.4).

iv) D has more than two non convex angles. We generalise the argument of step (ii). Assume that we have
n blocks of consecutive convex angles, alternated by n blocks of consecutive convex angles. With a similar
notation as before, we can write

nNC,i

- No1BYE s c 185
TS/H II ly==5 1Ll =207 | dy.
Si=1 | j=1 j=1

Setting, for i =1,...,n,

=C : ~NC
Nfar,; = argmax |1 — z“| , Mnear; = argmin |1 —Z;7 ],

j=1,...,nc.i j=1,...nNc.i

we can bound 7" as

& Ne 8¢,
v [T =26 -2, ™0 = [ Py
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We order the blocks in such a way that

’1__nNegr2’<’1 negerrl’ and |1 Zfarz|<|1 Zfaerrl i:]-a"'vn_lv
consequently (see the left plot in Fig. 4),
|1 -z < |1 =205 ] i=1,...,n—1. (A.7)

Thus, we have

_NC |2, B0 3,85 B .
P(y) S |y ﬁ{sarl’ ” [H ’y Znear z+1’ ” ” +1 (2 +h)27 ﬁ7
We consider the term with index n — 1 in the product and look at its exponent (3_; 35,1 + >, NCY,

a) if it is > 0, we combine the term with index n — 1 with the following term (the last one) and obtaln

(2+ h)%s Bm 1+, B+ ﬁjn

near 1 near ,i4-1

P(y <’y ZNC ’Z ;B [H ’y =NC ’Z i BYi+Y B

b) if it is < 0, we combine the term with index n — 1 with the previous term (the one with index n — 2) and
obtain

near 1 near i+1

Ply) <|y— ZNC |Z 5 BNE lH ly - ZNC Zjﬁjc,ﬁrzjﬁfﬁl]

|z B2t B Y B A B (24 h)ZsB5n,

|y near n—1

Then, we proceed backward, considering the term of with index i = n — 2 and, depending on whether its
exponent is > 0 or < 0, we combine it either with the following term or with the previous term the way we
did before, and so on, until the term @ = 1. We end up with three factors in the upper bound of P(y): the

. . . A
first one is |y — Z2 |Z 155 , the third one is (2 + k), with B > 0, and the second one is |y — Z)S, |
If A>0, we conclude as in step ii), case a), while if A < 0, in order to conclude as in step i), case b), we

need to prove that

near 1

Br=> " BNC+AZE—1> -1 (A.8)
J
Since the blocks of (convex an non convex) angles corresponding to the 3’s entering the expression 5%0 + A
are consecutive, the proof of (A.8) can be carried out as the proof of (A.4).

The proof in the polygonal case is complete.

A.2. Domains with non-polygonal boundaries

We begin with the following trigonometric lemma.

Lemma A.7. Let 0 < Ry < Ry < 400, and fix two distinct straight lines {1 and {y that are tangent to Br, in
the two points y1 and ya (y1 # y2), respectively. We denote by x; the intersection between the circle OB, and
the line €1 such that, in a counterclockwise orientation, x1, y1 and 0 appear with this ordering as vertices of a
triangle. Symmetrically, we denote by x4 the intersection between the circle OBg, and the line {3 such that, in
a clockwise orientation, x2, y2 and 0 appear with this ordering. We denote by C), the infinite convex sector with
opening nm, 0 < n < 1, defined by the two half lines generating at the origin and passing through x1 and xs,
respectively (see the left plot in Fig. 5).
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FIGURE 5. Left plot: the geometric configuration in Lemma A.7. Right plot: the limit case

—2 in &L i
n = % arcsin g in the proof.

Ifn < %arcsin %, then 1 and £y intersect at a point w that lies in the interior of C,. Moreover, if |w| > Ry
and if we define € := |w — x1| = |w — 22| > 0, 1 is related to e, Ry and Ry by the following formula:

2 Ve )
0<n(e, R, R2) = 2 arccos Rytevily — By < 2 arcsin % (A.9)

W RoyJe? + R3+2eJRE- B " g

For e > 0, the function € — n(e, Ry, R2) is continuous and strictly increasing. For Ry > Ry, the function
Ry — n(e, R1, Ra) is conlinuous and strictly decreasing.

Proof. We consider the limit case n = %arcsin g—; < 1. Then, Ry sin IF = R; and, as depicted in the right plot
of Figure 5, the lines ¢; and /5 are parallel to each other. Therefore, whenever 7 is smaller than this threshold
value, ¢; and ¢y will intersect on the central half line of C),.

We apply Pitagoras’ theorem twice: to the triangle of vertices x1, y; and 0, yielding |z — y1|?> = R — R?,
and then to the triangle of vertices w, y; and 0, leading to

2
P =’ (e /R RE) = RE e /R R

From the law of cosines applied to the triangle of vertices w, 21 and 0, we obtain 2|w|Ry cos £- = |w|? + R3 — &2
from which the identity in the assertion follows.

The monotonicity in dependence of ¢ and Rs can be verified by computing the derivative of the expression
in (A.9). The last inequality in the assertion follows from

2 R? 2 R
n(e, R1, Ra) < elggo n(e, R, Ra) = ;arccos,/ — R—é = ;arcsinR—;

which uses the monotonicity of  as a function of ¢, and the identity sinarccosv'1 — ¢ = |¢|. O

We can now complete the proof of the bound (3.2) in the general case. In order to do that, we will construct
a polygon P. D D, star-shaped with respect to B,,. The maximal distance sup,,csp, d(w,dD) will be made
arbitrarily small, and the parameter £ (defined in Thm. 3.1) relative to P. will converge to the one relative to
D. Then, invoking the result of Section A.1 completes the proof in the case of non-polygonal domains.
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FIGURE 6. Left plot: the comparison of the cases [w;| = |wjt1| and |[w}| < |w;41] for a fixed
wj+1. In the second case, the constructed point v} is closer to w;t1 than in the first case,
namely, [v] —wji1| < |v; — wjt1|. Right plot: the construction of the star-shaped polygon P
enclosing the non-polygonal, non-convex domain D.

Consider a domain D satisfying Assumption 1.1. Fix ¢ > 0. Define an integer N € N such that 7. := % <
n(e, po, 1 — p), where n(-,-,-) was defined in formula (A.9). We select the points w; € 0D, j =1,..., N, that
have complex argument (namely, angular polar coordinate) equal to 0;m := jn.m for j =1,..., N. (In this proof
we assume that all the indices j are taken modulus N.)

Let Kj and €j_ be the two tangent (straight) lines to B,, passing through w; and such that, sitting in w;
and looking at B, Ej' is on the left and £} is on the right (notice that the two lines do not coincide, since
po < p < |wjl), see the right plot in Figure 6.

Consider the two lines €j+ and £ . If [wj| = [wj41], then they satisfy the assumptions of Lemma A.7 (since
Ry — %arcsin Ip%—‘; is monotonically decreasing, the definition of 7. made above guarantees the needed bound
for any value of pg < Ry = |w;| < 1 — p). Thus they intersect at a point v; such that |vj| > |w;| = |wj41] and
whose complex argument satisfies 0;7 < arg(v;) < 6117 Moreover, |v; — w;| = |v; — w;y1| < €, due to the
monotonicity of the map (e, po, |w;|) — €.

On the other hand, if |w;| < |w;+1| (the opposite case is analogous), then v; lies closer to w;4+1 than in the
previous case (see the left plot in Fig. 6), therefore, in all the situations, we have

d(vj,0D) < min{|v; — wj|,|v; — wjt1|} <e. (A.10)

Notice that, given |w;t1], po and 7., due to the star-shapedness assumption, |w;| can not be arbitrarily small,
namely it can not trespass the point denoted with z in the left plot in Figure 6.

Notice that every domain which is star-shaped with respect to B,, and such that its boundary contains the
point w; (e.g., the domain D satisfies these requests) can not cross the segments [v;_1, w;] and [w;, v;].

Now we define the polygon P. with 2V sides whose vertices are wy, vy, ws, ..., wn,vn. Every edge of P. is
part of either E;r or £;. The polygon P. satisfies the following conditions:

(i) P- is star-shaped with respect to B,,, since the continuation of each of its edges is tangent to B,, and (in
a counterclockwise orientation of OP:) leaves B,, on its left,

(ii) D C P, as it contains every domain D’ star-shaped with respect to B,, and satisfying {w; }évzl c oD/,

(iii) for every w € 0P, d(w,0D) < ¢, in fact, since {w; };\/:1 C 0D, the maximum distance from 9D is achieved
in one of the vertices v; and this is controlled by the bound (A.10).
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Then we can conclude as in the convex case. Fix wy, € Ly, = L@] Choose 0 < € < p and define the polygon P-
as above (so that P. C By and @5 (00) < 1). Then, wy, € Ly/[P:] with h' < h, as a consequence of Lemma 2.2.
Let zp = ap;: (wn) = (14 h')e’, and define z := €', & := 2 arcsin 22— < &. Then, from Section A.1,

1—p+e

d(wp,dD) < d(wn, @p. (2)) + d(¢p.(2),0D) = |op. (2n) — p.(2)] + d(¢p.(2),0D) < 276 hE + &

Since this is true for every 0 < & < p, by taking the limit for e — 0, we get d(wp,dD) < %hg for all wy, € Ly,.

Acknowledgements. The authors wish to thank D.P. Hewett for inspiring discussions concerning the proof in
Appendix A.2.
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