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CORRECTORS AND FIELD FLUCTUATIONS FOR THE p.(z)-LAPLACIAN
WITH ROUGH EXPONENTS: THE SUBLINEAR GROWTH CASE

S1via JIMENEZ!

Abstract. A corrector theory for the strong approximation of gradient fields inside periodic composites
made from two materials with different power law behavior is provided. Each material component has a
distinctly different exponent appearing in the constitutive law relating gradient to flux. The correctors
are used to develop bounds on the local singularity strength for gradient fields inside micro-structured
media. The bounds are multi-scale in nature and can be used to measure the amplification of applied
macroscopic fields by the microstructure. The results in this paper are developed for materials having
power law exponents strictly between —1 and zero.
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1. INTRODUCTION

In this paper, we develop a corrector theory for the strong approximation of gradient fields inside periodic
composites made from two materials with different power law behavior. Here the flux is related to the gradient
Vu by the power law |Vu|” Vu. Each material component has a distinctly different exponent r appearing in the
constitutive law relating gradient to flux. The correctors are used to develop bounds on the local singularity
strength for gradient fields inside micro-structured media. The bounds are multi-scale in nature and can be
used to measure the amplification of applied macroscopic fields by the microstructure. The novelty of the work
presented in this paper is that it is carried out for materials having power law exponents r strictly between —1
and zero. Previous work [15], addresses power law materials with power law exponents r greater than or equal
to zero. For that case strong approximations to the gradient fields are developed and lower bounds on the L4
norms (g > 2) of the gradient fields inside each material are provided. The bounds and strong approximations
are expressed in terms of the correctors presented in Theorem 2.6 of [15].

The corrector theory for the linear case can be found in [20]. The earlier work of [9] provides the corrector
theory for homogenization of monotone operators that in our case applies to composite materials made from con-
stituents having the same power-law growth but with rough coefficients o(z). More recently, the homogenization
of p.(z)-Laplacian boundary value problems for smooth exponential functions p(z) uniformly converging to a
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limit function po(z) has been studied in [1]. The convergence of the family of solutions for these homogenization
problems is given in the topology of LPo()(£2).

Here we assume that the geometry of the composite is periodic and is specified by the indicator function of
the sets occupied by each of the materials. The indicator function of material 1 and 2 are denoted by x1 and
X2, where x1(y) = 1 in material 1 and is zero outside and x2(y) = 1 — x1(y). The constitutive law for the
heterogeneous medium is described by A : R” x R” — R™,

Aly,€) = aly) €Y ¢, (1.1)

with o(y) = x1 (y) 01 + x2 (y) 02 and 0 < 01,02 < o0; with p(y) = x1 (y) p1 + x2 (y) p2 and 1 < p; < py < 2
or 1 < p1 < 2 < py; and with both, o(y) and p(y), periodic in y, with unit period cell Y = (0,1)".
This constitutive model occurs in several mathematical models of physical processes including nonlinear di-
electrics [11,12,18,27, 28], fluid flow (electrorheological fluids) [2,4,25], glaciology [13], image restoration [17], and
in the theory of deformation plasticity under longitudinal shear (anti-plane strain deformation) [3,14,23,24,26].

In this paper, we study the problem of periodic homogenization associated with the solutions u. to the
problems

~div (4 (%Vu)) = fon £2, uc € WhPH(02), (1.2)

where (2 is a bounded open subset of R", f € W=142(£2), and 1/p; +1/q2 = 1. The differential operator on the
left-hand side of (1.2) is the p.(x)-Laplacian. All solutions are understood in the usual weak sense [30].
It was shown in Chapter 15 of [30] that {u.}.~o converges weakly in WP1(£2) to the solution u of the

homogenized problem
—div (b(Vu)) = f on 2, u € Wy (£2), (1.3)

where the monotone map b : R® — R” (independent of f and §2) can be obtained by solving an auxiliary
problem for the operator (1.2) on a periodicity cell.

The idea of homogenization is intimately related to the I'-convergence of a suitable family of energy functionals
I, as € — 0 [30]. Here the connection is natural in that the family of boundary value problems (1.2) correspond
to the Euler equations of the associated energy functionals I, and the solutions u. are their minimizers. The
homogenized solution is precisely the minimizer of the I'-limit of the sequence {I.} . . The connections between
I" limits and homogenization for the power-law materials studied here can be found in Chapter 15 of [30]. The
explicit formula for the I'-limit of the associated energy functionals for layered materials was obtained recently
in [22].

The homogenization result found in Chapter 5 of [30] shows that the average of the error incurred in approx-
imating {Vue}eso in terms of Vu, where u is the solution of (1.3) decays to 0. Then again, the presence of large
local fields either electric or mechanical often precede the onset of material failure (see, [16]). The goal of our
analysis is to develop tools for quantifying the effect of load transfer between length scales inside heterogeneous
media. To this end, we present a new corrector result that approximates, inside each phase, Vu, up to an error
that converges to zero strongly in the norm (see Sect. 2.2.1).

The corrector result is then used to develop new tools that provide lower bounds on the local gradient field
intensity inside micro-structured media. The bounds are expressed in terms of the L%-norms of gradients of
the solutions of the local corrector problems. These results provide a lower bound on the amplification of the
macroscopic gradient field by the microstructure see, Section 2.2.2. These bounds provide a rigorous way to
assess the effect of field concentrations generated by the microgeometry without having to compute the actual
solution u.. In [19], similar lower bounds were established for field concentrations for mixtures of linear electrical
conductors in the context of two scale convergence.

In this paper, the corrector results are presented for layered materials (Fig. 2) and for dispersions of inclusions
embedded inside a host medium (Fig. 1). For the dispersed microstructures the included material is taken to
have the lower power-law exponent than that of the host phase. The reason we use dispersed and layered
microstructures is that in both cases we are able to show that the homogenized solution lies in W,"*?(2),
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FIGURE 1. Unit cell: dispersed microstructure.
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FI1GURE 2. Unit cell: layered material.

see Theorem 2.5. Possible extensions of this work include the study of other microstructures for which this
higher order integrability condition of the homogenized solution is satisfied. The higher order integrability is
used to provide an algorithm for building correctors and construct a sequence of strong approximations to the
gradients inside each material, see Theorem 2.7. When the host phase has a lower power-law exponent than
the included phase, one can only conclude that the homogenized solution lies in WO1 P1(§2) and the techniques
developed here do not apply.

The presentation of the paper is organized as follows. In Section 2, we state the problem and formulate the
main results. Section 3 contains technical lemmas and integral inequalities for the correctors used to prove the
main results. Section 4 contains the proof of the main results. The Appendix contains all proofs of lemmas
stated in Section 3 and some remarks related to the proof of Theorem 2.7 found in Section 4.

2. STATEMENT OF THE PROBLEM AND MAIN RESULTS

2.1. Notation

In this paper we consider two nonlinear power-law materials periodically distributed inside a domain {2 C R™.
The periodic mixture is described as follows. We introduce the unit period cell Y = (0, 1)™ of the microstructure.
Let F be an open subset of Y of material 1, with smooth boundary dF, such that F' C Y. The function x;(y) = 1
inside F' and 0 outside and x2(y) = 1—x1(y). We extend x1(y) and x2(y) by periodicity to R™ and the e-periodic
mixture inside {2 is described by the oscillatory characteristic functions x§(x) = x1(z/€) and x5(z) = x2(z/¢).
Here we will consider the case where F' is given by a simply connected inclusion embedded inside a host material
(see Fig. 1). A distribution of such inclusions is commonly referred to as a periodic dispersion of inclusions.

We also consider layered materials. For this case the representative unit cell consists of a layer of material 1,
denoted by Rj, sandwiched between layers of material 2, denoted by Ry. The interior boundary of R; is denoted
by I' (see Fig. 2). Here x1(y) =1 for y € Ry and 0 in Ra, and x2(y) =1 — x1(y).
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We denote by 6; = / x1(y)dy and 62 = 1 — 0 the volume fractions of phase 1 and phase 2 inside the
Y

composite.

On the unit cell Y, the constitutive law for the nonlinear material is given by (1.1) with exponents p; and
po satisfying 1 < p; <ps <2or 1< p; <2 < py. Their Holder conjugates are denoted by ¢ = p1/(p1 — 1) and
@1 = p2/(p2 — 1) respectively. For i = 1,2, W2 (V) denotes the set of all functions u € Wi (Y) with mean
value zero that have the same trace on the opposite faces of Y. Each function u € Wpl’ (Y) can be extended

by periodicity to a function of WLP (R™).

The Euclidean norm and the scalar product in R™ are denoted by |-| and (-, -), respectively. If A C R”, |A4|
denotes the Lebesgue measure and x 4(z) denotes its characteristic function.

The constitutive law for the e-periodic composite is described by Ac(x,&) = A (z/e€, &), for every € > 0, for
every = € (2, and for every £ € R™.

We have [7] that A fulfills the following conditions:

(1) For all £ e R™, A(+,€) is Y-periodic and Lebesgue measurable.
(2) |A(y,0)] =0 for all y € R™.
(3) Continuity: for almost every y € R™ and for every & € R™ (i = 1,2) we have

Ay, &1) — Ay, &2)| < C &1 — &Y (1 + 61| + [ )PW 17w (2.1)
where a(y) = x1(y)aa(y) + x2(y)as(y) and

pi—1 ifl1<p <2
ai(y) =

1 if p; > 2.
(4) Monotonicity: for almost every y € R™ and for every & € R™ (i = 1,2) we have
(Aly, &) = Ay, &2),61 = &) = Clé1 = &I (|6 + &))@
> C |§1 _ £2|ﬁ(y) (1 + |§1‘ + ‘£2|)P(y)*ﬁ(y) (22)
where S(y) = x1(y)51(y) + x2(y)B2(y) and
2 if1<p <2
Biy) = .

pi ifp>2.

The structure conditions for A given by (2.1) and (2.2) recover the ones stated in [15] where «;(y) = 1 and
Bi(y) = p; for i = 1,2. In the context of this paper, the analysis when the exponents p; and ps are in the regime
between 1 and 2 becomes more involved. This particular set of structure conditions (or related variants) are
used, for example, in [5,6,9,10].

2.2. Dirichlet boundary value problem

We consider the following Dirichlet boundary value problem
—div (Ac (z, Vue)) = f on £2,
ue € Wyt (9).

where f € W=149(0).
The following homogenization result holds.
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Theorem 2.1 (homogenization theorem (see Chap. 15 of [30])). As € — 0, the solutions u. of (2.3) converge
weakly to u in WHPL(82), where u is the solution of

—div (b(Vu)) = f on £, (2.4)
w e Wy (02); (2.5)
and the function b : R™ — R™ is defined for all £ € R™ by
e = | Al Pls. )i (26)
where p : R™ x R™ — R™ is defined by
P(y,€) = &+ Vue(y), (2.7)

where ve¢ is the solution to the cell problem:

] (400€+ Vo0 V) dy =0, for every w e Wi (),

(2.8)
ve € ngfr’l (Y).
Remark 2.2. The following a priori bound is satisfied
sup </ X5 () [Vue(z) P dz —|—/ X5(2) [Vue(z)[P? d:r) < C < oo, (2.9)
e>0 2 2

where C' does not depend on €. The proof of this bound is given in Lemma 3.5.
Remark 2.3. The function b, defined in (2.6), is continuous and monotone (see Lem. 3.7).

Remark 2.4. Since the solution ve of (2.8) can be extended by periodicity to a function of Wl})’fl (R™), then (2.8)
is equivalent to —div(A(y, £ + Vve(y))) = 0 over D (R™), i.e.,

—div (A(y, P(y,€))) = 0 in D (R™) for every £ € R™. (2.10)

Moreover, by (2.8), we have

/Y (A(y, P(y,)), P(y,£)) dy = /Y (A(y, P(y,€)),€) dy = (b(£), ) - (2.11)
For € > 0, define P, : R” x R" — R" by
x x
where v is the unique solution of (2.8). The functions P and P, are easily seen to have the following properties
P(-,&) is Y-periodic and P.(z,€) is e-periodic in z, (2.13)
/YP(y,f)dy =&, (2.14)

P.(,&) = &in LP(;R") as e — 0, (2.15)
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P(y,0) =0 for almost every vy, (2.16)

A (g Pe(-,g)) — b(€) in L9 (2;R™), as e — 0. (2.17)

We now state the higher order integrability properties of the homogenized solution for periodic dispersions
of inclusions and layered microgeometries.

Theorem 2.5. Given a periodic dispersion of inclusions or a layered material then the solution u of (2.4)
belongs to Wy 7% (£2).

Remark 2.6. The proof of Theorem 2.5 [15] uses a variational approach and considers the homogenized
Lagrangian associated with b(¢) defined in (2.6). The integrability of the homogenized solution u of (2.4) is
determined by the growth of the homogenized Lagrangian with respect to its argument, which follows from the
regularity of the Lagrangian. For periodic dispersed and layered microstructures no Lavrentiev phenomenon
occurs. The proof of the regularity of the homogenized Lagrangian for periodic dispersed microstructure can be
found in Chapter 14 of [30] and for layered microstructure in [15]. Both proofs are valid for py,ps > 1

2.2.1. Statement of the corrector theorem

We now describe the family of correctors that provide a strong approximation of the sequence {x§Vu.} .
in the LPi(£2,R™) norm, for i = 1,2. We denote the rescaled period cell with side length ¢ > 0 by Y. and write
Y = ek + Y., where k € Z". In what follows it is convenient to define the index set I. = {k € Z" : Y} C ©2}.
For ¢ € LP?(§2;R"™), we define the local average operator M. associated with the partition Y*, k € I. by

Me)e) = 0 v [ ety ita e |J ¥4 (215)

ke I kel
The family of approximations of the identity map M, has the following properties (for a proof, see, for
example [29]):
1. Fori=1,2, [[Mc(p) = ¢l ppi (orn) — 0 as € = 0.
2. M.(p) — ¢ a.e. on (2.
3. From Jensen’s inequality we have [[Mc(©)[|pr: (orn) < 1€l 1ri (im0, for every ¢ € LP2(£;R") and i = 1,2.

The strong approximation to the sequence {x§Vuc},. is given by the following corrector theorem.

Theorem 2.7 (corrector theorem). Let f € W—192((2), let u, be the solutions to the problem (2.3), and let u
be the solution to problem (2.4). Then, up to a subsequence, for periodic dispersions of inclusions and for layered
materials, we have

Pidz — 0, (2.19)

| E@P. (0. M.(F0) @) = xi(e) Vo a)
as € — 0, fori=1,2.
The proof of Theorem 2.7 is given in Section 4.1.

2.2.2. Lower bounds on the local amplification of the macroscopic field

We show lower bounds on the LY norm of the gradient fields inside each material that are given in terms
of the correctors presented in Theorem 2.7. We begin by presenting a general lower bound that holds for the
composition of the sequence {x§Vue }exo with any non-negative Carathéodory function. Recall that ¢ : 2xR"™ —
R is a Carathéodory function if ¥(x,-) is continuous for almost every € (2 and if ¥ (-, \) is measurable in x
for every A € R™. The lower bound on the sequence obtained by the composition of ¥ (z, -) with x§(x)Vu.(x) is
given by
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Theorem 2.8. For all Carathéodory functions ¢» > 0 and measurable sets D C {2 we have
| [ ¢ ens@P . Vu@) dyde < timipt [ (@) Va o) do
DJy e D

If the sequence {1 (x, x{(2)Vue(x))} .o is weakly convergent in L*(£2), then the inequality becomes an equal-
ity.
In particular, for (z,\) = |[\? with ¢ > 1, we have

| [ )P . Vut)l dyds < timigt [ xi(@) [Vu(a)f* de, (2.20)
DJY € D

Theorem 2.8 together with (2.20) provide explicit lower bounds on the gradient field inside each material.
It relates the local excursions of the gradient inside each phase x{Vu. to the average gradient Vu through
the multiscale quantity given by the corrector P(y, Vu(x)). It is clear from (2.20) that the LI(Y x (2;R")
integrability of P(y, Vu(z)) provides a lower bound on the L(§2; R™) integrability of Vu,.

The proof of Theorem 2.8 is given in Section 4.2.

3. TECHNICAL LEMMAS

In this section we state some technical a priori bounds and convergence properties for the sequences P. defined
in (2.12), Vu,, and Ac(z, P.(x, Vu,)) that are used in the proof of the main results of this paper. The proofs of
these lemmas can be found in the Appendix.

Lemma 3.1. For every £ € R™ we have

/Y @) [P, O dy + /Y xo) [Py )17 dy < C (1 + €7 6 + [€] 6) (3.1)

and by a change of variables, we obtain
/ Xi(@) | Pe(2, &) dz + / X5() [ Pe(z, )7 dz < C (1 + €™ 01 + €7 02) |Ye] - (32)
Ye Ye

Lemma 3.2. For every &1,& € R™ we have

- Forl<p <ps <2:

/xi(l‘)\Pe(l‘,&)—Pe(wyfz)\pldwr/yXS(l‘)\Pe(l‘,&)—Pe(wyﬁz)\mdﬂ? (3-3)

€

Pl
P1

<c [9_ & — &)™

2-p1
(L (& 01 4 [&f™ 01 + 1617 02 + |&2]* 02) 7

3=p1PIFPL R Y. - P P o . p2(2-p1)
+ gjrzmrreih ‘51 _ £2|2p2—p1p2+m (1 + ‘51‘ 0 + ‘52‘ 01 + ‘51‘ 0y + ‘§2‘ 92)2p2—p1p2+p1

P1(2—p2)

P2
+ efm—mpz-ﬂvz ‘51 _ £2|72p1_pp11p,?2+p2 (1 + ‘51‘171 91 + ‘52‘171 91 + ‘51‘172 92 + ‘52‘172 92)2p1—p1p2+p2

P2

+ 0,7 6 — &7 (L4 (6™ 01 + &l 01+ |6 62 + €27 62)

2—p2
3—p2

[Yel;
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— For1l <p; <2< ps:

/ X1(x) [Pe(@,61) = Pe(, &)™ do + /Y X5(x) |Pe(@,61) — Pe(x, &)™ da (3-4)

€

P1

T (14 |7 01 4 &2 01 + [&0]* 02 + [E2]" 62)

2—p1
3—p1

<C {913—“ &1 — &

217;2?1 e P1 P1 D2 D2 M P1
+ 6, [&1 — &al2rz=pr (1 +|&1|" 01 + 2] 01 4 [&1]7? O + |&2|7? O2) 2P2=P1 + 07 |&4 — &9

)
=T

pz%l pP1 p1 D2 D2 p2—:?
+ 0577 [& = &2 P27 (14 |§0 ™ 01 4 & 01 + [61]™2 02 4 &2 O2) P27 | Y.

Remark 3.3. Note the two “extra” terms in (3.3) of Lemma 3.2 where there is a “mixing” of the exponents p;
and ps which do not appear in the corresponding property of P, given by Lemma 5.2 in [15]. Since Lemma 3.2
is used to prove Lemma 3.4, these two terms appear again in (3.6) and therefore in the proof of Theorem 2.7
and the proof of Lemma 4.1 used to prove Theorem 2.8.

Lemma 3.4. Let ¢ be such that

>0

sup{ [ i@ @ i+ [ s lewr dx} < oo,

and let ¥ be a simple function of the form
() =) nixe, (), (3.5)
§=0

with n; € R"\ {0}, 2; CcC 2, [002;| =0, 2,02 =0 for j # k and j,k =1,...,m; and set no = 0 and

20 =02\ | 2. Then
j=1

— For1 <p <ps <2:

2
lim supZ/ X5 (@) | Pe(z, Mep) — Pe(z,¥) " da
=0 S/e
a
—P1
< Climsup K [ xi@le-wras) ™ (114 [ el as
e—0 0 (9]

3—p1
+ [ xs@ler s+ [ @ as+ [ g o dx)
0 (9] 0

P1
p2—pP1P2+Pr1
+( JRECISTE dx) (9+ [ i@ el aw [ a1 a

p2(2—p1)

p2—p1pP2+p
; /Q ¥ () [ do + /Q () [P dx) s (3.6)
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P2
pP1—P1P2+P2
+( [ xi@le-wp dw) (fz|+ [ it el aw s [ a1 o

e
+ [ i@l ars [ s e dx)
0 0
3—1p2
+( / x;<x>|¢—wmdx) (9|+ [ i@ s s [ s o a
0 N N
2—po
3—p2
+ [ @i [ e dx) ];
0 N

- Forl<p <2<ps:

Di dx

2
limsupz A) X;(x) ‘Pe(xa ME(P) - Pe(xa &D)
=1

e—0

<cnmsup[(/ (@) — T dw) (n|+/ (@) ol do
(9] (9]

e—0
2—p1
3—p1
+ / Xo(@) [l dez + / X6 () [P da + / o) 2] dw) (3.7)
(9] 0 (9]
Pl
2po—p1
+( / x;uw—wmdx) (m+ [ @ er i+ [ x5 ol da

2(p2—r1)
2p2—p1

v [ e ans [ e wra)
N 0
4 /Q (@) o — o dx+( /Q x%(w)lso—&"/lmdw> (|9+ /Q X (@) [l da

+ [ @l o [ xi@ s [ s o a) ]
0] 2 0]

Lemma 3.5. Let uc be the solution to (2.3). Then the a priori bound (2.9) holds.

Lemma 3.6. If the microstructure is dispersed or layered, we have that

sup { [ @) 1P.Go M T u(a)

e>0

pidx}§0<oo,f0ri:1,2.

We use Lemma 3.1 to prove structure conditions of b (2.6) in the following lemma.
Lemma 3.7. The function b, defined in (2.6), satisfies the following structure properties: for every &,& € R™

1. Monotonicity:
(b(&2) = b(&1), &2 — &1) = 0. (3.8)
2. Continuity: there exists a positive constant C such that
- For1l<p; <py<2:
@=p1)(@1-1)

b(£1) = b(&)] <C &2 — &350 (1401 + 02 [61]7 + 01 [ + 0 |€afP?) 707D

(2—p2)(p2—1)

s — E1|FT2 (14 00|61 + 02|61 [P% + 0, &P + 05 |&[P2) 72O-r2 | (3.9)
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— For1l<p; <2<py:

2-—p1)(P1—-1)

b(€1) — b(E2)| < C €2 — &1/5 70 (L+ 61 [€1[" + B2 [E1]™ + 01 |2 + B2 [€]P7) 710570

1€ — &7 (14 0y [E0[P + 02 |61 [P + 61 ol + 6 |52P2>w7]. (3.10)

These structure conditions for b are different to the ones obtained in [15] and their proofs require different
techniques, for example, the use of (A.4) to obtain (3.9). These structure conditions (3.9) and (3.10) will be used
in the proof of Theorem 2.7.

Lemma 3.8. For all j =0,...,m, we have that /

[ 1A P (o), P e and /Q j (A (2, Vuea)),

P. (z,n;) ) ‘dx are uniformly bounded with respect to €.
Lemma 3.9. As e — 0, up to a subsequence, (Ac (-, Pe (-,n;)), Vue(-)) converges weakly to a function g; €

LY (2;;R), for all j = 0,...,m. In a similar way, up to a subsequence, (A (-,Vue(-)),Pe(,nj)) converges
weakly to a function hj € L'(£2;;R), for all j =0,...,m.

4. PROOF OF MAIN RESULTS

4.1. Proof of the corrector theorem

We are now in the position to give the proof of Theorem 2.7. We present the proof for the case when
1< p; <py <2 for 1 <p; <2< pythe proof is very similar and the correspondig formulas can be found in
the appendix, in Section A.9

Proof. Let u, € W)'**(£2) be the solutions of (2.3). By (2.2), Lemmas 3.5 and 3.6 we have that

/Q DX (@) [Pe (2, McVu(z)) — Vue(z)[™ + x5(2) | Pe (2, McVu(z)) — Vue(z)|”] da

<C (IQ+/Qxi(w)lPe(w,MeVu(w))l’“ dx+/nxi(w)lvue(w)l”1 dw) o
X ( /Q X5 (@) (Ae (x, Pe (v, McVu(x))) — Ac (2, Vue(2)) , Pe (2, McVu(z)) — Vue(z)) dx) N
+ ( /Q X5 (@) (Ac (2, Pe (z, McVu(z))) — Ae (2, Vue(2)) , Pe (2, McVu(z)) — Vue(z)) dm) N
2(2) (

X

N\

/ x5 () (14 |Pe(z, M Vu(z))[P? + [Vue(2)]) dx) 21
0

ml:*’

o8

<C </ (Ac (z, P (2, MVu(x))) — Ae (2, Vue(2)) , Pe (2, McVu(z)) — Vue(z)) dx)
o)

i=1
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To prove Theorem 2.7, we show that
/ (Ac (z, Pe (x, M Vu(x))) — Ae (2, Vue(x)) , Pe (z, McVu(x)) — Vue(z)) de
9

= / (Ac (z, Pe (x, M V), Pe (x, MVu)) de — / (Ac (z, Pe (x, M Vu)), Vue) dx
Q 2

- / (Ac (z,Vue), P (v, MVu)) dx + / (Ac (z, Vue) ,Vu,)dz
e Q

goes to 0, as € — 0. This is done in four steps.
In what follows, we use the following notation

& 1

= — Vudz.
© T NE S

£
Step 1. Let us prove that
/ (Ac (z, Pe (2, M.Vu)), Pe (x, MVu))de — / (b(Vu), Vu) dz (4.1)
Q Q

as € — 0.

Proof. From (2.11) and (2.18), we obtain

/Q (Ac (2, P. (2, M.Vu(z))) , P (z, MVu(z)) do = 3

kel

[ (aEr(Ee)rEe)) e
="y / (A(y, P (y,€8)) . P (y,€F)) dy

_ /Q (b(M, Vu(x)), M. Vau(z)) de.

By (3.9) in Lemma 3.7, Holder’s inequality, Theorem 2.5, and Jensen’s inequality, we have

(CEIcETY rz
(/ |M.Vu — Vu|? dx) + (/ | M .Vu — VulP? dx) .
Q Q

From Property 1 of M., we obtain that

/Q |b(MVu(z)) — b(Vu(z))|" dz < C

b(MVu) — b(Vu) in L™ (£2;R"), as € — 0. (4.2)
Now, (4.1) follows from (4.2) since MVu — Vu in LP2(£2;R™), so
/ (Ac (z, P (2, MVu(x))) , P (2, MVu(x)))de = / (b(MNVu(z), MVu(x)) de
Q

Q
- 5 (b(Vu(z)), Vu(x)) dz, as € — 0. O
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Step 2. We now show that

/ (Ac (z, P (2, M.Vu(z))) , Vue(z)) da —>/ (b(Vu(z)), Vu(x)) dz (4.3)
Q Q
as e — 0.

Proof. Let 6 > 0. From Theorem 2.5 we have Vu € LP2({2;R™) and there exists a simple function ¥ satisfying
the assumptions of Lemma 3.4 such that

[Vu — QHLPQ(Q;R") <. (4.4)

Let us write
/ (A (2, P. (2, M.Vu(2))) , Vi (2)) da = / (A (z, P. (2,9)), Vu,) da
Q Q
+/ (A (z, P. (z, M.V)) — A, (2, P. (2, %)), Vu,) da.
Q
We first show that
/ (Ac (x, P (2, (x))), Vue(z)) de — / (b(P(x)), Vu(x)) dz as e — 0.
Q Q

We have
| (4@ P, #(@) Vula dw—z / P. (2,n;)) , Vue(a)) da

Now from (2.17), we have that A. (-, P (-,n;)) — b(n;) € L%(£2;; R"™), and by (2.10), / (Ac (z, Pe (2,m5)),
2;
V(x)) dz = 0, for p € Wy P (£2;).

Take ¢ = du., with 6 € C§°(£2;) to get
0= / (Ac (z, Pe (x,m5)), (Vé)ue) do + / (Ac (z, Pe (x,n5)) , (Vue)d) da
.Qj ‘Qj

Taking the limit as e — 0, and using the fact that u¢ — u in Wy "' (£2) and (2.17), we have by Lemma 3.9
that

/ gi(@)(@)de = lim | (A (2, P. (2,m)), (Vuu,)8) da = /Q (b(ny). (Vu)s) da

2; 0Jg, J

Therefore, we may conclude that g; = (b(n;), Vu), so

Z/ (2, P (2,my)) Ve () dx—>Z/ (n3), Vu(a)) de, as € — 0.

Thus, we get

| P ), Tuw) o~ [ o (2)) dz, a5 ¢ 0.

On the other hand, let us estimate

/Q(A (z, P (x, M.Vu(z))) — Ac (2, P (2,¥(x))), Vue(x)) de.
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By (2.1), Holder’s inequality, and (2.9) we obtain

/Q (Ac (z, Pe (x, MVu(x))) — Ae (2, P (2,%(x))) , Vue(x)) dz

(4.5)

(/Q X5 () | P. (¢, M.Vu) — P, (z,%)|" dx) o

<C

; ( [ 3560 17, M) P P dx) ]

Applying Lemma 3.4 and (4.4) to (4.5), we discover that

lim sup
e—0

/Q (Ac (z, P (2, MVu(x))) — Ae (2, P (2,%(x))) , Vue(x)) dz

2 p;—1

p1 P1P2 P1P2 P2 plpi

<C E 03-p1 4 §2p2—p2pitr1 4 §2P1-p2pitr2 | H53-r2 '
=1

)

where C is independent of §. Since § is arbitrary we conclude that the limit on the left hand side of (4.6) is
equal to 0.

Finally, using the continuity of b (3.9) in Lemma 3.7, Theorem 2.5, and Holder’s inequality, we obtain

1

pa(p1—1) P2 a1
< C |§W2-1E=p1) 4 §3rz ;

/Q b(Vu(x)) — b(¥(x)), Vu(x)) da

where C' does not depend on 4.
Step 2 is proved noticing that § can be taken arbitrarily small. O

Step 3. We will show that

/ (Ac (z, Vue(x)) , Pe (v, McVu(z))) de — / (b(Vu(x)), Vu(x)) dz (4.7)
Q Q
as e — 0.

Proof. Let § > 0. As in the proof of Step 2, assume ¥ is a simple function satisfying assumptions of Lemma 3.4
and such that [|[Vu — ||, gy < 9.
Let us write

/ (Ac (z, Vue(x)), P (x, M Vu(z))) de = / (Ac (x, Vue(z)), Pe (2,¥(x))) dz
2 2

+ / (Ac (z, Vue(z)), P (x, M Vu(x)) — P (z,¥(x))) da.
10,
We first show that
/ (Ac (x,Vue(x)), P (x,¥(x)))de — (b (Vu(x)),¥(z)) da.
Q 10,

We start by writing

/Q (Ac (@, Vue(@) P o, () do = > /Q (A (&, Vue(o) P (o) do
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From Lemma 3.9, up to a subsequence, (A (-, Vue) , Pe (+,1;)) converges weakly to a function h; € L*(§2;;R),
as e — 0.

By Theorem 2.1, we have A (-, Vue) — b(Vu) € L?2(2;R"™) and
—div (Ac (z, Vue)) = f = —div (b(Vu)) .
From (2.15), p. satisfies P.(-,n;) — n; in LP*(£2;,R™).

Arguing as in Step 2, we find that (A, (z, Vu(z)), P (z,1;)) — (b(Vu(z)),n;) in D' (£2;), as € — 0.
Therefore, we may conclude that h; = (b(Vu),n;), and hence,

> (e T e 3 [ 0T )0 0
Thus, we get

[ (A Vuale)) P 0@) do = [ @(Tu(a),#(@) de, as € 0.
2 (9]

Moreover, applying Holder’s inequality, (2.1), and (2.9) we have

1
pi P4
“dx .

2
<cy (f xit) . o390 - P

/Q (Ac (z, Vue(x)), Pe (x, M Vu(z)) — Pe (2, ¥(x))) dz

As in the proof of Step 2 we see that

lim sup

e—0

/Q (Ac (z,Vue), P (x, M.Vu)— P, (x,¥)) dz

2 1
_P1 P1P2 p1pP2 po >
< C E 03-p1 + §2p2-p2p1+P1 4§21 -P2P1TP2 | H3-P2 ’
=1

where C' does not depend on 4.
Hence, proceeding as in Step 2, we find that

lim sup
e—0

/ (A, (2, Vu.), P. (2, M.Vu)) de — / (b(Vu), Vu) dz
2 (9]

2 _Pp1 P1P2 P1P2 P2 i
S (575 + 6T o §T R 4075 )7 46 BV s e |

i=1

<C

where C is independent of §. Now since ¢ is arbitrarily small, the proof of Step 3 is complete. g

Step 4. Finally, let us prove that

/ (A (2, Vue(@)) , Vue(z)) dz — / (b(Vau(x)), Vu(z)) dz, as ¢ — 0. (4.8)
Q Q
Proof. Since
/Q (Ac (2, Vue) , Vue) de = (—=div (A (2, Vue)) ,ue) = (f, ue) , (4.9)
/Q (b(Va), V) dae = (—dliv (b(Vaw)) , 1) = (1), (4.10)
and ue — u in WHP1(§2), the result follows immediately. O

Finally, Theorem 2.7 follows from (4.1), (4.3), (4.7) and (4.8). O
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4.2. Proof of the lower bound on the amplification of the macroscopic field
by the microstructure

The sequence {x§(z)Vu,(z)},., has a Young measure v* = {1/} } associated to it (see Thm. 6.2 and the

discussion following in [21]), for ¢ = 1,2.
As a consequence of Theorem 2.7 proved in the previous section, we have that

x
[ @)P (2, MU(Tu)(@)) - xi(2) Vue (@)
as € — 0, which implies that the sequences

{@P (L, M(Vu)@)) ] and {xi@)Vue(@)} o

e>0

e

— 0,
LPi (£2;R™)

share the same Young measure (see Lem. 6.3 of [21]), for i =1, 2.
The next lemma identifies the Young measure v*. The lemma is proven for 1 < p; < py < 2; the proof for
the case when 1 < p; < 2 < p, follows in a similar way.

Lemma 4.1. For all ¢ € Co(R™) and for all { € C5°(R™), we have

/Q ) [ o de = / / H(xi(y) Py, Vu(x)))dyd. (4.11)

Proof. To prove (4.11), we will show that given ¢ € Cy(R™) and ¢ € C5°(R™),

im [ c@)o (xi@)P (M (V) @) ) do = [ ¢(o) [ otuPl Vu@)ayde.  (412)

e—0

We consider the difference

x (f)P(f,Mewu)( 0))de— [ c@ [ 6060 P Tu(w)) dyas

Z/Yk (27 f’“))dx—/ /m P (y. Vu(x))) dydz

kel

+ O\ 2. (4.13)

Note that the term C |2\ £2.| goes to 0, as € — 0. Now set z¥ to be the center of Y*. On the first integral use
the change of variables = z¥ + ey, where y belongs to Y, and since dz = €"dy, we get

|k;/y (@) (xi (%)P(fs’“))dx—k;/y /¢ Xi () P (y, Vu(z))) dydaz

=D e /Cw +ey)d (xi (W) P (v,€F)) dy—Z/ /¢ xi () P (y, Vu(x))) dydz| .

kel kel

Applying Taylor’s expansion for ¢, we have

= Z/ / z) + CO(e)) [45 (Xz’ (ZU)P(yfé» —¢(xi (y)P(y,Vu(q;)))] dydz| + CO(e)
kel
< / IC(x)I/ 16 (i () P (y, MoVu(@))) — 6 (xi () P (y, Vau(@)))| dyde| + CO(e).
2 Y
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Because of the uniform Lipschitz continuity of ¢, we get

SC‘/ \C(w)\/ [P (y, McVu(z)) — P (y, Vu(x))| dydz| + CO(e).
0. Y

By Hoélder’s inequality twice and Lemma 3.2, we have

< o{ { /Q M Tu(@) ~ Vula) st

2—py

X (14 [McVu(@)|” + [McVu(@)|” + [Vu(@)[" + [Vu(z)[”) 7 da

+/ |MVu(z) — Vu(z)|Fe=rirem

e

2(2—p1)

X (1+ M Vu(@) [P + | MVu(@)™ + V(@) + [Tu() ) 72 de

+/ |M.Vu(z) — Vu(z)|Fi-riveres

Q.
Pr1(2—p2)

X (1+ [MVu(@)[” + [MVu(@) | + [Vu(@)[" + [Vu(z)[?) et de

+ / |M.Vu(z) — Vu(z)| 52

2

e

2-py 1/171
X (L+ [ McVu(@)|” + [McVu() [ +[Vu(@)[” + [Vu(z)[**)* 7 da

+ [ /Q | M. Vu(z) — Vu(z)|5

e

X (14 [MVu(@)” + M) + [ Vu(@)[P* + [Vu(@)|?) =7 dz

-l-/ |McVu(z) — Vu(w)|2p2*pp11pp22+p1
2.

(2—p1)

X (1+ [ MVu(@)” + M@ + [Vu(@)[P* + V(o)) 72 rreen da

+/ |[MVu(xz) — Vu(z)| To1=p1pa¥Pa
1(2=p3)

X (14 | MVu(x)|”* + | M Vu(z)[”? + |[Vu(z) " + \Vu(:r)|p2)2pf‘f’“’2+1’2 dz

+ / |M.Vu(z) — Vu(z)| 77
(9]

€

2—po 1/p2
X (14 [MVu(@)[” + [McVu(@)[” + [Vu(@)[" + |Vu(z)]") 77 dw] }

+ CO(e).
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Applying Holder’s inequality, Jensen’s inequality and Theorem 2.5, we get

<

__p2 1 7 1/p
2p1—p1pP2+P2 3—p2
+ </ | M Vu(x) — Vu(x)” d:r) </ M .Vu(z) — Vu(z)|" dx) 1
S 2

€

P1
2p2—p1pr2+p1

( /Q MTula) - V()" daz) L ( /Q M, Vu(z) — V(o) dm)

€

+ (/ | M Vu(x) — Vu(z)[”* d:r) + </ M Vu(z) — Vu(z)|" dx)
Q2. 2

€

P2 1 1/p2
2p1 —P1P2TP2 3=r2
+ ( / M. Vu(z) — Vulz)|” daz) + ( / M. Vu(z) — V() dm) ]
2

€

+ CO(e).
Finally, from the approximation property of M, in Section 2.2.1, as ¢ — 0, we obtain (4.12). g

Lemma 4.2 (see Thm. 6.11 in [21]). The sequence {x{(z)Vuc(z)} ., and the Young measure v' = {V;}IEQ
associated to it satisfy

/ Y (2, \) dvi (V) de < liminf [ o (@, x$(2)Vue(2)) dz,
D Jrn <0 Jp

for all Carathéodory functions b > 0 and measurable subset D C {2.

Using Lemmas 4.1 and 4.2, we obtain

e—0

iim [ <)o (x@P (£ M90)@) ) do = | (@) [ 00 P Tule))dyda
— [ <@ [ s0arias

12 Rn
< tim | ()6 (@) V(o) do

for all ¢ € Co(R™) and for all ¢ € C§°(R™), which concludes the proof of Theorem 2.8.

APPENDIX A

The proofs presented here are for the case when 1 < p; < py < 2. The proofs for the lemmas for the case when
1 < p1 <2 < py follow in a similar way. The letter C' will represent a generic positive constant independent of
¢, and it can take different values from one line to the other.

A.1. Proof of Lemma 3.1
Let £ € R™. By (2.2) we have that

(Aly, P(y,€)), P(y.€)) = C (xa() [P(y, )" + x2(y) [P(y, ) -
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Integrating both sides over Y, using (2.1), and Young’s inequality, we get

5 /Y W) PP dy 57 /Y ) €7 dy

pP1 P2
/Y 1) [Py, &) dy + /Y x2(®) |P(, )P dy < C ~ 4 —

5n /Y ) PO dy 577 /Y ) 6 dy |

+ +
q1 P2

Doing some algebraic manipulations, we obtain

(1-C5%) [ ) P OF dy-+ (1= €% [ xa)IPa.OF dy < C L6 67 01+ 57 €2 6]
On choosing an appropiate 4, we finally obtain (3.1).
A.2. Proof of Lemma 3.2

Using Hélder’s inequality, we have

/ 1) [Py, €1) — Ply, &) dy + /Y x2(W) [Py, 61) — Ply, &) dy
2 9 5

(y) |P(y, &) — P(y, 52)| _d
; </ 0+ Pl 0] + 1P ) y)

( /Y Vo() (14 [Py €0 + [Py, &))" dy) 2 }

X

By Lemma 3.1, (2.2), and (2.8) we get

2
<0 [( [ 1406 P00) = Al Pl e~ el )

X (L4 [&]7 01+ [&]7" 01 4 |61]7 02 + || 92)21] .

2

By (2.1) and Hélder’s inequality, we have

p1—1

( / xl<y>P<y,51>—P<y,fz>|“dy) T b —al?

<C

X (14 |67 01 + [€2]™ 01+ €1 63 + 2] 62) =

pr1(p2—1)
2

+(/ m(y)P<y,51>—P<y,fz>|mdy) e e )
Y

X (14 [&1]7" 01 4 &]7" 014 6117 02 + || 92)_T

p2(p1—1)

+(/ xl<y>P<y,51>—P<y,fz>|P1dy) T e g
Y
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X (14 [&1]"" 01 + |&2]”* 01 + |&1]? 02 + || 92)7T

pa—1

+( / m(y)P(y,&)—P(y,&)“dy) T b -t
Y

X (14 &1 01 + |&f™* 01 + |&]7? 02 + €27 62) E }

Applying Young’s inequality, with r; = p12_1, ro = pléfg"’_l), ry = % ,and 74 =

ST / (W) 1P(y,€) — Ply. &) dy
Y

2
p1—1

<C

== 3*11)1 2L P1 P1 P2 P2 %
+5 710" [ — T (14 6] 01 + & 01 + |61]72 02 + [€2] 02) > 7
2
3—p1

§P1Gra=T) / x2(y) |P(y,&1) — P(y, &) dy
Y

+ 2p2

p1(p2—1)
—2py S p1pa
0 2r2—P1p2TP1 02”2_”“’2'”’1 |&1 — &o|2r2—pipatey
2p2
2p2—p1p2+p1

+

(2—p1)

P2
X (L4 [&1]" 01 + &2 01 + [€1] 02 + |E2|"? Oo) 2P2—rrvaten

§7tE=T /Y X1() [Py, €1) — P(y, &) dy

2p1
p2(p1—1)

_|_

2py —r2 P1P2
I S B ___pip2
)2p1—pip2+tp2 01”1 P1P2+P2 |£1 —£2|2P1—P1P2+P2

2p1
2p1—p1p2+p2

_|_

2)

p1(2—p
X (1467 01 + & 01+ |&1]7 02 + 6] 0y) ZPi-rir2 o2

577 [ ) [P&) - P&l dy
Y
+ 2
p2—1
L TR0 I — ol (L " 01+ 6l 61 + 16l 6o + 6o 02)
2
3—p2

Straightforward algebraic manipulation delivers

CSTET O§TeT
(1— R )/Yxl(y)P(y,&)—P(y,&z)pldy

p1—1 p2(p1—1)

C§7t oD
+ <1 - 2 - 2p2 > / XQ(y) |P(y7£1) - P(y7€2)‘p2 dy
Y

p2—1 p1(p2—1)

p2—1°

367
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—2 ﬁ ol p1 p1 P2 P2 iii
<o |8 G —&fTr (L4 (6™ 01 + [&f™ 01 + & b2 + & 02) 7
— 2
3—p1
—2pg P1 P1P2
§2pa=pipatpr (P2 TPIPRIOL | | 2 mpipatar
+ 2po
2p2 —p1p2+p1
p1 p1 P2 P2 %
X (L4 [&[™ 01+ [Ef™ 01 + & 02 + [E2]™ 62)
—2p; P2 P1P2
J2p1—P1P2+P2 912"17"1"2“’2 ‘51 — 52‘21)1*1)11724’172
+ 2p1
2p1—p1p2+p2
r1(2—p2)

X (14 [&]7 01 + &P 01 + €117 02 + |Ea]"* O) - rivaiee

== ﬁ =2 P1 P1 D2 D2 22
OO |6 — &l (Lt 6™ O+ [l™ 0+ [ 02 + |6l 02)
2
3—p2

The result follows on choosing an appropriate § and doing a change of variables.

A.3. Proof of Lemma 3.4

Let ¥ of the form (3.5). For every € > 0, let us denote by (2. = U Y_E’“; and for j =0,1,2,...,m, we set
kel

I={kel:YrC},andJ/ ={kel :YFnQ; #0,YF\ 2; #0}.

Furthermore, FJ = U Yk FI = U Yk, and as € — 0, we have ’Fg| — 0.
kel keJ?
Set
w1
Y Sy

13 o(y)dy.

For e sufficiently small £2; (j # 0) is contained in (2.
From (3.5), (2.18), using the fact that 2; C E U F7, Lemma 3.2, and Hélder’s inequality it follows that

/Q (@) | P, Meg) — P, 0)|" da + /Q Vo) [P, M) — P, )] da

1
—P1

<c ( /Q X5 (@) [ Mg — o™ do + /Q (@) — w dw) (A1)

x ( /Q ¥ () [ Mg — ol do + /Q i (@) | de + /Q Vo) Mg — ol da

2—-p1
3—p

+ / o) |l da + / X (@) [ da + / xs<w>|av|”2dw+|n|)
0 (9] 0
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+( /Q ¥ () [ Mg — ol do + /Q V5 () o d + /Q o) | Mep — o da

p2(2—p1)

pP2—p1P2+pr1
4 / (@) [l da + / X () [P da + / o) ] dx+9|)
0 N 0
P1

P2—P1P2+P1
(o) Mo — ol o+ [ 33l o - 0 dx)

X

_l_
P W
S

/Q (@) [Meg — ol do + /Q () ol da + /Q X5(@) Mo — o™ da
p1(2—p2)
p1—P1P2+P2
4 / o) [l da + / (@) [P dar + / o) ] dx+9|)
0 N 0

P2

/xi(x)\Meso—so\“der/ xi(:c)w—mmdx) e
9] 0

+( /Q (@) [Meg — ol do + /Q () ol da + /Q X5(@) [Mep — o™ da

2—po
3—p

+ / o) |l da + / X (@) [ da + / o) |2 P dx+n|)
0 N 0

=
X(/QXS(JJ)Mew—wlmdwr/gxé(w)so—u'/”dx) ]

1
p1 3=
m P1

+ C’Z / 01 Z Xyekgf —n;| dx <|Fg| -|—/,_ |M.o|"* 6,dz
J=0 P \pess F!

2-p1
3=

+ [ 10l e+ P 01 2]+ I 0 |F3|)
F?

P1
b2 2p2 —p1P21P1

+ / 0y E Xygkgf —n;| da <’Fg| +/ | M|t 01dx
F.7 . F.]
N keJ? €

p2(2—p1)

P P . P . 2p2—p1pP2+pP1
+/,|Mes0| 0o+ | 0y [F9| + 7?0 | FY|
F?

Py
p1 2p1 —p1P2tP2

+ / 0, g Xyekgf —n;| dx |Fg| +/ » |M€@‘P1 6,1dx
F.7 P F.]
¢ keJ? ¢

r1(2—p2)

po 1 X pa ) 2p1—p1P2+PpP2
[ IV e+ 7] + 92|F3|)
r

+ /_02 Y sl -] de <|F§|+/_|Megop191dx
F? ; F?
keJ!

2—p2
. i 3—p2
+/ Mol 3+ g P 0 | FI| + [y P2 65 |F3|) ] '
F!

369
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Since |042;] = 0 for j # 0, we have that |Fg| — 0 as € — 0, for every 7 =0,1,2,...,m.
By Property (1) of M, mentioned in Section 2.2.1, we have

Pidey — 0, ase — 0, fori =1,2.

| x@ @) - pta)
Therefore, taking limsup as € — 0 in (A.1), we obtain (3.6).

A.4. Proof of Lemma 3.5

Evaluating u. in the weak formulation for (2.3), applying Hélder’s inequality, and since f € W~1%(£2), we
obtain

s/ (Ac(x, Vue), Vue)dr = oy / Xi(2) [Vu " do + 02/ X5 () [Vu|P? dz (A.2)
Q Q Q

([t e az) i ([ s 17 a) ] |

Applying Young’s inequality to the last term in (A.2), we obtain

= <faue> <C

o1 / X5 (z) [VucP dz + o9 / X5(z) |Vu|P? dz (A.3)
Q Q

Jp1 . - 522 JP2 . P2 J
<C|— | xi(@) |Vu|" dz + — + — [ x5(2) |Vu | dz + .
P1 Jn q2 P2 Jo

By rearranging the terms in (A.3), one gets

5171 . P 5172 . po 5*!12 5*Q1
o1 = C— ) [ xi@) |Vuel" do + (02 = C— ) [ x5(2) [Vue™ dw < — + —
p1 n P2 0 q2

q1

Therefore, by choosing § small enough so that min {01 -C %, o9 —C %2} is positive, one obtains

/ X5 (@) [Vue(@)]” da + / \5(2) [Vue(2)| da < C.
(9] (9]

A.5. Proof of Lemma 3.6
Using (2.18), we have

/Xi(fﬂ)IPE(»T»MeVU(fﬂ))lp1 dw+/ X5 () | Pe(x, McVu(x))[” dz
2 2

-5

kel
< O3 (I +[er 00 [VE] + €] 0a [¥2))
kel

e (|n| +IVullfo (o) + HVuHiia(m) < 00,

[l ans [ alneeial
YF Yk

€

where the last three inequalities follow from Lemma 3.1, Jensen’s inequality, and Theorem 2.5.
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A.6. Proof of Lemma 3.7
We prove properties (3.8) and (3.9) of the homogenized operator b. Property (3.10), which occurs in the case

when 1 < p; <2 < po, follows in a similar way.

A.6.1. Proof of (3.8)
Using (2.8) and (2.2), we have

(b(&2) = b(&1),62 — &) = /Y (Aly, P(y,&2)) — Ay, P(y,&1)), P(y,&2) — P(y,&1)) dy

e /Y P(y,61) = Ply, &)/°Y (1P(y,€1)] + |P(y, &) )PP 2@ dy > 0.

A.6.2. Proof of (3.9)
Note that

/Y @) [P, &) — Py, &) (1P, &) + [Py, &))"~ dy

+/yX2(y) |P(y, &) — Py, &) (|1P(y, &)] + |P(y, &))P* 2 dy
SC/ (A(y, P(y,&2)) — Ay, P(y,&1)), P(y,&2) — P(y,&1)) dy

—c/ (0. P(y.62)) — Aly, P(,2)). &2 — &) dy
= (b(&) = b(&1), &2 — &) < |b(&2) — b(&)| &2 — &1

by (2.2), (2.8), and (2.6). Also, using (2.1), we obtain

b)) — b(&a)]| < /Y Aly, P(y. 1)) — Aly, P(y, &) dy

<0 | [ a)1Pe.0) - Pe& " i+ [ ) IPo.6) - P& ]
Y Y

C—p)(p1—1)
2

/Xl(y)P(yvfl)—P(y’&)pl_lﬂp(%&ﬂ+P(ﬂ%ﬁz)) J
y (P (EETTSICTE) Y

(z,860)| + [P(z,&2)])

=C

. %
(|1P(z,&1)| + | P(x, &)]) dy] .

(2—p2)(p2—1)
2

+/ x2(y) [P(y, &) — Py, &)
Y (|P(z, &) + |P(x,62))

Using Holder’s inequality with r; = —=5 > 1 and ==1- % = %, fori=1,2

3—-pr1

x1(y) [Py, &1) — y§2 (=, .. % 2

X2(y) [P(y. &) — Py, &)|? A 32
Y
+ </ ( > (/ ) (1P@ &)l + P, &)) 7 d ) ]

v (|P(z, &0)] + | P(x, &))" ™
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Using Holder’s inequality with r; = % >1,fori=1,2

C—p1—-1)

Xl(y) ‘P(y’gl) - P(y7£2)|2 d )plT_l €T T P1 d 2p1
</v (1P, &)l + 1P, &))" 7 (/Y xi () (1P, &) + [P, &)]) y)

- (2-p2)(p2—1)

X2(y) |P(y7£1)_P(y’§2)‘2d )mz 2 Pz, & P(x,& P2 4 2p3
+</Y (P@&)l P e Y (/Yx(y)( (2, €0)| + | P(, ) y)

By (A.4) and Lemma (3.1)

< CZ |:|b (&2) —b(f1)| ‘52 _51 (1 + 64 ‘£1|p1 10, ‘£1|p2 Lo, ‘£2|p1 6, £2|P2)‘“)p(7‘“1):|.

By Young’s Inequality with r; = —=5 > 1 with ¢ = 1,2

@=—p)(pi—1)

22: 571 [b(£2) — b(E))| n € — &7 (1401 |61 P + 02 €1[7 + 01 €] + 0 [€[P2) Pi520
2

pifl 3—pi

=2
)3-pi

Rearranging the terms, and taking § small enough we obtain (3.9)

A.7. Proof of Lemma 3.8
Using Holder’s inequality, (2.1), and (2.9), we obtain

/ (Ac (2, P- (2,15)) , V()| da s/ A, (2, P (2,1))] [Vue(z)]| da
2

j 2;

<cC (/ﬂ xi(x)Pe(wam>mdf”>qg+</n

< C, where C does not depend on e.

1
a1
X5() | Pe (w,m;)]" dff)

J J

The proof of the uniform boundedness of / (x, Vue(x)), P (x,m;))| do follows in the same manner.

A.8. Proof of Lemma 3.9

We prove the first statement of the lemma, the second statement follows in a similar way. The lemma follows
from the Dunford—Pettis theorem (see [8]). To apply this theorem, the following conditions are necessary:

- / |(Ae (z, P (z,7;)) , Vue(x))| do is uniformly bounded with respect to €, which was proved in Lemma 3.8.
£2;
— (Ac (-, Pe (+,m5)) , Vue(+)) is equiintegrable for all j =0,...,m
Proof. By Theorem 1.5 in [8], we have that x5(-) |A4c (-, P (-,n;))|" and x5(-) |Ac (-, P (-,n;))|" are equiinte-

grable.
=
pi dx) ' }} <C.

By (2.9), for any E C {2, we have

max {2313 { ( /E X; () [Vue(z)
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1 1
Let A > 0 arbitrary and choose A; > 0 and A2 > 0 such that A2 + A\y* < \/C.

For Ay and Ao, there exist w(A;) > 0 and w(A2) > 0 such that for every E C 2 with |E| < min {w(A1),w(A2)},
we have

/ X5(@) [ Ac (2, P (2,m))| ™ dz < A and / X6(@) A (2, P, (2,m)| ™ da < g,
E E

Take w = w(A\) = min {w(A1),w(A2)}. Then, for all E C 2 with |E| < w, we have
L@ P o)) Vuoldo < [ [Ac@pemn)][Vud da

< ( [ @A @ Py dx) g ( [ xi@ vu dw) g

+ ([ s @ r @)™ ([ s Tud i)
< C()&/@ _‘_/\;/lh) <\
for every A > 0, and so (A¢ (-, P (+,7m;)) , Vue) is equiintegrable. O

A.9. Case 1 < p1 < 2 < ps: Proof of Theorem 2.7 in Section 4

The proof of Theorem 2.7 for the case 1 < p; < 2 < ps is very similar to the one presented in Section 4. Here
we will indicate only the main differences in the different parts of the proof.
We have by (2.2), Lemmas 3.5 and 3.6 that

/Q X1 (@) [Pe (2, McVu(z)) = Vue(@)|” + x5(x) [Pe (v, McVu(z)) = Vue(@)[*] dz

2—py
2

< |(121+ [ i@ 1Pt TP d+ [ 3@ Tuda) d)

X ( , X5 () (Ac (z, P (v, McVu(z))) — Ac (2, Vue(x)) , Pe (2, Mc.Vu(z)) — Vue(x)) dx) N

+ /Q X5 () (Ae (7, Pe (2, McVu())) — Ae (2, Vue(2)) , P (v, McVu(z)) — Vue(z)) dx}
= K/n (A. (z, P, (z, M.Vu(z))) — A, (z, Vo (z)) , P. (z, M.Vu(z)) — Vue(z)) dw) 2

—l—/ (Ac (z, P (2, MNVu(x))) — Ae (2, Vue(z)) , Pe (2, McVu(z)) — Vue(z)) daz] :
Q
Therefore to prove Theorem 2.7 in this case, we also need to show that
/ (Ac (z, Pe (2, M Vu(x))) — Ae (2, Vue(x)) , Pe (z, McVu(x)) — Vue(z)) de
0

= / (Ac (z, Pe (x, M Vu)) , Pe (x, MVu)) de — / (Ac (z, Pe (x, M. Vu)), Vue) dx
Q 2

- / (Ac (z,Vue), P (v, MVu)) dx + / (Ac (z,Vue) ,Vu,)dz
e Q

goes to 0 as € — 0 and this is done with the same four steps as in Section 4.



374 S. JIMENEZ

In Step 1, by (3.10), Holder’s inequality, Theorem 2.5, and Jensen’s inequality, we obtain

(p2 *pll)(i;*m) (p2i1)2
(/ |McVu — VulP dx) +</ | MV u—Vul daz) ] .
Q Q

In Step 2, by (2.1), Holder’s inequality, and (2.9) we obtain (instead of (4.5))

/Q |b(MVu(z)) — b(Vu(z))|" dz < C

/Q (Ac (z, Pe (x, MVu(x))) — Ae (2, P (2,%(x))) , Vue(x)) dz

r1—1
Pl

<C

( /Q (@) | P (2, MoVu) — P (2, )" dm)

+ ( /Q (@) | P, (&, M.Vu) — P. (2, )| daz) _] . (A.5)

Applying Lemma 3.4 and (4.4) to (A.5), we discover that

lim sup / (Ac (2, P (x, MVu(x))) — A (z, P (2,9 (2))) , Vu(z)) dz
e—0 0
<C [(5 + §7marT 4 o1 +5*)_ (A.6)

p pP1P D L
+(5ﬁ + 5T +5P1+5r31)”2},

where C' is independent of ¢. Since ¢ is arbitrary we conclude that the limit on the left hand side of (A.6) is
equal to 0.
Finally, using the continuity of b (3.10) in Lemma 3.7, Theorem 2.5, and Holder’s inequality, we obtain

1
a1

p2(p1—1) __ P2
< C | §2—DGE=pr1) 4 §2—1)? ,

/Q (B(Vu()) — b (x)), Vu(x)) da

where C' does not depend on 4.
In Step 3, we have

lim sup
e—0

/Q (Ac (x,Vue), P (z, MVu) — P. (x,¥)) dx

2
SCZ[M% + 67mm +5P1+5p§%1]’”,
=1

where C' does not depend on 4.
Hence, proceeding as in Step 2, we find that

lim sup
e—0

/ (A, (2, Vo), P. (2, M.Va)) dz — / (b(Vau), Vu) dz
2 2

2 1 P1P P n
S (57 4 5 4 v 4 67T s |b(VU)||L42(n,Rw)] |

i=1

<C

where C' is independent of §. Now since ¢ is arbitrarily small, the proof of Step 3 is complete.
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