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TIME-DEPENDENT COUPLING OF NAVIER-STOKES AND DARCY FLOWS*

AvciL CESMELIOGLU!, VIVETTE GIRAULT? AND BEATRICE RIVIERE?

Abstract. A weak solution of the coupling of time-dependent incompressible Navier-Stokes equa-
tions with Darcy equations is defined. The interface conditions include the Beavers—Joseph—Saffman
condition. Existence and uniqueness of the weak solution are obtained by a constructive approach. The
analysis is valid for weak regularity interfaces.
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1. INTRODUCTION

The coupling of incompressible Navier—Stokes with Darcy equations is encountered in many engineering
problems such as groundwater contamination or blood flow in arteries. Their importance motivate the interest
in understanding and solving this coupled system. The coupling is commonly modelled by the interface condition
postulated by Beavers and Joseph in [6] or by its simplification introduced by Saffman in [32], and called the
Beavers—Joseph—Saffman interface condition. We shall use this last condition in the present study. The reader
can refer to the work of Jager and Mikeli¢ in [22] for the derivation by homogenization of the Beavers—Joseph—
Saffman interface condition.

Many authors have studied the coupling of the Stokes and Darcy systems, and we can only list very few of
them. For instance, the reader can refer to the works of Arbogast and Lehr in [3], of Arbogast and Brunson
in [2], of Burman and Hansbo in [7], of Cao et al. in [8], of Kanschat and Riviere in [23], of Layton et al. in [24],
of Vassilev and Yotov in [34], of Riviere and Yotov in [31], of Riviere in [30], of Mu and Xu in [28], of Mardal
et al. in [27], of Hanspal et al. [20], of Discacciati and Quarteroni in [15], or of Discacciati et al. in [17].

In contrast, there are not many works on the coupling of Navier-Stokes and Darcy equations. The steady—
state case has been mostly studied by Discacciati in [14], by Discacciati and Quarteroni in [15,16], by Badea
et al. in [5], by Girault and Riviére in [18], and by Chidyagwai and Riviere in [11,12]. To our knowledge, the
time-dependent coupled Navier—Stokes/Darcy problem, with Beavers—Joseph—Saffmann interface condition, has
only been mathematically and numerically analyzed by Cesmelioglu and Riviere in [9,10]. In these references,
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the authors include inertial effects in the balance of forces at the interface. This simplifies the analysis because
it brings a stronger control on the nonlinear convection term, but physical justification of this model is not
clear, although it is meaningful from a mathematical point of view.

Therefore, following the work of Girault and Riviere in [18] who analyzed the steady state case without inertial
effects on the interface, we propose here to study a time-dependent version of this problem without these inertial
forces. The analysis of this model is not altogether straightforward because it does not satisfy an unconditional
energy inequality, even if the data are smooth. As a consequence, we shall prove global existence in time of a
solution for suitably small data, and uniqueness of a suitably small solution. Our proof is based on uniform
a priort estimates for the solution of a Galerkin semi-discrete scheme in space, the full set of estimates being
obtained by differentiating the scheme with respect to time. This approach is fairly robust and constructive in
the sense that the theoretical analysis adapts easily to the numerical analysis of finite-element discretizations in
space. Furthermore, it has the advantage of being independent of the Steklov-Poincaré operator used in [5,15,16]
that does not seem to apply to rough interfaces. In contrast, we can handle the important case of interfaces
with corners such as fractures or cracks in porous media. These can hardly be expected to be smooth.

An outline of the paper follows. The rest of this section introduces the problem and states the main result.
Section 2 gives the proof in several steps. We finish with some conclusions.

1.1. Statement of the problem

To simplify, we consider the case of one connected interface, but the extension to several interfaces is straight-
forward. Let 2 € R, d = 2 or 3, be an open, bounded domain with Lipschitz continuous boundary 9¢2. The
surface region of {2 is denoted by (2, and the subsurface region is denoted by {2 with Lipschitz continu-
ous boundaries 927 and 2. The interface separating the surface and the subsurface regions is denoted by
Iy = 00:N0S25. The boundary of §2 is split into I; = 942;\I'12, 7 = 1,2 corresponding to the outer boundaries of
the surface and subsurface. Finally, the boundary I is decomposed into two disjoint open sets: Is = IopUIsy.

The partial differential equations governing the flow problem are given by

u —V-2uD(u)—piI)+u-Vu=f,, ae in 21x]0,T], (1.1)
V-u=0, ae in §29x]0,7T],
-V (KVpg) = fo, ae.in §2x]0,T].
The prime stands for the derivative with respect to time, ng, is the exterior unit vector normal to 92;, I is
the d x d identity tensor, K is the permeability tensor, and D(v) is the deformation tensor defined by
1
D(v) = 3 (Vo + (Vo)T).

System (1.1)—(1.3) is complemented by the boundary and the interface conditions below. As we are mostly
interested in the coupling aspect of this problem, we prescribe standard academic conditions on I75:

u=0, ae on [7x]0,T] (1.4)
p2 =0, ae.on I5px]0,T], (1.5)
KVps -ng, =g, ae.on Ioyx]|0,T]. (1.6)

Here we assume that [I7| > 0 and [I5p| > 0. Now, let n12 be the unit normal vector to I'12 pointing from (2,

to 25 and let 77,, 1 < j < d — 1, be an othonormal set of unit vectors on the tangent plane to I'2. On the
interface 75, we prescribe the following interface conditions:

u-ni2 = —KVps - ni9, a.e. on I2x]0,T7, (1.7)

((—Q,uD(u) —|—p1I)n12) ‘M1 = pa, a.e. on [12x]0, 77, (1.8)

w19, = —2uG? (D(u)nia) - 75,1 <j < d— 1, ae. on I15x]0, T, (1.9)
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where
i _ He

=
(KT, T12)?

Finally, to simplify the discussion, we prescribe a zero initial condition:
u(0,z) = 0. (1.10)

The constant o > 0 is given and is usually obtained from experimental data. We assume that the permeability
tensor K is independent of time, uniformly bounded and positive definite: There exist Apin > 0 and A\pax > 0
satisfying

Ve € 22, dmin® - < KT - & < Apax® - . (1.11)
Let
X ={ve HY(2):v=00n I},
M=1{qge H () : ¢=0on Isp},
and

V={veX;V-v=0in 1}

see Section 1.3 for the definition of usual Sobolev spaces.

For the moment, take f; € L?(§2,x]0,T[)?, fo € L?(£22%x]0,T|) and g € L*(Ion x]0, T[). These assumptions
will be progressively refined further on. We propose the following weak formulation for the problem (1.1)—(1.10):
Find w € L>(0,7;L*(2)%) N L%(0,T;X) with w' € LY0,T; L%(Ql)d), pa € L?(0,T;M) and p; €
LY(0,T; L*(£21)) such that

Yo e X Vg e M, (u,v)n, +2u(D(u), D(v))o, + (u-Vu,v)o, — (p1,V-v)no,
+(KVp2, V) o, + (p2,v - na2)ry, + -1 (&ru - Tiy,v - Ty)r,
(P) _(u : nl?vQ)Flz = (fla U)Ql + (f2a Q)Qz + (ga Q)F2N a.e. in ]OvT[a
Vg € L2({), (V-u,q)o, =0a.e. in ]0,T7,
u(0) = 0 a.e. in §2.
1.2. The interface condition

Before proceeding, it is necessary to make sure that the interface conditions (1.8) and (1.9) are meaningful
for a solution of problem (P). In the steady-state case, they are interpreted as (cf. [18]):

d—1
) 1 o
o(u,p1)nis = b with b = pangs + Z a(u cT5)T, (1.12)
j=1
where the tensor o (u, p;) is the Cauchy stress tensor:
o(u,p1) = —2uD(u) + p1 1.

Since b belongs at least to L?(0,T; L*(I2)?), (1.12) makes sense provided the trace of o (u,pi)nia on I'z can
be defined, even if it is only in a weak sense.

Now, the assumption on u implies that w € L2(0,T; L5(§2;)9); therefore the convection term u - V u belongs
to L1(0,T; L%((h)d). Then passing u’ to the right-hand side of (1.1), our assumption on f; yields

—V-o(u,p)=f —u-Vu—u €L'(0,T;L?(21)%).
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The assumptions on u and p; also give
o(u,p1) € LY0,T; L2(02;)4*%).
This means that each row of o (u,p;) belong to L(0,T; H3 (div; £21)) where
H3(div; 1) = {v € L*(2)%; V-v € L3 ()}

A standard argument shows that H'(£2;)? is dense in H2 (div; £21); therefore Green’s formula:

Yo € HY (2,)%,Vw € H' (1), (v-ng,,w)an, =/

(V-v)w+/ v-Vuw, (1.13)
.Ql Ql

permits to define the normal trace v - ng, in H~2(942;) of functions in H'(£2;)% and extends by density to all
1 1

v € H3(div; £21). As a consequence, each row of o (u, p;)n12 belongs to L' (0,T; (Hgy(I12))'), where (HE) (I12))’

is the dual space of HO%()(FH)- Therefore we interpret (1.8) and (1.9) by (1.12), the same as in the linear case.

Of course, (1.7) is meaningful because V - (K'V py) belongs to L?(§22x]0, T'[). Hence, if the solution is sought for

in the spaces of problem (P), then problem (1.1)-(1.10) is set in L(0,T; H=1(£)?) and L%(0,T; H~1(£22)%).

Finally a standard argument shows that problems (1.1)—(1.10) and (P) are equivalent.

1.3. Notation, classical, and main results

The rest of this section is devoted to the definitions, inequalities, and results that will be used throughout
the paper. To simplify the presentation, we set most definitions in dimension d = 3.

Let (k1, ko, k3) denote a triple of non-negative integers, set |k| = ki + k2 + k3 and define the partial derivative
% by

dlFly
O =
Oxy'0xy* 0x3®

Then, for any non-negative integer m, recall the classical Sobolev space (¢f. Adams [1] or Necas [29])
H™(2)={veL*R); 0" e L*(Q)V|k| <m}-

equipped with the seminorm

2

[v|gm (@) = Z / |0%v|? zda |,
17}

|k|=m

and norm (for which it is a Hilbert space)

V][ zrm(2) = Z |U|§L]k(9)
0<|k|<m

This definition is extended to any real number s = m + s’ for an integer m > 0 and 0 < s’ < 1 by defining the
fractional semi-norm and norm:

2

_ 0% () — 9" v(y)|?
0] s () = Z /Q/Q o= g dedy |

|k|=m

=

lellzrscoy = (1013may + [0e ) )
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The reader can refer to Lions and Magenes [26] and Grisvard [19] for properties of these spaces. In the sequel
1

we shall frequently use the fractional Sobolev spaces H2 (I") and HE (I') for a Lipschitz surface I" when d =3

or curve when d = 2 with the following seminorms and norms:

v@ o)’ )
k) = (/F / ﬁdw@

SIS (1 B UIC)) Y R ‘(lviF TP ) (L.15)
1 = 1 s 1 = 2 1 N .
HE () i) ' [ dor(x) HE,(T) L2 T s oy

where dpr () denotes the distance from @ to OI'. When I is a subset of 02 with positive d —1 measure, HO%O(F)
is the space of traces of all functions of H'({2) that vanish on 82\ I'. The above norms (1.14) and (1.15) are
not equivalent except when I is a closed surface or curve.

Throughout the paper, we shall use the following Poincaré, Sobolev, Korn and trace inequalities: For any
v € X, there exist constants So, S4, 15, T4, Cp > 0 depending only on (2; such that

=

_ 2 2
oty = (Wl 1)+ (19

[vllL2(2) < S2lvlmray,  [IvllLee) < Salvlaia), (1.16)
lvllz2(re) < Talvlaiay,  1vllan.) < Talvlm 2y, (1.17)
V|10, < Cpl|DW)|L2(0))- (1.18)

Also, for any g € M, there exist So, T2, Ty > 0 depending only on (2, satisfying

Il 2(20) < Solalar (2s), (1.19)

lall 3 1,y < Trzlala o), llallzziray) < Tnlala ) (1.20)

Let E € L(M, H*(£2)) be an extension operator and let C denote the continuity constant of the extension.

As usual, for handling time-dependent problems, it is convenient to consider functions defined on a time
interval Ja, b[ with values in a functional space, say X. More precisely, let || - || x denote the norm of X; then for
any number 7, 1 <7 < oo, we define

b
L"(a,b; X) = {f measurable in ]a, b[; / IIf ()% dt < oo} ,

equipped with the standard norm || - || ~(q,5;x) and with the usual modification if 7 = oco. It is a Banach space if
X is a Banach space. Here X is usually a Sobolev space. In particular, L?(a, b; H™(f2)) is a Hilbert space and
L?(a,b; L?(£2)) coincides with L?(£2x]a,b[). In addition, we shall also use spaces with derivatives in time, such
as

H'(a,b; X) = {f € L*(Ja,b[; X); f' € L*(Ja,b[; X)},

equipped with the graph norm

1

2
1) = (11 o) + 1 o)

for which it is a Hilbert space. The following result establishes compact imbeddings in space and time and
generalizes the Aubin-Lions Lemma, see Aubin [4], or Lions [25]. Its proof, due to Simon, is written in [33].
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Theorem 1.1. Let X, W, Y be three Banach spaces with continuous imbeddings: X C W C Y, the imbedding
of X into W being compact. Then for any number q € [1,00], the space
ov

{UGLQ(O,T;X); e

€ LY(0,T; Y)} (1.21)

is compactly imbedded into LI(0,T;W).
The following theorem is the main result of this work.

Theorem 1.2. In addition to the basic assumptions on the data fq, f2,9 and K stated above, suppose that
fl S HI(O,T; Lz(fh)d), f2 S HI(O,T; Lz(gg)), g < HI(O,T; Lz(FQN)), Let

C? 82 52
A =222 (151130 o iz ans + M1l =orzany) + o (123 0rizen) + 1 f2lEm.riz2 )
12 min
T2
+ 2 (gl o rizerany + 190morizacrany) (1.22)
C3, - 2
€= 15100 + 3283 + 1) (Sall 202y + Tlla(0) 2oy (1.23)
If the data satisfy
3
1
2C — 1.24
A+ < (02 ) 452’ ( )

then problem (P) has one and only one solution (u, p1,p2) € H(0,T; V) x L>=(0,T; L*(£1)) x H*(0, T; H'(£22))
satisfying:

1
”D(u)HL‘X’(O,T;L"’(Ql)dXd) < 26%557 (1'25)

1112 02 S2
1|70 0,7522 (020 )2) < 1117220 xg0,p) + 2C + —)\ (S2Hf2HL2(Qg>< o T T llgl22(ron 0, T[)) (1.26)

CpSy 1 ~
||D(u/)||2L2(le]o,T[) < (T) ”.leL?(le o) T C + o <S§||f2||2L2(92x]0,T[) +T1%f||g“%2(rw X]O,T[)) )

(1.27)
N -
| K2 Vol Lo (0,7:22(022)) < <S2|f2||L°°(O,T;L2(Q2)) + TnllgllLoe 0,12 (ran )
+Cp(1+ 8231+ 52)8 L (1.28)
20%5% )’
1 C’2 52 2
HK2VP/2||%2(QQ><]O,T[) < L2 Hf1||L2 (2 xjorp T 2C + /\—(S2Hf2HL2(Qg><]O Ty T Ty’ HL2(F2NX 0T[)>
1.29)
||p1||Loc(o,T;L2(nl)) SC<|U/|L°°(O,T;L2((21)4) + ”D(u)HL‘X’(O,T;L"’((h)dXd) + ||u||2Loc(o,T;H1(nl)d)
+ Ip2ll Loe (0,7 H51 (25)) + ||f1|L°°(0,T;L2(.Ql)d)>7 (1.30)

where C' is a constant that only depends on p, So, S4, Amax, Amin, 112, 15 and «.
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Remark 1.3. Roughly speaking, condition (1.24) means that for some constants C7 and Co,

£l 07522 (00 )2) < Crp?,

and
1 3
F‘|f2‘|H1(O,T;L2(Qz)) + gl a1 0,702 (ron)) < Cape?,

thus implying that either the data f;, f2, g are small, and the permeability not too small, and/or the viscosity
is large. Then the system has a solution and the free flow is not too fast (see (1.25)).

Remark 1.4. The fact that we are unable to prove existence of solutions when the velocity of the free flow
is large suggests that the Navier—Stokes system may not be an adequate model coupled to Darcy’s law. One
may argue that the Brinkman model could be a more relevant coupling model, since it describes both free and
porous flows, but the Brinkman model has two drawbacks: on one hand its parameter is not known, and on the
other hand, it does not incorporate the boundary layer at the interface, whereas this boundary layer is implicit
in the Beavers-Joseph or Beavers—Joseph—Saffmann conditions, see [22].

To conclude, the results of Theorem 1.2 show that the Navier—Stokes model can be used to couple free fluid
and porous fluid flows when the free flow is no longer laminar, but is not too fast.

The next section gives the proof of this result by considering first a reduced problem.

2. EXISTENCE AND UNIQUENESS OF WEAK SOLUTION

Consider the reduced formulation of problem (P) in V:
Find w € L>(0,T; L2(1)%) N L2(0,T; V) with w’ € L*(0,T; L2 (£2,)%) and p, € L2(0,T; M) solution of

YRS Vv, VQ € M, (u/a U)Ql + QM(D(U‘)’ D(v))fh + (u -Vu, U)Ql + (KVp27 VQ)-QQ

de . .
+(p2a v n12)F12 + ijll(éu : le27 v- le2)F12 - (u "Nz, q)Fm
= (f1,v)0, + (f2:0)0, + (9: @)y ae. in ]O,T[,

©(0) =0 a.e. in 2;.

(Pv)

Clearly problem (P) implies this problem. The converse is established in Section 2.4.

2.1. A Galerkin solution

Let us refine the assumptions on the data: let f; € C°(0,T;L%(1)%), fo € C°(0,T;L3(2)) and g €
C%(0,T; L*(I'y)). We construct a solution by Galerkin’s method. As V' x M is separable, it has a basis of smooth
functions {(P,, m)}m>0. Denote by V,,, = span{®;, i = 1,...,m} and by M,, =span{y;, i =1,...,m}, the
spaces spanned by the first m basis functions. The following problem is a semi-discretization of (Py) in this
basis: Find u,, € C1(0,T;V,,) and p,, € C°(0,T; M,,) such that for all v € V,,, and for all ¢ € M,,,

(ulmv U)Q1 + QM(D(’U,m), D(U))Q1 + (Um . Vuma U)Ql + (Kvpmv vq)fb + (pma v- n12)F12
d—1
1 . .
+ Z (aum : lega v- Tj12> - (um : levQ)Fm = (fla U)Ql + (f2a Q)QQ + (ga q)F2N7 for all ¢ G]OaT[v (21)
j=1 It

U (0) = 0. (2.2)

Problem (2.1) can be reformulated by observing that p,, is determined by w,,: Indeed, for a given u € H'(§2;,)4,
the problem : Find p,,, € M,, such that

Vg€ My, (KVpm,Va)o, = (f2,0) 2. + (9, Q) oy + (0 -112,¢) 1y, (2.3)

has a unique solution, say p,,(u). The next lemma gives a bound for p,, (u).
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Lemma 2.1. The mapping u — pp,(u) is linear and continuous, uniformly in m: there exists a constant C
independent of m such that for all w in X:

1
K2V pr(w)|20,) < C(I1f2ll22(20) + 9l 22(ran) + 10l mdivi01))- (2.4)

Proof. Linearity follows immediately from (2.3) and from uniqueness. The bound (2.4) relies on a good estimate
for (w-mi2,q)r,,. To this end, we use the extension operator E € £(M, H'(§2)) introduced in Section 1.3. Then
for all win X

(v tu, E(Q))Ql + (u’ VE(Q))fh = (’LL ’ nQUE(Q))an = (u cMn2, Q)Flz'

Hence
[(w-n12,0) 1y, | < [wllmaivien 1E@ 1 m @) < Cellwll mdivion lallm 2.)- (2.5)
Therefore
. ~ 1
K2V pmllL2(a,) < 1 (S2||f2|L2(92) + Tnllgllz2(ron) + CE (1 + 55) ’ ||u|H(div;nl)) : (2.6)
whence (2.4). O

When w depends on ¢, the statement of Lemma 2.1 is valid for any ¢ for which w(t) exists. In particular, since
u(0) = 0, we have for t = 0,

1 1 -
IV p(0) 202y < —— (Sl F2(0)2202) + T l9(0) 201 ) - (2.7)

2

min

Lemma 2.2. For each m, there exists a time Ty, with 0 < Ty, <T such that problem (2.1), (2.2) has a unique
mazimal solution W, € C1(0, Ty; Vi) and pp, € CO(0, Trn; M,y,).

Proof. Let us write

The functions «; and §; are the unknowns of problem (2.1), (2.2) and it can be expressed in matrix form as
Ad' + Ba+ F(a)+ D = b,
MpB—-Ca=c,
with a(0) given,

and with the vectors e and 3 containing the components «; and 3; respectively. The matrices are defined by

d—1
1 )
Ay = (®;,8))0,, Bij =2u(D(®;),D(®))o, + (@45;' Ty, Pi - "sz) :
k=1 I'i2
Dij = (®; - n12,95)r,, Mij = (KVp;,Vi)o,, Cij= (P ni2,¢pi)rn, = Dji,
and the vectors are given by
(F(a))z :Nia'aa bz :(flvdsi)ﬂu C; = (f2730i)92 +(gag0i)F2N7
where N; = (@j 'Vdsk’@i)ﬂl)lgj,kgm

only unknown here. Indeed, since M is symmetric positive definite, we can solve for 8 = M 71(c + Ca) and
substitute this into the first equation, i.e. we eliminate 8. This gives

is a matrix for each ¢ = 1,..., m. As suggested by Lemma 2.1, « is the

Ad' + Ba+ F(a)+CT"M ¢+ Ca) =b.
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As A is also invertible, solving the problem defined by (2.1) and (2.2) is equivalent to solving

o + AN B+CTM'Cla=A"'(b—F(a)—CTM'e),

with a(0) given.
Note that the matrix multiplying a in the above left-hand side is the product of two symmetric positive definite
matrices with constant coefficients. By assumption, the coefficients in the right-hand side are continuous in time
and locally Lipschitz with respect to . Therefore it stems from the theory of ordinary differential equations [13]
that this system has a unique maximal solution « in the interval [0,T,] for some T, such that 0 < T, < T

and each component of o belongs to C1(0,7T},,). Then the relation between a and B and the regularity in time
of the data imply that each component of 3 is in C°(0,T},). O

We need a uniform in m a priori bound on (w,,, p,,) to conclude that T, = T

2.2. A priori estimates for Galerkin solution

A first a priori estimate is obtained by choosing v = u,, and ¢ = p,, in (2.1). Cauchy-Schwarz’s inequality
and the bounds (1.16), (1.18), (1.19) and (1.20) imply

(win - Vb, um) o, < SElum i o) < CHSEID (wm)72(0,), (2.8)
(f1um)a, < CpSal|f1llezien 1D (um)l 2, (2.9)
(f2,Pm) 0, < ? 1 £2ll 22(20) 1K 2 Vil 2 (122), (2.10)
(9Pt < 2 gl 2 | K E VP20, (21)

Therefore, equation (2.1) becomes

d—1 2
N :
(s wm) e + 20 D(wn) 2200,y + 1K 2 Vpnll72g0, + D | ——=wm - 12 < CpSEID (um)72(0y)
j=1 G L2 (I'2)

5 1
+ CpSallf1ll 2o 1D (wm)l L2(0)) + (52Hf2||L2(92) + TN||gHL2(F2N)) | K2V Dml L2(0,)-

1
2

min

(2.12)

The cubic term in the right-hand side of (2.12) is problematic because it cannot be absorbed by the second term
in the left-hand side unless it is small enough. Observe that under the assumption w,,(0) = 0, the continuity of
the solution guarantees that D(u,,) will stay as small as we wish in an interval [0,7,,], where 0 < T, < T),
depends upon the smallness condition we prescribe. We propose the following smallness condition on D (w,):

VE €0, Tm], [1D(wm)ll2c2) < (2.13)

K
203,53’
that is in fact a bound for w,, in L>(0,T,,; H'(£21)?). Note that it implies that
U
ChHSHID(wm)ll22(0,) < 51D (Wm)|Z2(0,):

Our aim is to show that (2.13) holds for all ¢ € [0,T},]. This will give a uniform in m a priori bound for the
Galerkin solution (s, p,,) thus enabling us to conclude that T,,, = T. We proceed by contradiction: Assume
that there is a time T* €]0,T},] such that

Ve € [0,T%[, [|D(wn)(8) 12(20) < smoegs D) (T*)|| 202y = (2.14)
203,52

7M .
5C3 57
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By using (2.14) and applying Young’s inequality to (2.12), we obtain:

2
L 02 52
(Ups W) 2, + 5 D(um) HL? () T Z |—= um "']12 <=2 Hfl”L?(Ql)
L2(F12)
1 -
+ (3Bl + TR s ) -
(2.15)
This yields for all ¢ € [0, T*]:
7 C3 52
SID @)Dl ) < ot ()2 laam Ol 2062y + =22 181 w2020
1 ~
+ 55— (BIfellE 0.1y + TR w0 122 ) (2.16)

Now we need a bound for ||uy, ||z2(,). Note that the most straightforward approach that consists in choosing
v = u,, in (2.1), is here inconclusive because of the nonlinear term. The approach of [21] that consists in
choosing v = Aw,, in (2.1) is not appropriate because it requires either a smooth boundary or no reentrant
corners and this restricts artificially the interface. However, if the data are sufficiently smooth in time, a bound
for [Ju;,||12(0,) can be derived by differentiating equation (2.1) with respect to ¢; see [25] for the procedure.
To this end, assume that f;, € H(0,T;L*(21)9), fo € HY(0,T;L?(f2)) and g € H*(0,T; L?>(Isx)). Then
the conclusions of Lemma 2.2 hold and this extra regularity implies that each component of u], belongs to
H'(0,T,); in turn, Lemma 2.1 implies that p,, belongs to H'(0, T},). Therefore, we can differentiate each term
of (2.1) with respect to t. Let p!, denote the time derivative of p,, and choose v = u, and ¢ = p/:

1d 2

d-1
1

5&”“%”%?(91) + 20l D (w7200 + 1K ZVD 7200, + Z

j=1

1 , j
ﬁum " T2
= _(u;n Vi, + U, vu;m u;n)ﬂl + (f/la u;n)ﬂl + (féap;n)ﬂz + (g/ap;n)FzN’

LQ(Flg)

The last three terms in the equation above are bounded as in (2.9)—(2.11). The first term is bounded using
(1.16) and (1.18):

(U - Vo + wm -V, )0, < 20557 D(wm)ll 2200 1 D(un,) 1 22(a,)-
Using assumption (2.14), Holder’s and Cauchy—Schwarz inequalities, we obtain
2

Hu’ 120 + 2060 D(w) 32 + 1K 2V, Ty

th L2(I'2)
< ullD(up )2,y + CoS2ll £1 2 Ql)HD( )HL2 (21)

(Sall 5l 200y + TN I 22(ron)) ||K§Vp/m||L2(92)~ (2.17)

+

min
Then suitable applications of Young’s inequality yield

d 02 52 S2 T3
EHU‘;@H%Z’(QQ < L2 Hf1||L2 . — Hf2||L2(92) T N HQ/H%'Z(FQNy
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By integrating from 0 to ¢ for any ¢ € [0, 7*] this becomes

CD 1

S2 _
Hu;n(t)H%'zml) < 2 ||f1||L2 2 x)o,7) T (a7, (0 )H%?(Ql) + P (SSHféH%?(ng]O,T[) +TJ%7H9/H%2(F2N><]O,TD> :

(2.18)
To bound the term ||U/7n(0)‘|%2(91)’ we use v = u),(0) and ¢ = 0 in (2.1) at time ¢ = 0. Since u,,(0) = 0, this
yields:

7, (0) 1722, + (P (0), 27, (0) - m12) iz = (F1(0), 247, (0)).
By applying (2.5) and using the fact that V- u’ = 0, this gives

[, (0)[ L2(20) < 1 £10)l|z2(021) + CEllPm (0)] 111 (20)-
Then (2.7) implies

(52 + 1)%

et Ol z21) < 1F20) 20 + Cr (S 10|20 + Tl 2y ) - (219)

By substituting into (2.18), this yields for all ¢ € [0,7]

02 S3 1
”ulm(t)H%Q(Ql) < L2 ||f1HL2 auxjory 20+ — . (52Hf2||L2 (22 %]0,T) +Txllg' ||L2 (Ian X0, T[)) (2.20)

where C is defined by (1.23). This gives a bound for u/, in L>(0,T*; L?(£2;)%). To get a bound for the other
factor [|wm|[r2(0,) in (2.16), we revert to (2.12) and use assumption (2.14); then we integrate both sides from
0 tot forall 0 <t <T* and use (2.2). We obtain for all 0 < ¢ < T*:

C% 53 1
2 5
wm (D720, < T”.ﬂ”m(nlx]o A

min

(33182122 orn + TR ot o) - (220)

Combining (2.20) and (2.21), writing

1 1
||u’ln’LHL2(Ql)||umHL2(Ql) < 5”“’;%”%2((21) + §Hum\|%2(91)a
and substituting into (2.16), we derive that
vt € (0,77, u| D(um ()70, < A+2C,

where A is defined in (1.22). Since this inequality is valid for ¢ = T and because we have made the assumption
(1.24) on the data, we conclude that

« 1%
[D(wm(T*) 122, < 203,52

which is a contradiction. Thus we have the following result.

Lemma 2.3. Under the assumptions of Theorem 1.2, the Galerkin system (2.1), (2.2) has a unique solution
(Wi, pm) 0 the interval [0,T]. Moreover w,, is bounded uniformly in L°°(0,T; H'(£21)%) by (2.21) and (2.13),
u! is bounded uniformly in L>(0,T; L?(£1)?) by (2.20). In addition

Cc3 S 2C 1
ID(wr )72 (20 xjorp < —25 =11 l172(20 x10.70) + " + o

min

(S350 0oy + T2 iy ) -
(2.22)
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1
1 K2V pml Lo (0,1:2(2.)) < 1
min

<§2||f2||Lm(o,T;L2(92)) + TNl oo (0,152 (rn )

=

+Cg (1 + S”S) |um||L°°(O,T;L2(Ql)d)>a (2.23)

C% 53 2 /=
%Hh”%%m «Jo,rp T2C+ P (S§Hf£\|%2(92x]o,T[) + TJ%HQ/”QL?(FQN x]o,T[)) :

(2.24)

1
1K =2VD, 1220, 010, <

Proof. The argument developed above gives global existence of the maximal solution (w,,pm,) in the whole
interval [0, T']. Both bounds (2.22) and (2.24) follow easily from (2.17), and (2.23) is an immediate consequence
of Lemma 2.1 (see (2.6)). O

2.3. Passing to the limit

As both V' and M are reflexive, it follows from (2.22), (2.13), (2.23) and (2.24) that there exists a pair of
functions (u,ps) in H'(0,7; V) x H'(0,T; M) and a subsequence, still denoted (,,, pm), such that

W, — u, weakly in H'(0,T; H'(£2,)%), (2.25)
Pm — p2, weakly in H'(0,T; H'(2)). (2.26)

We now apply Theorem 1.1 with the choices ¢ = 4, X = H'(,)¢, E = L*2;) and Y = L?(£2;). The
convergence (2.25) implies in particular that

Wy, — u, strongly in L*(£2; x]0, T). (2.27)

Now, let us multiply both sides of (2.1) by any function @ in L?(0,T) and integrate over |0, T[; we obtain

T T T
/ (udl (1), B(t)0) 0, dt + 2p / (Dt (1)), B(H) D (0) )y it + / (o (8) - T (£), B(t) ), dt
0 0 0

T

v /O (KVpon (1), B(1)Vq) oyt + /0 (pm(t),@(t)v~n12)p12dt+j§=:1 /0 (éum(t).ﬁ?,@(t)v.wm) dt

T2
T T T T

- / (U (2) - m12, B(t)g) rp dt = / (Fr(6), B(t)0) o, i + / (o), B()q) 0yt + / (9(t), B()0) ryn
0 0 0 0

for any v € Vi and ¢ € My, with m > k. Passing to the limit with respect to m in each linear term of the
above equation is easy owing to (2.25) and (2.26). The strong convergence in (2.27) allows to pass to the limit
with respect to m in the nonlinear term. Therefore, we readily derive that

T T T
/ (u/(£), B()) 0, dt + 20 / (D(u(t)), () D(v))q, dt + / (u(t) - Vau(t), B(t)) o, dt
0 0 0

Iz

T T d—1 . ) )
+/O (KVpa(t),d(t)Vq) n,dt —|—/O (p2(t), P(t)v - my2) ry,dt + ;/O <$u(t) Ty, D(t)v - Tj12> dt

T T T T
- / (w(t) - iz, B(8)q) yydt = / (F1(1), B(t)0) 0yt + / (fa(8), B(t)q) 2yt + / (9(t), B(t)q) ryn
0 0 0 0
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for any v € Vi, and ¢ € M. As we can approximate the elements of V' and M by the elements of V', and My,
this equation holds for any v € V' and ¢ € M. Furthermore, since this is true for any @ € L?(0,7), it implies
that a.e. in ]0, T and for all (v,q) € V x M:

(u/(t)’ U)Ql + QM(D(u(t))’ D(v))fh + (u(t) ! vu(t)v v)Ql + (Ksz(t), VQ)-QQ + (pQ(t)v v- n12)F12

+2 (—'U(t) T2, T{z) — (u(t) - ma2,q)r, = (F1(0),v) 0 + (f2(8), )2, + (9(0), Doy (2.28)
Iz
Finally, to recover the initial value, take ® € H(0,T), with ®(T) = 0. As u,,(0) = 0, we have

T T
0 /0 (! (£), )0, D)t + /0 (U (1), ©) e, @ (1)l

When passing to the limit, this reads

T T
0 :/ (u’(t),v)91d5(t)dt+/ (u(t),v)o,® (t)dt = (u(0),v)n, ®(0).
0 0
Therefore
Yo eV, (u(0),v)n, =0.

Since u(0) € V, this yields the initial condition. Thus we have proved the following intermediate theorem.

Theorem 2.4. Under the assumptions of Theorem 1.2, the reduced problem (Py) has at least one solution
(u,pa) in HY0,T;V) x HY(0,T; H(£2)).

2.4. Recovering the Stokes pressure

In contrast to the familiar situation of the Navier—Stokes equation, recovering the pressure is easy owing to
the stronger regularity in time of the solution. Indeed, consider the following bilinear form on (X x M) x L?(£2;):

W(v,q) € X x M,YA€ L2(21), b((0,0),\) = / (V- )\ (2.29)
21

This bilinear form is continuous on (X x M) x L?(§2;) and satisfies the following inf-sup condition (cf. for
example [18]): there exists a constant § > 0 such that

VYA € L3(§21), sup M

> Bl A2 () (2.30)
veX HUHHl(fh)

The inequality is unchanged if we replace the supremum over v by the supremum over the pair (v, ¢) with any
q in M in fact the supremum is attained for ¢ = 0. Note also that

VxM={(v,q) e X x M;V\e LZ(Ql),b((v,q),)\) = 0}.
Now, let (u,p2) be one solution to problem (Py) and ¢ denote the mapping defined for a.e. t in 0, T:

(v,q) = £(v,q) = (u(t), v), +2u(D (u(t, (v) 2, + (u(t) - Vu(t),v)o, + (KVpa(t), Va)o,
d—

1
+ (p2(t),v - na2)ry, + el "'127'“ "'12
Jj=1

- (u(t) ni2, Q)Fm - (fl(t)’v) ( ( ) Q)92 - (g(t)7Q)F2N'

Iz
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For a.e. t in |0, T'[, this mapping is linear, continuous on X x M and vanishes on V' x M. Therefore the inf-sup
condition (2.30) and the Babuska-Brezzi’s theory imply that for a.e. t €]0,T[, there exists a unique function
p1 € L?(§2;) satisfying

Y(v,q) € X x M, b((v,q),p1) = {(v,q).
In other words, we recover the first equation of problem (P). The estimate (1.30) for p; in L°(0,T; L%(£21)) is
an immediate consequence of this equation (with the choice ¢ = 0) and (2.30). This finishes the existence part
of the Proof of Theorem 1.2.

2.5. Uniqueness
We cannot prove that all solutions of problem (Py) are bounded. However, we can prove that this problem
has no more than one solution (u,p2) satisfying:

I
[D(w)|| Lo (0,7;2(20)axa) < C3 57’ (2.31)

a condition that is slightly less restrictive than (1.25).

Theorem 2.5. Problem (Py) has no more than one solution (u,ps) in L>=(0,T;V) x L2(0,T; M) satisfy-
ing (2.31). In particular, under the assumptions of Theorem 1.2, problem (1.1)—(1.10) has one and only one
solution.

Proof. Let (u,p2) and (@, p2) be two solutions to (Py). Set w = u — @ and ¢ = ps — Po; then we have for all
(v,q) eV XM

(w/7 U)Q1 + 2:“‘(D(w)7 D(U))Ql + (u -Vu—u - Vu, U)Ql + (KVSO, VQ)Qz + (903 v le)F12
d—1

+Z<$w~r{2,v~7'{2> — (w-n12,9)r, =0,
j=1 T2
w(0) = 0.
The choice v = w and g = ¢ gives
1d 2 2 ~ 3 2 SR J ’ -
3@ Wllzee) + 20l DW)|L20, + (w - Vu + 4 Vw, w)o, + | K> VollL2(q,) + ; T e i 0.
Now suppose that w and @ are bounded by (2.31). Then for a.e. t in |0, T
’(w -Vu+u-Vw, w)(h’ < 2,uHD(w)||2L2(Ql).
Thus, we obtain
1d , , , d—1 ; 2
5&”"””[2(91) + K2Vl 0, + ; \/ﬁw T . < 0.
Integrating this from 0 to ¢ and using w(0) = 0, we get
1 ) t i o = [ 1 i
§||w(t)\|L2(Ql) +/0 [K2Veol1200,dt + jz_:l/o ﬁw ST e dt <0. (2.32)
This yields w = 0, ¢ = 0. The uniqueness of the pressure p; comes from Section 2.4. O

Remark 2.6. Condition (2.31) states uniqueness of the velocity in a ball centered at the origin and with radius
=452, twice as large as the radius for existence, compare with (1.25). This means that there is no other solution
D*4

in this larger ball, and hence no bifurcation in the neighborhood of the solution.
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3. CONCLUSIONS AND PERSPECTIVES

In this work, we have proved that a time-dependent Navier—Stokes system coupled with a Darcy model with
suitably small data has one and only one solution, even in the presence of a rough interface. The proof, based
on a Galerkin discretization in space, lends itself readily to a variety of finite-element discretizations which will
be the object of future work. The study of other boundary and initial conditions, as well as other Darcy models,
are in progress. It would also be very interesting to extend the work in [8] on Beavers—Joseph conditions to a
rough interface.
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