ESAIM: M2AN 44 (2010) 1225-1238 ESAIM: Mathematical Modelling and Numerical Analysis
DOI: 10.1051/m2an/2010028 WWwWWw.esaim-m2an.org

BIFURCATIONS IN A MODULATION EQUATION FOR ALTERNANS
IN A CARDIAC FIBER

SHU DA1"? AND DAVID G. SCHAEFFER?

Abstract. While alternans in a single cardiac cell appears through a simple period-doubling bifur-
cation, in extended tissue the exact nature of the bifurcation is unclear. In particular, the phase of
alternans can exhibit wave-like spatial dependence, either stationary or travelling, which is known
as discordant alternans. We study these phenomena in simple cardiac models through a modulation
equation proposed by Echebarria-Karma. As shown in our previous paper, the zero solution of their
equation may lose stability, as the pacing rate is increased, through either a Hopf or steady-state bifur-
cation. Which bifurcation occurs first depends on parameters in the equation, and for one critical case
both modes bifurcate together at a degenerate (codimension 2) bifurcation. For parameters close to
the degenerate case, we investigate the competition between modes, both numerically and analytically.
We find that at sufficiently rapid pacing (but assuming a 1:1 response is maintained), steady patterns
always emerge as the only stable solution. However, in the parameter range where Hopf bifurcation
occurs first, the evolution from periodic solution (just after the bifurcation) to the eventual standing
wave solution occurs through an interesting series of secondary bifurcations.

Mathematics Subject Classification. 35B32, 92C30.

Received September 29, 2008. Revised July 26, 2009.
Published online April 15, 2010.

1. INTRODUCTION

An abnormal cardiac rhythm known as alternans, a bifurcation of the action potential duration (APD) of
cardiac cells under rapid pacing stimuli, is believed to be one precursor of life-threatening ventricular fibrillation
and sudden cardiac death [5,6,16]. The APD in a single paced cell has been modelled by the following restitution
relationship [10,15]:

Apt1 = f(DIn)a (1-1)
i.e. the APD only depends on the previous diastolic interval (DI), where A,, denotes the nth APD. In such a
model alternans appears as a period-doubling bifurcation.

In extended tissue composed of multiple cardiac cells, the action potentials generated by the stimuli will
propagate in the tissue. Since the conduction velocity (CV) depends on the DI, the APD of the cell will also
be a function of the cell’s position. In the case of one dimension, suppose we have a cardiac fiber of length ¢,
which is stimulated periodically at its z = 0 end, say with period B. Assume each stimulus successfully
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generates an action potential that propagates down the fiber. Let A, (z) be the duration of the nth action
potential at the position x along the fiber. If the pacing is rapid such that the basic cycle length B is below the
critical value B, alternans are expected. To analyze position-dependent APD’s, in [4] Echebarria and Karma
proposed the following as the basis for a multiscale expansion:

Ap(2) = Acie — 6A + (=1)"ap(2), (1.2)

where At is the APD when pacing with period B = B,it, §A is the average shortening of APD resulting from
decreasing B below Beit and a,(z) is the amplitude of alternans at the nth beat. It is assumed that a,(x)
varies slowly from beat to beat; thus one may regard it as the discrete values of a smooth function a(x,t) of
smooth time ¢, i.e. a,(z) = a(x,t,) where t,, = n- B for n = 0,1,2,..., the times when stimuli are applied.
A weakly nonlinear modulation equation for a(x,t) was derived in [3] under approximation®, which after the
nondimensionalization with respect to time, is given by

1 xT
ora = oa + E20ppa — wdypa — A / a(z’ t)dz" — ga®, (1.3)
0

where o is the bifurcation parameter, which is dimensionless and proportional to Bt — B; A, w, £ are positive
parameters, each having the units of length, that are derived from the equations of the cardiac model; and the
nonlinear term —ga® limits growth after the onset of linear instability. Neumann boundary conditions

8,a(0,t) =0, dya(l,t) =0 (1.4)

are imposed on (1.3). The trivial steady state solution a = 0 of (1.3)—(1.4) loses its stability as o increases. In
the previous paper [2], we analyzed the eigenvalues of the linear operator that maps a function a(z) to

1 xT
€2a" —wa — K/ a(z")da, (1.5)
0

subject to Neumann boundary conditions, and we concluded that the first bifurcation we observe as o increases
may be steady state bifurcation if A=!' < A_! or Hopf bifurcation otherwise, where the critical value A_!
depends on ¢, w and &. In this paper, extending our previous result, we simulate and analyze the bifurcation
of (1.3) when A~ is close to A_ ! and hence competition of multiple modes appear.

The organization of this paper is the following: Section 2 reviews our previous result on the bifurcation from
a simple eigenvalue. Section 3 shows the simulated results for the dynamics of the solution for A= around A_ .
In Sections 4-5 we show that the dynamics of (1.3) may be derived from a reduced three dimensional flow. In
Section 6 we perform a bifurcation analysis and relate it to the simulations.

Incidentally, in a future paper we will show that for A~ in a broader neighborhood of A_ !, more complicated
dynamics is obtained, possibly including chaos.

2. LINEAR STABILITY: BIFURCATION FROM A SIMPLE EIGENVALUE
We follow the nondimensionalization steps as in [2]: if we define dimensionless variables
A=A -w¥¢? Z=z-we? (=0 w2 (2.1)

then the operator in (1.5) can be written as w?¢~2 - La, where

d’a¢  da - x
La=-— ———A"! 7' )dz’. 2.2
O= s T G /0 a(z")dz (2.2)

3Equation (1.3) is rigorously valid only if the wave length of the solution a(z, t), which can be either a standing wave or travelling
wave, is much larger than £. See [4] for more detail.
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FIGURE 1. The evolution of the real parts of the first five eigenvalues g, 21,...,€4 of the

linear operator in (2.2) vs. A~1, assuming ¢ = 6. All eigenvalues are real for A~! sufficiently
small, but, except for Qq, they become complex as A~! increases. A1 ~ 2.837 is the crossover
point such that if A=! > A_! the eigenvalue which has largest real part, Qpax, is complex.

And we rescale the time ¢ and parameters o and g
t=t-w?¢2 G=0c-w2% gGg=g w2 (2.3)

In this notation, (1.3) may be rewritten as®

dra = 5a + La — ga®. (2.4)

For convenience below we will omit all the bars in (2.2) and (2.4). The boundary conditions are
a'(0)=0, d) =0, (2.5)

where ¢ is the dimensionless length of the cardiac fiber.

Obviously a(z,t) = 0 is a trivial solution to (1.3). When o is small (including all negative values), the zero
solution is linearly stable. As o increases to beyond some threshold, the zero solution loses its stability. To
investigate the bifurcation, we consider the eigenvalues of the linear operator (2.2). Suppose g, 21,9, ... are
those eigenvalues and let €),.x be the one having the largest real part. If o + Re Qnax < 0, the zero solution is
linearly stable; otherwise it is unstable. This bifurcation at ¢ = —Re Quax can be either steady state or Hopf,
depending on whether .« is real or complex.

The dimensionless linear operator (2.2), together with the boundary conditions (2.5) has two parameters ¢
and A. In our previous paper [2], we found that for ¢ sufficiently large, as A~! varies, the eigenvalues of (2.2)
behave as illustrated in Figure 1. In the figure £ = 6 and only the real parts of all eigenvalues are graphed
(Remark: In [2] we computed the eigenvalues asymptotically for large £). By the critical value of A=1, say A1,
as denoted in the graph, we mean the crossover point where the eigenvalue with largest real part Q2,.x changes
from real to complex.

We observe that all eigenvalues lie in the left half of the complex plane, i.e. they all have negative real
parts. When A™! < Ac_l, Qmax = Qo. Since Qg is real, as ¢ increases from 0, we will first encounter a
steady state bifurcation at ¢ = |ReQmax| = —Q0, and as we compute below beyond the bifurcation point
the solution to equation (1.3) has a stable pattern of standing waves. On the other hand if A=t > A, we
have Qmax = 12, which is a complex pair and as ¢ increases from 0 we will encounter a Hopf bifurcation

4We could remove the factor g by rescaling on the amplitude a(x, t), but little would be gained by this. In this paper, g is fixed
at 40 if not specifically mentioned.
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FIGURE 2. Regions in parameter space where the solution of (1.3) exhibits different long-
term behavior, for A= near A_! when ¢ = 6. There are four regions with the following
behaviors: (0) trivial zero steady state solution, (1) pure periodic solution, (2) mixed-mode
periodic solution and (3) standing wave solution. We also mark four points (a—d) in the graph,
which correspond to the simulations in Figure 3 (a-d). The vertical arrows will be useful for
the discussion below.

at 0 = |Re Qmax| = —Re 2y, and at least for a small range of o beyond the bifurcation point the solution has a
pattern of travelling wave®.
A calculation in [2] shows that for sufficiently large ¢, to the leading order, the dimensionless critical value

equals

71+ 1717
+6‘74\/_+O

A= (e=2). (2.6)

In [2] we discussed two specific models (see Tab. 5.1 in [2]), which show A~! can be either larger or smaller
than A !l. For the two-current model [13], the dimensionless A~! ~ 48.4, while for a cable of the length in this
example, the dimensionless AJ! ~ 2.67. As expected a travelling pattern occurs. For the Noble model [14],
A~1 ~ 0.23 while A_! ~ 2.27. As expected a pattern of standing wave emerges. Values of A~! between these
extremes, including values close to A, may be anticipated from other ionic models.

In the critical case, i.e. when A=! = A1, we have Qg = Re Q1 2, both modes become unstable simultaneously.
In the next section we investigate numerically the behavior of the system near such a degenerate point.

3. COMPETITION BETWEEN MODES NEAR THE CRITICAL POINT

In the following sections we fix the dimensionless length of the cardiac fiber to be ¢ = 6 to illustrate the
dynamics. We find by computation that for £ = 6, the critical point A1 ~ 2.837.

Figure 2 illustrates simulation results for the modulation equation (1.3) when A~! is near the critical
value A1, Figure 3 shows four typical simulated solutions whose parameters correspond to points a-d in
Figure 2, which belong to regions (0-3) respectively. If (A~!, o) lies in the quasitriangular region (3) in Fig-
ure 2, as in Case d, the stable solution of (1.3) is a steady pattern. How this steady pattern appears as o is
increased (quasi-statically) depends on the value of A~1 (assumed fixed). For A=t < A!, as indicated by the
vertical arrow on the left in Figure 2, this steady solution appears through a single, simple bifurcation. However

5The instability can either be convective or absolute. In the limit £ — oo, the spectrum {Q,} for n > 1 is nearly continuous.
We have convective instability if the group velocity is nonzero, and absolute instability otherwise. See [4] for a more complete
discussion.
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FIGURE 3. Four typical simulations of the amplitude equation (2.4), with g = 40 fixed and
other parameters corresponding to the points a—d in Figure 2, and the initial condition is given
by a(x,0) = 0.1. The left column shows the graph of a(x,t) for t = 36,37 and 38 (solid, dashed
and dash-dot). For case (a), the zero steady state, and case (d), the nonzero standing wave, the
difference among the three curves is negligible. The right column is the phase plane portrait,
after the transient, obtained by plotting a(z1,t) versus a(xz,t), where z; = 4.5 and zo = 5.1
are two fixed positions on the fiber.

if A=! > AZ! as indicated by the arrow on the right in Figure 2, the evolution to a steady pattern proceeds
through several intermediate states. The first bifurcation is to a pure periodic solution (Case b), followed by
a secondary bifurcation to a mixed periodic/stationary solution (Case ¢), and finally bifurcation to the steady
solution.

Let us discuss further the two nonsteady cases (b and ¢). In both cases the solution has a travelling pattern,
as shown in the left column of Figure 3. Graphs in the right column in the figure clarify the difference between
Cases b and c. In this column fixed points z; = 4.5 and 2 = 5.1 are chosen and a(x1,t) is plotted versus a(z2,t).
In Case b, the average of a(z,t) over time is nearly zero, while in Case ¢ this average differs significantly from
Zero.

To better understand the above behavior, consider the solution a(x,t) at a fixed point x; = 4.5 as ¢ increases
and A~ = 3.3, i.e., following the arrow on the right in Figure 2. Figure 4 shows how the quantity

mtaxa(ml,t) —mtina(ml,t) (3.1)
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FIGURE 4. The simulation result for the oscillation amplitude, max; a(xy,t) — ming a(xq,t)
(dashed curve), and the average of a(x1,t) (solid curve) in one period for various values of o
when A=! = 3.3 and 27 = 4.5. The four labels refer to regions in Figure 2: (0) for o < 3.14,
zero steady state solution, both amplitude and average are zero, (1) for 3.14 < o < 3.32,
pure periodic solution, the amplitude is nonzero but the average is zero (to leading order),
(2) for 3.32 < 0 < 3.49, mixed mode solution, both amplitude and average are nonzero, (3) for
o > 3.49, standing wave, with no oscillation and nonzero average.

(dashed line) and the average

%/0 a(z1,t)dt, (3.2)

where T is the period (solid line), vary with o for 3 < o < 3.7. In region (1), which we call the pure-periodic
region, the average of the solution is close to zero. By contrast, in region (2), although the solution continues
to oscillate, its average is nonzero. Finally, in region (3) the solution is steady (and equal to its average).

In the following sections we provide supporting theory for the above observation. In particular we shall see
that the transitions between region (1) and (2) and between (2) and (3) represent secondary bifurcations that
appear from unfolding the degenerate bifurcation for A=' = A1

c
4. REDUCTION TO A THREE DIMENSIONAL SYSTEM
We consider the case when the parameter A~! exactly equals to the critical value A1, so we have
Qo =ReQ12>Rells4> ...,

which are all negative. For appropriate o, we apply center-manifold theory [1,9] to show that the dynamics of
the solution to (1.3) is determined by the first three modes corresponding to g1 2.
First we rewrite the modulation equation (1.3) in a more convenient way. Define 6 = o — o, the increment

of o away from its bifurcation value o, = —€)y. In dimensionless variables, (1.3) can be rewritten as
oa=da+La—a’, (4.1)
where z
La=oca+ad —ad —A? / a(z')dx’ (4.2)
and we have assumed the positive nonlinear coefficient g = 1 byoa scaling a — g~ /2 - a.
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TABLE 1. Values of the coefficients h/

L0i1i2

in system (4.14).

| (io,i1,i2) [3,0,0] 2,1,0 | 2,0,1 | 1,2,0 |1,1,1]1,0,2] 0,3,0 | 0,2,1 | 0,1,2 [ 0,0,3 |

RY ... 10.168]—0.070 [ —0.346 | 0.081 [0.010 | 0.582 ] 0.004 | —0.053 | —0.021 [ —0.084

hl, . 10008] 0.132 [ —0.152 | —0.104 | 0.021 [ 0.160 | 0.107 [ —0.228 | 0.262 | —0.040
2 0.055 | —0.024 [ —0.183 | 0.012 [ 0.017 [ 0.146 | —0.015 | 0.023 | 0.012 | 0.096

101112

The eigenvalues of .Z are (~2n =Qp+0.=Q, —Q forn=0,1,2,... Thus the first three eigenvalues are all
on the imaginary axis:
Qo =0, Qo =+iw, (4.3)
where w > 0 is real. All other eigenvalues are in the left half plane. Let ¢o(z) be the eigenfunction with
eigenvalue o and ¢1 () £1i¢2(x) be the eigenfunctions with eigenvalues 4 o, i.e.

ZLoo=0 and ZL(Pp1 £ide) = tiw(d1 £igs), (4.4)

where ¢, @1 and ¢o are all real. Let E° = span{¢g, ¢1, 2}, i.e. E€ is the central subspace. We study the
dynamics of a(z,t) through its projection onto the central subspace.

We regard the solution to (4.1) as a flow in the function space of L? on the interval (0, ¢), i.e. square integrable
functions. By the central manifold theorem [1,9], there exists a central manifold M which is invariant under the
flow and tangent to the central space E€, and there is also a neighborhood of zero in L?, denoted by U, with
the following property: if a(-,t) is a solution of (4.1) such that for all t > 0, a(-,t) € U, then the distance from
a(-,t) to M converges to zero exponentially. In other words, to understand the long-time dynamics of (4.1)
near 0, it is sufficient to examine the flow on M. The flow on M is a three dimensional ODE, which can be
formulated by using the coordinates of E°.

We first introduce the adjoint operator of ., which is defined as below:

¢
L*a=oca+ad +a — At / a(z")da, (4.5)

with boundary conditions
a’'(0) + a(0) = a’(¢) + a(f) = 0. (4.6)
The adjoint operator .£* has the same eigenvalues as .Z. Let v, ¢1 + i1 be the first three eigenfunctions
of £*, i.e.,
Ly =0 and L*(1 £ive) = Fiw- (Y1 £ive), (4.7)

where 1,11 and 5 are all real. We may impose the following conditions of orthogonality:

(w’ia ¢]> = 61]7 for 27] = 07 1) 27 (48)

where the inner product (,) is taken in the L2-sense.

Figure 5 shows a possible choice of ¢;(x) and v;(z) for ¢ = 0,1,2 by numerics. To obtain the eigenfunc-
tions ¢;’s, we discretized .Z to second order with space step dx = 0.003, where the derivatives are approximated
by finite differences and the integral term is approximated by trapezoidal rule. Then we use LAPACK to find the
eigenvalues of the resulting matrix, the first three of which are just 0, +iw as in (4.4). We solve the linear system
Lo = 0 to find the eigenfunction ¢y. We also solve the complex system £(¢1 +1¢2) = iw(¢1 +1¢2) by sepa-
rating into its real and imaginary parts. The eigenfunctions ¢;’s in Figure 5 are obtained after L?-normalization:
foe #3 dz =1 and foe(cﬁ +¢3) dz = 1. The eigenfunctions v 1 2 of the adjoint operator are obtained in a similar
way. However, they are not normalized in L2, but by requiring orthogonality (4.8).
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FIGURE 5. Illustration of the eigenfunctions ¢g,1,2 in (4.4) and Yo,1,2 in (4.7), assuming the
length of the fiber £ = 6. They satisfy the conditions of orthogonality (4.8).

We now parameterize M by E¢. Let H = {1, 11, %2 }*; then H is a complement of E€in L?, i.e. L? = E°DH.
2
Let 7 be the projection onto E€ with kernel H. Since M is tangent to E¢, for all u = Y w;¢; in E°NU, there is

i=0
a unique J(u) € M such that 7.J(u) = u. Moreover, the difference R(u) = J(u) — u belongs to H and satisfies

R(u) = O(|ul?). (4.9)

Suppose a(z,t) is a solution of (4.1) such that for all time a(-,t) € M NU. Let u(t) = mwa(-,t). Of course
a(-,t) = J(u(t)). To derive an ODE for u(t), we calculate

U =mna =cu+nLJ(u) — 7[J(u)?]

i f (4.10)
= Gu+ LU+ 1L R() — w6 + O(|u*)).

Clearly 7.2u = Zu for Lu € E° since v € E°. Since R(u) € H, for j = 0,1,2, we have (¢;, ZR(u)) =
(Z*j, R(uw)) =0, i.e. L£R(u) € H and hence 7.ZR(u) = 0. Thus (4.10) can be rewritten as

0= du+ Lu—m(u) + O(Jul*). (4.11)

Let us regard E¢, a subspace of L2, as a three-dimensional vector space with coordinates (ug, u1, uz) defined
by

2
u= Z ui(t)¢i(x)

To expand (4.11) in coordinates, we take the inner product of this equation with each ; for j = 0,1,2. Since
ud — 7 (u?) € H = {tho, ¥1, 2}, we conclude that (v;,7w(u3)) = (¢;,u?) for j = 0,1,2. By (4.4) and (4.8), we
obtain the ODE system for each coordinate u;(t):

Uy = OUug — <?/10a (
i=0

> m) )+ 0gul
i = Gur — wug — <¢1, ( - ulqbl) > +O(Jul*) (4.12)

Uy = Oup + wuy — <1/)2, ( . Uz¢z) > + O(Jul*)
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2 3 o
We expand (Z ui@-) in each equation in (4.12), and the coefficient for each term ug uj'us?, where ig + i1 +

i=0
19 = 3, in the j-th equation is given by
Boiis = (Win b 0203) = [ 0000705 ao (4.13)

For instance, hé’m = (1, P3d1) = foe 1¢%d1 dz. Choosing the functions ¢;’s and 9;’s as in Figure 5, we
computed all the coefficients numerically, and these are in Table 1. Therefore the reduced system (4.12) can be
rewritten as the following:
o = Gug — 3. hY; 5 uguiluf + ho.t.,
Uy = Gur —wup — Y bl uPuituf + hot, (4.14)
Uy = Gus +wuy — Y b2, uPuituf + hot,
where the summations are over nonnegative integers ig, i1, i3 such that ig + 41 +i2 = 3 and h.o.t. means higher
order terms. We rewrite (4.14) in the compact form

i =06u+w- -Tu+ H(u)+ h.o.t., (4.15)
where
0 0 O ug
Tu={00 -1 |-| w (4.16)
01 O U2

and H (u) is the vector-valued homogeneous cubic polynomials of ug, w1, ug in (4.14), including the minus sign.

5. DERIVATION OF THE NORMAL FORM

5.1. Elimination of the nonresonant terms

To investigate the dynamics of the reduced system (4.14), following [9] we perform a polynomial transforma-

tion of coordinates to obtain its normal form. Let H3 be the space of homogeneous polynomials of degree 3. We
—

can regard H(u) in equation (4.15) as an element in the space Hs @ Hj3 ¢ Hs = Hs, a basis of which is given by

1 0 0
{uf, uiua, ufug, wiu3, urusug, urud, u3, uiug, usud, ud} ® o ,{1|,[O . (5.1)
1
Consider a transformation of the form
(uo, u1,uz) = (vo,v1,v2) + P(vo,v1, v2), (5.2)

where P € IFHZ is a vector-valued homogeneous cubic polynomial. We substitute (5.2) into (4.15) to find
v=0ov+w- -Tv+ H(v)+adT(P)(v) + h.o.t.. (5.3)
— —
Here the adjoint operator adT'(+) : Hs — Hjs in above equation is defined by

ad T(P)(v) = TP(v) — (DP)-Tv, VP € H;, (5.4)
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TABLE 2. Values of the coefficients in the computed normal form (5.9).

a1 ao by bo C1 C2
0.083 | —0.096 | —0.130 | —0.422 | 0.003 | —0.090

where DP = (0;F;) is the 3 x 3 matrix. We shall write H(v) = Hi(v) + H2(v), where Hy € Ker(adT)
and Ho € Range(adT). Then by an appropriate choice of P such that ad T(P) = —Ha, the cubic terms
H(v) +adT(P)(v) will reduce to Hy(v), i.e. the projection of the H(v) onto the kernel Ker(adT).

To carry out this reduction, we let ad T'(-) defined in (5.4) act on each vector of the basis (5.1) and expand
the result in the same basis to find ad T'(-) has the following matrix

S0 O O
adT = 0) SIO _HIO s (55)
O T Swo

where ;¢ is 10 dimensional identity matrix, O is the 10 x 10 zero matrix and

0O -1 0 0 0 0 0 0 0 0
30 0 -2 00 0 0 0 0
0O 000 -1 0 0 0 0 O
02 0 0 0 0 -3 0 0 0
00 2 0 0 0 0 -2 0 0
Su=119 0 0 0 0 0 0 0 -10 (5.6)
O 0 01 0 0 0 0 0 0
O 000 1L 0 0 0 0 O
O 0 00 0 1 0 0 0 O
O 000 00 0 0 0 O

Using Maple to investigate matrix (5.5), we find that ad 7' is diagonalizable (in the complex sense) and its null
=
space is a six dimensional subspace of Hj3 spanned by the following eigenvectors:

r2vg v 0 0 0 0
2 2 2 2
0 1 0 o o )| vivg || —rtue ), | —vevg |, (5.7)
0 0 20y vau3 r2uq V103

where for convenience we defined r = 7(v) = y/v} + v3. On the other hand, the remaining twenty-four eigenvec-
tors of ad T" corresponding to nonzero eigenvalues span the range of ad T and can therefore be transformed away
by an appropriate choice of P in (5.2). Thus the system (4.12) can be transformed to the following simplified
form:

U = v + a1m%vy + agvg + h.o.t.,
U = Gv1 — wug + bir?vy + bav1v3 — e17?v2 — covav + hoo.t., (5.8)
Uy = Gvg + wuy + b17%vg + bavavd + c17?v1 + covivd + hoo.t.

Using Maple to perform the computations, we find that the coefficients in Table 1 lead to a reduced system (5.8)
with the coefficients aj 2, b1,2 and c; 2 given in Table 2.
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5.2. Scaling of the remaining terms

We introduce polar coordinates such that v; = r cosf and vy = rsin € and for convenience we define z = vy.
Then the system (5.8) can be rewritten as the following

2= 2(6 + a1r® + a22?) + O(|r, z|4),
=1+ bir? + be2?) + O(|r, z|*), (5.9)
0 =w+ O(|r,z|?).

We study the reduced bifurcation problem in the variables r» and z. By scaling these variables

z-y\/—az, T=r-+/—b, (5.10)

we may reduce this subsystem of (5.9) to the normal form

[S3
I

47 =26 —mi? — 2%) + O(|F, 2|),
L o (5.11)
ar:r(afnz — )+ O(r, %),
where
aq b2
m= -~ —0.64, and n=— =~ 4.40. (5.12)
1 a2

Since to lowest order 6 is a constant, an equilibrium of (5.11) with 7 # 0 corresponds to a periodic solution
of (5.9).

6. ANALYSIS OF THE BIFURCATION

In previous sections for the case A=! = A ! exactly, we derived equation (5.9) for the restriction of (4.1)
to the center manifold. Let us show that equation (5.9) undergoes both a Hopf bifurcation and steady state
bifurcation as & passes through zero. Motivated by [8,12], we expect that interactions between the two modes
can lead to secondary bifurcations. Although later we shall specialize to the values of m and n in (5.12), any
values satisfying n > 1, mn < 1 yield qualitatively similar behavior (see Chap. 10, [7]).

Neglecting the h.o.t. in (5.11) and dropping the tildes on 7, Z, we obtain the system

( : ) — fleir ) = ( 2@ —mr? = 2%) ) (6.1)

7 r(G —nz? —r?)

Note that this system has Zs @ Zs symmetry under the transformations z — —z and » — —r. This symmetry
helps in the enumeration of equilibria f(r, z,&) = 0 of (6.1). Specifically, we have the four possible cases:

e the trivial zero solution (0, 0);

e a pure z-mode (i\/g, 0), corresponding to a standing wave solution;

e a pure -mode (0,+/5, corresponding to a periodic solution of (5.9);

e mixed mode which satisfies

& =mr? + 2% =n2? + 12 (6.2)

The pure z-mode and the pure r-mode appear only while ¢ > 0, i.e., both modes bifurcate supercritically.
Regarding possible mixed modes, given m and n as in (5.12) there is no value of & for which (6.2), a pair of
linear equation in r? and 22, has real nonzero solutions. Checking the eigenvalues of df(z,r,&), we find when
0 < 0, the trivial zero solution is stable; and when ¢ > 0, only the pure z-mode is stable. We summarize this
information in the schematic bifurcation diagram Figure 6, where a solid line means stable and dashed line
means unstable.
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IOV mode (periodic)

z — mode (steady state)

zero mode

FIGURE 6. Schematic bifurcation diagram to the system (5.11), where the horizontal direction
denotes the value of & . The z-mode represents a symmetric pair of steady solutions of (5.9),
and the r-mode represents a periodic solution of (5.9). A solid line means the mode is stable,
and a dashed line means it is unstable.

More generally, we assume A~! in (1.3) is close to, but not exactly equal to, A_!. As illustrated in Figure 1,
changing A~! shifts both Qg and Re Q1 2. To model these shifts we consider an unfolding [7,11] of (6.1) with
two auxiliary parameters p; and pa:

i\ 2(6 — pp — mr? — 2?)
<7’“>_<r(&—u2—n22—r2)>' (6:3)

Letting 6 = & — p2 and g = p3 — g, we may eliminate an inessential parameter and rewrite (6.3) in the following

form:
2 (6 — )z —mr?z — 23
| =F(zro,pn) = . s 3 . (6.4)
T or —nrz® —r

As above, we can enumerate equilibria of (6.4) — solutions of F(z,r,&,u) = 0 — in four cases:

e the trivial zero solution (0, 0);

e for 6 > u, a pure z-mode (£+/6 — u,0), corresponding to a standing wave solution;
e for 6 > 0, a pure r-mode (0, V&, corresponding to a periodic solution;

e a mixed mode which satisfies & = mr? + 22 + p = nz? + 2,

The stability of the bifurcating solutions and the existence of (real) mixed-mode solutions depend on the sign
of u.

Case I: i < 0. In this case there are no mixed-mode solutions for any value of §. Thus the equilibria of (6.4)
trace out a bifurcation diagram as sketched in Figure 7A. Exchange of stability suggests that the trivial solution
for ¢ < p and the z-mode for ¢ > u are stable and other solutions are unstable. This is easily confirmed from
the Jacobian of (6.4).

Case II: ;1 > 0. In this case, the mixed-mode equations may be solved to obtain

—1)o — —1)o
7,2 _ (n )U nl’[” 22 _ (m )0—+/’L (65)
mn — 1 mn — 1

In the range §; < & < d2, where

__H _
6171—7’77, and 6277@—1’ (66)

both right-hand-sides of (6.5) are positive. Thus (real) mixed-mode solutions exist for this range of . Since
z—0as 6 — 51” and r — 0 as 6 — d, , the mixed-mode solution branch connects the pure r- and z-modes,
as sketched in Figure 7B. Exchange of stability suggests the stability assignments of the figure, and these are
readily verified. Speaking teleologically, we may say that the secondary bifurcations of the mixed-mode solution
are needed for the primary branches to have the same stability as in Figure 6 for large 6.

These bifurcation diagrams agree with the simulations. For fixed A=! < A_!, when we increase o from 0,
the simulations in Figure 2 show a steady state bifurcation from the trivial solution in region (0) to a standing
wave solution in region (3), which is the behavior in the bifurcation diagram Figure 7A. For fixed A= > AL,
when we increase o from 0, Figure 2 shows we first encounter a bifurcation from the trivial solution in region (0)
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z — mode (steady state) 0 mixed mode I — mode (periodic)
i> .-"

u<o

-
-

-<” r — mode (periodic)

-

A A< AP B: Al > AY

FIGURE 7. Schematic bifurcation diagrams for two cases A= < A7t and A= > A1, where
the horizontal direction denotes the value of 6. The solid line means the mode is stable and
the dashed line means it is unstable.

to a pure r-mode (periodic solution with zero average, to leading order) in region (1), and then it bifurcates to
a mixed mode (periodic solution with nonzero average) in region (2), finally it bifurcates to the pure z-mode
(standing wave solution) in region (3), all of which can be observed from Figure 7B as we increases &.

The above data also provide a check on the accuracy of truncating all h.o.t. We can obtain §; and J from
the simulation in Figure 4, where A~! = 3.3. §; represents the increase in &, or equivalently of ¢, from the first
bifurcation (emergence of the pure r-mode) to the second bifurcation (the appearance of the mixed mode), and
similarly do represents the increase in ¢ or o from the first bifurcation to the third. We find

01, ~3.32—3.14=0.18, &, ~3.49—3.14=0.35. (6.7)

S1m
On the other hand, since p = p1 — p2, where to the leading order p; and po are shifts of the threshold values
of & for the emergence of pure z-mode and r-mode respectively, we obtain y = Re ; — Q4. By computation of
the eigenvalues, as shown in Figure 1, when A=! = 3.3, we have p ~ 0.28. Thus the formula in (6.6) gives the
theoretical result:

H ny

61‘“160 - m ~ 017, 52|theo - —1 =~ 036 (68)

for the values of m and n in (5.12), which matches the simulated result (6.7) well.

7. CONCLUSION

We have studied the bifurcations of the modulation equation (1.3) for APD alternans propagating on a cardiac
fiber. We observed the solutions undergo either a steady state or a Hopf bifurcation; which occurs first depends
on one parameter in the equation, the dimensionless A=! defined in (2.1). There is one special value A_! so
that we have a codimension 2 bifurcation for A=t = A_!; if A=! is near A_ !, there is competition between
multiple modes, which leads to the following: (1) for A=! < A!, the equation (1.3) has a simple steady state
bifurcation as we increase the bifurcation parameter o; (2) for A=1 > A1 we will encounter a Hopf bifurcation
followed by secondary bifurcations and finally we will reach a standing wave solution for o sufficiently large.

We also observe an interesting phenomenon: the amplitude of alternans at the stimulus site is quite different
for the steady state and the periodic solution. For instance, the pure z-mode (standing wave solution, as shown
in Fig. 3d) has an nonzero constant value at the stimulus site, but the pure r-mode solution (pure periodic, as
shown in Fig. 3b) almost has no amplitude of oscillation at 2 = 0. This can be seen from the eigenfunctions (;535
(see Fig. 5A). The z-mode is approximately given by ¢ and the r-mode, by ¢1 2. The different behavior between
¢o and ¢1 o induces the great change of the amplitude of solution at = 0.

Throughout this paper, the dimensionless cardiac fiber length is assumed to be £ = 6. However, the dynamical
behavior of (1.3) is similar for any ¢ greater than 6. In particular, the evolution of eigenvalues has the same
behavior as in Figure 1 when we increase A~!. For smaller £ the behavior of (1.3) is different, as we shall explore
in a future paper.
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FIGURE 8. Phase plane portraits of the solutions for various values of o, assuming (=15 and
A~! =10, which is obtained by plotting a(ya2, t) versus a(y1,t), where y; = 0.75¢ and y2 = 0.85/.

Incidentally, for the Noble model, dimensionless length ¢ = 6 corresponds to a physical length of 4.32 cm.
This conclusion follows from undoing the scalings ¢ = w¢/¢2 and using w = 0.045 cm and & = 0.18 cm (see [3]
for computation of w and &).

For A~! in a broader neighborhood of A !, possibly far away from A_ !, (1.3) may have more complicated
dynamics, including chaos, which we will investigate in a future paper. Figure 8 shows the phase plane portraits
for three different values of o with fixed £ = 15 and A~ = 10. It appears case A is periodic, B is period doubled
and C is chaotic.
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