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A NEW QUADRILATERAL MINI-ELEMENT FOR STOKES EQUATIONS

On-IN KwoN! AND CHUNJAE PARK!

Abstract. We introduce a new stable MINI-element pair for incompressible Stokes equations on
quadrilateral meshes, which uses the smallest number of bubbles for the velocity. The pressure is dis-
cretized with the Pi-midpoint-edge-continuous elements and each component of the velocity field is
done with the standard Q;-conforming elements enriched by one bubble a quadrilateral. The supercon-
vergence in the pressure of the proposed pair is analyzed on uniform rectangular meshes, and tested
numerically on uniform and non-uniform meshes.
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1. INTRODUCTION

In the finite element methods for incompressible Stokes problems, the pair of discrete velocity and pressure
should fulfill the inf-sup condition for the stability, which is attributed to the analysis of Babuska [2] and
Brezzi [4]. On triangular meshes, the MINI-element pair [1] of “[P;-conforming + bubble]? x P;-continuous”
is one of the stable pairs of the lowest order, since the simplest pair of “[P;-conforming ]2 x Py” is not stable.

The several pairs of “([Ql—conforming + bubble]? + bubble) x Q4-continuous” have been suggested as the
MINTI-element on quadrilateral meshes [3,7]. Their discrete velocities are the standard conforming spaces enriched
by at least three bubbles a quadrilateral, while the triangular MINI-element is done by two bubbles a triangle.

In this paper, we will introduce a new stable MINI-element pair on quadrilateral meshes which is
“|9-conforming + bubble]? x Pj-midpoint-edge-continuous”. Compared to other quadrilateral MINI-elements,
the discrete pressure has continuous averages over edges instead of the pointwise continuity. The number of
bubbles for the velocity is then reduced to two a quadrilateral, similar to the triangular MINI-element. The
proposed MINI-element pair is interpreted as a subspace of the stable “[Qs-conforming]? x piecewise P;” on
quadrilateral meshes.

Regarding the finite element solutions with the MINI-elements, although the order of convergence in pressure
is analyzed to be O(h) by the standard error analysis, the superconvergence of order O(h*/?) is fully understood
on three-directional triangular meshes with the aid of the stabilized formulation [6]. We will analyze the similar
superconvergence for the pressure of the proposed MINI-element on uniform rectangular meshes, as well as
numerical tests on both uniform and non-uniform meshes.

In the following section, our MINI-element will be defined and proven to be stable through the inf-sup
condition. Section 3 will be assigned for the superconvergence in pressure, which consists of three subsections
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for the stabilized formulation of the finite element method, the supercloseness of the bilinear interpolation and
the main proof of the superconvergence, respectively. The paper will be closed with the numerical results in the
final section.

Throughout the paper, standard notations for Sobolev spaces are employed and L3(§2) denotes the space of
all functions in L2({2) whose average over {2 vanish. For a bounded set S C R?, with its boundary 95, |- [|m.s
and |- -+ |;,,s will mean the norm and seminorm for H™(S). We will denote by (-,)s and < -,- >gg the L*(S)
and L?(9S) inner products, respectively. If S = {2 or m = 0, they may be omitted in the indices.

2. A NEW QUADRILATERAL MINI-ELEMENT
Let {2 be a simply connected polygonal domain and {7}, },~0 a regular family of triangulations of {2 which

consist of convex quadrilaterals. In 7, h is proportional to the maximum of diameters of quadrilaterals in 7j,.

2.1. P;-midpoint-edge-continuous quadrilateral pressure

Let Pj, be a space of piecewise linear functions as follows:
P, = {qh € L*(0) qulg € span{l,z,y} for all quadrilaterals Q € ’Z}L} ,
then the Pj-midpoint-edge-continuous quadrilateral finite element space [9] is defined by
NC"(2) = {qn € P, qu is continuous at every midpoints of edges in 75, }.

For each vertex V in 73, a function ¢V € N Ch(Q) is defined by its values at all midpoints m of edges in 75
such that

¥Y(m) =

1, if m belongs to an edge which meets V,
0, otherwise.

Then, if we fix an arbitrary vertex Vg in 7y, the following set is a basis for N Ch(Q)7
{V e NC"(£2) V is a vertex in T, V # Vi}.

Hence, the dimension of NC"(£2) is the number of vertices in 7;, subtracted by one.
Define an interpolation m, : H'(2) N C(2) — NC"(£2) as

Vv
T =) va, Yo € HY(2) N C(12), (2.1)
2
v
where the summation runs over all interior vertices V in 7;. Then, the interpolation error is estimated by the
following, for v € H?(2),
1/2

v —mvllg +h | Y Jv—ml; o < Ch?,. (2.2)
Q€eTy

It is noted that N Ch((Z) is a common subspace of other low order nonconforming spaces such as the Rotated
@1 or DSSY finite element spaces [5,10].
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2.2. A new MINI-element pair

Let @ = [~1,1)? be a reference rectangle and Ql,ég bilinear and biquadratic polynomial spaces on @,
respectively, that is,

Q1 = Span{la/x\v @\a ‘%\@\} ) QZ = Ql @Span {@\23@\23‘%\2@\7 ZE\@QvEE\z@Q} .

For each quadrilateral @) € 7j,, the canonical bijective bilinear map from @ to @ is denoted by F and function
spaces Q1(Q), Q2(Q) on Q are defined as follows:

04@Q) ={ooFyt 5}, k=12
Then, the standard conforming finite element spaces Q; 5, Qs j, over 7}, are defined by
Qi = {vn € C(02) wvi|g € Qx(Q) for all quadrilaterals @ € 7, },

as well as Qg o = Qp.p N HE(2) for k= 1,2.
It is well-known that the pair of [Qs 5, o]? for velocity and P, N L2(£2) for pressure satisfy the inf-sup condition
for Stokes equations in the following proposition, whose proof is referred to Section 3.2, Chapter II in [§].

Proposition 2.1. Let p;, € P, N L3(£2). There exists vy, € [Qa p.0)? such that

. 1
/ pr div vy ds= |lphlor [Vrlue < =lpnllo.e,
(9]

for a positive constant 3 which depends only on 2.

In order to introduce a MINI-element pair, we choose a bubble function by € Q3(Q) for each quadrilateral
Q € 7;, such that R
bgoFo=(2"—-1) (7°—1) € Qy, (2.3)

which vanishes on the boundary of Q). Then, identifying bg with its trivial extension into C'({2), we propose a
new MINI-element pair for Stokes equations as follows:

Xp = |Quno @ span{bg}| , M, =NC"(2)NL§(2).
QEeTy

The pair X}, x M}, turns out to be stable to solve Stokes equations in the following theorem.
Theorem 2.2 (Inf-sup condition). Let u, € My,. There exists vy, € X}, such that

) 1
0.0, Ivali,e < BHMhHo,n»

/ wp divvy, ds = ||
Q
for a positive constant 3 which depends only on 2.

Proof. Define an interpolation operator I, : Q2,0 — Q1,n,0 Dger, sPan{bq} such that

IIw(V) = v(V), / v ds = / vds, VveQapo, (2.4)
Q Q

for all vertices V and quadrilaterals @ in 7. Then, by Bramble lemma, we have
lv — pv)1,9 < Chlvla,g, for all quadrilaterals Q € 7y, (2.5)

with some constant C' regardless of v, Q) and h.
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Applying the argument of Lemma A.6, Appendix A in [8] for triangles into quadrilaterals, the following
inverse inequality is established with some constant C,

[v]2,0 < Ch™ |1, (2.6)
From (2.5) and (2.6), the operator I}, is bounded by
‘Hhv‘l,(l < O"U‘L_Q, You € QQJL’O. (2.7)

Now, if up, € My, by Proposition 2.1, there exists wy, € [Q2 5,0]? such that

1
0,00 Iwale < Zlluallo.o, (2.8)

//Jh divwy, ds = ||un]
10,

for a positive constant § which depends only on 2. For wj, = (wy,w2), define v;, € X3, by
v = (ITywy, Tpws).
Then, it will be shown

/ pp divwy, ds :/ pp divvy, ds. (2.9)
o) Q

We have, by integration by parts,

/ pp div (wp, —vp) ds = Z
19,

QeT,

/aQuh(wh—vh)-ndl— Z /QV/A;L~(Wh—Vh)ds, (2.10)

QeT,

where n is the unit vector which is outward normal to 9Q. Since Vyuy, is a constant vector, by definition of 1},
n (2.4), the second term in the right hand side of (2.10) is null.

Denote by mpg the midpoint of edge E € 7;. Since wj, — vy, is continuous on interior edges and vanishes on
boundary edges, the first term is rewritten as:

Z AQﬂh(Wh—Vh)-ndl: Z Z /E(/,Lh—/,éh(mE))(Wh—Vh)-ndl. (2.11)

QET, QeT, E€0Q

We note that pp — pp(mg) and wy, — vy, are the linear and quadratic functions on F vanishing at the midpoint
and two endpoints of E, respectively. Thus, all integrals over edges in (2.11) vanish, since the integrands are
odd and cubic.

This means (2.9) and completes the proof with (2.7), (2.8). O

Let (u,p) € [H3(£2)]> x L3(£2) be the solution of the variational form of a Stokes equation such that, for a
source function f € [L?(£2))?,

(V, Vv) — (p,divy) + (¢, diva) = (£,v), V(v,q) € [H(2)]" x LE(12), (2.12)
and (up,pn) € Xp x Mp, be the solution of the following discrete variational problem,
(Vun, Vvi) = (pr, divve) + (g, divag) = (£, vh), Y(vi,qn) € Xp x Mp. (2.13)

If (u, p) belongs to [H?(§2)]? x H*(£2), through the inf-sup condition in Theorem 2.2, the approximation error
is estimated by
[v—vuly +[lp = pnlly < Ch(|v]y + Iply), (2.14)

for a constant C' which depends only on {2 and the regularity of 7j,.

While the order of convergence in pressure is O(h) as in (2.14) on general quadrilateral meshes, the remaining
of the paper will be devoted to the analysis of the superconvergence of order O(h*/?) on uniform rectangular
meshes.



A NEW QUADRILATERAL MINI-ELEMENT FOR STOKES EQUATIONS 959
3. SUPERCONVERGENCE IN PRESSURE

The superconvergence in pressure is well understood [6] for the MINI-element of Arnold et al. [1] on three-
directional triangular meshes. In this section, following the arguments in [6] with the attention on the midpoint-
edge-continuous pressure instead of the continuous one, we will prove that the proposed MINI-element has the
same property. Throughout the section, we assume that 7, consists of uniform rectangles, whose edges are all
parallel to the coordinate axes.

For a function vj, in X}, the bilinear and bubble parts of vj are denoted by vy, vy, respectively, so that:

Vi =vL+ vy, VL €[Qinol’ Vilo € [span{bg}])? for all Q € 7.
We note that they are orthogonal to each other in H' inner product since:
(Vve,Vvy)g =0, for each rectangle Q € 7j,. (3.1)

3.1. Stabilized variational form

We will show that if (up,pn) € X5, x My, satisfy (2.13), the pair of the bilinear part uy, of uj, and the pressure
pp is a solution of a stabilized variational problem.
Set a bilinear form By, on H}(§2) x L2(£2) as:

Bp(u,p;v,q) = (Vu,Vv) — (p,divv) + (¢, divu) + Z (—Au+ Vp, 7oVq)g, (3.2)
QETy
where 7¢ is the bubble function b¢ in (2.3) multiplied by a constant for each rectangle @ € 7, such that

fQ bQ ds
L S
o fQ [Vbg|? ds N

We note that 7¢g is a nonnegative function which satisfies,
272 272
(V1Q, V1) = (1g. )g = k" (L 1)q, lImqll..q=7"h" (3.3)
with some fixed positive constants o and . From (3.3), we have an identity,

1/2

|7 *van |, = oh I Vanlloe (3.4)

for all rectangles @ € 73, and piecewise linear pressures q, € Mj,.
Lemma 3.1. If (up,pn) € X, x My, satisfies (2.13), then (ur,pn) € [Q1.4.0)? X My, does
Bp(ur,prive,qn) = (£, ve) + Z (f,7QVan)e, Y(vi,qn) € [Qu1n0]* X Mp. (3.5)
QeTy

Proof. Let (vr,qn) € [Q14.0]? X My, then for any bubble vy, (2.13) establishes that, from the orthogonality
in (3.1),

(Vur,Vvy) — (pr,divvy) + (gn,divug) = (£, vy + vp) — (Vuy, Vvy) + (pr, divvy) — (qn, divuy)

=(f,ve)+ > (F= Vo, vi)o — (Vu, Vo) + Y (Van, w)g.
QETy QETy,
(3.6)
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We note that Vg, is piecewisely constant and up|g = 7g(c1,¢2) for some constants ¢y, ce. If we choose a
bubble vy, such that v,|g = 7@ Vg, for each rectangle @ € 7j,, then the following identity comes from (3.3),

(Vup, Vvo) = > (Van, up).
QET,

Thus, the last two terms in (3.6) vanish and (3.6) implies (3.5), since Auy, = 0.

O

Although the bilinear form By, in (3.2) is not uniformly coercive on [Qg j, 0]* x M}, we have a stability for By,

in the following lemma. Define a triple norm as

1/2

2
1/2
vl = { VR +1lallf + 3 |7 *val]
QETy ’

Lemma 3.2. If (vi,qn) € [Q1.1.0]> X My, there exists wy, € [Q1 5.0]? such that
Br(ve,qn;wr,qn) 2 B [[|(ve, an)llls [[(we, an)ll|s,

where Bp is a constant which depends only on (2.

Proof. By the inf-sup condition in Theorem 2.2, there exists z;, € X} such that

. 1
(—qn,divzy) = lanlls, |znl1 < =llanllo,

with some constant 3 regardless of h.
For the bubble part z,, we expand, from (3.4),

(gn,divzy) = > (Van.z)o < > 1l Vanlog |2l

QEeT, QeT,
_ 1/2
= 1 Z HTQ/ thHO ‘Zb 1,Q
QeT, ?
1/2 1/2
2
_ 1/2
<al Z HTQ/ V%HOQ Z |Zbﬁ,Q
QETy, ’ QETy,
B2 1 1/2 2
< Sl + 55 | D HTQ V‘JhH )
2 2023 Gor 0,Q

as well as for the bilinear part zy,,
B2 e, 1 2
|(Vve, Vzr)| < |vili|zr)i < 7\ZL|1 + 252|VL\1~

Then, by the orthogonality (3.1), we combine (3.9)—(3.11) to get the following:

1 1/2 2
B ,qn;2r,0) > = 2 _ 2 H \Y H ,
n(VL,aniz0,0) = Sllanllo —o | [veli + Z Tg Vdan 0.0

QEeTy

for a constant o = max (1/(202%),1/(24%)).

(3.10)

(3.11)

(3.12)
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If we set wr, = v +2/(1 + 20)zp, then, from (3.12), wy, satisfies that

By(Vi,qn:wr,aqn) = Bo(Ve,an; v, qn) +2/(1+20)Br(ve, qn; 21, 0)
> 1/(1420)|[|(ve, qn)ll|%-

From (3.9), the triple norm of (wp, q) is bounded by

l(we,qn)llls < (L+2/(8+280))[I(ve, an)llls-
Thus, wy, satisfies (3.8) for the constant B = 1/(1+ 20)(1+2/(8+ 2ﬂ0))_1 which depends only on 2. O

3.2. Supercloseness

Let @ = [~1,1]? be the reference rectangle and E= {(z,y) € @ x = 1} an edge of @ Iftge Hl(é), for a
vector field V' = (z + 1,0) on @, we have the following:

2/@2 dl:/Adiv@QV) ds:[(§2+2§V§-V)ds.
E Q Q

Thus, if F is an edge of a rectangle Q in 7;, and g € H'(Q), then the following local trace theorem holds, with
a constant C' which depends only the shape of @,

1/2
|0,Q |g|1,Q) . (3.13)

Especially, if 4, is a linear function on @ in 7y, since ||, o < Ch™" |4l o, we have

— 2
lgllo,z < C(h™" llgllo.q + llg
Irallo,z < CR™Y2 lIrnllo g - (3.14)

We will establish two superclosenesses in the following two lemmas, which are the principal ingredients for the
proof of the superconvergence of the pressure pp, in (2.13). For any continuous function v € C({2), denote by vy
the standard bilinear interpolation of v into Q; j such that

vi(V) =v(V) for all vertices V in 7.

If v = (v1,v2) € [C(2)]2, then v = (v1,1,v2.1).
Lemma 3.3. Let u € [H3(12)]2. Then, for all wy, € [Q1,)?,

/ V(u—1y) Vwy ds < Ch2|uls|wali,
2

where C' is a constant which depends only on (2.

Proof. Let u,ur,w be the first components of u,u; and wy, respectively. It is sufficient to prove
/Q(u —up)pw, ds < Ch?|ulz |w);. (3.15)
For each rectangle Q in 7, define a linear functional ¥ on H3(Q) by the following:
U(v) = /Q(v —vp)pwy ds, Vo € H3(Q).

Then, we have
@ ()] < Chlvly g lwly q- (3.16)



962 0.-I. KWON AND C. PARK

Since w, is a function of y, by simple calculation with the definition of vy, we have
v (2°) =¥ (y?) = ¥(xy) = 0. (3.17)

Let Ugg, Ugy, Uyy be the respective averages of uyg, Ugy, Uyy Over @ and ¢ a quadratic function in P(Q) such
that

1
o= (W @ + Ty ) + Ty 2y. (3.18)
Then, by Poincaré Lemma, we establish
1/2
2 2 — 2
|U_<P|2,Q = (Hum _umHo,Q‘i'QHUwy _uxy”oQ + [luyy _uyyHo,Q) < C’h\u|3’Q. (3.19)

From (3.16), (3.17), (3.19), we have
@ ()| = [#(u—@)| < Chlu—plyqlwl g < Ch?uly g |wl, o,
which means (3.15). O

The following proposition is a frequently used characteristic for the jump of a midpoint-edge-continuous function
across an edge in 7p,.

Proposition 3.4. Let r}, € NCh(Q) and Q1,Q2 be two adjacent rectangles in T, which share an edge E. If
g€ H (Q1UQy3), then

722/2%”‘“0 o (3.20)

2
\/Egoml—mn d1] < Y loha
k=1

where C' is a constant which depends only the shape of rectangles in Tp,.

Proof. Since rj, is continuous at the midpoint of E, there is an average 7, of r;, over E such that

/Th|Q1 dl:/rh\Qz dl:/ﬁdl.
E E E

We split the left hand side of (3.20) into

’/ g (rnlQ, — ThlQ.) dl‘ < ‘/ g (rnlQ, —7n) dl‘ + ‘/ g (rnl, —Tn) dl‘~
E E E

For each k = 1,2, denote by gr the average of g over @, then we have, from (3.4) and the local trace
Theorem (3.13),

\ [ strila — ) dZ\ _ ] [ ta-mnlo. ) dZ\ < o —llos lrnlas —7lo 5

< CH'2lgl g, 2 Irilrg, < Clolyg, |7V, -
where C'is a constant which depends only on the shape of Q. It means (3.20). O
Lemma 3.5. Let u € [H3(12)]2. Then, for all r,, € My,
1/2
/th div(u—ur) ds < CR2|fulls | [l + Z [egzoml |

QEeT,

where C' is a constant which depends only on (2.
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Proof. Let u,u; be the first components of u, uy, respectively. It is enough to show that

1/2
2
/ rn (uw—up)e ds < CR*?||ulls | [|ral]? + Z H 1/2VThH . (3.21)
n 0,Q
QeTy
For each rectangle @ in 7;, of width h, define a linear functional ¥ on H3(Q) by
h2
U(v) = / (rh(v — )z — 12(vmrh) ) ds, Yo € H3(Q). (3.22)
Q
Since |rp|; o < Ch™1 Irallo,q. We estimate [¥(v)] as
h2
W(v)| < D) ( , ) (3.23a)
< Chlrnllog ( o) (3.23b)

We note that the integrand in (3.22) vanishes, if v belongs to span{1,z,y, zy, y?}. By definition of vr, we have

¥(z?) = 2/@ <rh(:£ —a) — ?—;(rh) > ds, (3.24)

where « is the z-coordinate of the center of Q). Since the integral in (3.24) vanishes for the linear function 7y,
U (p) = 0 for all quadratic functions ¢ € P»(Q). Then, by similar arguments in (3.18) and (3.19), the following
estimation is obtained from (3.23a):

@ (u)| = ¥ (u— )| < Chllrnlloq (lu = @lyg +hlulsq) < CA* Irnllgqlulsq - (3.25)
Next, the second term in the integrand for ¥ (u) in (3.22) satisfies:
Z / UgaTh )z ds = Z / UppTpNy dl (3.26a)
QETy, QeT,

:Z/ Uz (ThlQL — ThlQR) dl+/ UgypThNg dl, (3.26b)
o JE

[210)

where E runs over all interior vertical edges and @y, shares E with Qg in its right side.
By Proposition 3.4 above, the first term in (3.26a) and (3.26b) is estimated by

1/2

< Clulgo | Y | 1/2vth . (3.27)
QEeT, 0.Q

| Uas (Tl — TalQr) dl

From the global trace theorem for u,, and the local one for ry, in (3.14), the second term is done as

’/ UgaTh Ny dl‘ <
o0

We establish (3.21) from (3.22) and (3.25)—(3.28). O

< O Y2 ully g lIrnllo, g - (3.28)
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3.3. Superconvergence
If the solution (u,p) in (2.12) has more regularity (u,p) € [H*(£2)]* x H'(2), then, since —Au + Vp = f,

(u,p) satisfies the following:
Bu(u,p;v,q) = (£,v) + Y (F.79Va)q, Y(v,q) € [Hy(2)] x My, (3.29)

QeT,

For the finite element solution (up,pr) € Xp, x My in (2.13), we have the following orthogonality, from (3.29)
and Lemma 3.1,
Bu(u—ur,p—pn;ve,qn) =0, Y(vi,qn) € [Qin0]* x Mp, (3.30)

where uy, is the bilinear part of uy,.
We reach at the superconvergence of the pressure p; € M}, in the following theorem.

Theorem 3.6. Let (u,p) € [H}($2)]? x LE(£2), (un,pn) € Xp x My, be the solutions of (2.12), (2.13), respec-
tively. If the solution (u,p) belongs to [H>(§2)]? x H?(§2), then

lp—pallo < Ch¥2(|[ulls + [pl2),

for some constant C which depends only on 2.

Proof. Let p; € NC"(£2) be the standard interpolation of p € H?(£2) by (2.1) and define p; € M}, as

pI:pi—j{pi ds.
(9]

Then, from (2.2), the interpolation error is estimated by
1/2

lp—pillo+h | D Ip—pilig < Ch?|pl,, (3.31)
QETh

for some constant C' which depends only on (2.
For p; and the bilinear interpolant u; of u, the orthogonality in (3.30) is rewritten as

By(u—ur,p—prive,qn) = Bh(uL — U7, Ph — P VL, Qh)- (3.32)

Then, there exists (wr,rp,) € [Q1,5,0]> x M}, such that, by (3.32) and Lemma 3.2,

1

l|[(ur, —ur,pn —po)ll|BII(WEL, r8)|||B < 3 By(up —ur,pn —priwe,mn) (3.33a)
1

= 3 Byp(u—ur,p—pr;wr, ), (3.33b)

with some constant 3, since (uy, —ur,pn — pr) € [Q1.4.0]2 X Mp.
From the definition of By, we have

By(u—uy,p—priwr,ry) = (V(u—uy) - Vwy) 4 (rp, div (u —uy))

—(p—pr,divwr) + > (Vo —p1),7Vrn)g — Y (Ala—ur),7qVr), -
QETh QETy
(3.34)
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We apply the superclosenesses in Lemmas 3.3 and 3.5 for the first two terms in the right hand side of (3.34) to
get,

(V(a—uy)-Vwy) < CR?|uly [||(wr,m)|||5, (3.35a)
(rh,div(u—uy)) < Ch¥2 |y [[[(wr, )|l 5 (3.35b)
The third term is simply done by (3.31) into
|(p = pr.divwr)| < Ch? [ply [Il(wr, 7a)ll] 5 (3.36)
With (3.3) and (3.31), the fourth term is estimated by
Qze;h (Vo= pa)7aVra)g) = Q;'h (Témv(p_pl)’%/zvrh)cz (3.37)

<ACR2pla [||(wr,ma)|||B-

For the last term in the right hand side of (3.34), let Au € [P,]? be a piecewise constant interpolation of Au
such that

/ Au ds = / Auds, forall Q in 7y, (3.38)
Q Q
whose interpolation error is estimated by
|Au — Aul|, < Chlul,. (3.39)
Then, by (3.3) and (3.38), we have,
(Ala—uy), 7QVra), = (Au — Au, TQVrh)Q + (Au, TQVrh)Q (3.40a)
= (’Té/2 (Au — Au) ,7'22/2VT;L)Q + a?h? (Au, Vrn)g (3.40b)

since Auy vanishes and Vry, is a constant vector.
By (3.3) and (3.39), the sum of the first terms in (3.40a) and (3.40b) for all @ € 7}, is estimated by

3 (Tgf (Au — Zu) ,ng/QWh)Q < CR2[uls |||(wr,m0)|||5. (3.41)
QEeTy,

For the second term, through integration by parts and since divu vanishes, we have:

Z (Au, Vrp), = Z < Au-n,r, >a0 — Z (div Au, 1)
QETh QETh QeTn

= Z < Au-n,r, >aq -
QEeTy

Applying Proposition 3.4 for the edges in the interior of {2, we obtain

Z (Au, Vry)g| < ClAu| |[[(wr,mp)llls + < Au-n,rp >o0]. (3.42)
QEeTy
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TABLE 1. Error table for uniform rectangular meshes (M1).

Mesh Hu_uhHO Hvu_vuhHO Hp_thO
Value Order Value Order Value Order

16 x 16 2.2187E-3 1.8359E-1 5.7334E-2

32 x 32 5.2254FE-4 2.0861 8.8997E-2 1.0447 2.3560E-2 1.2830

64 x 64 1.2736E-4 2.0367 4.4001E-2 1.0162 9.6639E-3 1.2857

128 x 128 3.1456E-5 2.0175 2.1889E-2 1.0074 3.5357E-3  1.4506
256 x 256 7.8178E-6 2.0085 1.0917E-2 1.0035 1.1435E-3 1.6285
512 x 512 1.9491E-6  2.0039 5.4530E-3 1.0015 3.5626E-4 1.6825
1024 x 1024  4.8663E-7 2.0019 2.7253E-3 1.0007 1.1460E-4 1.6363

TABLE 2. Error table for non-uniform bisection mesh (M2).

mesh |[u — unffo |[Vu — Vus|lo |lp — pnllo
value order value order value order

16 x 16 2.6092E-3 1.9955E-1 6.1404E-2

32 x 32 6.1353E-4 2.0884 9.6495E-2 1.0482 2.4388E-2 1.3322

64 x 64 1.4974E-4  2.0347 4.7694E-2 1.0167 9.8453E-3  1.3087

128 x 128 3.7029E-5 2.0157 2.3729E-2  1.0072  3.5883E-3  1.4561
256 x 256 9.2103E-6  2.0073 1.1837E-2 1.0033 1.1704E-3 1.6164
512 x 512 2.2979E-6  2.0029 5.9127E-3 1.0014 3.7041E-4  1.6598
1024 x 1024  5.7649E-7 1.9949 2.9551E-3 1.0006 1.2099E-4 1.6142

FIGURE 1. 32 x 32 Uniform rectangular mesh (M1).

Then, the global trace theorem for Au and the local one in (3.14) for r, establish
< Au-n,rp >g0 | < ChTVE (| Au|, [[[(we,r)|||s.
Combining (3.33a)—(3.37) and (3.40a)—(3.43), we have

Il(ur —ur,pr —po)llls < CH*2(|[ulls + [pl2),

which completes the proof through (3.31) and the definition of the triple norm in (3.7).

4. NUMERICAL RESULTS
For the test problem, we chose the stream function ¢ on 2 = (0,1)? such that

o(x,y) = s(x)s(y), for s(t) = sin (2t) (t2 —t),

(3.43)
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(a) 8 x 8 initial non-uniform mesh

FIGURE 2. Non-uniform meshes by recursive bisecting from 8 x 8 mesh (M2).

(b) 32 x 32 non-uniform mesh by bisecting

~—
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(a) 8 x 8 zigzag mesh (b) 32 x 32 zigzag mesh
FIGURE 3. Zigzag meshes (M3).
TABLE 3. Error table for zigzag meshes (M3).
|[u — unlo ||[Vu — Vuy|fo |lp — pnllo

Mesh Value Order Value Order Value Order

16 x 16 5.0339E-3 2.8134E-1 1.4795E-1

32 x 32 1.2634E-3 1.9944 1.4068E-1 0.9999 7.5569E-2  0.9692

64 x 64 3.1487E-4  2.0044 7.0199E-2 1.0029 3.7558E-2  1.0087

128 x 128 7.8388E-5 2.0061 3.5027E-2  1.0030 1.8444E-2  1.0260

256 x 256 1.9551E-5 2.0034 1.7489E-2 1.0020 9.0836E-3  1.0218

512 x 512 4.8839E-6 2.0011 8.7357E-3 1.0014 4.4880E-3 1.0172

1024 x 1024  1.1883E-6  2.0391 4.3573E-3 1.0035 2.1831E-3  1.0397

and the velocity u and pressure p as

u(z,y) = curl ¢,

play) = sin(zne)

1
25 — 10tan®y

N
10

) .

Solving (2.13) with the source function f = —Au + Vp, we obtained (up,pp) € X5 X My,

The numerical results are shown in Tables 1 and 2 for uniform rectangular(M1) and non-uniform bisection(M2)
meshes as depicted in Figures 1 and 2, respectively. The non-uniform bisection meshes are obtained by recursive

bisecting from the 8 x 8 initial non-uniform mesh in Figure 2a.

967



968 0.-I. KWON AND C. PARK

We can observe the expected order of convergence for the velocity in (2.14). For the pressure, the supercon-
vergence of more order than 3/2 analyzed in Theorem 3.6 appears in uniform rectangular and even non-uniform
bisection meshes.

For the zigzag meshes (M3) as in Figure 3, the numerical results in Table 3 does not show superconvergence
in pressure any more.
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