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A PRIORI ERROR ESTIMATES FOR REDUCED ORDER MODELS
IN FINANCE*

EKKEHARD W. SACHS! AND MATTHIAS ScHU!

Abstract. Mathematical models for option pricing often result in partial differential equations. Recent
enhancements are models driven by Lévy processes, which lead to a partial differential equation with an
additional integral term. In the context of model calibration, these partial integro differential equations
need to be solved quite frequently. To reduce the computational cost the implementation of a reduced
order model has shown to be very successful numerically. In this paper we give a priori error estimates
for the use of the proper orthogonal decomposition technique in the context of option pricing models.
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1. INTRODUCTION

Proper Orthogonal Decomposition (POD) has been a successful technique to reduce the order of the com-
plexity of a model described by partial differential equations. There are various examples and a vast literature
on both theoretical and numerical aspects of this topic, we mention only [17,27].

In two areas of applications, modeling options prices in finance [1] and biological models [6], the usual parabolic
partial differential equation models of diffusion type are replaced by partial integro-differential equation (PIDE)
models. They include a linear spatial integral term as an addition to the traditional PDE formulation. This
additional term causes for finite difference and finite element discretization a dense matrix for the resulting
system of equations and therefore has to be treated numerically with special care, cf. [2,13,21,26] or [12].

The problem of the additional numerical complexity in the solution of PIDEs becomes even more pronounced,
if parameters in the models have to be fitted to certain market prices. This results into an optimization problem,
a so called calibration problem, formulated as a nonlinear least squares problem, which is usually solved by an
optimization algorithm. Such an algorithm requires for each iteration in the optimization a certain number of
function evaluations and possibly gradient information of the least squares function and therefore also of the
solution of the PIDE. This results in a very high effort from a computational point of view.
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Therefore, the concept of reduced order models carries a lot of potential to be very useful in this context.
First results in this direction were obtained in [8,23] for a reduced basis model, [24,25] for the calibration of a
POD model and [15] for the model reduction of a high dimensional PIDE. The numerical results in [24, 25]
show that the use of POD model reduction leads to a substantial saving in computing time for the solution of
calibration problems including PIDEs. Another important aspect of the POD model reduction technique is the
fact that it preserves the structure of the original model which contains a parabolic and an integral term.

If one replaces the original PIDE by an approximate problem like a POD model, the question of the error
for such an approximation arises. For the reduced basis approach, error estimates for parabolic differential
equations can be found in [14]. In the context of a PDE approximation via POD, papers by [16,20] show results
in this direction. These types of POD error estimates are important also for a calibration process since they
can be used to control the improvement of the accuracy of the model in the course of the iteration of the
optimization algorithm. However, these estimates do not apply to the problem under consideration since it
leads to a formulation with a time-dependent bilinear form not covered by the cited authors.

The goal of this paper is to provide error estimates of the POD approximation for a PIDE as it occurs in the
area of mathematical finance. In order to achieve this, we need to develop a weak formulation of the PIDE which
also includes time dependent bilinear forms. Since the spatial domain is the whole real line, the weak formulation
requires some nonstandard function spaces which have been introduced in this context in [21]. It is a new aspect
in this paper that this framework is extended to Dupire PIDEs with time and space dependent coefficients, as
they appear in local volatility models. This approach leads to an existence and uniqueness theorem for a weak
solution of the PIDEs investigated here. Furthermore, we also derive error estimates for a POD approximation in
the framework where the bilinear forms also depend on time. In [4,5] error estimates for the difference between
the finite element solution and the solution of the reduced model are provided for the gradient of an optimization
problem driven by the Stokes problem. The reduction is carried out by balanced truncation including techniques
from domain decomposition.

The paper is organized as follows. In the following two introductory subsections, the PIDE model for finance
is laid out and its weak formulation is motivated and defined. After that we give a brief introduction into the
basic concept of POD. We also point out the original projection error introduced by a POD approach using
general snapshots.

The second section contains the assumptions on the bilinear form. Furthermore, for the purpose of the proof
two projections are defined and a series of Lemmas leads to an error estimate for the error introduced by the
POD approximation. Since the original POD error estimate uses an average norm, this also affects the final
error estimate, where a similar average norm is estimated.

In the third section we verify all the assumptions for the bilinear form of the PIDE coming from a Lévy
model in finance. It proves that this is a viable theoretical framework, since all the assumptions imposed on
the example to make the theory applicable are reasonable conditions for the models in finance. The last section
contains numerical results for the error of the PIDE model including a comparison of computing time.

1.1. Option pricing models

First we give a brief motivation for the occurrence of partial integro-differential equations in option price
modeling. For the definition of an option and the financial background we refer the reader to, e.g. [18].

In their seminal paper, Black and Scholes [7] showed that under certain assumptions the price of a call option
C(t,S) depending on the current time ¢ and the current underlying price S follows the solution of a partial
differential equation. However, if large jumps should be incorporated in this model, a more general model for
the development of the stock prices has to be applied. Here the Brownian motion of the Black—Scholes model
is replaced by a more general Lévy process such as the addition of a Poisson process to the Brownian motion.
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These models are called jump-diffusion models (see [9,28]) and their call price is given by the solution of the
following parabolic integro-differential equation (PIDE):

Ci(t, S) + TS §204(t, ) + r(t)SCs (¢, S) — r(t)C(t, S)
+oo
A [ (CtSev) = C(t, ) = S(e¥ = 1)Cs(t, 9)) f(y)dy =0,
- (t,) € (0,T) % (0,00) 1)

C(t,0) =0, te[0,T)
C(T,S) =max{S — B,0}, S € (0,00).

Here T represents the maturity, B the strike price of the option, r(t) the risk-free interest rate, o(t,S) the
volatility, A > 0 the frequency of the jumps and f(y) the density function of the distribution of the jump sizes.

Note that the price we are usually interested in is C'(to, So) with to = 0, the price today for the current stock
price Sp.

If one considers a calibration problem, where for example o or f should be determined from various market
prices of options C; at time ty with stock price Sy for the same underlying but with various maturities 7; and
strike prices B;, the following optimization problem occurs where we denote the model prices from (1.1) by
C(to, So: T, B;)

I
Minimize » _[|C(to, So; Ti, B:) — Ci[*. (1.2)

i=1

For each function evaluation I partial integro-differential equations would have to be solved, which makes the
problem intractable. Instead one can resort to a Dupire-type formulation, first introduced by Dupire [11] for the
Black—Scholes model and by Andersen and Andreasen [3] for the PIDE. According to this and the additional
variable transformation x = In (%) one can compute the prices also by solving the following PIDE, where the
current time ¢ and the current stock price S appear in the initial condition, but the prices can be obtained from
D(T, z) for all maturities T and strike prices S.

Dr(T,z) — 2L D, (T, ) + (T(T) + =T AC) Do (T, ) + M1 + ()D(T, z)
A +fOOD(T,1: — e f(y)dy =0, (T,z) € (0, Tmax) X (—00,0) (1.3)
T D(0,2) = max{So — Soe”, 0} =: Do(x)

where we used the abbreviation ¢ = fIR eV f(y) dy — 1.
Then the calibration problem (1.2) can be rewritten as

I
Minimize Y ||D(T}, ;) — Cil|%, (1.4)

i=1

where only one PIDE per function evaluation needs to be solved. This could be viewed already as a model
reduction compared to the complexity of (1.2). Nevertheless, when an optimization algorithm is applied to
solve (1.4), each function evaluation requires the solution of a partial integro-differential equation, where the
nonlocal term in the PIDE needs special attention in the discretization, since it leads to dense matrices. The
goal of this paper is to replace in (1.4) the map D by a reduced model D™ and solve

I
Minimize Y ||D"4(T;, 2;) — Gy, (1.5)
i=1
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In the sequel we confine ourselves to analyze the choice of D™ and to derive error estimates. The analysis for
the calibration problem itself will be addressed in a future paper, although first numerical results are promising
(see [24]).

Proper orthogonal decomposition (POD) has been a successful model reduction technique in various applica-
tions of partial differential equations, like diffusion processes and the Navier-Stokes equation. Since we want to
derive error estimates for the reduced models, we require a formulation of the PIDE in a variational setting. Note
that, in particular, the integral operator in (1.3) needs special attention. For the case of a constant volatility o
Matache, von Petersdorff and Schwab [21] have derived a variational formulation. Since we want to calibrate o
as function on T and x, we will extend the concept in [21] to suit our model.

The proper variational formulation requires the use of weighted function spaces due to the initial condition,

which is not Lo(IR)-integrable as Dy(z) “——" K.

Definition 1.1. For u > 0 we define
12, (R) = {v e LL (R): v(-)e "' e L2(1R)}
with inner product (v, w>L2—u = va(w)w(x)e*Q‘L'z'dx and the weighted Sobolev space
HY () := {v e LL (R) : v(-)e M o/ (el ¢ L2(1R)}

with inner product (v, w)g: = (v,w)pz + (V' W)
—n —h —n

Remark 1.2. L2 ,(IR) as well as H 1 ,(IR) with the above defined inner products are Hilbert spaces.

It is clear that Do(-) € H! ,(IR) for all > 0.

“u
We motivate the variational formulation of (1.3) in the following lines. First, we multiply the PIDE (1.3) by
w(x)e” 27l and integrate over IR where 1 > 0 and w is an arbitrary function in C§°(IR).

2
/DT(T, x)w(m)e—%\m\dx - / @Dm(T, x)w(x)e_m“m‘dx
R

R

- / <T(T) 4 @ - AC) Da(T, 2)w(z)e27dz

R
- /)\(1 + Q) D(T, z)w(z)e M= de + A / / D(T, z — y)w(z)e 2MeleY f(3)dy dz.
R R R

If the first term on the right hand side of this equation is integrated by parts we obtain the following equation

/DT(T, Dyw(@)e-217dy = —a=#(T; D(T, ), w(-))
R

where the bilinear form o * is defined as:

Definition 1.3. Let 7(T"), A, ¢ be given constants and assume that o (7)), o(T, ), are continuous and bounded
functions on IR. For each constant ;1 > 0 and 7" > 0 the bilinear form

a MT;--): H (R) x H' ,(R) — R

—p
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is defined as

a—M(T; ’va) ::/@Ul(l‘)w/(z‘)e_zmx‘dl‘ (16)
R
t (T<T> AL v @ +0?(T, z)p sign<x>) V' (@)w(x)e” 2 de

M1+ Qv(z)w(z)e 2 de — X //v(x — y)w(x)e 27leY f(y)dy dz.
R R

We set

W(la,b],V) := {u cu € L*((a,b),V), u' € L*((a,b), V’)} a,be IR, V Hilbert space.

Hence the variational formulation of the Dupire PIDE (1.3) can be expressed in the following form:

Definition 1.4. The variational formulation of the PIDE (1.3) consists of finding
D € W([0, Tax), H ,(IR)) such that for all T € (0, Tnax)

d

DT, ) w(ge, +a M (T3 D(T, ), w() =0 ¥ we HY,(R) (L7)

Zu
holds with initial condition

(DO, ), w() g2, = (Do) w()yz, ¥ we H,(R). (1)

The existence of a solution is guaranteed, if the bilinear form a™#(T; v,w) meets some certain demands.
This will be discussed in the following sections.

For the numerical solution of the PIDE above the spatial variable is discretized via a finite element approach,
i.e. after the variational formulation and some transformations we approximate the solution by the linear
combination of spline basis functions. The time variable is discretized by applying either the implicit Euler or
the Crank—Nicolson method as some special cases of the f-method.

Using a Galerkin approximation of the Hilbert space H' , With n basis functions (e.g. linear splines) and
discretizing the time variable with m time steps leads to m linear systems of equations of size n X n. In order
to obtain an approximate solution of the PIDE one has to solve a linear system of equations in each time step.
Since there is a double-integral term in the bilinear form, the stiffness matrix is dense even if we take basis
functions with compact support, hence the cost for matrix vector multiplications can be of the order of O(n?).

This illustrated the potential benefits of a reduced order approach, especially in a calibration process, where
the problem has to be solved several times.

1.2. Proper orthogonal decomposition

We now give a brief introduction to proper orthogonal decomposition (POD), a technique to obtain a problem
of much smaller order than the original discretized version.

Let u;, 1 = 1,...,n, be elements of a real separable Hilbert space H which, for example, approximate the
solution u(t;) of a differential equation at various time instances ¢;. Those elements u; are sometimes called
"snapshots”. The space spanned by the snapshots has dimension r > 1, i.e. dim(span(uq,...,u,)) = r. Thus, at
least one snapshot is assumed to be nonzero. Proper orthogonal decomposition consists of first finding elements
U; € H, j=1,...,r, that build an orthonormal basis of span(ui,...,u,) and have the following additional
property: Considering the partial basis ¥y, . .., ¥, for an arbitrary p € {1,...,r}, there are no other orthonormal
basis functions &1, ...,P,, which approximate an ”average” element of span(ui, ..., u,) in a better way. The
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projection of a v € span(uy,...,u,) on the space spanned by arbitrary orthonormal functions {¥; };’:1 can be
computed from its Fourier expansion:
P
v = Z@v &DJ>H&DJ

j=1
The mathematical formulation for the POD basis functions is formulated as follows:

Definition 1.5. Given vectors uy, ..., u, € H, find orthonormal vectors ¥y, ..., ¥, € span(uq, ..., u,) by solving
the minimization problem:

(1.9)

H
s.t. <LD]€,WZ>H:5M Vk,l:].,...,p

for all p € {1,...,r} with weights 7; > 0, i = 1,...,n. The first p vectors ¥1, ..., ¥, are called a POD basis of
rank p. The spanning subspace is denoted by VP = span(¥1, ..., ¥,).

We shortly review how to calculate these POD basis functions. For this purpose we introduce the matrix
K € R"™ ™ with
ICZ‘j = 1/’}/Z"}/j<’LLj,’LLZ‘>H V i,j = 1,...,TL
Solving the eigenvalue problem

Kok = \0® k=1,...r

[30] where v¥ € IR™, the POD basis functions ¥}, for a basis of rank p (< r) are given by
_ 1 zn: \/’TU’CU
VAR 5

where u;, 1 = 1,...,n are the snapshots from above.

Considering only the first p < r POD basis functions for a representation of the u;, we have to deal with an
approximation, the projection of u; on the space spanned by {¥;}7_,. The error resulting from dropping the
information stored in ¥, 1,...,¥,, i.e. the function value of the minimization problem above is estimated in
the following theorem. See, e.g. [29], for a proof.

Theorem 1.6. Let ¥y,..., ¥, be a solution to the minimization problem (1.9). Then it holds

Zr: M. (1.10)

H k=p+1

Z%

U; — Z i, Uy aW
j=1

If this technique is applied to the problem outlined above, one has to specify the snapshots. Here we choose
the approximation of the solution of the problem at fixed time steps t1,...,tn, i.e. D(-,t1),..., D(-,t,) by the
finite element method. We obtain some orthonormal basis functions containing specific information about the
solution of the PIDE. Approximating the PIDE problem via a POD approach means that we replace the finite
element basis functions by the POD basis function calculated from a given solution to the problem. Since we
only need a few basis functions — numerical tests show that 10 is already a sufficient quantity — compared to,
e.g., 1000 finite element basis functions, the systems of equations that have to be solved are quite smaller.
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2. A priori ERROR ESTIMATES

Since the original problem, the PIDE, is replaced by a smaller one, the POD approximation, we want to
estimate the error involved in this process. We make the following assumptions on the bilinear form following [10],
p- 509 ff.:

Assumption 2.1.

a.) Let V and H be two real, separable Hilbert spaces with the inner products (-,-)y and (-,-)g and the induced
norms || - ||v and || - ||m, respectively. With the dual spaces V* and H* they form a Gelfand triple:

Ve H=H <V (2.1)

with dense embeddings. Furthermore, assume an o > 0 with ||v||% < al|v||? for allv € V.
b.) Let a : [0,T] x (V x V) — IR for all t € [0, T] be a uniformly continuous and coercive bilinear form, i.e.
there exist constants 3,k > 0 independently of t with

la(t; v,w)| < Bl|v]v||w|lv Vo,weVV¥tel0,T], (2.2)
a(t; v,v) > &||v||3 VoeVVtel0,T].

In addition let a(-;-,-) be Lipschitz-continuous with respect to t, i.e.

la(t1; v,w) — a(te; v,w)| < aiplts — ta| ||v]|v||w]||v Yo,weV. (2.4)
c.) Let L: [0,T] xV — IR be a linear form with
|[L(t; v)| <cp |y Vtel0,T],veV (2.5)

With the notation fixed and the assumptions stated, we can formulate the weak form of an abstract parabolic
initial value problem.

Problem 2.2. For given initial value wy € H find a solution v € W ([0, T], V) which satisfies

%(u(t),v)H +a(t; u(t),v)=L(t; v) YoeV,te(0,T) (2.6)
and initial condition
(w(0),v) g = (wo,v)g YveV. (2.7)

As an abbreviation we set for the finite difference quotient

= U; — Uj—1
Gy e Wi Y1
! At
The discretized version in time of Problem 2.2 on the subspace VP of V' with equidistant time steps t1,...,tmn

(i.e. At =1t; —t;—1 Yi=1,...,m) looks as follows:
Problem 2.3. For given initial value wy € H and some 6 € [0, 1] find{uf°P}™  C VP with
(éufOD,v)H +6- a(ti; ufOD,v) +(1-6)- a(ti,l; ufplD,v) =0-L(t;; v)+ (1 —0) - L(ti—1,v) (2.8)
VoeVP i=1,....m

and initial condition

(uOPOD,v>H = (wo,v)g YwveVP. (2.9)



456

E.W. SACHS AND M. SCHU

Using the stated assumptions we can invoke an existence and uniqueness theorem in [10], p. 512 ff., to conclude
that there exists a unique solution for both problems.

Since there are different possibilities to create a POD basis we want to clarify which ones we use and which
errors we address.

Error 1.

Error 2.

Average error between the solution u(t) of Problem 2.2 and the solution on the POD subspace,

discretized in time wvia the 6-method (this is Problem 2.3). The POD basis functions are calculated

from the snapshots of the solution w(t) and the corresponding difference quotients, i.e. the snapshots
L ) . ) _ u(t)—u(ti—1)

are y; = u(ti—1),i=1,...,n+ 1 and yiyni1 = oy

the POD solution uFOP:!

,17=1,...,n. To avoid confusion we call

(2.10)

2
u O™ —u(ty)|

1 n
ERR; = — ;‘ ;
Average error between the finite element approximation u®M discretized in time and space (this is the
solution of Problem 2.3 in which we replace the POD space VP by the finite element subspace H™)
and the POD approximation discretized in time (Problem 2.3), whereas the POD basis functions
are calculated from the snapshots of the finite element solution and the corresponding difference
quotients (uPOP:2)

2

1"L
ERRy = — ’

The fact that the difference quotients are included in the calculation of the POD basis is often reported
to yield numerically better approximation results. Here we note, that it also facilitates the proof for the error

estimates.

In the proof we use two different projections and in the next lemma we show some characteristic properties
of these projections.

Definition 2.4. Let V? be a subspace of V. We define the H-projection 11

ay v -y & (Ihu—uvyg=0Yvel?

and the Ritz-projection II}

my, . v -Vl & at; O} u—uwv)=0YveV tel0T]

We show a relationship of the Ritz-projection to the H-projection and the Lipschitz-continuity for the
Ritz-projection with respect to the time variable.

Lemma 2.5. For the projections we have

H]]é’fu_uﬂ‘z/g—ﬂv—uﬂ‘z/ ve VP, in particular v = IItu (2.12)
thd H

Cli
113, = 18 Jullv < [t = s| 2 {ITg ;0 = vllv. (2.13)

Proof. Using (2.2) and (2.3) one easily verifies the following inequalities:

RIITE u— [y < alt; T8 u—u, 15 u—u) < alt; v—u,v—u) < Bllv—ull}
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for all ¢ € [0,T] and v € VP. The coercivity (2.3) yields
RINI , — 1T Jully < a(ts (117, — 118 u, (117, — I )u)
and using the Ritz-projection property as well as the Lipschitz continuity (2.4) we get
alt (T2, = T2 Ju, (112, — 112, )0) = alss 1120w, (115, — 112,)0) = ofts 112 0 — w, (112, — 112, )u)
< ciiplt — s| [HIZ u — ullv |[(Hg, — II7 Sul|v-
Combining these two results yields the second statement. O

By Assumption 2.1 we have [|v||3, < af[v||?, for all v € V. A reverse inequality holds, if we consider the
finite-dimensional subspace V"

ullv < VI|Sll2llullg Yue V" with SeR™", S;=(¥,¥)y (2.14)

see e.g. [20], Lemma 2.
For the POD error compared to the Ritz-projection we have the following error estimate.

Lemma 2.6. For the implicit Euler method (6 = 1) we have

[ur®Pt = 2 )| | < |[ulOPt = 1, utin)|| + At (2.15)
and for the Crank—Nicolson scheme (0 =1/2)
[Pt = 2 ue)|| < (14 agad®) ||uPSPH =12, ultio)|| + 24t 0l (2.16)

provided EAL® < 1/2 with € = ¢ a||S|3/(32k). Here v; is defined as

V; = 0 - ut(ti) + (1 - 0) . ut(ti,l) - 5]]1) u(ti). (217)

a,t;

Proof. Set
POD
Wi = U; - H57t7u(tl)

In the equalities below, for the first equation we use the definition of w;, for the second equation recall (2.8)
for the first part and Definition 2.4b for the second part (note that w; € VP). Thus we have for an arbitrary
v eV

<5wi,¢>H + 0 - a(ti; U)Z,Q) + (1 - 0) . (1(12;1; Wi—1, LD)

— GuFOP ) -0 (b WO E) (1= 0) - (trs WP 0)

— <5H§7tiu(ti), !p>H —0- a(ti; nytiu(ti),W) - (1 — 9) . a(ti_l; H§7tiu(ti_1),W)

=0 Liti; ¥) +(1-0) - L(ti—1; ¥)
— <5H§7tiu(ti), !p>H — 9 . a(ti; u(ti),J/) — (1 — 9) -a(ti_l; u(ti_l), !p)

Since u(t) is the solution of (2.6) we obtain

<5wi,¢>H +6- a(ti; U)Z,Q) + (1 — 0) ~a(ti,1; U)Z‘,l,kp)
=0 (u(t;), Py + (1 —=0) - (ue(tiz1), V) — <5H57tiu(ti),W>H = (v;,¥)m (2.18)

with v; defined in (2.17).
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If we set ¥ = w,; we obtain for the implicit Euler method (6 = 1)
lwil|% = (wi,wi_1) g — At alty; wi, w;) + At{vy, wi) g
< Nwill e lfwia |l = Atg\lwz'l\fq + Atfvil[ | [wil|
and hence

1
|willm < m(Hwi*lHH + Atlvi|lr) < ||wi-1llg + At||vi] |- (2.19)

Before we derive the estimate for the Crank—Nicolson scheme we show that

cipellSIE L,
ats; wi, w; +wi—1) +a(ti—1; wi—1,W; +wWi—1) > EEETER At

(Jwillzr =+ w1 ).
We use the assumptions on the bilinear form to derive
a(ts; wi,w; +wi—1) + a(ti—1; wi—1, w; +w;—1)
= a(ty; w; +wi—1,w; +wi—1) + (alti—1; wi—1, w; +wi—1) — aty; wi—1, w; +wi_1))
> kllwi +wia |3 — aiplts — tia| lwia|lv[|wi +wislly
and similarly
a(ts; wi,w; +wi—1) + a(ti—1; wi—1,w; +wi—1) > kl|lw; + wz’—l”%/ — ciiplti — ti—1| ||wil|v]wi + wiz1]]v-

First, we add the last two inequalities and divide by 2, then use w; € VP to estimate with (2.14), and finally
complete the squares to obtain

a(ty; wi, w; +wi—1) + a(ti—1; wi—1, w; + wi—1)

1
> kl|w; + wi1|[§ — senpAt(||lwillv + [Jwi—1l]v)|lwi + wi1|lv

2
K clipe||S
> 2 Y w11 — S A 4 )+ i L)
K Clipa| S 2
= & (o + wicallr — 22205 A+ s 1)

2 2 2
ciipa?|[S]13
i AP (il + llwiallm)”) = 2640 (il + i)

with £ := cﬁpaHSH%/(32n), which was claimed to be shown above.
We return to formula (2.18) and use ¥ = w; + w;—1 € VP in the Crank—Nicolson case (§ = 1/2)

At
7(0(%; Wi, Wi + wi—1) + a(ti—1; wi—1, w; +wi—1))
+ At(vi, w; + wi—1)g

< wica |7 + €A (wil [ + [lwi1llm)? + At il | (il [z + [wi1]lm)

w3 = w13 —

and therefore

willF — l[wi1 %
lwillg + [Jwi-1||m

willer = llwiallm = < EAP(Jwillu + [Jwizallm) + Atllvi] 1

If we assume that At is chosen so small that £At? < 1/2 we obtain

14 €A 1

3
TW,HUHAHH + @AtHUiHH < (1 +48A8) [|wi—a||m + 24t [vi|[a- (2.20)

Jwillg <
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After proving these lemmas, we can state and show the main error estimate. First, we consider Error 1 as
defined in (2.10).

Theorem 2.7. Let u(t) be the solution of Problem 2.2, {uPOD "Yn_, the solution of Problem 2.3. Then with

appropriate constants C; (i = 0,1,2), independent of n, we have

2 r
< Collu(to) — Mhu(to)l|F + C1 A + Cs|IS|l2 D> A
" Jj=p+1

u(t;) — ufOD’l

with j = 2 for the implicit Euler method assuming uy € L2([0,T]; H)
and j =4 for the Crank-Nicolson method, assuming uw: € Lo([0,T]; H) and At sufficiently small.
Furthermore, for some constant C we have

uto) — Mhuto)|[F <n € 3 A,

Jj=p+1
Proof. Define the snapshots v;:
yi = u(ti—1) i=1,...,n+1
= u(t;) — w(ti— .
yi+n+1:3U(ti):(Z)Tt(ll) i=1,....n

Let dim(span(yi,...,y2nt+1)) = r. We compute the POD basis ¥y, ..., ¥, with the corresponding eigenvalues
A1,..., A\ using the norm || - ||g. For simplicity, the weighting factors are set constant, i.e. v; = 2n+1 Y i
However, a different choice with ~; # v;, for i # j, would only cause slight modifications. Denote by VP the
space spanned by {;}7_;. Then (1.10) yields:

2 1 LT
g ’ Ha t;) — % du( ‘ A 2.21
2n+1ZH ol )H+2n+1; u(t:) ult z;q ke (221)
Let us define
wh = uf P! — P, u(t;) and w} =IIY, u(t;) — u(t;)
so that the triangle inequality yields:

POD,1 2 2 2 | 2% 2012

P )| < 23 ol + 23t 222
i=1 i=1

Let us first give an estimate for w?. Using the assumption on the norms of the Hilbert spaces in Assumption 2.1a,
Lemma 2.5 (2.12)—(2.21):

IS LaBllS|lz § 2
=3 Il < - EE S futt) — Thu(t)
i=1 1=1

30|52
< 2aPI0li2 N ,
< SRS (2.23)

j=p+1

§

Since we included the difference quotients in the set of snapshots we obtain analogously:
1 & - = 3a0|9]]2
S 1u(t:) - 112, dult:) [ < SEIEE Sy (220)
i=1 j=p+1

a result, which will be needed later.
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Estimates for w} are provided in Lemma 2.6: for the implicit Euler we have
lwillr < [lwi_illa + Atl|villa
and for Crank—Nicolson
lwillm < (1+4€A8%) Jwi_y ||m + 24t vl | 1

with v; = r; + 2; from (2.17), where
ri =0 ug(t;) + (1= 0) - ue(tio1) — Ou(t;) and 2z := du(t;) — 0L}, u(t;).
If we apply Lemma 2.8 formulated below to (2.25) and (2.26) this leads to

n
2
ZWHH mas ot < 2 [ud][F, + 203" Aol

k=1
9 n
< 2| [wg [}y +4T ALY (llrllFy + Il )
k=1
T[T PR ([ e
2 onm T Ol T8 ARE i
_ 9 8AL%T gz, 1-e®
sty + 1 Sl
B n
< Conllwg|f3; + Con At Y (IIrillF + [lzell7)-
k=1
We split z; as follows and use Lemma 2.5 (2.13)
1zl 7 < 2/10u(ts) — 113, Du(t ))HH+2H du(ti) — OIIF  u(t)|I
= 2)|Gu(ts) — T2, Bult) [} + Atu ultio) — T2, ulti )|y
a a Cli
< 2/|0u(ti) — 115, 0u(t) 7 + == llwii |7

We use (2.24) for the first part we apply Lemma 2.5 (2.13) and (2.23) for the second to get

I 2 6a8)ISll2 ctp 6a)|S|l2 <
P D I O
1=

j=p+1 j=p+1

With regard to r; one can easily show the following results

0=1: ZHut

— du(t:)|[} < At/uutt V2, ds = C A

n 2

1
9251 Z

i=1

1 1 _
§’ut(ti) + §Ut(ti71) — 8u(tz)

H

under the assumption that uy € L2([0,T]; H) for 6 = 1 and s (t) € L*([0,T]; H) for 6 = -

At5
/ Hum HH ds = CAts

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)
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Altogether, we obtain for ERR; = 1 Z [|u; FoD.1 _ u(t;)||% combining (2.22) and (2.23)

2 & 6a||S
ERRy < 23 |l [}, + ZH 2l <2 ZH R Sy
i=1

Jj=p+1

With appropriate constants di,...,ds we estimate further using (2.27)-(2.30) or (2.28)—(2.31) and j = 2 for
implicit Euler and j = 4 for Crank—Nicolson

2 = 63|18l
ERRy < dy |[wd| [} + oA (il + el ) + 205 57
k=1 Jj=p+1

<d; Hwé”i{ +d3Atj +dy Z /\j
Jj=p+1

what yields to the proposition. O

The following lemma gives a useful estimate which is being used in the proof of the previous theorem.

Lemma 2.8. Assume that r; < (1+0)ri—1 +b;, i = 1,...,n, holds for some given sequence b; and some rg.
Then
26 l—e " efwn ~
< n ) .
max ri|? < 2e r2 + E by if 0>0 (2.32)
< E 2 ' =0. :
nax Iri|? <2rg +2n ) b} if =0 (2.33)

Proof. We only prove the proposition for § > 0 since the special case § = 0 can easily be obtained from this.
From the assumption we infer that r; < e%rq + Sohet e9(=k)p,.. Since § > 0 an application of the binomial
formula as well as the Cauchy—Schwarz inequality and a geometric series argument we obtain that

2
2 < 26n 2 d(n—k) < 26n 2 26(n—k) 2
lrgfugcn|r| 2e”"ry + 2 ’;e br | <2e*"rg§ 42 Ze Zb
1— e—26n n 1— e—26n n
< 2¢20m r§+2672b2 < 2|2 po——— Zzﬂ O

k=1

In the next theorem, we take a look at Error 2. Here we estimate the difference between the POD solution
compared to the discretized FEM solution as defined in (2.11).

Theorem 2.9. Let {uFEM}n be the finite element solution using the finite element space H™ in the Galerkin
approximation. Let { PoD, 2} be the solution of Problem 2.3 based on the FEM snapshots.
i=0

Then with appropriate constants Co, Ch independent of n we have for the implicit Euler method and, for suffi-
ciently small At, also for the Crank—Nicolson method

2 N B T
af B = ufOP2| < o (M — IR+ CulSlle Y A
Jj=p+1

where |[u§EM — T uEEM||3, < 3n " Aj.

j=p+1
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Proof. The proof is analogous to Theorem 2.7. Instead of u(t;) we use the snapshots ul ™M
POD,2

7

. Defining w} =
u -ry uFEM the main difference is:

<5w},M7)H + 0 - a(ts; wzl,g/) +(1—-0)-a(ti—1; wilfl,![/)
= (Quf P2 )+ 0 alts; up 0P 0) + (1= 0) - altiy; w3, @)

K3
— (5U5’tiufEM, Dy —0-alt;; Hﬁ”tiufEM, U)—(1—=10)-alti—1; Hgtiuf;EIM, v)
=0-L(t;; ¥)+(1=0) L(ti-1; ¥)
—0-al(t; ufEM, U)—(1-0)-al(ti—; uf_ElM, v) — <5P£ufEM,y7)H
= <5UFEM — 6H§7tluFEM,y7>H = <Ui7y7>H-

7

Compared to Theorem 2.7 the r;’s drop out, which leads immediately to the statement of the theorem. O

If we use the maximal number of POD basis functions, the whole error is equal to zero, because the error
resulting from the time discretization is present in both solutions.

Note that the norm ||S]|2, which occurs in the estimates in Theorem 2.7 and 2.9, in general depends on n.
This can be avoided by using the stronger topology V in (1.9) (c¢f. [20]).

Error 2 seems to be more interesting because in practice we do not have the exact solution u(t) for our PIDE,
but only an approximation, e.g. from a finite element method, available.

3. ExaMPLE PIDE

In the previous section we derived several the error estimates for the abstract model. As mentioned in the
two first sections, we are interested in reduced order models for a partial integro-differential equation which is
one of the fundamental differential equations in mathematical finance. We showed in the second section, how
this PIDE can be cast into a weak formulation using time-dependent variational inequalities.

The error estimates in the previous section for the reduced order models were obtained under certain condi-
tions on the underlying problem, in particular its bilinear form defining the variational form of the PIDE. The
objective in this section is to provide the groundwork for verifying the assumptions of the theory of the previous
sections. In particular, we will address all the assumptions to be met for the bilinear form in Definition 1.3.

The Gelfand triple we use in our special case is given by the Hilbert spaces

H=1L%,(R), V=H (R).
The next task is to check if the requirements concerning the bilinear form o #(7T'; v, w) are met. Recall that it
is defined by

2
a M(T; v,w) ::/ gy (g’ JU)1/(90)11/(Jr;)e_Q“‘a”‘daL‘
R

02 (T’ 'T) (02 (T’ 'T))I 2 . / —2p|x
—|—/ (T(T) + —y A+ — +o°(T,x)p ugn(m)) O (@) w(z)e 2z

R
—|—//\(1—|—C)v(ac)w(ac)e_2“|x|dx— /\//U(J;—y)w(w)e_z“lxleyf(y)dy dx.
R R R

We impose the following assumptions on the functions 7 and o, which are not restrictive for the application in
finance.
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Assumption 3.1. For each T' € [0, Tax], let o(T,-) be continuously differentiable on IR. Furthermore, let
r(-), o(-,x) and o4 (-, ) be uniformly Lipschitz-continuous functions in the variable 7" with Lipschitz constants
Tlip, Olips Oz, lip- We assume that there are constants mmax, Omin; Omax; Oder Which satisfy
0 < T(T) < Tmax VT e [OaTmax]a
0< Omin < O(T7 l‘) < Omax (T7 l') S [OaTmax] X Bv
low(T, 2)| < oder (T,z) € [0, Tmax] X R.
In the following theorem we prove that the bilinear form defined in Definition 1.3 is bounded and that Garding’s

inequality holds. For this to hold, we need an assumption on the asymptotic decay of the function f.

Assumption 3.2. For some p > 0 assume that [ e-’/*“‘y‘yf(y) dy < oo.
R

We will show at the end of this section that this condition is usually satisfied for common choices of f in
finance.

Theorem 3.3. If Assumptions 3.1 and 3.2 hold, then there exist constants c1,co > 0 and cs € IR independent
of T € [0, Timax], such that the following inequalities hold for the bilinear form (1.3) of the PIDE (1.7):

[a™(T; v,w)| < e [lollge Jlwllgr, VT € [0, Tinax] (3.1)

QT o) b ol 2o o, VT € [0, T (32)

(3.3)

la™H(Th; v,w) —a H(Ty; v,w)| < aip |Th — 1| HUHHLL

V11, To € [0, Tinax), v,w € HY,
Proof. In order to prove the continuity of the bilinear form, we estimate the terms in a=* separately: first

2(T 2
/wv’(aj)w’(aﬁ)e_m'xl dz| < %HUHHLLH“}HH;; (34)

R

2
If we set k1 = |rmax + O"‘a" + A + OmaxOder + o2, | we obtain for the next term of the bilinear form:

‘/ ) - A+ <@> +02(T, ) sign(x)> v/(x)w(x)e_Ql“x‘ dz
< k@ (@) @)z <k W]l llwlle <kl ol - (3.5)

The two remaining terms are merged using 1+ ¢ = flR e¥ f(y)dy (see (1.3))

g(v,w) =X / ((1 + Qu(z)w(z) — /v(x —y)e’f(y) dy w(J:)) e 27l gy

R R

=A

S—
O\H
G
D
|
I

QQ
Qﬁ
Q.
I
(@)
<
=
N—
(oW
<
=3
D
=
£
Q.
5
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We rearrange the order of integration, use the Cauchy—Schwarz inequality and a variable transformation by
introducing z = x — £y

1
g(v,w) = A / o (@ — Eghw(a)e 17 dz y - e f(y) dy d
0 R

/
sxo/l/
(

1/2
[ epe dn) Vlwllsa, y-e'slo) dy g

R IR

1/2
/U/z(z)e—wz\ezmy\ dz) HwHLEM y-e¥f(y) dy

R

<A| [ y-e Vi) dylof]| 2 [l |- (3.6)

B— ¥

By Assumption 3.2 we can define a constant ko = fR ey"’“‘y‘yf(y) dy and finally obtain
g(v.w) <Ak W2 Jlwllzs < A-ka - flollas Jhelli . (3.7)
Collecting the estimates from (3.4)—(3.7) the continuity of the bilinear form is proven

- Oua
(T v,w)| < (T(xmﬂ-kg Afollzze, ol s -

Next we prove Garding’s inequality for the bilinear form. We estimate the first term by

2 2
/0’ (Tal')v/2(1,)ef2,u|z| de > Un;n /1)/2(1')672””' dx

2
R R
0-2, 0'2. 0'2
= oo |2, = T o, — T, (35

Due to (3.5), (3.6) we obtain for the remaining terms

/ (rm N IRV (@) +0*(T,2)n sign<w>) V' (@)v(x)e I da
/ .

2
+)\/ I+ Qv / y)e’ f(y) dy v(z) | e 2*lda
R R
kzr (/C1+/€2-)\)2
SV 1 PP 1 PP 1 AL s LT T

kgr (kl + ko )‘)
> ==l -

> [v]l72
arb "

for any (arbitrary) constant kg, > 0. If we chose kqrp = Omin, then the estimates (3.8) and (3.9) lead to

2 2 2
_ Ori ki+ ko - A o=
aH(T5 v,0) = 7B o, —(( Rl K ‘;““)Ivliz
L

min
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Finally, we address the Lipschitz-continuity (3.3) of the bilinear form. Similar to the proof of the continuity
we divide the bilinear form into three different parts. Since the term g(v,w) is independent of time, it can be
ignored. For the next term we obtain

2 T —0o? T i max
/0 (Ty, ) . o%( 2,$)U/(w)w/(x)e—2mx\ dz| < |1y _TQ\%HvHHiNHwnHiM (3.10)
R

where oy;p is the Lipschitz-constant of o(-, ). The remaining term can be treated analogously

/ ((T(Tl) + @ — X+ <@)x + 0 (T, ) Sign(fﬂ)>

R

02 X 0'2 x
- (T(T2) + % —AC + (%) + 02(Ty, x)p sign(@))v’(x)w(x)e?#w dz

S ‘Tl - TZ‘(Tlip + OlipOmax + OlipOder + Oz,lipOmax + QUlipUInaxM) HU| ‘Hiu | ‘w‘ |H£“ (311)
which completes the proof. O

It is well-known, that the boundedness of a™* together with the weak coercivity (3.2) yields the existence of
a unique solution of the variational equality.

Theorem 3.4. If Assumptions 3.1 and 3.2 hold, then there exists a unique solution D € W ([0, Tax), Hlu(ﬂ%))
of the PIDE (1.7) with initial condition (1.8).

Proof. Under the given assumptions, we can define a new bilinear form on L% u
a M(T; vy,w) =a "(T; v,w) + cs{v,w),

which satisfies all the assumptions on the boundedness, the coercivity and Lipschitz continuity as spelled out
previously.

According to Theorem 3.3 this bilinear form is uniformly bounded and coercive on the Hilbert space H! L
By [10], p. 509 ff., there exists a unique solution D € W ([0, Tmax), H! ,(IR)) of the variational equality for all
T € (0, Tinax)

d =~ -
d—T<D(T, -),w(~)>Lz_M +a *(T;D(T,"),w(-)) =0 Vwe HEH(]R) (3.12)
with initial condition

(D(0,),w(-)) 2, = (Do("),w(-))p2, ¥ we HL,(IR). (3.13)

Then it is easy to verify that ~
D(T,z) = e~ T D(T, )

satisfies the desired variational equality (1.7) with initial condition (1.8). O

In financial applications the two following distribution functions f play an important role in the formulation
of PIDEs. For those, we check the assumption

/ ety f(y) dy < oo.
R
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Remark 3.5. The following models specified by the functions f(y) defined below satisfy the requirement
Jre? ™My f(y) dy < co.

1
e Merton model [22]: = —exp ———5——
2] 1) = e {51
e Kou model [19]: f(y) =p-m e ™Y 1yysop + (1 —p)-n2-e™¥ 10y
with 71 > 1 and 7y > 0.

Proof. Regarding the Merton model, the finiteness of the integral term is clear, since we have a (shifted) —y?2-
term in the density function.

For the proof in the case of the Kou model we divide the integral into two terms. First, for a given 1 > 1
there is a p > 0 sufficiently small, such that —m; + g+ 1 < 0. Hence, we obtain

“+o0 +oo
/ p-m ,e—nlye/ty+yy dy/ p- n1e(_"1+“+1)yy dy < 0.
0 0

For the other half of the integration interval, let © > 0 be small enough such that 7o — p+ 1 > 0, which can be
achieved, since 173 > 0 by assumption. Then

0 0
/ (1—p)-m2-e™Ve 2ty dy = / (1 —p) - el #2tDy dy < oo O
— 0 —00
Note that infinite activity models like Variance Gamma or CGMY with ¢ = 0 do not fit the theory presented
here and need to be analyzed differently.

4. NUMERICAL RESULTS

We now give some numerical results concerning the accuracy of a solution which is calculated via the POD
approach. As our test problem we use the PIDE problem developed by Merton (see Rem. 3.5), where the
parameters are set as follows:

r(T)=3%, oz, T)=30%, So=1, A=50%, pun=0%, on =50%.

Fortunately, at least for constant volatility there exists a closed form solution for the Merton model in terms
of an infinite series of Black—Scholes prices. So we can show results concerning the POD error compared to
this closed form solution (as in (2.10)) and compared to the finite element solution (as in (2.11)). Thus, the
snapshots that are used to compute the POD basis functions are taken from the closed form solution and the
finite element solution, respectively. Note that the snapshots of the closed form solution are calculated for a
discretization grid with 4000 z-steps and 400 T-steps.

In Table 1 we see in column two the error as defined in (2.10) between the closed-form solution and the
corresponding POD solution, i.e. ERRy =, |Ju(t;) — ufo 1 |§I(—R,R)7 where we choose R = 5.

We compare this error with the sum over the remaining eigenvalues in column three depending on the number
p of POD basis functions that are used. We include two pairs of tables, one including difference quotients and
the other without. At the beginning, the reduction of the true errors occurs in a similar way the reduction in the
sum of the remaining eigenvalues. For p > 10 (incl diff. quot.) and p > 8 (excl. diff. quot.), respectively, we see
no further decrease because here the error is dominated by the time discretization error of the POD solution.

As expected this effect is not observable in Table 2, where we compare a finite element solution with the
corresponding POD solution, analogously. The discretization of the FEM solution consists of 4000 z-steps and
400 T-steps. Thus, the time discretization error occurs in both methods.

After having complemented the error estimation theory above with numerical results, we now turn to some
results concerning the time. The solution of the original system, i.e. the generation of the snapshots was achieved




A PRIORI ERROR ESTIMATES FOR REDUCED ORDER MODELS IN FINANCE 467

TABLE 1. Compare between the error as defined in (2.10) and the sum of the remaining eigen-
values for Merton’s model.

Incl. difference quotients Excl. difference quotients
P ERRy D hepi1 Ak ERRy D bepi1 Mk
5 1.03e-003 5.93e-003 5.13e-005 4.01e-005
6 2.31e-004 1.55e-003 1.09e-005 7.22e-006
7 5.00e-005 3.85e-004 3.62e-006 1.57e-006
8 1.08e-005 9.22e-005 2.52e-006 3.61e-007
9 3.10e-006 2.14e-005 3.52e-006 8.03e-008
10 2.55e-006 4.81e-006 5.61e-006 1.71e-008
11 4.04e-006 1.06e-006 8.41e-006 3.51e-009
12 6.57e-006 2.28e-007 1.13e-005 7.03e-010
13 9.66e-006 4.78e-008 1.36e-005 1.38e-010
14 1.25e-005 9.84e-009 1.47e-005 2.64e-011
15 1.44e-005 1.98e-009 1.45e-005 5.07e-012

TABLE 2. Compare between the error as defined in (2.11) and the sum of the remaining eigen-
values for Merton’s model.

Incl. difference quotients Excl. difference quotients
P ERR> ZZ:erl Ak ERR> Z:::erl Ak
5 1.87e-003 1.16e-002 5.13e-005 4.04e-005
6 7.81e-004 5.24e-003 1.07e-005 7.56e-006
7 3.44e-004 2.48e-003 3.03e-006 1.90e-006
8 1.54e-004 1.19¢-003 1.13e-006 6.31e-007
9 6.88e-005 5.66e-004 5.21e-007 2.57e-007
10 3.05e-005 2.67e-004 2.47e-007 1.15e-007
11 1.34e-005 1.25e-004 1.11e-007 5.26e-008
12 5.85e-006 5.81e-005 5.08e-008 2.40e-008
13 2.52e-006 2.68e-005 2.31e-008 1.09e-008
14 1.08e-006 1.23e-005 1.03e-008 4.90e-009
15 4.55e-007 5.54e-006 4.61e-009 2.19e-009

by the use of an iterative solver combined with a fast Fourier transformation to solve the dense systems of
equations in each time step in an efficient way. Indeed, in Table 3 using a Crank—Nicolson scheme we can
observe an almost linear relation of problem size (ny and n, represent the number of discretization steps in
time and space, respectively) and computing time (see column three; FEM-LSE is the time for solving the
Linear Systems of Equations in the finite element approach) proving the efficiency of this solution approach.
We have already noted that p = 10 seems to provide sufficient accuracy for the POD system. This was the size
of the POD system which one has to solve, i.e. a linear system of equations of size 10 x 10 per time step. The
computing for this step is listed in column four and is almost negligible. More expensive is the calculation of
the POD basis function, i.e. the solution of the eigenvalue problem (see column five). The timings show clearly
that once the POD model has been set up, it is almost free to use and its computational cost is a small fraction
of the cost for generating the snapshots.

5. CONCLUSION AND OUTLOOK

In this paper we have shown that POD is a successful model reduction technique for PIDEs. Using weighted
function spaces and time-dependent bilinear forms, we provide a rigorous framework for the existence of solutions
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TABLE 3. Computing times of FE- and POD-method for different mesh sizes: Merton’s model

Discretization Computing times (s)

nr Ny FEM — LSE POD —LSE POD — Basis

200 4000 2.96 0.02 0.05
8000 6.15 0.03 0.14

400 4000 5.76 0.04 0.30
8000 12.18 0.03 0.56

of PIDEs and their discretizations. Furthermore, this gives the basis for a proof of a priori error estimates for

the

reduced order model through POD. It can be shown, that this theory is applicable to realistic models in

option pricing using Lévy processes. The numerical results confirm the theoretical findings. Techniques from a
posteriori estimates could lead to improved information for more refined statements on the optimal allocation
of snapshots and optimal number of POD basis functions.
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