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A MIXED FORMULATION OF A SHARP INTERFACE MODEL
OF STOKES FLOW WITH MOVING CONTACT LINES*

SHAWN W. WALKER!

Abstract. Two-phase fluid flows on substrates (i.e. wetting phenomena) are important in many
industrial processes, such as micro-fluidics and coating flows. These flows include additional physical
effects that occur near moving (three-phase) contact lines. We present a new 2-D variational (saddle-
point) formulation of a Stokesian fluid with surface tension that interacts with a rigid substrate. The
model is derived by an Onsager type principle using shape differential calculus (at the sharp-interface,
front-tracking level) and allows for moving contact lines and contact angle hysteresis and pinning
through a variational inequality. Moreover, the formulation can be extended to include non-linear
contact line motion models. We prove the well-posedness of the time semi-discrete system and fully
discrete method using appropriate choices of finite element spaces. A formal energy law is derived
for the semi-discrete and fully discrete formulations and preliminary error estimates are also given.
Simulation results are presented for a droplet in multiple configurations to illustrate the method.
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1. INTRODUCTION

1.1. Applications

In industry, droplet impacting processes play an important role, such as in painting, pesticide application,
and the cooling of hot surfaces [22,24,39]. Moreover, the “coating” of solids by films [29,37,58,60, 73] is needed
in painting/lamination applications, or in the creation of polymer films and metal sheets. All of these examples
exhibit a three-phase contact line where the two fluids meet a solid (see Fig. 1). The motion of the contact line
can affect the global fluid behavior and introduces a fundamental difficulty in the modeling of these systems.
For instance in [15], they performed experimental investigations of the displacement of two immiscible fluids
inside a cylindrical capillary. They found that the flow kinematics depends on the direction of displacement
and the types of Newtonian fluids. Moreover, the presence or absence of a residual film can also affect the bulk
dynamic behavior.
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a) Peeling tape. b) Moving fluid interface. (c) Interfacial flow.

FIGURE 1. Illustration of contact lines and interfacial flows. (a) The contact line (point in 2-D)
moves as the tape is pulled away from the substrate. (b) A liquid droplet surrounded by gas
that is moving to the left. (c¢) Close-up of the two-phase interfaces and three-phase zone.

Thus, a fundamental understanding of the dynamic wetting of fluids on surfaces is essential to process con-
trol/design (and optimization) in the related industrial applications (e.g. capillary flows in micro-fluidics, etch-
ing, electro-chemical treatment of surfaces, etc.). It is not practical to use molecular dynamics simulations for
many industrial scale macroscopic fluid problems, so it is necessary to have tractable (continuum) contact line
models that incorporate insights from atomistic or molecular dynamic studies. The current paper addresses this
issue.

1.2. Contact line “Paradox”

There are many types of contact lines that appear in different physical situations (see Fig. 1). The most
familiar concerns the peeling of adhesive tape (Fig. 1a) [16, 21, 68]. Here the contact line (a point in 2-D)
separates the tape into two disjoint regions: the part that is still attached to the substrate (where no-slip
applies) and the other which is free to deform as a thin flexible body. Typically, one models the free part of the
tape as elastic and captures the motion of the contact point with an inequality constraint [16,68]. The main
thing to note is the contact point is not a material point. So its velocity is not a material velocity. Furthermore,
the velocity of the contact line is not necessarily related to the velocity of the material tape. Lastly, it may seem
that the velocity of the tape is discontinuous at the contact point. In reality, there is a small (curved) transition
region at the contact point from flat to making an angle; ergo, no discontinuity.

The situation is more complicated in the case of two immiscible fluids on a solid substrate. When the fluids
are displaced, there arises the classic contact line paradox described in the seminal paper by [41] and addressed
by others [9, 10, 28, 54, 55, 61]. In [41], they assumed the wedge-shaped geometry depicted in Figure 1b. By
applying free surface boundary conditions on the liquid-gas interface and no-slip conditions on the liquid-solid
interface, they obtained a solution to the Navier-Stokes equations that has a logarithmic singularity in the rate
of viscous dissipation in a small neighborhood of the moving contact line; clearly, a nonphysical result. The
reason is because assuming a wedge-shape geometry and no-slip gives a discontinuity in the velocity boundary
condition at the wedge-tip (i.e. the contact line). The singularity is then evident by a standard Sobolev trace
theorem that says the H! norm of the (bulk) velocity is unbounded, which implies an infinite rate of viscous
dissipation.

There are two ways to remove this singular behavior at the macroscopic level. One is to regularize the
shape of the corner region so that the liquid-gas layer smoothly blends into the liquid-solid layer, i.e. a contact
angle of 180°. This requires the specification of an effective length scale to smooth the corner. However, this
would create a domain shape with a cusp in the other pure fluid phase. This can be problematic (from a PDE
point-of-view) for cases where the dynamics of the other fluid is also important. Another way is to modify the
model, or introduce a regularization, such that the velocity boundary condition (near the contact line) has no
discontinuity. This can be achieved by introducing slip (locally) at the contact line.

1.3. Summary

In Section 2, we derive our phenomenological model of a Stokesian fluid coupled to contact line effects via
Omnsager’s variational principle [50, 51]. Next, we introduce a time-discretization in Section 3 and prove the
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TABLE 1. General notation and symbols.

Symbol Name Units
u Vector Fluid Velocity ms
Xel Contact Line (Point) Location m
0c1 Contact Angle (Through Fluid) radians
P Pressure N m~?
Newtonian Stress Tensor N m?
f Gravitational Accel. Vector m s>
K Total Curvature of I'y m~!
y Surface Tension Nm™!
A Contact Line (Point) Pinning Stress N m™*
v, T Unit Normal, Tangent Vectors of I -
02 Fluid Domain -
Iy Liquid-Gas Interface -
Iy Liquid-Solid Interface -
Ie Solid-Gas Interface -
Vr Surface Gradient Operator m~!
Ar Laplace-Beltrami Operator m~?

well-posedness of the semi-discrete system, followed by proving the stability of a fully discrete approximation
scheme in Section 4; see [25,46,56,57,62,67] for other numerical schemes for fluids with contact lines. We then
give preliminary error estimates in Section 5 making reasonable regularity assumptions. We conclude in Section 6
with numerical simulations of droplet motion with contact line pinning effects in multiple configurations and
discuss future extensions of the formulation.

2. PHENOMENOLOGICAL MODEL OF FLUIDS WITH MOVING CONTACT LINES

We develop a computational framework that is both cheap and allows for including simple, and more compli-
cated, models of fluids with contact line dynamics including pinning. The framework is variational via Onsager,
and for the purposes of exposition we present the model (in 2-D) for the case of a liquid, gas, and rigid solid
phase. See [27,34,42,48, 54,55] for other examples using Onsager’s principle to derive a model of fluid motion
coupled to other physics. A model of electrowetting with “flat” 2-D droplets, with ad hoc modeling of contact
line effects, can be found in [70,72].

2.1. Notation

Let {2 be the domain of the liquid bulk, I’y be the liquid-gas interface, and I be the liquid-solid interface
(see Figs. 2 and 3), i.e. 002 = F_gUTS, I'yNIy = (. Table 1 describes the notation we use for the physical domain
and the physical variables (e.g. velocity and pressure).

The physical coefficient symbols that appear in the model, as well as their values, are given in Table 2.

2.2. Droplet pinned to a wall in equilibrium with gravity

We start with an equilibrium example in order to introduce the shape derivative tools we use to derive the
dynamic model with moving contact lines (see Sect. 2.3). Consider the 2-D droplet configuration shown in
Figure 2 which is assumed to be in equilibrium. The relevant (free) energy for this problem is

J:'ys/ 1+'yg/ 1+vs,g/ 1—pf-/(x—x0), (2.1)
I Iy I Q

where ~y; are the surface tension coefficients, p is the fluid density, and f is the gravitational acceleration constant
vector. Throughout this paper, we usually omit the dx notation when writing integrals.
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TABLE 2. Physical parameters and values. The solid surface tensions are chosen to give an
equilibrium contact angle of 90°.

Symbol Name Value Units
Vwater Surface Tension of Water/Air 0.07199 Nm*
Ve Surface Tension (lig-gas interface) Ywater Nm!
Ys Surface Tension (lig-sol interface) c Nm™!
Ys.g Surface Tension (sol-gas interface) s Nm™!
m Dynamic Viscosity 0.89E-3 Kgm 's!
p Liquid Density 996.93 Kg m™®
L Length Scale 0.005 m
Uo Velocity Scale 0.02 ms '
to=L/Uy Time Scale 0.25 seconds (s)
Po = Ywater/ L Pressure Scale 14.398 N m~2
Ao = Ywater/L Curvature Scale 14.398 N m~2
Fo Body Force Scale 9.81 m s ?
Bs Slip Coef. (lig-sol) 1.0E3 Nsm™®
Bl Viscous Damping Coef. (contact line) 5.0 Nsm™?
Chpin Pinning Coef. (contact line) 0.01 Nm™*
_ %
L
Xel
r
e, &
I's Q
R
Xl
f
Fs,g

FIGURE 2. Fluid droplet pinned to a rigid wall in equilibrium with gravity f (2-D example).
The boundary 042 is positively oriented. The fluid velocity in {2 vanishes, thus the fluid stress
is zero on the solid wall I'y. Hence, the weight of the droplet is supported by a net (pinning)

force at the contact points, xCLl, xﬁ. Clearly, this pinning force is a “Dirac delta” distribution

on 012 = Tg U Ty in the continuum model.



A MIXED FORMULATION OF A SHARP INTERFACE MODEL OF STOKES FLOW WITH MOVING CONTACT LINES 973

T, Xcl — e,

FIGURE 3. Domain notation with contact line x.; moving to the right. 2 is a liquid domain on
top of a solid substrate surrounded by gas. The liquid-solid and liquid-gas boundaries are [,
I';. The contact line is moving with speed X(xc1) and the contact angle through the liquid is
1. The unit tangent vector of I, is 7. The (non-wet) solid-gas layer is I ;.

To facilitate deriving the equilibrium equations for the shape of the droplet, we introduce the following

Lagrangian
[,:J—po(/l—C’p>+)\L(x~ex L—CL>+>\R<X-ex
2 cl

which includes the volume constraint |£2| = (), and pinning constraints at the contact points via Lagrange
multipliers pg, AL, Ag.

Let V : R? — R? be a smooth perturbation of space that vanishes at a large distance from (2. We will perturb
the domain (2 with V. Furthermore, we restrict V such that V - e, = 0 on the rigid wall, 7.e. the droplet is
constrained to remain on the wall and we are not deforming the wall. Note: V - e, on the solid is still free
because the contact point constraints are enforced by Lagrange multipliers A\r, Ag.

Next, compute the derivative of £ with respect to domain shape via shape differential calculus [23,40, 64]:

- CR> (2.2)

X cl

X,

5[,(V):75/ VF~V+’yg/ VF~V+vs,g/ VF~V—pf~/ (x —x0)(V-v)
I I g 00

XL) + Ar (V e, xR) , (2.3)

where the choice of V respects the corners (contact points) of §2. The unit normal vector v is taken to point
outside of 2. Since the interfaces are 1-D, we have that V = 79 where 0y is the derivative with respect to
arc-length, and 7 is the unit tangent vector of 92 with positive orientation. So after integration by parts, (2.3)
reduces to

— Do V~1/—|—)\L<V~ex
a0

0L(V) = {V ey i —V-e, le]

+75/ /<;j1/~V+7g/ /<;j1/~V+vs,g/ /{jy-V—pf-/ (x —x0)(V-v)
r I,

s g s,8 g

—po/ V~V+)\L<V~ex L)—&—/\R(V-ex R), (2.4)
Iy X1 Xel

where r; is the curvature of I'; (j = g,s,(s,9)), and kv = —0sT|r;. Note: we shall reserve kv = =V - VX
to refer to the signed total curvature vector of I'y. Accounting for the geometry of Iy and the restriction on V,

an] + Ve {V . T’arg] + Ys,e {V - ey
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we arrive at

SL(V) = (1 — 1)V - e

BFS—’_’Yg(T cz)V e or, L( ©

g

xﬁ) An (V G xﬁl>

+/ (vgk — pf - (x —x0) —po) V - v. (2.5)

g

At equilibrium, we must have §£(V) = 0 for all admissible V. Let V = ¢v, where ¢ : I; — R is a smooth,
compact function on Iy, and plug into (2.5)

5['(V):/ (Vgr — pf - (x —%0) —po) =0 = Ygri — pf - (x —%0) —po =0, on Iy, (2.6)

g

which is the equation that determines the shape of I.
Next, noting that 0I, = 01, = {xCLl,xff}, lor, = —|or., and cosf = —T - e, at the contact points, (2.5)

reduces to
OL(V) = [ygcos b+ (Vs — Ys,6)] V - €s L) + AR (V ey R) ,
xcl xcl

+ /\L (V “ €y
ory

= [vg cos 0 + (% — Ys.g) + AR] V - €y T [ cos 05 + (75 — Yse) — AL] Ve (2.7)
xB X1
Therefore, at equilibrium, suitable choices of the perturbation V yield
Vg €08 05 + (75 — Ysg) — AL =0, at x5,
Ve cos 05 + (76 — Ysg) + Ar =0, at x%. (2.8)

Remark 2.1. If A\ = Ag = 0, then (2.8) is the standard Young’s equation for the equilibrium contact angle [53].
The multipliers Az, Ar can be interpreted as the net force required to hold the droplet in equilibrium against
the gravitational force. From Figure 2, we see that Ap,Ag > 0, i.e. 85 (0%) should be smaller (larger) than
the equilibrium values without gravity. In Section 2.3, we will derive a coupled Stokes-contact line model that
accounts for pinning through Lagrange multipliers Ar,, Ag.

2.3. Dynamic model derivation via onsager’s principle

We now derive a dynamic (time-dependent) model of a Stokesian droplet with moving contact lines (see
Sect. 2.3.7). We use the framework of Onsager’s Variational Principle, which says how free energy is dissipated.

2.3.1. Review

Onsager’s Variational Principle is concerned with physical processes that are not far from equilibrium. It is
a method of deriving constitutive laws that we now describe.

Consider a closed mechanical system with free energy A(a), where a is a vector representing the configuration
(state) variables and is time-dependent. The driving “force” for the evolution of a is the conservative force —V,.A.
If the free energy is a minimum, the system is in a state of stable equilibrium [33], i.e. 4 = 0, —VaA(ag) = 0,
and V2A(ap) is positive definite at the critical point ag. Thus, if the system is not in equilibrium at time ¢,
i.e. a(tg) # 0, then —V,A(a(ty)) # 0.

The modeling problem is, of course, to determine the connection between a and —Va.A(a). In the language
of continuum mechanics this means to find a constitutive relation between the rates and the conservative forces.
Onsager’s Principle formalizes this in the following statement:

e The rate of change of the free energy must be balanced by a dissipation functional with respect to pertur-
bation of the rates of change (e.g. a).
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TABLE 3. Non-dimensional Parameters. All surface tensions are normalized by ~yater-

Symbol Name Value
Ve = Ve /Ywater Surface Tension (lig-gas interface) 1.0
Ys = Vs /Ywater Surface Tension (lig-sol interface) c
Vs,e = Vs, / Ywater Surface Tension (sol-gas interface) s
Re = pUoL/p Reynolds Number 1.120146E2
Ca = pUo /Ywater Capillary Number 2.47257TE-4
St = pFyL?/(uls) Stokes Number 1.373579E5
Bs = BUoL/Ywater Solid Slip Coef. 1.389082
Bcl = BaUo /Ywater Contact Line Viscous Coef. 1.389082
Chrin = Cpin/Ywater Contact Line Pinning Coef. 0.1389082

Let ¢ = ¢(a,a) be a dissipation functional. Then Onsager’s principle states that
0a {45 + A} =04 [P(a,a) + (&-Va)A(a)] =0, forall §;, where a is fixed. (2.9)

Thus, the modeling problem is reduced to determining the specific dissipation functional. Fundamental ther-
modynamic considerations demand that @ be a positive definite (semi-definite), symmetric function of its two
arguments [50,51]. Since the processes are inherently assumed to be near equilibrium, typically @ is assumed to
be quadratic. Within these restrictions, ¢ can be anything, e.g. it may have variable coefficients. Several other
authors have developed variational principles involving dissipation in other contexts such as viscous flow and
polymer solutions [27, 34,42, 48,54, 55]. Ultimately, Onsager’s Principle is an assumption we use to derive the
model for our physical system.

Remark 2.2. “Dissipation” is a rough approximation of the aggregate effect of many molecules and atoms
interacting, e.g. energy is “dissipated” amongst many atoms through pairwise interactions, collisions, etc. The
dissipation functional @ is a convenient idealization that allows one to ignore the details of molecular interactions,
i.e. another way of developing constitutive laws. It is nothing more than that.

2.3.2. Configuration variables

The liquid domain 2 (i.e. droplet shape) is of fundamental importance in this problem. In particular, we
have the droplet interface 92 = F_g U Iy, and the wz-axis partitions as (—oo0,00) = Iy U Iss. We also have the
contact points {x5,x%} =T, N I%.

We can, equivalently, represent the interface shape by an explicit parametrization X (¢, -) : 992(t) — R2, i.e. the
identity map X(¢, 02(t)) = 0£2(t) that is assumed to be positively oriented. In other words, the definition of 2
depends on its boundary. Note that (2 has corners at the contact line which are related to the parametrization
in the obvious way x5 (t) = X(t,x%), x2(t) = X(t,x}).

The fundamental configuration variable (i.e. a) of the system is the position of all liquid particles (i.e. {2),
which we label by the coordinates x. The rates of change of x are given by the liquid velocity u in {2 and the
rate of change of position of the interface X. Note that X and u are not independent and are connected through
appropriate constraints (Sect. 2.3.4).

All variables are taken to be dimensionless and Table 3 lists the non-dimensional parameters in the model.
We include the Reynolds number Re (even though we only obtain the Stokes equations) so we can add back

fluid inertial effects at a later time (Sect. 6.1.1).
2.8.83. Functionals

The free energy functional of the droplet system is A= uUoL2? A, where A is dimensionless and is defined as

1
azosefeems g ([ [ [ ). (210)
2 Ca \ Jp, . Ty
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where x( is a reference point and the surface tension coeflicients are variable. A is the potential energy of the
system and is the dimensionless version of (2.1). We assume the surface tension coefficients 75, s o are functions
of = x- e, but independent of time (i.e. ;55 = 047s,¢ = 0). This models a solid surface with a known chemical
pattern. Note that 7, = 1 in non-dimensional units.

Remark 2.3. Often an additional term is included in the free energy functional in diffuse interface models,
i.e. the double-well potential. This is done to stabilize the interface between the two immiscible fluids so that
they do not mix. This is not required here because we represent the interface explicitly by the function X. In
other words, the two phases cannot mix because the parametrization explicitly enforces the separation of the
two phases.

The corresponding dissipation functional is ¢ = Ywater Ug L@, where @ is dimensionless and is

QS:/FS%(U'T)“(?CI (X-ez)2> XCL]+<% (X.ez)2>

where we used the fact that evaluation at the contact line is viewed as an integral along the contact line, so it
has units of length. Note: the surrounding gas dynamics are ignored, and the solid substrate is assumed perfectly
rigid. The first term will eventually yield a slip boundary condition with parameter 3s. The contact line terms
model energy dissipation due to the velocity of the contact line, where 3. is the contact line viscous friction
coefficient. The last term is the total rate of viscous dissipation in the bulk (2.

ot ca/Q iD(u) . D(w), (2.11)

2.8.4. Constraints

We make the following reasonable assumptions on the system. The solid wall does not move and the fluid
does not penetrate into the solid. Moreover, no cavitation is possible (i.e. pockets of air between the solid and
fluid) and Iy adheres to the fluid domain (2. In mathematical terms, we have

(X —u)-v=0, on I, X-v=0, u-vr=0, onl}. (2.12)

Remark 2.4. The tangential component of X does not affect the shape of (2. It is only a re-parametrization
of the boundary. Furthermore, the constraints on X respect the corners of 2 (i.e. the contact points). This is
crucial for allowing computation of shape derivatives [23, 64].

The remaining physical constraints are divergence free velocity
V-u=0, in £, (2.13)

and an additional pinning force at the contact line that satisfies a complementarity condition

Al < Cpims (A= Cpin) (A + Ciin) (X : ex> —0. (2.14)

Xcl

This is a basic model of static Coulombic friction, i.e. it models pinning and release of the contact line, which
can be written more succinctly as

A= Upin sgn (X -ey

x) . (2.15)
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2.3.5. Lagrangian

In order to perform the minimization in (2.9) with constraints, we formulate a Lagrangian L= YwaterUo L L,
where £ is dimensionless. For given {2, define £ by

L(Q,u,X):¢+CaA—/p(v-u—o)— Ag(X —u)-v
? Iy

L—O>+)\R(X~ez

cl

X, X,

+ AL (X-ez . —0), (2.16)

cl

which is a function of the rates u, X and can be varied independently. No restrictions are placed on the
multipliers p, A, and are allowed to take on whatever values necessary to enforce their associated constraints.
But the pinning values must satisfy [AL|, [Ar| < Upin, thus their associated constraints are only enforced when
ALl [AR] < Cpin.

Remark 2.5 (interpretation of the multipliers). We will see later that p is the fluid pressure, A, is the curvature
of I';, and A, Agr are static, “Coulombic” friction forces present at the contact line. But our formulation of the
constraints does not depend on the fine physical details. For instance, the true pressure is caused by the fluid ma-
terial having an extremely small amount of compressibility yet we only model the end result (incompressibility)
by imposing it as a constraint. How it became incompressible is not important.

Similarly, contact line pinning is a directly observed effect in fluid droplets interacting with solid substrates,
but the physical reasons are rather complicated and not completely understood; cf. the case of modeling dry
friction with Coulombic friction. Our static friction model is ultimately a phenomenological rule for describ-
ing the approximate outcome of an extremely complicated physical interaction. The main advantage of the
approximation is its simplicity and flexibility.

The constraints X - v = u-v = 0 on I} are enforced explicitly (i.e. just plug them in) because the solid surface
is flat. The same can be done for a curved solid, or one can introduce multipliers to enforce these constraints.

2.3.6. Rate of change of the free energy

We first compute the rate of change of the free energy. For simplicity, assume f is a constant vector, and
recall that 0,95 = Oy%s,c = 0. Using shape differential calculus [23,40, 64], the dimensional rate of change is

dA/dt = (uUoL?/to)A, where A is dimensionless, is given by

A:—St/ f~(x—x0)(V~u)+i /(V-V)”ys—l—/ ¥wVrX:VrV
a0 Ca | Jp,

I
—‘r/ VFX:VFV—I-/
I, I

5,8

(V- V) + /

Ws,gVFX : VFV} s
I e

where Vi = 70; and V = X is the velocity of deformation of the domain 2 (recall Sect. 2.2). Note that
X v =u-von df2. Thus, we can rewrite the body force term as

|t te=xaun) = [ (Vowie =+ [ [V Gemxo)+ [ V£ = [

]

because V - u = 0. Combining, we have that A is a functional depending explicitly on u, X:

A(u,X)z—St/ﬂfu—&-é{/F (X-V)%Jr/ Y50:X - 9sX

s

+/ asx.asju/ (X~V) Ws,g+/ ys,gasx-asx}. (2.17)
I, I I

s,g8 s,g8
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2.8.7. Sensitivity of the Lagrangian (weak formulation)

The weak formulation of the governing equations for the dynamic droplet model, with moving contact lines,
derives from setting the first variation of (2.16) to zero (with respect to the rates). More precisely, define the
following perturbations. Let v be a perturbation of u such that v -e, = 0 on Iy and v is smooth. Next, let
Y be a perturbation of X such that Y - e, =0on I,UTI,, and Y is smooth. Similarly, let ¢, 1 be smooth
perturbations of p, A, respectively. Then the (formal) weak formulation is: for each t € [0,7T], find (u, X) and
(p, Ag, AL, Ar) such that for all admissible perturbations the following is satisfied:

5u£(Q,u,X;v) :Ca/Q%D(u):D(v)—/QPV~v+/FsBs(U'T)(V'T)

+ Agv-V—StCa/f~V:0, for all v,
I Q

o5l (20X Y) = fa (X-e,) Y e,

L +Bcl (Xex)Yex
Xl

+/ <Y-T)m+/ wsaSX-asY+/
T. Iy I

R+/\LY'ex
1

c

(Y : T) 837757g + / :Ys,gasx : asY

. + ARY ‘e,
-1

c

X X X

cl

5 s 5,8 1—‘5‘?;
—/ AgY-V—l—/ 0sX-0sY =0, forallY,
Iy T
0pL ((),u,X;q) = —/ gV -u=0, forallg,
Q
ywe (Q,u,X;u) :—/ M(X—u) v =0, forall g, (2.18)
Fg

where (2(¢) and X(t) is held fixed. The pinning multipliers are determined by (2.15) which can be written as a
variational inequality: find Az, Ag in [—Chpin, Cpin] such that

€= x0) (Xoe) |, <0 (€2 (X o)

X
c

=0 for all ¢ in [~Chin, Cpin] C R. (2.19)
cl
2.3.8. Recover strong form equations

Clearly, we recover the constraints in Section 2.3.4. Next, consider o4 £(2, u, X: Y) =0 for all Y such that
Y e, =0on iU/, Then integration by parts on the interfaces gives

0=Fa (Xren) Yoo  +00(Xren) Yoo  +MY €| +ArY e,
Xl Xl X Xel
+ Yela 'Y‘ars T Y’arg +Ysge 'Y‘ars,g
— AgY v — / Ys0sT - Y — 0T Y — / Vs,g0sT - Y. (2.20)
Iy I Iy Tog
Since kjv = —0sT on I, we have
0= fa (X~ex>Y-ex . + Bal (X-ex)Y-em R+/\LY-em B + ARY ‘e,
Xl Xl X1 Xel
-”-Y‘ ~Y‘ T I-Y‘ —/ AY - / Y. 2.21
+ 7se or, T Y oy, Tese T v+ Fgm/ (2.21)

Suppose Y = ¢v, where ¢ is smooth and has compact support on Iz. Then

0:/ (k— Ay, Vo, = Ay=r. (2.22)
I

g
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Next, note the interface boundary relations

— = = s .
‘ ’ R L ‘ L R
O0lg ors Xel X Ol g Xl Xl

R

Choosing a smooth test function such that Y = e, at XCL1 and Y = 0 at x],

and wvice versa, we get

0 :Bcl(X-ez) + AL — s+ T e, + Vs,g, at XCLI,
0=PFa(X e;) +Ar +7s — T € — Fsg, at x4

where A, Ar is determined by (2.19). Because —7 - e, = cos 61, we obtain a modified Young’s relation at the
contact line

080 4+ s — Fog = S(Ba(X - e,) + ), on {x5 x%} (2.23)
where
1, at XCLI, AL, at XCLI,
S = A=
—1, at xfl. AR, at xfl.

Remark 2.6 (Modeling of Contact Line Motion). Note that the contact angle is dependent on the bulk hydro-
dynamics via X (Xq) - €, in (2.23), because X is coupled to the fluid velocity through (2.12). Equation (2.23)
is a modification of the standard static force balance (i.e. when right-hand-side is zero) that includes non-
equilibrium, dissipative effects. Note that when the droplet moves in the positive e, direction, \ is positive at
both contact points which decreases (increases) the contact angle at x5 (x[1), so is consistent with experience.

Now, consider §,L({2, u, X; v) = 0 for all v such that v-e, =0 on T, U fg Then integration by parts on {2

gives
0:—/[V~a}-v+/ v-au+/BS(u~T)(v-'r)+ Agv-u—StCa/f~v,
2 le) I Iy 2

where o := —pI + Ca D(u) and D(u) := Vu + (Vu)?. Choosing v to be a smooth test function with compact
support in {2 leads to the Stokes momentum equation:

-V .o =StCaf, on 2. (2.24)

0:/ v~0'1/—|—/
I I

g

So we are left with

v~0'1/—|—/ Bs(u~7')(v~7')—|—/ Agv - v,
. I

and recall that 7 = e, on ;. Choose an arbitrary test function v = ¢e,, with compact ¢ on [y, to get
0= / dlt-ov+B(u-1)], V¢, = T -ov=-Fu-T, only, (2.25)
Is

which models slip at the solid surface. Hence, we avoid the classic singularity associated with contact line motion.
Lastly, choosing v to be smooth but arbitrary on Iy, we obtain

0= / [ov+ Agv]-v, Vv, = ov=-Aw=—kv=Vp- -[VrX], on I. (2.26)
T

g

This formulation has no smoothed Dirac deltas that couple the contact line motion to the interior fluid velocity
in an ad-hoc manner. It is also straightforward to include non-linear contact line models by modifying the
dissipation functional.



980 S.W. WALKER

Remark 2.7. The fluid velocity does not directly appear at the contact line. This seems to be a point of
confusion in the fluids community. To better explain, first consider a rigid cylinder rolling on a flat surface with
no-slip conditions applied at the surface contact point. In a fixed frame of reference, the contact point is clearly
moving. However, the velocity of the cylinder at the contact point vanishes (because of no-slip). Now consider
a fluid droplet moving along a surface with approximate no-slip (i.e. large value of 3;); the droplet will have a
rolling motion as verified by experiments [60]. The same argument shows that the fluid velocity evaluated at the
contact point does not correlate with the velocity of the contact point. Despite this, methods are proposed that
directly link the fluid velocity to the contact line motion by imposing a “contact line mass balance” relation [4],
([25], Sect. 2.1).

Moreover, imposing a condition involving the bulk fluid velocity at the contact line is mathematically unclear.
It is well known that one cannot impose a boundary condition at a point in 2-D (or on a surface of co-
dimension 2) [2]. In particular, the regularity of the fluid velocity evaluated at a point is not well-defined by
standard functional analysis [1,31].

2.4. Formal energy law

The existence (and uniqueness) of a solution to the system of equations (2.18) and (2.19) is not trivial;
see [17] for the case of a non-linear shell interacting with a Navier-Stokes fluid. Moreover, regularity of the
solution is completely open. We do not address the well-posedness of the fully continuous formulation in this
paper. However, it is possible to obtain a formal energy law for the system.

2 (R?) and the initial liquid-gas interface I'y(0) is W>°°, with parametriza-

tion X°, and I';(0) is flat with positive measure. Suppose there exists a solution of the system (2.18) and (2.19)

for a.e. t in [0,T] for some T > 0 such that I,(t) is W, is parameterized by X(t) with X - e, =0 on 0l 4(t)

and X(0) = X, and I's(t) is flat with positive measure. Moreover, assume u(t) is in H*(2(t)), with u-e, =0

on Ty(t), X(t) in H(Ty(t)), p(t) in L2(02(t)), Ay(t) in L*(Ix(t)), AL(t), Ar(t) in R for a.e. t in [0,T]. Then,
di + [T (8)] <

t t t . 2
[ 1D et + [ 1 e [ (%ee)|

t t
c{rg<0>+ / 1122yt + / (e — Fo)?

Proposition 2.8. Assume f(t) in L?

dt} : (2.27)
Xcl

for all t in [0,T], where the constant C' only depends on the domain and the non-dimensional parameters in the
= ZL

Xcl

problem. We use the notation Z

" + ZRLfl (with Z being any quantity at X.;).

Proof. use integration by parts to rewrite the second equation of (2.18) (compare to (2.21)):

Bel (X'ex)Y'ex

L+Bcl (Xex)Yex
cl

n + ALY -e,
cl

. + ARY ‘e,
o1

c

X X X

cl

- ('75 - vs,g) Y- €y

—/ AgY.u+/ 0,X - 0,Y = (3 — 7s0) Y - €2
Fg Fg

. (2.28)

cl

L

Xl

X,

for all Y in H'(Iy(t)) such that Y -e, = 0 at dI(t). In (2.18), choose v = u and ¢ = p. Next, choose Y = X
in (2.28), and use the following relation [23,40, 64]:

d d/ / .
Sinw=2 1= 9.X - 9. X.
a0 =g nw  Jnaw
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Adding the equations together, and choosing u = A,, we obtain

+)\X~em

Xl

Ca _ d .
7||D(U)||2L2(Q) + 18w Tl|Z2ryy + O] + Ba(X - e,)?

Xcl

o (2.29)

cl

x4 = (% — Ws,g)x €z

X

= StCa/ f-u+ ('7@ _:Ys,g)X'ex
9]

where x.) denotes both contact points. Choosing £ = 0 in (2.19) yields AX e,

> 0. Finally, applying Young’s
Xecl
inequality “with €”, using a modified Korn’s inequality similar to (3.25), and integrating in time gives the

assertion. 0

3. WELL-POSEDNESS

We investigate a time semi-discrete version of the model derived in Section 2.3.7. Specifically, we prove the
well-posedness of a single time-step of the semi-discrete weak formulation (see Sect. 3.5), the main results being
the normal vector extension (Lem. 3.2) and the inf-sup condition (Thm. 3.12). In addition, we derive a formal
energy law (Prop. 3.14) that is analogous to the fully continuous case (Prop. 2.8). A related analysis, concerning
Hele-Shaw flow without contact line effects, can be found in [32].

3.1. Domain assumptions

We make some basic assumptions on the domain {2 throughout this section, namely 842 = I', UT} is piecewise
smooth with corners at the contact points x., I's is flat with positive measure (i.e. the droplet has a non-trivial
attachment with the solid surface), and Iy is W2 The smoothness assumption is reasonable given that surface
tension is present.

3.2. Smoothing the normal vector

To enable the analysis, we state and prove a result on a “smoothed” version of the unit normal vector v
of 012 (recall that v is discontinuous at the contact points 0Iy) and extend it into 2. we need a basic result on
extending a function near a corner.

Proposition 3.1 (Corner extension). Consider the wedge geometry in Figure 4, where I'y and I's are straight
lines. Let f be a W function defined on I'y U Ty such that

f is constant on (Iy UTs) N B(p,ag), for some ag > 0,

where p = Fgﬁf_s and B(xg,r) denotes the open ball of radius r centered at xo. Then there exists an extension
f&, defined on 2, such that fr is WY and fE|F:uﬁ = f.

Proof. Take the corner point to be the origin in a polar coordinate system (r,6). Let f; = f|r, and f, = f|r,.
Thus, fs and f, are functions of r only and fs(0) = f4(0), f5(0) = f,(0) = 0. Define the extension by

fotr8) = (52 ) £+ (1= 2 ) £

The gradient in polar coordinates is V = (%, %%). It is straightforward, to show that V fg is continuous. 0O
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> e
P I, !

FIGURE 4. Smooth extension near a corner. A function f is defined on I';UTy which is extended
to all of £2.

Lemma 3.2. Let 2 C R? be a bounded domain whose boundary partitions as 02 = F_ U Iy with unit outer
normal vector v. Assume the boundary 92 is W2°°, except at the contact line 0Ty = 8F = {xcl,xﬁ} (i.e. two
points) where the tangent vector is discontinuous (see Figs. 2 and 3). Furthermore, assume that

ap <v-(—ey) <1, atxk, ap<v-e, <1, atxE, where 0 < ag <1,

for some fized constant cg. This means that the contact angle cos 0 = v-e, is bounded away from 0 and 180 de-
grees at both points (i.e. strictly conver, non-degenerate corners). Then there exists a W wvector function v
on 012 such that

€z

v.v=1 only, v-e, =0, only, Vlor,= 1D]|lw1e00) < C, (3.1)

e, vlor,’

where C' > 0 is a constant that depends on the curvature of Iy, the length of I's, and aal (note: U is not a unit
vector). Furthermore, there is a smooth extension vy of v over {2 such that
veloo =V, [vellwieo) < C. (3.2)

Proof. We start with the left contact point x .Let W =1,N B(xcl, ar,), where ay, > 0 is such that the unit
normal vector of I, satisfies (by a Taylor expansmn)

V=l —|—O(10) on Wp.

It is straightforward to show that the length of Wp, is bounded by & min (m |Ts |) where x is the
curvature of I',. Similarly, we have Wr = Iy N B(x%, ar), where ag > 0 is such that v = = V|yxr + O(a0/10),
on Wg and |Wg| = $§ min (m |Tg \) Note that ar, ar are chosen to guarantee that W, N Wx = ) and

I'y \ (W UWg) has pOblthe measure.
Next, let & : I, — R? be a W function defined by a three-piece partition of unity. Let xr, : Iy — R be a
non-negative C'* function such that

1,on W N B(x5,a1/2),
XL = { smooth, on Wy,
0, outside W7p,.
Define y g similarly with respect to Wg and set xc = 1—(xr+xr) (i.e. the middle piece); ergo, x.+xr+xc = 1.
Then, v is given by
V= —e;XLteXr+VXC-
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Finally, define © : 92 — R? by

V= ——, onl,,
U-v

and extend it on Iy using a similar partition of unity argument, i.e. v is constant near the contact points.
Clearly, v-v =1on Iy and v - e, = 0 on I because U e, on I. Also, we have that & - v > ag/2 uniformly
on I'y. Therefore, we get (3.1).

Finally, define g to be an extension of  to 2. At the contact points x5 and x%, the extension is done by
using Proposition 3.1; note that 7 is W1> and constant near the contact points. Away from the corner points,
one can simply extend the function constant in the normal direction, followed by a mollification in the interior
to take care of any “shocks” in the extension. O

3.3. Time-discretization

For simplicity, we set the constants to unity, except the time-step dt. To obtain the time-discrete version
of (2.18) and (2.19) we apply the following finite difference in time for the interface position:
B Xn+1(X) _Xn (X)
B 5t ’
All domains are assumed to be at the current known time-step, i.e. 2 = 2" = (2(t,), etc., but all solution
variables are considered at the next time-step (i.e. implicit):

X"t (x) for all x € I, where X" =idr» (identity map). (3.3)

u=u""l, W=XxX"", idp, = X", p=p"t, AgEAZH, AL = AL Ap = AL

We replace X"t by W to emphasize that it is a solution variable in the formulation. Note that X"*! param-
eterizes the domain I at the next time step. So inserting (3.3) into (2.18) and (2.19), using the integration
by parts result (2.28) and ignoring the physical constants, we obtain the time semi-discrete weak formulation:

%/QD(U):D(V)—/QpV~V+/F

1
ot

(u-7m)(v-71)+ / Agv v = / f-v, forall admissible v,
Iy Q

(W-e,)Y ‘e,

R—l—)\LY-ex

cl

L—l—)\RY-eI

cl

X, X, X,

1
~—(W-e,)Y -e,

o P (Wee)Y e n

1 1

— | AY v+ [ OW-8,Y = —(idr, -e,)Y - ex’ +—(idr, -e,)Y - e,

T, Iy ot ° xfl ot

g

Xel

+ (’YS - ’Ys,g)Y “ €y

L (’YS - ’Ys,g)Y “ €y

cl

. for all admissible Y,

X el

X

— / qV -u=0, for all admissible ¢,
17}
1 1 . .
/ wu-v) — —/ w(W-v)=—— [ u(idp, -v), for all admissible p,

, forall¢in[-1,1] CR, forJ =L, R. (3.4)

Section 3.4 describes the proper function space setting for (3.4), followed by the abstract mixed formulation in
Section 3.5. Most of our analysis in the following sections is limited to a single time-step, but we do obtain a
formal energy law in Proposition 3.14 which implies that the time-dependent formulation is stable.

3.4. Function spaces

All spaces are written with respect to the current domain, 2" = (2, etc. The velocity space is

V={veH" (2): v-e, =0, on I}, (3.5)
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with norm denoted || - || 1(), and the pressure space is
Q= L), (3.6)
with norm denoted || - || 2(). The space for the position W = X"+ is
Y={YeH'([;):Y e,=0, at 9}, (3.7)
with norm denoted || - || g1 (r,); this space was chosen because of the H ! inner product |, r, 0sX - 05Y appearing

n (2.18) (see also (2.28)). The space for the pinning variables Ap, Ar is R, but confined to a convex set
K:=[-1,1cR

Next, we have v in H'/2(I) for all v in V. Note that v -e, is in H&éz(l“g) and v-e, is in H'/2(I},) (provided
the contact angle is bounded away from 0 and 180 degrees). Since the unit vector v is W1 on Iy, the product
v v is also in H'/2(T}) [1,8,44]. Thus, by the fourth equation in (3.4), we have that A, is in

M = (H'(L,))". (3.8)

The next proposition provides a convenient way to define the M norm and helps facilitate proving the “inf-sup”
condition.

Proposition 3.3. For any ¢ in Hl/Q(Fg), there exists a v in'V such that ¢ = v -v on Iy, where v is the unit
outer pointing normal vector on 0f2. Therefore, the range of the normal trace operator on I'y over all v in 'V is
equal to HY2(T}).

Proof. For any ¢ in Hl/Q(Fg)7 there is a ¢ in H'(£2) such that ¢ = gZ)\pg. Using Lemma 3.2, define v := ¢Ug.
Since g is in W1°°(£2), we have that v is in H!(£2) by standard estimates and Sobolev embedding. In fact, v
is in V because v -e, = 0 on I';. Moreover, v-v|r, = (QZB‘Fg)(IA//E -v|r,) = ¢. Hence, H/?(I,) is contained in the
range of the normal trace operator, on Iy, on V (and vice versa). So we get equality of the spaces. g
The integral [ vV only makes sense when the functions are suitably regular. Thus, we replace it by the
duality pair (s, v - v)y for all 4 in M and v in V, such that

(u,v~y>M:/ pv-v, if pisin L3(T,). (3.9)
Iy

By Proposition 3.3, the M norm can be written as

VU
Il = sup v e, (310)
vev [Vl (o)

which yields the following as an immediate consequence.
Proposition 3.4. Given any p in M, there exists a v in V such that

(ov-vim = llplhe,  [Ivlia o) =1. (3.11)
3.5. Semi-discrete weak formulation
3.5.1. Bilinear forms

Define the primal form
1
a((u, W), ( /D Vv+/(u-r)(v-7‘)+—/ 0OsW -0, Y
&2 (W -e,)(Y - ex) +5n (W e;)(Y -er)| . (3.12)

cl
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next the constraint form
1
(v, Y), (0,11 €1, €n) = / AV v+ v v 5 (Y v
+ E&(Y “€q)|xz + &fR(Y “€gx)|xr, (3.13)

and the linear forms

R
cl

P YD) = [ £ov 4 5 (0= (Y -e)

- o s~ s Y'a:
3 ) (Y )

(ld[‘(, ) (Y -e,)

X

(1dpg em) (Y - em)

)
cl

. 1 . 1 .
G((q,ﬂagLagR)) = _E<M7lng : V>M + EgL (ldfg . em) |xCL1 + 553 (ldfg . ez) |x§v (314)

(5t2 5t2

X

Where idp, is the identity map on I;. The extra factors of occur by multiplying the second equation in (3.4)
by & 57- This is done to ensure symmetry of the saddle- pomt bybtem (3.20).

3.5.2. Mized formulation
Define the primal and multiplier spaces
7Z =V xY, T=QxMxK x K, (3.15)
along with the primal norm
IV YN = VI o) + 1Y I 1) (3.16)

and multiplier norm: [[/(g, . €2, €n) 112 = a2y + I+ 622+ €l2. Let H~1(Iy) == (H3(I}))* with norm
given by

Y
Inllzr-1(ry) = sup # (3.17)
yEHL (Iy) HyHHl Iy )

where (-, -), denotes the duality pairing between H ~!(Iy) and H{ (Iy). For the analysis, we will use an alternative
norm for the multipliers, namely

(g, 1. €, ERIE = l1172(0) + e = aollfy + Nl F—1 (1) + 1€ + €RF, (3.18)

where ¢y = ﬁ /. ¢ and ¢ = g — qo. Of course, both multiplier space norms are equivalent, meaning there exists
a constant C' > 0 (depending only on (2) such that

1
i@ s €y En)lllr < (g 1y e, €R)Ir < Clll(g, 1y €n, Er)l - (3.19)
Therefore, at each time-step, the mixed formulation is: find (u, W) in Z and (p, A4, Ar, Ag) in T such that

a((uv W)’ (V’ Y)) + b((V, Y)v (pa Ag? /\L’ )‘R)) = F((VvY))a
b((ll, W)? ((L:U'»glz - >\L,£R - )‘R)) < G((q”ung - )\ngR - AR))» (320)

for all (v,Y) in Z and (¢, i, €1, &) in T. The system (3.20) is the abstract form of (3.4).

Remark 3.5 (Time-dependent simulation). The full dynamic method is as follows. Given an initial domain 2",
compute the solution of (3.20). Update the domain boundary with X"+ := Wn+L: this defines a new domain
271 at the next time step. This procedure repeats as long as needed.
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3.6. Semi-discrete analysis

3.6.1. Continuity

Lemma 3.6 (Continuity). Let §2 be an open bounded set in R with Lipschitz boundary 02 = Fg U Iy, such
that Iy, I are W2, Then there are positive constants Cy, Cy,, Cr, Cq that depend on 2 and 5t~ such that

a((u, W), (v, Y)) < Ca[(u, W)|izll(v, Y)]|z, (3.21)

b((w, W), (g, 1,61, ¢R)) < Coll(a, W)lzll(q, 1§, &R, (3:22)
F((v,Y)) < Crl|(v, Y)]z,

G((¢: €L, 8r)) < Call(a, 1 6L, &R, (3:23)

for all (0, W), (v,Y) in Z and (¢, u,&r,&R) in T.

Proof. The bound (3.21) follows by Cauchy-Schwarz and standard trace estimates. Likewise for (3.22), one
applies Cauchy-Schwarz and uses (3.19). The same goes for (3.23). O

3.6.2. Coercivity

We first state some standard results.

Lemma 3.7 (Korn’s Inequality). Let £2 be an open bounded set in R? with Lipschitz boundary. Then there
exists a number Ag = Ag(£2) > 0 such that

/ D(v )+ ||VHL2 @) 2 A0Hv||H1 (2, for all v in HY(02). (3.24)

Proof. See [19,26]. O

A standard argument leads to the following inequality (useful for our problem).

Lemma 3.8 (Modified Korn’s Inequality). Let §2 be an open bounded set in R? with Lipschitz boundary 052 =
Iy U I, such that Iy, I's are W2, Suppose I'; has positive measure (length). Then

/ v-T) / D(v ) > A1HV||H1 (), forallv in'V, (3.25)

where Ay = A1(£2,I3) > 0 and T is the unit tangent vector of I.

Lemma 3.9 (Poincaré-Type Inequality). Let I, C R? be a W2 curve with boundary 0Ty = {x5,xE}. Then
there exists a number Ay = As(Iy) > 0 such that
10X 122, + (Y - €0l + (Y - €0)?ln > Aal[Y2a(),  forall Y in Y. (3.26)

Proof. Start with the L?(Iy) norm and integrate by parts:

Yl = f Y- = [ 0 (=) vy

— [ (o= B 2wy v Bl or el - Bl ov e (3:27)

g



A MIXED FORMULATION OF A SHARP INTERFACE MODEL OF STOKES FLOW WITH MOVING CONTACT LINES 987

because Y - e, = 0 on 0I; note that s = 0 at x2 and s = |I},| at xJ. Bounding (3.27) and applying Cauchy—
Schwarz gives
1Y 12201y, < 1Tell0 Y llpecr, >\|Y\|L2<F e Doy o2+ Lel iy ey

IT 2 || ||
10 Y1z ry) + 5 HYHL2 o+ 5 (Y- ea)?lr + (Y - €2)ur-

This leads to
1Y) < 1Tl (1Tl 1955 12y + (Y - @)t + (Y - €0)%lz )

which proves the assertion. O

Putting everything together gives the following coercivity result.

Theorem 3.10. Assume the hypothesis of Lemmas 3.8 and 3.9. For all v in'V and all Y in Y, we have
a((v,Y), v, Y)) = A3 (VB gy + 1Y 3011, ) = Asll(v, )2, (3.28)

for some positive constant As that depends on 2 and 6t~ (for 6t <1).

Proof. Starting with (3.12), we get by Lemmas 3.8 and 3.9

1
oV Y, (9 Y)) = DOy + v 7oy + 10 oy + 5 (¥ -ea?| |, + (Y] |
X1 Xl
1 min(1, Ay)
> 5 { AP + 22 Y iy | (3.29)
which gives the assertion. O

3.6.3. Inf-Sup

The next lemma constructs “matching” functions on 942 for use in the duality pairing (-, ).
Lemma 3.11. Let pu be in M and &1, g in R. Then we have the following results.
1. There exists a Yo in Y such that

Yo =0, on I, (1, Yo - v)m = [|plla-1(ry) Yol z1(r,) < Co, (3.30)

where Co depends on v in Lemma 3.2 and the geometry of I,.
2. There exists a Y1 in Y such that

<:U/7Y1 'V>M =0,

e
Y|,z = —Sgn(fL)ejyv Yiln = sgn(ér) .
Bl v el >l B v enlg 2 lenl Vil <ci @30

where aq is taken from Lemma 3.2, and C1 depends on v and aal.
Proof. By (3.17), there is a yo in Hg () such that

(1, 90)« = llpll 11, lyoll 1 (ry) = 1.

Now define Yo = yov|r,, where v is taken from Lemma 3.2. Since (1, y0)« = (&, ¥o)m (because p is in M C
H~1(I})), and using (3.1), we obtain (3.30).
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Next, take z in H'(Iy) such that z = —sgn(£r) at x5, 2z = sgn(ég) at x%, and 2 is linear on I',. Define

w in Hy(I,) such that w = {

Then, if p # 0, we have

<,Lt, y0>*

(b, whe = (p, w)e = =, 27—
HMHH*l(Fg)
Now define Y1 = (w + 2)v|r,. It is straightforward to verify (3.31).

And we have the celebrated “inf-sup” condition
Theorem 3.12. For all q in Q, pin M, &1 in R, £ in R, we have

sup b((VaY)a (%MagLagR))

> BO Q7Ma§L7£R) T,
ST Yl I |

or some positive constant By that depends on 2, oz, and 5t~ L.
p 4 0

Proof.

Step 1: Fix ¢ in Q, pin M, and &1, £z in R. Let gqg = ﬁ qu and ¢ = g — qo. Noting that

—/qV-v—i—(,u,v-u)M:—/(jV~v—|—<,u—qO,v~1/>M, for all v in V,
o) o)

and recalling (3.13), we have

WwYm@w@b@»:—ij«wwu—%w~wM—imAnum

ot
! Y ! Y
(Y -ea)ls + T ER(Y ool

By Proposition 3.4, we have v( in V such that

(= qo,vo - v)m = ||t — qolln, Ivollz 2y = 1.

Step 2: Let v in V satisfy the following divergence equation [35, 66]

__ 1
1G]l22(e)
v =vp, on 02

V-v=

Moreover, note the following inequality:

‘ ‘1/2

r
¢l <
<l 0]

‘ ‘1/2
42|

Ivollo,r < co

Therefore, we have that v satisfies the bound

IVl @) < 11(@/1ldll22)) +Cllez@) + Vol gz < -

—yo (> 2)m/ |l -2 (1) 1 # 0,
0, p=0.

= _<:U'72>Ma = <:uvw+Z>M =0.

1
+(, in £2, where C:@/v(yu,
r

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
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Step 3: Next, apply Lemma 3.11 to construct Y = —Yo + Y7 in Y (which depends on u, &1, £g). Insert v
and Y into (3.35):

HQH%P(Q) 1 1 1
Y — L i _ - . - -
b((v,Y), (q, 11,60 €R)) Tl e C/QCH-HM Goll + s lleller-1(ry) + 1Ll + 57 1€R]
C
> = /(g, . €0,€R). (3:38)

where we used (3.18). By (3.37) and Lemma 3.11, we have the bound
(v, Y)[z < s, (3.39)

where c3 depends on (2 and aal. Finally, we form the ratio in (3.34), use (3.39), take the supremum, and noting
that g, p, £, and i are arbitrary, we get the assertion. O

3.6.4. Well-posedness

Theorem 3.13. There exists a unique solution of the mized formulation (3.20).

Proof. This follows from the theory in [13,14] ([63], Thm. 2.3), the continuity of the forms, and Theorems 3.10
and 3.12. 0

3.7. Semi-discrete energy law
Similar to Proposition 2.8, there is an energy law for the semi-discrete formulation. Recall 2" = Q(¢,,), etc.

Proposition 3.14. Assume £ is in L2 (R?) (for n > 0) and the initial liquid-gas interface I'y(0) is W%,
with parametrization X°, and I'y(0) is flat with positive measure. For all 0 <n < N — 1, suppose 6t = t,11 — tp
is uniform and the solution of (3.20) satisfies u™* in H' ("), with u"*t' - e, =0 on I, X" in W22 (I}}")
with X" e, =0 on 0Ly, p"t in L*(02"), A7 in L2(I}), APHL AT i R, where Iy is in W2 and is

parameterized by X" and I is flat with positive measure. Then,

N-1 N-1
03 (1 (v 1021 = {3 10 + 0 =7
=0 N =0 N

(3.40)

where Vi1 = (Xi+1 — idr:)/0t and the constant C' only depends on the domain. Recall the notation Z

Xl

Zr

L+ZR

cl

- (with Z being any quantilty al X ).

X el

X

Proof. Proceeding as in Proposition 2.8, for a fixed time index n choose v = u"*! and ¢ = p"*! in (3.20) to
get

D @) gy 0+ [ A e oy = [
B} Fgfn n
Next, define the discrete interface velocity V*t! = w and choose Y = §tV™*t! to obtain
asxn-‘rl . aSVn+1 o A;H_l (Vn+1 . l/n) + (Vn+1 . ez)2 + )\ (Vn+1 . ex) _
Xcl Xel

Iy ry

O =azgh) (V) | = GEF =) (Vi e

X

L (342)

Xel
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Setting £ = 0 in (3.20) implies A(V"*! - e,)| > 0. Thus, adding (3.41) and (3.42) and choosing p = A7+

Xcl

yields
%HD (u" ) ||2L2(f2’") + [u™tt - TnH%z(Fs,ﬂ) + /r;m P XL g, vt 4 (vt ~ez)2 N <
/n frid Lt g (ynt gy (Vi) . (Yot — Ay (VL e,) y (3.43)
Next, we use a result from [5] which states that
5t 5 DX T1L . g, vt — . 9. X"+ . 9, (Xn+1 _ idp;,) > ‘Xn+1(pgn)| _ ‘an| _ ‘F£+1| _ \an|7
where I}t .= X"*1(I?"). Using Young’s inequality “with ¢’ and (3.25), we get
er [ gy + B 4y (v 2] < 0y e 2P 2] 3

where the constants only depend on the domain 2". Indeed, the constants do not depend on Jt. Multiplying
through by 6t and summing gives the assertion. O

4. FULLY DISCRETE FORMULATION

We extend the results of Section 3 to the fully discrete setting (i.e. space is now discretized), the main results
being Theorem 4.5, Lemmas 4.9 and 4.10, and the discrete energy law (Prop. 4.11).

4.1. Triangulation

The fully discrete scheme consists of applying a spatial discretization to the semi-discrete formulation (see
Sect. 3.3). As usual, we approximate the domain {2 by a triangulated domain {2;,. The triangulation is denoted
by 7h, where h is the longest edge of all the triangles. We assume 7, is conforming, shape regular [12], and
satisfies

2, = UTEThT.

The boundary of the triangulation is denoted 042, = I'yn, U I and the edges of all triangles that lie on I}
are assumed to be quadratic curves (i.e. second order geometric approximation). Furthermore, we denote the
set of curved edges of I, 1, as &, where

Fg,h - UEEEhEa
and Iy, NIy = {XCLI, xﬁ} consists of two vertices of the triangulation 75, which represent the left and right
contact points.
4.2. Finite element spaces

We introduce the finite element spaces used to approximate V, Y, Q, and M. Let Pj_be the space of poly-
nomials of degree <k on the standard reference triangle 7' or standard reference edge E. Let ¥r : T' — T be
the iso-parametric P mapping from the reference triangle to a triangle in 73, and let ¥ : E — E be similarly
defined for edges E in &,. Then the finite element spaces are defined as

Vk::{veC(Q_h):VO&T/TGPk(f>, forallTe’Z}L}, (4.1)



A MIXED FORMULATION OF A SHARP INTERFACE MODEL OF STOKES FLOW WITH MOVING CONTACT LINES 991

i.e. the space of continuous vector basis functions, whose components are piecewise polynomials of degree <k
on the reference triangle 7T'. Similarly,

Vii= {Y € C(Tgn) : Youp e P (E), forall Ecé}. (4.2)
Next, we have the scalar valued spaces
Qui={aeC (@) :qowreP(T), forall TeT,}, (4.3)
My = {M € L2(Iyn) : oWy € Po(E), forall E e 5h} :
M, {ueO( Ton) : oW € Pu(E), for all Eeé’h}, k> 1. (4.4)

Note that Vi, € H'(£2,), Vi C H (I'yn), Q C L2(£2,), Mo, My, C (Hl/Q(Fg,h))*, for all k£ > 1.
Let Vy,, Yy, Qp, and My, be conforming approximations of V, Y, @Q, and M, defined by:

Vi={vely: v-e, =0, on I},

Yo ={veYy: Y-e,=0, at Oy n},

Qn = Qx,

My, := My or M. (4.5)
These finite element spaces are equipped with the standard Sobolev norms. Of course, the convex set is simply
Kp=K= [—1,1] CR.

Remark 4.1. The space Y;, matches the Ps iso-parametric mapping. Thus, updating the discrete domain over
consecutive time-steps is straightforward (see Rem. 3.5).

4.3. Mixed formulation

The analogous discrete bilinear and linear forms to (3.12)—(3.14) are as follows:

an((un, W), (v Y)) = [ D(up) : Vv, + / (- 7)(va - 7) / O W) - 0,
Qh I I'gn
5t2 (Wh ea:)(Yh : ex) (5t2 (Wh ex)(Yh : ex) x’?’ (4'6)

1
bu((Viy Y1), (qn, in, €L, ER)) = —/ aV - v +/ Mh(Vh vp) — / pn(Yn - vh)
On I'gn 5t Iy}

1

b2 (Yn- el + 5 Er(Ya- el (47)
1

1
F, Y,)=[ f. (Y e)| - =
WY = [ fvk 0 v,g><he>x5 =

¥s — ’ys,g) (Yh : ez)

Xel

+ —5(idr, ,, - €x)(Yn ~e3,) , (4.8)

ld[* . ex)(Yh . ew)

5t2(

R
Xl

1 . . L, .
Gn((an, n, €0, €R)) = _E/r /ih(ldfg,h “Un) + EfL(lng,h ‘eac)|xf1 + &é‘R(lng‘h “€g)|xh,
g,h

cl

for all v, in Vy, Yj, in Yp, ¢ in Qp, pp in My, and €1, €g in R. Note that Iy, = I because it is flat, so then
the discrete tangent vector satisfies 7, = 7 = e, on I5.
The discrete version of the product space (3.15) is

Zh :VhXYh, Th:QhXMhXKXK:, (49)
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and the discrete version of the norms (3.16)—(3.18) are defined in the obvious way. Thus, at each time-step, the
mixed formulation is: find (uy, Wp,) in Zy, and (pn, Ag n, ALh, Ar,n) in T, such that

an((un, W), (v, Y1) +0n((Va, Y1), (Pr, AgnsALny Ar)) = Fr((Vi, Y1),
br((un, Wh), (qhs ih €0 — Ay §r — ArR)) < Gr((Gh, ftn, €L — ALh, ER — AR,K))s (4.10)

for all (vp,Yp) in Zp and (qn, tn, €0, €r) in Tp. The solution of (4.10) is iterated for the full time-varying
simulation (see Rem. 3.5). In particular, we update the domain boundary with XZH = WZH, then use a
smooth domain deformation to update the interior vertices of the mesh (see [32] for a similar approach).

4.4. Variational crime

Using a polygonal, or even piecewise quadratic, approximation of the domain boundary 0(2; introduces an
additional geometric error. This has been considered in [7,12,43,69] and is now a classical issue. Thus, when
comparing the solutions of the semi-discrete and fully discrete problems, there are two terms to consider. The
first is the energy error due to the usual finite dimensional space approximation. The other term is related to
the domain approximation (i.e. a variational crime).

At the initial time step, it is reasonable to assume that the quadratic nodes (vertices) of the approximating
curve I go’h interpolate the true (initial) curve I g . Of course, the semi-discrete and fully discrete evolution schemes
will give different results for the interfaces I';' and I ah (for n > 0), respectively, because of the accumulated
spatial discretization error. Understanding this requires a full time-dependent analysis, which we do not give
here. Hence, we assume I is approximated by Iy p, at all time-steps, in the following sense:

sup inf |z —y| < chFTL,
z€ly yE€lgn

v o® — vy pe(r,,) < ch, (4.11)

where I, is assumed to be W*+1:>° (for k = 1 or 2), v is the unit normal on Iy, v, is the unit normal on Iy,
and ®: I, — [, is a suitable map from I, 1, to Iy (see [6,43,69] for how this can be constructed). Note that
since I is flat, we have I'y = Iy ,. We emphasize that iso-parametric elements are needed to get improved L2
error estimates for velocity and position because the normal vector appears in the weak formulation.

Therefore, since the variational crime argument is classical, we avoid discussing the technicalities associated
with approximating the domain. In particular, we shall assume the semi-discrete and fully discrete problems
are defined over the same domain. Hence, we take (2, = 2, [y, = [, Isn = I, and

VpCV, Y,CVY, Qp,CcQ M,cCM. (4.12)

Remark 4.2. We make one exception to the above simplification and maintain an important technicality. The
normal vector of the discrete domain vy, is discontinuous, which impacts the duality pairing (u, v - vp,)p. This
directly affects the proof of the discrete inf-sup condition, namely Lemmas 4.9 and 4.10. For the error estimates
in Section 5, we do not make explicit note of the normal vector approximation.

Alternatively, one could change the discrete formulation so that vy, is continuous, i.e. replace the true discrete
normal of I, , with a continuous approximation [30]. We do not pursue this here.

4.5. Stable formulation

Because the finite element spaces are conforming (4.12), we automatically obtain the following results from
Lemma 3.6 and Theorem 3.10.
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Lemma 4.3 (Continuity). Let 2, be a bounded polyhedral domain in R? with possibly curved boundary facets.
Then there are positive constants Cy, Cy, Cr, and Cq that depend on 2y, and 5t~ such that

an((an, W), (vi, Yr)) < Coll(an, Wh)llzll(vh, Yi)l|z, (4.13)

br((an, Wh), (qn, ftns €, 6R)) < Coll(an, W)zl (gn, pn, €L, €R) I, (4.14)
Fn((va, Yn)) < Crll(vi, Yi)lz,

Gn((qn, pn, €1, €r)) < Call(qn, i, €L, Er)| s (4.15)

fO’f’ all (uhvwh)7 (thYh) n Zh and (qhvﬂhngng) n Th'
Theorem 4.4. Assume the hypothesis of Lemmas 3.7 and 3.9. For all v, in Vy, and all Yy, in Yy, we have
an(vn Y0, v, Y)) 2 C (Ivnli2n gy + 1Yl 0 ) = Cll v Yl (4.16)

for some positive constant C that depends on §2, and 5t=* (for 6t < 1).
To ensure the stability of the fully discrete solution, we again need the “inf-sup” condition.

Theorem 4.5. For all q;, in Qp, pp in My, & in R, £g in R, and for h sufficiently small, we have

bh((vha Yh)a (Qha M, §L7 gR))
sup
V€V, YpeY) H(VhﬂYh)HZ

2 ﬁ‘l(thﬂhngagR)‘lT’ (417)

for some positive constant B that depends on (2, aal, and 6t~ 1.
Before proving Theorem 4.5, we prove some intermediate results.

Proposition 4.6 (Piecewise Constant My). Let {2 be piecewise smooth, such that I'y is W2 and I is flat.
Let (2, be a piecewise quadratic approximation of (2. Given up in My, there is a vy in Vy, such that

[ o) = R Plnlliacrys Wl =1, (418)
Fg‘h
for some independent constant C > 0 depending only on (2, and for h sufficiently small.

Proof. Take pp in My, i.e. pp is constant on each edge segment of I, . Let E be a quadratic edge segment

of I'y n, and denote the midpoint by xg. Let bg be a quadratic “bubble” function on F, i.e. bg is in V), such
that all its nodal values vanish except at xg where bg(xg) = 1. Let vy, in Vj,, and define it on Iy, by

Vile = [in (vh ) bg, forall B C Iy,
Xp

and set vy, = 0 on Iy }. This gives the following bound
Welor = [ P = 3wk [t Y dIE = almli,,, (4.19)
I'gn ECTygn E ECIyn

Next, let v be the harmonic extension of v, to all of (2,. With a slight abuse of notation, let v, = II,v,
where IT}, is the Scott—Zhang interpolant [59], onto V},, that preserves boundary values on 9£2;,. Then, by (4.19)
and a trace and inverse estimate, we have

IVallz (2, < callvillmz@an = callvallmer, y < esh™ 2 (Ivall 2,
S c4h_1/2||/’6h“L2(Fg,h)' (420)
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Therefore, since vy (xg) - l/h| 52 % for h sufficiently small, we arrive at

ng,h #n(Vi - vn) _ ZECFg,h N% fE(Vh(XE) vp)bp

IVall (2, IVall & (00

> ChY2 | unll L2 (ry ) (4.21)

which gives the assertion. O

Proposition 4.7 (Continuous Piecewise Linear My). Assume the hypothesis of Proposition 4.6. Given pup
i My, there is a vy, in Vy, such that

/ (v vn) = ChM 2l ez s Ivalla e, =1, (4.22)
I,

g,h
for some independent constant C > 0 depending only on (2, and for h sufficiently small.
Proof. Recall the smoothed, extended vector field vg from Lemma 3.2. Since 2, approximates {2 in the sense
of (4.11), we can define v to be the standard piecewise linear interpolant of vg over {2, (using a diffeomorphism
®: (), — 2 if necessary). Then we have, for h sufficiently small,
v, € Vq, Vs-vp>a;p >0, on gy, ve-vy =0, on Iy,
[Wsllwre 0, < a2, Vsllwi=(,) < as, (4.23)

for some constants a1, as, a3 independent of h, where v, is the outward unit normal vector of the piecewise
quadratic curve 92;,. Take puj, in M and extend its definition to all of 92, in a smooth way so that

tnll 200, < collinllmrrar, -

Next, similar to Proposition 4.6, we extend pp to (2, such that |psllm(a,) < allunllgizr, ), where up is
in Q1. Thus, by an inverse estimate,  satisfies ||unl g1(0,) < Czh71/2||/,LhHL2([‘g,h).
Define vy, in V}, by v, := upvs. By the properties (4.23) of vy, we have that

1/2

Vil o) < esllunllar o,y < cah™ Zllunller, .-

Therefore, we obtain

ng,h Mh(vh .Vh) > a’_lhl/2 ng,h M%L

= csh'?||un | L2 7
IVallmr (2 c4 I 5 lenll2(ry )

which gives the assertion. O
Proposition 4.8 (Matching function in Yj). Assume the hypothesis of Proposition 4.6. Given py, in My,, where

My, = My or M, = My, there is a Y, in Yp N H&(Fg,h) such that

/ Nh(Yh ’ Vh) > ChH:U'h“LQ(Fg,h)’ ”YhHHl(Fg,h) =1, (4'24)
I

g,h

for some independent constant C > 0 depending only on I.

Proof. First note that the finite element space Y, is just the restriction of Vj, to I'y . Thus, it is a straightforward
modification of the proofs in Propositions 4.6 and 4.7 to construct Yy,. In particular, the zero boundary values
for Y, do not pose a problem. O

We now prove an intermediate inf-sup result.
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Lemma 4.9 (Inf-Sup For Boundary Multiplier). Assume the hypothesis of Proposition 4.6. Then there is a
constant B > 0, depending on (2, such that, for h sufficiently small,

Jr, (Vi vn)
sup ——oon

> Bollunllv,  for all py in My, (4.25)
vieVn  IVallai

where M, = My or M, = M;.

Proof. Let pp in My,. If M, = My, then let uy be given by Proposition 4.6. Else, if M, = Mj, then let uy, be
given by Proposition 4.7. Therefore,

/ pn(an - vn) = ChY 2 | 2y lanllnga,) = 1, (4.26)
I

g,h

Hence, we must account for the h'/? weighting.

Let v be the W1 normal vector on I, and assume we have a W1>° diffeomorphism ® : I}, — I, such
that ||v o ® — vp|p~(r,,) < coh. As was done in Propositions 3.3 and 3.4, one can show there exists a v in
HY($2y,), with ¥ - e, = 0 on [}, such that

/F ih (0 (o ®) = lunlse, 91l = 1. (4.27)

g,h
Let vy, := I,V € Vj, be the Scott—Zhang interpolant onto Vj,; thus

Wullmen < e 190 = Vllzzr < c2h2100moe ) = esh'?.

Plugging into the discrete boundary integral form, we get

/p ) = /r Ml - (v o ®)) +/ pn (Vi — ) - (v 0 ®)

ngh

—|—/F /,Lh(\Afh-(l/h—I/Oq)))

g,h
> lpnlve = llpnllLe (g Ve = ¥VlL2(r, )
= llenllLerywVallLarg Ve — v o @[l Le(r, ,)
> [lpnllve — esh 2| pnll pary ) — cabllinllzzcr, )

> [lunllas = esh' 2 llunll L2y ) (4.28)

where we used (4.27), the Cauchy—Schwarz inequality, and previous bounds. Note, we must restrict h < 1 to
guarantee (4.28).
Now combine the discrete vector fields: z, = Gup, + V5. Then, ||z || g1 (0,) < & + c1 and

J

g,h

pn(zn - vn) = %5/ pn(ap - vy) +/ pn(Vh - vn)
I'gn T,

g,h

> esh? | unllpary ) + linlie — esh 2|l zacr, ) = lin
Therefore, we obtain the inf-sup condition:

Ir. . 1n(zn - vn) 1
sup —Er————— > Ool|unllm,  where By = :
eV, |1Znlla ) o ta
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We need one more lemma to enable the proof of the full discrete inf-sup condition.

Lemma 4.10. Assume the hypothesis of Proposition 4.6. Let up be in My, where My, = My or M, = My, and
&, Er in R. Then there is a constant (o > 0 (depending only on Iy ), such that we have the following results.

1. There exists a Yy,0 in Yy, such that

Yro0=0, ondly, —/ th (Yno - vn) = |[pnlla-1(r, ) + Colllpnll L2y, 1)
I,

g,h

1Yol (r,,.) < Co, (4.29)

where Co depends on U in Lemma 3.2 and the geometry of Iy.
2. There exists a Yp 1 in Y}, such that

€, €
Y = — Y =
holxz Sgn(&)ex o holxr Sgn(fR)ew o
193 §R
‘ | > gL(Yh,l . eI)|xL > |§L‘7 | | > gR(Yh,l . eI)|xR > ‘gR‘v
aO cl ao cl

< CohllpnllL2(ry ) 1Y n1ll () < Ch, (4.30)

/ pn(Yna-vn)
Fg,h

where «q is taken from Lemma 3.2, and C depends on v and 040_1.

Proof. First note that, similar to the proof of Lemma 3.11, one can show there is a Yy in Hl(Fg’h) such that

Yo =0, ondlyy, —/ pn(Yo - (vo®)) = llpnlla-—rrp.:  Yollar . < co, (4.31)
Iy

g,h

where v and ® are defined as in the proof of Lemma 4.9. Let ?h,o in Yy, be the piecewise quadratic interpolant
of Y over I, .. Then, by a similar argument as was shown in (4.28), we get

- / i (Yo wn) = Il sy — ablimliacrns oo < e, (432)
Tgn ' B H(I'gn)

Now use Proposition 4.8 to obtain a ?h,o that satisfies

- Vo) > e [ Y
/Fg’h Mh( h,0 * Vh 3 HMhHL%Fg‘h) h,0 H( 0

and define Yo = ?h,o + (%)?h,o, where (o > 0 is yet to be specified. Then it is clear that Yo
satisfies (4.29).

Next, interpolate the (modified) function Y over I}, 1, from Lemma 3.11, i.e. let ?h,l in Yy, be the piecewise
quadratic interpolant of Y1 and proceed as before. The constant (; comes out of that. O

Proof of Theorem 4.5. Let qn € Qp, up, € My, and £1,€r € R be arbitrary. Starting as we did in Theorem 3.12,
we have

b (Vi Y0)s (Gns ftns €05 €)) = —/

N 1
@V v +/ (Uh = qn,0)Vh - Vp — 5/ pn(Yn - vp)
25 T, Ign

g,h

1 1
+ 5780 (Yn o)l + 5 8r(Yn - €o)ln, (4.33)
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where ¢, = gn + gn,0 and gp0 = ﬁ th qn- By Lemma 4.9, there exists a 01 in Vj, such that

/ (tn = qno)an - vp > Bollpn — anollv,  [0nllm10,) = 1. (4.34)
Fg‘h
Next, consider the discrete Stokes problem, which has a unique solution (uj,p}) € Vi x Qpno [11,13],

Vu}*L:Vvh—/ pZV-vh:O,
2n

—/ phV‘uZZ/ ph(~q7h+v-ﬁh>, (4.35)
I @ 1GnlL2(20)

for all vy, € Vj, 9 and pp, € Qp,0, where Vi, o =V, N HY ().
By (4.35), we have

* * * p*qh * ~
T :/ PRV -uy, = — </ e +/ PRV - uh>
2 2, QhHLQ(Qh) (978

< pnllzz 2, + IPhllzz e IV - Qallz2 0, < 2lpR L2, (4.36)

25

using (4.34) and the fact that ||V - @y[12(0,) < [[r]|#1(0,) = 1. We also have, by using the inf-sup condition
for the discrete Stokes problem [13], the following bound:

* *
- Jo D3V - vy Jo, Vuj : Vv,
Blppllrz(a,) £ sup =t———= sup “——— = [W;[lm1(0,)- (4.37)
vieVio IIVhllai@,)  vievio  IVallaian)
Hence, ||p;llz2(2,) < LI}l (0,). Combining with (4.36), we have |[uj||g1(o,) < % =: ¢y, because uj has
zero boundary data.
Next, let uy := @y, + uj. By the previous steps, we know that |[up|[g1(0,) < 1+ c2, and using (4.35), we get

the following inequality:

—/ C?hv'thr/ (:uh_(Ih,O)uh‘Vh:_/ Qh(V-flh+V~UZ)+/ (tth — qn,0)0n - vy
2 I 2

g,h Ign

V

> |lanllz2(2,) + B2lltn — qnollv, (4.38)

which addresses part of the inf-sup condition.
Now apply Lemma 4.10 to construct Wp, =Y}, o+ Y1 in Y}, (which depends on pp, &1, €r). Insert uy, and
W, into (4.33):

. 1
by ((Ur, Wa), (qn, in, €,6R)) = Gl 22,y + B2l — qnoollv — —/ tn (W -vp)
r

ot Jr, .
1 1

(W)l + 5 Er(Wi - ec)les, (4.39)

- 1
> |Gnll 2(2,) F02ln — qnollv + 5 (lenll =1y + 161+ €RI) (4.40)

c
2 é‘l(thﬂhngagR)‘lT? (441)
where we used (3.18). By the bound on up and Lemma 4.10, we have the bound

1(urn, Wa)llz < ca, (4.42)

where ¢4 depends on £2 and ag . Finally, we form the ratio in (4.17), use (4.42), take the supremum, and noting

that qn, pn, €1, and £p are arbitrary, the assertion follows with § := 55364. O
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4.6. Fully discrete energy law

The fully discrete formulation possesses an energy law.

Proposition 4.11. Assume the hypothesis of Proposition 3.14. For all0 <n < N —1, suppose 0t =t,41 —tn
is uniform and the solution of (4.10) satisfies: Iy, s W1oo and is parameterized by X3, and I'™ is flat with
positive measure. Then,

N-1 N-1
i+1((2 i+1 2 N 0 i+1]|2 i+1 i+1)2
5t 3 [ s o) + (V€| | +18 < c{|rg,hr+at 5 167 gy + 057 =25 } ,
=0 ¢ i=0 ' ©
(4.43)
where Vi = (X — idpgl‘h)/ét and the constant C' only depends on the domain.
Proof. Since the finite element spaces are conforming, the proof is the same as for Proposition 3.14. O

5. ERROR ESTIMATES

We derive preliminary error estimates for the fully discrete formulation (4.10) at a single time step. Through-
out this section, we shall invoke the variational crime argument, and ignore the subscript & in the bilinear and
linear forms of the fully discrete problem (4.10), i.e. ap (-, ) = a(-, -), etc. In particular, we will not deal explicitly
with the normal vector approximation (recall Rem. 4.2) in order to avoid additional technicalities.

5.1. Error equations

Lemma 5.1 is a special case of Lemma 2.7 in [63]; we omit the proof. Also, Lemma 5.2 is a modification of
Lemma 2.9 in [63].

Lemma 5.1. Let  (u,W,p, Ay, A\p,Ag)  solve the time  semi-discrete  problem  (3.20)  and
(un, Wh,Dn, Ag hy ALh, Ar,n) solve the fully discrete problem (4.10). Then, for all (v,Y) in Z, (vi,Ys)
in Zn, (g, 1,60, &r) in T, and (qn, pin, &L by Er.p) i Th, the following inequality holds:
a((va —up, Y, — Wp), (v —up, Y, — W) < Bi((qn pn, E,n: €R,n)) + Ba((4, €L, €R))
+a((ve =, Y = W), (vip —up, Yy — Wy))
+b0((vi =0, Y, = W), (pr — 0, Agn — Ag, AL — ALs ARL — AR))
+b((up —u, Wy = W), (p — qn, Ay — ptn, AL — EL.hs AR — ER1)), (5.1)

where

Bi((qn, ptny €L,ns §Rr,n)) = b((0, W), (p — qn, Ag — pny AL = €L,n, AR — ER,1))
—G((p—an, Ag — ttn, A\L — &L, AR — &R 1))

Ba((q, 11,¢L,€R)) = b((0, W), (pr. — ¢, Ag.n — 1, AL.h — &Ly ARL — ER))
= G((pn — ¢, Agn — 1, L0 — Ly AR — §R))-

Lemma 5.2. Assume the hypothesis of Lemma 5.1. Let I'y be of class W2 and assume h is sufficiently small
to ensure the inf-sup condition in Theorem 4.5. Then the following inequalities hold:

|(p — P, Ag — Agn, AL — ALhy AR — Arp)||T < C1 (|| (qn — Pt — Ag, €.n — AL Ern — AR) [T
1 (a= w, W = W) ). (5.2)
[(w—up, W —W,)|3 < Co (31((Qh,l~th,§L,h,€R,h)) + Ba((q, 1, €1, ER))

+ (P = an, Ag — s AL — €Ly Ar — Erp) |17 + || (00— vi, W — Yh)||%>7 (5.3)
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for all (v, Yp) in Zp, (qn, poh,E0.hsErp) in Th, and all h sufficiently small. Note that Cy and Cy depend
on 6t~ 1.

Proof. Using the exact and discrete solutions from (3.20) and (4.10), we get

b((Vi, Yh),(qn — phy ptn — Agny§0.n — ALy ERL — ARR))
=0((va, Yn), (qn, tns 0,y EroR)) — 0((Viy Y1), (P, Ag,ns ALk, ARR))
+ F((vi, Yn)) — a((w, W), (v, Y1) = b((v, Y1), (D, Ag, AL, AR))
=b((Vh, Yn), (qn — s ptn — Ag, 600 — AL, ERn — AR))
+a((up, —u, Wy — W), (v, Y3)), (5.4)

for all (gn, ftn, &b, Er,n) in Th. So combining the discrete inf-sup condition provided by Theorem 4.5 with (5.4)
gives

l(gn — phs i — Ag ns€n.n — Annbrn — Arp)llT < 1 (||(u —up, W =W,z

+ [(gh — Dy pon — Ag, € — AL, Ern — )\R)”’H‘) (5.5)

Starting with the left-hand-side of (5.2) and using a triangle inequality gives the rest of (5.2).
As for (5.3), we start with Lemma 5.1. Using the coercivity of a(-,-) (recall (3.28)), Cauchy—Schwarz, and a
triangle inequality, we have

(v = un,Yn — Wy)|Z < 02{31((QhaﬂhafL,ha£R,h)) + Ba((q, 11, €1, €R))
+ (v =0, Y, = W) |2 + [|(vi — w0, Y, = W)z]|(u — up, W — W)z
+ (v —w, Y, — W)|izl|(ph — 0, Ag,n — Ags AL h — AL, Arn — AR)||T
+|(up, —a, Wi = W)lz||(p — qn, Ag — ptn, A\ — EL,n, AR — fR,h)||’J1‘}~ (5.6)

Employing ||(u—up, W — Wp,)|12 < 2[(w—vih, W = Y)||2 +2|[(vh —upn, Y — W})||2 and a weighted Young’s
inequality, we get the following inequality by combining with (5.6) and (5.2)

[(w—up, W —=W,)|3 < Ca{H(u — Vi, W = Y)|12 + B1((qn, i .0, Er1)) + Ba((q, 11, €L, €R))

+ (P — qn- Ag — ptn, A — EL,ny AR — gR,h)szr}v
which yields the estimate. 0
5.2. Error estimate

The forgoing results yield the following theorem.
Theorem 5.3 (Main error estimates). Assume the hypothesis of Lemma 5.2. Then we have the following error
estimates for all h sufficiently small:

|(p = ph, Ag — Ag.ns AL — ALhsAR — Arp)|lT < Cl{”(u —up, W= Wy)z

inf |G, — 5 £ A } 5.7
+ i lan — pllz2(2,) + thHMh gl ¢ (5.7)

i
h,0 Hh
where ~ denotes mean value zero and Qp 0 C Qyp, is the space of discrete pressures with mean value zero,

2 . 2 . 2
[(u—up, W —W,)|7 < C2{ vh}felg,h a = vallz (o, + Y;g{h IW = Yunllwr,,

. ~ ~112 . 2
. inf g~ BlFao, + il llan — Ayl - (5.8)

qn h,0
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Proof. In Lemmas 5.1 and 5.2, we are free to choose the discrete test functions. Therefore, let {7, , = Az and
&r,n = AR, since they are just numbers and the convex set is the same in the semi-discrete and fully discrete
cases. Moreover, set ¢, such that g0 := fﬂh qn = fﬂh p =: po. Then, we have
1(an = ps pn — Ag, €. — Ay Ern — Ar)IF = ldn — BllT2(q,) + llen — Agllfe + llin — Ag||?{—1(pg‘h)
S 2 2
< do{llgn = Pllz2(,) + lln — Agllia},

where ¢, = qn — qn,0 and p = p — po. This yields (5.7).
Starting from (5.3), we find that By vanishes by choosing the continuous test functions appropriately. Next,
after making use of (3.20), we find that By also vanishes, and so obtain (5.8). O

The actual regularity of the solution (u, W, p, A,4) of (3.20) is open. However, because 0f2 has corners with a
change in boundary condition (I'y to I%), the regularity of the Stokes equations is reduced from the standard
Dirichlet case [38,52]. According to [52], the best regularity we can hope for the velocity and pressure is

uin H'7(0), p in H*(£2), for % <s <1, (5.9)

where s = % when 6, = 180° — € and s = 1 when 6, = 90° — € (for € > 0 small), with a continuous range in

between. As 0. decreases from 90°, the regularity further improves.
Because of the surface tension effect, the interface should be smooth; recall that, formally, A, is the curvature
k; see (2.22). Hence, it seems reasonable to assume the regularity of W and A, to be

1
W in H*"5(T}), Ay in H*(Iy), for F<s< L (5.10)

Therefore, using standard interpolation theory, for instance see [69], we obtain the following corollaries.

Corollary 5.4. Assume the hypothesis of Theorem 5.3 and assume the regularity in (5.9) and (5.10). Then we
have

I = s Ay = Aguns Az = Arwdr = Arw)llz < Cr{ (0= wn, W= W)z

S| = S 1
F Wy + Wi b forg <5<t (Ga)

I =0 W = Wi)llz < Cof b l[ull o) + B (W rasery
- 1
0 Bl oy + Aoy} for 5 s <1 (5.12)

Note that Cy, Cy depend on 6t~ ", aal, 2, and I.

Proof. By [20], there exists Clément interpolation operators mv, , Ty, , mg,, v, that satisfy:

lu—my,ullmry < ab " Hullmey, 1<I<1+s,
W — 7y, W) < b Hulgp), 1<1<2+s,

Ip — mupllrecry < csh'|al gy, 0<i<s,
||Ag - 71M;LAg”L?(E) < C4thAgHHl(E)7 0<1<s,

where T is in 7j, and E is in &,. Note that My, = My or My, = M; and || - | < C|| - llL2(r, ) Thus, we
obtain (5.11) and (5.12). O



A MIXED FORMULATION OF A SHARP INTERFACE MODEL OF STOKES FLOW WITH MOVING CONTACT LINES 1001

Using iso-parametric elements allows us to reduce the consistency error due to the presence of the normal vector
in the formulation [69]. Therefore, we obtain improved error estimates in L? norms for the primal variables by
a classical duality argument in [3,47] when using curved quadratic triangles.

Corollary 5.5. Assume the hypothesis of Theorem 5.3 and assume the reqularity in (5.9) and (5.10). Further-
more, assume that I'y is W3, Then we have

1
o= wnllzace,) + W = Wallza,) < Cshi ™, for 5 <s<1. (5.13)

Note that Cs depends on §t—1, 0461, 2, I'y, and the exact solution of (3.20).

Proof. Tt is essentially the same argument as in [69]. O

6. NUMERICAL RESULTS

6.1. Setup
6.1.1. Navier-stokes

In order to make the simulations more realistic, we change the Stokes momentum equation (2.24) to

ReCa[oyu + (u-V)u] — V-0 =StCaf, on (2. (6.1)

The time-discretization follows a standard ALE (Arbitrary-Lagrangian-Eulerian) [65] backward Euler method:

un+1 —u”

ReCa — 5 +((u" —c") - V)u"t| - V.o""! = StCaf" (6.2)

where c¢” is the mesh velocity at the previous time-step. An analysis of a full ALE method with generalized
Navier boundary condition and surface tension, in the context of a geometric conservation law, is given in [36].
Indeed, it would be interesting to combine our analysis with that of [36].

6.1.2. Solving the discrete system

Solving the system (4.10) with inequality constraint is not difficult since the inequality is only active at two
points. In fact, the following projection relation follows from (2.19):

A = Pk ()\h +0 (Wh - X‘;le) . ez) ., on x5 and x%, (6.3)

where Pk is the projection onto K, A\, = (Apn, Ar,n), W, is the discrete interface position solution, and p is
any positive constant. All simulations were computed by using (6.3) to obtain the discrete solution at each time
step; in addition, we used M, = Mj.

6.2. Rolling droplet

Figure 5 shows a simulation of a droplet rolling along a surface; parameters are given in Tables 2 and 3. The
non-dimensional body force has the form

. t
f(t) = min (ﬁ’ 1) St Ca ey.

Figure 6 shows the dynamics of the contact angles 6. and contact points x¢. The oscillations of the contact
angles and contact point velocities are due to the presence of inertia in the fluid (i.e. non-zero Reynolds number).
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Time = 0.0 Time = 0.1 Time = 0.2

Time = 0.4

F1GURE 5. Simulation of a rolling droplet driven by a body force in the e, direction. Plot
window is [0, 2.0] x [0, 0.8] in non-dimensional units. Streamlines are plotted with respect to a
frame of reference that moves with the droplet. The rolling motion in the last frame is in the
clockwise direction. Times listed are in non-dimensional units.

Contact Angles Vs. Time Contact Point Velocities Vs. Time

0.3 4

025 q
—— Right Point]
ft Point

Velocity

FIGURE 6. Dynamic contact angles and contact points for rolling droplet in Figure 5. The
contact points have zero velocity near the beginning because of the pinning constraint. Time
and velocity axes are in non-dimensional units.

Time = 0.54 Time = 1.50 Time = 2.55

Time = 5.52

N
RS
RSN

RS

KNSR
RN
R RAAA‘;V»

FI1GURE 7. Simulation of a wiggling droplet driven by a sinusoidal body force in the e, direction.
The triangulation of 2, is shown. Plot window is [—0.5, 1.5] x [0, 0.8] in non-dimensional units,
and times listed are in non-dimensional units.

6.3. Wiggling droplet

Figure 7 shows a simulation of a droplet rocking back and forth on a surface. The parameters used are given in
Tables 2 and 3, except Cpiy is set very high to ensure the contact points are always pinned. The non-dimensional
body force has the form

f(t) = sin(wt) St Ca e,.
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140

Contact Angles Vs. Time
T T T

%0 I | | I |
0

F1GURE 8. Dynamic contact angles for wiggling droplet in Figure 7. Note that the contact
points are pinned throughout the simulation. Time axis is in non-dimensional units.

Time = 0.0 Time = 0.1 Time = 0.2

Time = 1.0

S
SR

FIGURE 9. Simulation of a spreading droplet under gravity (wetting regime). The triangulation
of {2y, is shown. Plot window is [—0.5, 1.5] x [0, 0.8] in non-dimensional units, and times listed
are in non-dimensional units.

Figure 8 shows the dynamics of the contact angles ;. After an initial transient, the contact angles settle into
a sinusoidal motion. Both contact angles go through equal deflections.

6.4. Droplet spreading

Figure 9 shows a simulation of a droplet spreading onto a surface. The parameters used are given in Tables 2
and 3, except s ¢ is changed to a value such that the equilibrium contact angle is 45° and the non-dimensional
body force is f = —St Ca e,. Figure 10 shows the dynamics of the contact angles 6. and contact points .
Again, the oscillations of the contact angles and contact point velocities are due to the presence of inertia in
the fluid. The droplet eventually reaches a stationary configuration with a contact angle of 55.375° which is
different from the equilibrium value because of the contact line pinning effect.

Figure 11 shows the correlation between contact angle and contact point velocity. The relationship appears

to be roughly linear. A nonlinear relationship could be obtained by replacing the linear viscous contact line
motion law (i.e. ) by something more nonlinear.
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Contact Angles Vs. Time

S.W. WALKER

Contact Point Velocities Vs. Time

—— Right Angle
Left Angle

—— Right Point]
—— Left Point

Degrees
Velocity

FI1GURE 10. Dynamic contact angles and contact points for spreading droplet in Figure 9. The
contact point velocities go to zero as the droplet approaches the equilibrium pinned configura-
tion. Time and velocity axes are in non-dimensional units.

Left Contact Angles Vs. Velocity Right Contact Angles Vs. Velocity
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FIGURE 11. Approximately “linear” relationship between contact angle and contact point ve-
locity for simulation in Figure 9. Velocity is in non-dimensional units.

6.5. Droplet adherence/detachment
6.5.1. Wetting regime

Figure 12 shows a simulation of a droplet pulled upward by gravity (wetting regime). The parameters used
are given in Tables 2 and 3, except s is changed to a value such that the equilibrium contact angle is 45°, the
contact line viscous coefficient is G = 1.0 N sm™2, and Cpoin=0N m~! (i.e. no pinning). The non-dimensional
body force has the form

. t
f(t) = 2.5min <ﬁ’ 1> St Ca ey.

Figure 13 shows the dynamics of the contact angles 6., and contact points x.. Again, the oscillations of the
contact angles and contact point velocities are due to the presence of inertia in the fluid. The droplet eventually
reaches a stationary configuration with a contact angle of 45°.

6.5.2. Non-wetting regime

Figure 14 shows a simulation of a droplet pulled upward by gravity (non-wetting regime). The parameters
used are given in Tables 2 and 3, except s, is changed to a value such that the equilibrium contact angle
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Time = 0.0 Time = 0.1 Time = 0.2
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FIGURE 12. Simulation of a droplet “pulled up” by gravity (wetting regime). The triangulation
of {2, is shown. Plot window is [—0.5,1.5] x [0, 0.8] in non-dimensional units, and times listed

are in non-dimensional units.

Contact Angles Vs. Time Contact Point Velocities Vs. Time

Velocity

FI1GURE 13. Dynamic contact angles and contact points for wetting droplet in Figure 12. The
steady-state droplet configuration has a contact angle of 45°. Time and velocity axes are in

non-dimensional units.
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FIGURE 14. Simulation of a droplet “pulled up” by gravity (non-wetting regime). The triangu-
lation of {2, is shown. Plot window is [—0.5,1.5] x [0,0.8] in non-dimensional units, and times

listed are in non-dimensional units.
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125

Contact Angles Vs. Time Contact Point Velocities Vs. Time

—— Right Angle 15 —— Right Point
Left Point

Left Angle

Velocity

90

FI1GURE 15. Dynamic contact angles and contact points for non-wetting droplet in Figure 14.
The steady-state droplet configuration has a contact angle of 120°. Time and velocity axes are
in non-dimensional units.

is 120°, the contact line viscous coefficient is B = 1.0 N sm~2, and Cpin = 0N m~! (i.e. no pinning). The
non-dimensional body force has the form

. t
f(t) = min (ﬁ’ 1) St Ca ey.

Figure 15 shows the dynamics of the contact angles 6., and contact points x.. Again, the oscillations of the
contact angles and contact point velocities are due to the presence of inertia in the fluid. The droplet eventually
reaches a stationary configuration with a contact angle of 120°. Note that increasing the body force would cause
the area of the liquid-solid interface to decrease further and eventually lead to the droplet detaching from the
solid surface.

7. CONCLUSION

The method presented here offers a well-posed, robust way of modeling flows with moving contact lines. Our
methodology provides a framework for including additional physics, such as a soft/elastic substrate, electric
fields (i.e. electrowetting [18,45,70-72]), thermal effects, etc. This simply requires adding terms to the free
energy and choosing an appropriate dissipation functional.

The model is easily extended to 3-D; in particular, the pinning relation becomes

)
Xcl

where v is the unit normal vector to the 1-D contact line 0y in the plane of the solid substrate. Most of
the analysis does not change much for the 3-D case. In particular, Proposition 3.1 and Lemma 3.2 can be
suitably modified. The continuity, coercivity, and inf-sup conditions can also be modified, accounting for the
fact that X is in H'/2(dI,) which implies that A is in (H'/2(8Iy))*. Thus, the details of the construction in
Lemmas 3.11 and 4.10 change, but the essential idea is the same. But the error analysis is more difficult because
the variational inequality is posed in a function space defined on 01, i.e. we must deal with the approzimation
of the variational inequality. Moreover, solving the discrete system is harder because \j is high dimensional, so
using the projection property (6.3) may not be the most efficient solution method.

A= Upin sgn <X “ V)
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In addition, generating a mesh that conforms to the contact line, and deforming the mesh, introduces some
complications. Dealing with topological changes further compounds the problem, but some possible remedies
exist; see [49] for a 2-D method. However, there are many industrial applications of wetting with contact lines
that do not involve topological changes. Another extension is to consider solid substrates with rigid corners and
edges. This will reduce the regularity of the fluid velocity field near the corners of the substrate. Furthermore,
the motion of the contact line over a substrate edge will not be trivial. Clearly, this will require adapted meshes
near the contact line.
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