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HOMOGENIZATION OF MONOTONE SYSTEMS
OF HAMILTON-JACOBI EQUATIONS

FaBio CAMILLI', OLIVIER LEY? AND PAoLA LORETI?

Abstract. In this paper we study homogenization for a class of monotone systems of first-order time-
dependent periodic Hamilton-Jacobi equations. We characterize the Hamiltonians of the limit problem
by appropriate cell problems. Hence we show the uniform convergence of the solution of the oscillating
systems to the bounded uniformly continuous solution of the homogenized system.
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1. INTRODUCTION

In this paper we study the behavior as € — 0 of the monotone system of Hamilton-Jacobi equations

{ o 4 Hi(w, %0, Dus) =0 (x,t) € RY x (0,T], "

us(z,0) = ug i (x) zeRN i=1,...,M,

where the Hamiltonians H;(x,y,r,p), i = 1,..., M, are periodic in y, coercive in p and satisfy some uniform
continuity properties, see (2.2). The ug;’s are bounded uniformly continuous (BUC' in short). The monotonicity
condition, see (2.3), we assume for the system is a standard assumption to obtain a comparison principle for (1.1)
(see [10,12-14]).

The main result of the paper, see Theorem 5.2, is the convergence of u®, as ¢ — 0, to a BUC function
u = (uq,...,up) which solves in viscosity sense the homogenized system

{ G+ Hi(w,u,Du) =0 (z,t) € RN x (0,T), (1.2)

u;i(z,0) = ug i(x) reRN i=1,...,M.

The Hamiltonians H; of the limit problem, the so-called effective Hamiltonians, are characterized by appropriate
cell problems. The comparison principle for (1.2) which provides existence and uniqueness is not an immediate
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consequence of the comparison principle for (1.1) since the regularity properties we could prove for the effective
Hamiltonians are weaker than those for the initial ones (compare (2.2) and (4.3)).

Homogenization of Hamilton-Jacobi equations in the framework of viscosity solution theory was firstly con-
sidered in the seminal paper by Lions et al. [16]. The proof of our homogenization result relies on an appropriate
modification of the classical perturbed test function method. This technique was introduced in the framework
of the viscosity solutions theory by Evans [11] for the case of a periodic equation. Then it has been adapted
to many different homogenization problems, see e.g. [1,7,8,15]. For a complete account of the homogenization
theory in the periodic case we refer to [1].

Concerning the homogenization of systems of Hamilton-Jacobi equations we refer to [11,17]. In these papers,
homogenization of weakly coupled systems, i.e. systems with a linear coupling, was considered together with
a penalization of the coupling term of order e~!. Because of the penalization, the limit problem is a single
Hamilton-Jacobi equation and all the components of the solution of the perturbed system converge to the
unique solution of this equation.

We consider the more general class of monotone systems, which in particular includes the weakly coupled
ones. Moreover, since we do not penalize the coupling term, the homogenized problem is still a system of
Hamilton-Jacobi equations and the perturbed test function method has to be adapted to this situation.

In Section 6, we discuss in more details the homogenization of the weakly coupled systems. In particular
we show that the homogenized system is not necessarily weakly coupled but only monotone. For a particular
1-dimensional weakly coupled eikonal system, we give an explicit formula for the effective Hamiltonians.

The plan of the paper is the following.

In Section 2 we describe our assumptions and definitions. In Section 3 we study the system (1.1) for £ > 0.
In Section 4, we define the effective Hamiltonians and we study their properties. In Section 5 we prove the
homogenization result. In Section 6 we study some examples and in particular the weakly coupled systems.
Finally in the Appendix we prove a comparison theorem for (1.1).

Notation: We will use the following norm

|floe = esssup |f(z)]
RN

and By (7, R) denotes the k-dimensional ball of center x € RY and radius R > 0.

2. ASSUMPTIONS AND PRELIMINARY RESULTS

We consider the monotone system of Hamilton-Jacobi equations

ous
Y m, (x,f,us,puf) =0 (2,0) RN x (0,T), i=1,..., M,
ot € (2.1)
ug(z,0) = up,i(x) z € RV,
where u® = (u5, ..., u5,) and u$ is a real valued function defined in RY x [0, T']. We assume that the Hamiltonians
Hj: RY xRN xRM xRN - R, j=1,..., M, are continuous and satisfy the following assumptions:
(i) H;(z,y,r,p) is ZN-periodic in y for any (z,r, p);
(ii) Hj(z,y,r p) is coercive in p, i.e.
‘ ‘Hm H;(z,y,r,p) = +oo uniformly in (z,y,r);
pl—too
(iii) for all R >0, H; € BUC(RY x RN x [-R, R]™ x By(0, R)); (2.2)

(iv) there exists a modulus of continuity w s.t.

|Hj($15y177a7p) - Hj($25y277a7p)| S w((l + |p|)(|$1 - x2| + |y1 - y2|))a
for every x1, T2, Y1, y2, p € RY and r € RM,
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Unless otherwise specified all the periodic functions we consider have period TV = [0, 1]. We also assume the
following monotonicity condition

If r, s ¢ RM and T 8= r?axM{rk — sk} >0, then

for all z, y, p € RY, Hj(x, y,r,p) — Hj(z,y,s,p) > 0. 23)
Concerning the initial datum we assume
up,; is bounded uniformly continuous in RY forj=1,...,M. (2.4)
Example 2.1. (1) Consider
Hj(x,y, 7 p) = a;(z,y)|pl + Fj(r), (2.5)

where a; € C(RY x RY) and F; € C(RM). If a; is ZN-periodic in y, then (2.2) (i) holds. If there exists § > 0
such that a; > ¢ then (2.2) (ii) is satisfied. If a; is bounded with respect to x then (2.2) (iii) holds (note that
a; is bounded with respect to y since it is periodic). Finally, we have (2.2) (iv) if, for instance, a; is Lipschitz
continuous with respect to (z,y). The assumption (2.3) is satisfied if Fj is increasing in r;, decreasing in ry for
k+#j.

(2) A weakly coupled system is a system of the type

M

e

;tl +H, (x,g,Duf) +3 e (:cg) wj=0, i=1,...,M. (2.6)
i=1

Some assumptions on ¢;; to ensure (2.3) are given in Section 6. Weakly coupled systems arise in optimal control
theory of random evolution processes (see [10]). Moreover they are associated to large deviation theory for small
random perturbations of a random evolution process (see [6,9]). We will study some specific case of weakly
coupled systems in Section 6.

For a function v : E — RM, we say that u = (u1,...,upr) is upper-semicontinuous (u.s.c. in short),
respectively lower-semicontinuous (l.s.c. in short), in E if all the components w;, i = 1,..., M, are u.s.c.,
respectively ls.c., in E. We define in the same way bounded uniformly continuous (BUC') and Lipschitz
continuous functions u : E — RM. If u = (u1,...,upr), v = (vi,...,var), are two functions defined in a set F
we write u < v in F if u; <w; in E for all i € {1,..., M}.

We recall the definition of viscosity solution for the system (2.1).

Definition 2.1.

(i) An ws.c. function u : RY x (0,7) — RM is said a viscosity subsolution of (2.1) if u;(-,0) < ug,; in RV for
all i € {1,..., M} and if whenever ¢ € C*, i € {1,..., M} and u; — ¢ attains a local maximum at (x,t) with
t > 0, then

0 1)+ Hi (2, 2 1), Do, 1)) <0,

(ii) A ls.c. function v : RY x (0,7) — RM is said a viscosity supersolution of (2.1) if v;(+,0) > g, in RY for
all i € {1,..., M} and if whenever ¢ € C', i € {1,..., M} and v; — ¢ attains a local minimum at (x,t) with
t > 0, then

oler T
E(m,t) + H; (:L', E,v(m,t), Dd)(:c,t)) > 0.
(iii) A continuous function wu is said a viscosity solution of (2.1) if it is both a viscosity sub- and supersolution

of (2.1).
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3. THE EVOLUTIVE PROBLEM FOR € > 0

In this section we study the system (2.1) for e > 0 fixed. We first prove a comparison theorem which applies
to prove existence and uniqueness for (2.1). Without loss of generality, we can skip the y-dependence in the
Hamiltonians below and we prove a slightly more general result for H; = H;(z,t, u, p) which depends also on ¢
(and is continuous in RY x [0, 7] x RM x RV).

Proposition 3.1. Let u be a bounded u.s.c. subsolution and v be a bounded l.s.c. supersolution of

ot (3.1)

9u t Hi(x,t,u, Du;) =0 (x,t) € RN x (0,T),
u;i(2,0) = ugi(x) zeRN, i=1,....M,

where H; satisfies (2.2)~(2.3) and uo satisfies (2.4). Then u < v in RN x [0,T] and there exists a unique
continuous viscosity solution u of (3.1).

Proof. We first prove the comparison principle. Define

e

‘Il(xayatasaj) = ’LLJ(I,t) - U](y75) - ﬁ(|$|2 + |y|2) - nta

2« 2u

where «, 3, p,  are positive constants. Since u,v are bounded, max; supgny2 (o7 ¥ 1s finite and achieved at
some (7,7,%,3,7).
For all j and (x,t) € RY, we have
u]'(,CL', t) - ’Uj(l‘, t) - 26|1’|2 - 77t = \I/(l‘, z, t7 ta]) S \Ij(fa _7 _a 573) S u;(fa f) - 'U;(y, §),
If u;(f, t) — v]—@, 5) <0 for all 8,n > 0, then the comparison holds. Therefore, we suppose that
uz(T,t) — v3(y,5) = 0 (3.2)

for 3, n sufficiently small.
The following inequality

u1(0,0) — v1(0,0) = ¥(0,0,0,0,1) < ¥(,7,1,5, j)

and the boundedness of u, v leads to the classical estimates (see [3], Lem. 4.3)

=712

B e i
—, — < 2(|uf 00)s .
(P +15°), g 5T < 2l + o) (33)
732 77l
Migg' 2:' =0, lim B(7 +[g) =0 and Jimy i sup |:”2ay| =0 (3.4)

we will need later.
Assume for a while that it is possible to extract some subsequences «, 3, 1 — 0 such that

t>0and3s>0. (3.5)

It follows that we can write the viscosity inequalities for the subsolution u and the supersolution v. Setting
D= (T —7)/a, we have
(t—3)

«

+ Hy (7,1, u(z,1),p + 267) <0 (3.6)
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and

(f—5)
a
Subtracting (3.7) from (3.6), we obtain

+ H5 (7,5, v(y,5),p — 20y) > 0. (3.7)

1 < H;(3,5,0(9,5),0 — 2079) — H; (T,4,u(Z,1),p+ 207) = T1 + b + Tz + Ta, (3.8)
where
7'1 = Hj (ya s, U(y, §),ﬁ - 26@) - Hj (T’ s, U(y, §),ﬁ - 26@)7
7—2 = Hj (fa s, ’U(ya §)7Z_) - 2@) - HF (fa fa U(@ g)ap - 25@)7
7'3 = Hj (fa fa 'U(y, g)aﬁ - 26@) - H} (Ta %71}(?7 5)72_3+ 26f)a
Ty = H; (%,1,0(y,5),p + 20T) — H; (T,1,u(T,1),D + 20T).
From (3.3), choosing 0 < «, 8 < 1 and setting M = [tt|oo + |V]oo) We have
BB < MVB<M and [pl < (3.9)
Y — -~ — \/a
From (2.2) (iv), we have
7 < w((L+pl+ 287Dy —=)
= =2
< w ((1 +2M)Ma + %) (3.10)

If «, 8 are fixed, T, v(y,5),p — 257 are bounded independently of p by (3.3). It follows that there exists a
modulus of continuity wq gy, such that

oo
To < Wa 8,v]w,. 7 (5 — ).

By (3.9),
D — 207l |p+ 207 < —= +2M
p Yl |P _\/—

and therefore, by (2.2) (iii), there exists a modulus of continuity wq, |,/ 7 such that
T3 < Wa oo, 7 (BT + (7)) < Wajv]o0,7(2MB).

The non classical term here is 74 for which we have to use (2.3) to deal with: since 0 < u;(7, ) — v;(7,3) =
max; <;<n{ui(Z, 1) — v;i(Y,5)} by definition of j and (3.2), we obtain

7, <0.

Finally, (3.8) reads

7 -z
«

n<w ((1+2M)Mx/5+ >+wa,a,|vm,T(Ig—fl)+wa,|vm,:r(ﬁ(lflﬂyl))- (3.11)

By (3.4), we can take « small enough to have w(...) < n/3. Then we choose successively 3 and p small enough
to obtain a contradiction in (3.11).
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Therefore, choosing u < 8 < « < 7 small enough, (3.5) does not hold and, for all extractions, one has for
instance £ = 0. It follows that, for all j and x,y € RN, t € [0, T], we have

2 + = _ 772
X Yy _ _ x Yy
g t) — oy t) <t I el ) + (y70) — oy 7.9) " - T

Sending 1 — 0 and then 8 — 0, we obtain, using (3.4),

T -7
2«

gl t) — oy nt) <t Y (us7,0) - 0r(@.0)) - (312)

J

But u;(f, 0) — v]—@, 0) < uOJ(T) - uoj(y) and by uniform continuity of the ug ;’s, j = 1,..., M, for all p > 0,
there exists C} , > 0 such that

g () — uo;(y) < p+Cjple -yl (3.13)
and therefore
2 2
rT—y T—y 1
o, () — uo,;(y) — % <p+Ciplr—yl - % <p+ 5040]2,,,. (3.14)

We fix p > 0 and set C), = maxi<;<um C’W/\/ﬁ. Then (3.12) becomes

|z —y[*

wj(@,t) = vy, t) < p ot +aCy+

(3.15)

Using (3.4) and sending successively « — 0, n — 0, p — 0, we conclude that the comparison holds.
By classical Perron’s method (see [14]), comparison implies the existence of a continuous viscosity solution u
o (3.1). Applying the comparison principle again, we obtain the uniqueness of the solution. ]

Proposition 3.2. Under the assumptions of Proposition 3.1, let u be the unique bounded continuous viscosity
solution of (3.1). Then u € BUC(RY x [0,T)).

Proof. We first prove that u is bounded. Let
ut(x,t) = (£|uoloo £ CL, . .., £|to|oo = C1),
where C'= C(H, |ug|co, T') is defined by
C:=sup{|H; (z,t,7,0)| : x € RN, t € [0,T], |r]| < |ugloo, 1 < j < M}. (3.16)

It suffices to prove that u™ is a supersolution and v~ a subsolution of (3.1). Then, by the comparison principle
of Proposition 3.1, we get

uw <u<ut RY x [0,T]
and we obtain the global L* bound
[u| < [uoles + C(H, uooo, T)T (3.17)

We only prove that u™ is a supersolution, the proof for ™ being similar. At first, u™ satisfies clearly the initial
condition. Since u™ is smooth, for all j and (z,t) € RY x (0,7),

Quy + + +
5 + Hj(z,t,u (ac,t),Duj (x,t)) = C+ Hj(z, t,u™ (z,t),0).
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But

+ _ — >
(ax {ug (2,1) = fuofoc} = Ct 20

is achieved for every index 1 < k < M. Therefore, from (2.3), for all j,
Hj(l’,t,qu(l‘,t), 0) > Hj(l‘,t, (|u0|007 ) |u0|00)7 0) >-C
which proves the result.
We prove the uniform continuity of u in the space variable uniformly in time. Repeating the proof of the
comparison principle with v = u, from (3.15), we obtain for all p,n > 0, there exists C, such that, for all j,

z,y € RN and t € [0, T,

2
(o) — ui(y.t) < - 2 o=yl _
uj(z,t) u](y,t)_p+nt+ér;f0{a0p+ 70 <2p4+V2C, |z -y,

if we take 7 such that n7" < p. This proves that there exists a modulus of continuity wsp, in space for u which is
independent of ¢ € [0, T:

uj(a,t) —uj(y,t) Swsp(jz —yl) =,y €RY, ¢ €[0,T].

We continue by deducing a modulus of continuity in time (uniformly in space). This result is classical in
parabolic PDEs. Here we adapt the proof of [5], Lemma 9.1. We want to prove that, for all p > 0, there exist
positive constants C, and K, such that, for all j, z, ¢ € RY with | —xo| <land 0 <ty <t <T,

wj(z,t) —uj(zo,to) < p+ Cplz — x0|* + K,(t —to) (3.18)
and
—p—Cylz —z0|* — K,(t — to) < uj(x,t) — uj(wo, to). (3.19)
We will prove only the first inequality, the proof of the second one being analogous. Since x € B(zg, 1), taking
Cp 2 2|ulos,
we are sure that (3.18) holds on 0B(zo, 1) X [to, T] for every p, K, > 0. It is worth noticing that C, depends only

on |u|s. Next we would like to ensure that (3.18) holds in B(zg, 1) x {to}. To this end, we argue by contradiction
assuming there exists p > 0 such that, for every C, > 0, there exists j and yc, € B(wo, 1) with

uj(ye,,to) — uj(wo,to) > p+ Cplyc, — wol*. (3.20)

It follows
lyc, — xo| <

From (3.20), we get

wsp(lye, — @ol) > u;j(ye, . to) — uj(zo,to) > p+ Cylyc, — zol* > p,
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which leads to a contradiction for C, large enough. Note that the choice of C, to obtain the contradiction
depends only on p, |u|s and wsp. Finally we proved that, up to choose C, = C,(p, |t|oo, wsp) big enough, (3.18)

holds on (0B(zg, 1) x [to,T]) U (B(xo,1) X {to}).
For all 1 <5 < M, we set

X5 (Y, t) == uj(xo,to) + p+ Cply — 300|2 +K,(t—to) (y,t)€ RY x [0,T]

and X = (X1,...,xm). Note that x is a smooth function. We claim that we can choose the constant K, big
enough in order that y is a strict supersolution of (3.1) in B(zg,1) x (to,T). Indeed, for all j, and (y,t) €
B(l‘o, ].) X (to,T),

8 .
% + Hj(yata X(yat)a DX](y,t)) = KP + Hj(yata X(yat)ﬂ QCp(y - l‘o)) (321)

But

1%%)34{%(3/,15) —up(wo,t0)} = p+ Cply — zo> + K,(t — o) > 0

is achieved for every index 1 < k < M. Therefore, from (2.3), for all j,
H;(y, 1, x(y,1),2C,(y — x0)) = Hj(y,t, u(zo, to), 2C,(y — z0))- (3.22)
By (2.2) (iii),
Mg, ju).. = inf{H;(y,t,r,p) 1y € RNt € [0, 7, |r| < [uloo, |p| < 2C,,1 < j < M}
is finite. Taking
Ky, > —=Mc, jul.
from (3.21) and (3.22), we obtain, for all j,

0]

9 + Hj(y,t, x(y,t), Dx;(y,t)) >0 (y,t) € B(wo, 1) x (to,T)

which proves the claim.

From the very definition of viscosity solution, it follows that, for all j,  max {u; — x;} is necessarily
B(xo,1) % (to,T)

achieved on the parabolic boundary of B(xg,1) x (to, T) and therefore (3.18) holds in B(zo, R) x [to, T).
From (3.18) and (3.19), we obtain that, for all p >0, 1< j < M,z € RV, and t,s € [0,T],

Juj(,t) = uj(z, 5)| < p+ Kplt —

and K, is independent of =. This proves the existence of a modulus of continuity wyy, in time which is independent
of z € RN, O

In the following proposition, we prove some a-priori bounds, independent of e, which are used in the homog-
enization theorem.

Proposition 3.3. Assume (2.2), (2.3) and (2.4). For any ¢ > 0 there exists a unique solution u® € BUC(RY x
[0,T]) of (2.1). Moreover

(1) If ug is bounded Lipschitz continuous, then u® € WH(RYN x [0,T]) and |Duf|s can be bounded inde-
pendently of .
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(i) If up is BUC, then

[uf (2, 1) — u(y, )| < wsp(lz = yl) +wem([t = s]) @,y €RY, 1,5 €[0,T] (3.24)

and L(H;, |uo|oo, T'), wsp, wem are independent of €.

Proof. For fixed € > 0, the existence and uniqueness of the solution u¢ € BUC(RY x [0,7T]) to (2.1) follows
immediately by Propositions 3.1 and 3.2. Note that the L*> bound for u® does not depend on ¢. Indeed, replacing
C in (3.16) by

C:= Sup{‘Hj (:c,g,r,O)‘ sz € RN,y € RN |r| < |uo|oo, 1§j§M}

which is finite and independent of € by periodicity of H; in y, we obtain (3.17) and therefore (3.23).

We now prove (3.24). Let u® be a subsolution and v° be a supersolution of (2.1) which are BUC' (the modulus
of continuity of the solution may a priori depend of ). Arguing as in Proposition 3.1, from (3.12) we have, for
all j and (z,t) € RY x [0,T],

= _ (2
5 € £ (= L E(7 + |$ - y|
uj(z,t) —vj(z,t) < nt+ (ux(7,0) —v5(y,0)) —5a
= 2
< S 0) — oS- ONF - (V5(F.0) — vi(T +_ [z-1l
s 0T+ max sup(u;(0) = 05(5 0))7 + (v5(7,0) = v5(7,0)) o
and
lim sup(v< (7, 0) — v<(y, 0))" — 79’ <0
a—0 J J 2a -

since v is uniformly continuous (see (3.13) and (3.14)). Letting & — 0 and then 1 — 0, we obtain

€ _ < (. — ve(. +_ .
lénj?g\/lRwsfﬁT] uj —v; < lg?i/[sﬁylvp (u5(-,0) = v5(-,0)) (3.25)

We have to prove that the modulus of continuity of u® do not depend on €. We proceed by approximation
showing first the result for uy Lipschitz continuous. Replacing C in (3.16) by

C:= Sup{‘H] (xagarap>‘ HIES RN7 Y€ RN7 |T| < |UO|ooa |p| < |DUO|oo; 1 S] < M}7

we prove as at the beginning of the proof of Proposition 3.2 that, if v*(x,t) = (ug1(x) £ Ct, ... ,uor(x) £ Ct),
then v is a supersolution and v~ is a subsolution of (2.1). By Proposition 3.1, it follows

v” <u<ovt inRY x[0,T]. (3.26)

Let 0 < h < T and note that, since the H;’s are independent of ¢, u®(-,- + h) is still a solution of (2.1) with
initial data u(-, h). By (3.25) and (3.26), we get for all j, (z,t) € RN x [0,T]

+
u§(x,t + h) —u5(z,t) <  Jax s],lpr (u5(-,h) —uo;) < Ch

and therefore uj is Lipschitz with respect to ¢ for every z with

<C.

oo

8u§
ot
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From (2.1), we obtain, in the viscosity sense
T e € N
~C < Hj(z,—,u",Duj) <C (x,t) € R™ x [0,T].
€

By the coercivity of H; (uniformly with respect to the other variables, see (2.2) (ii)), there exists L; > 0 such
that, for all p € RV,

pl >L; = foralle >0, z €RY, r e RM, Hj(x,g,r,p) >C.

It follows that u$ is Lipschitz continuous in z for every ¢ with |Du$|o < L; (with L; independent of ¢).

Now if ug € BUC(RY), then it is possible to approach it by Lipschitz continuous functions: for all v > 0,
there exists ug such that |ug — ug|oc < 7. Let u® (respectively u®7) be the unique BUC' (respectively Lipschitz
continuous with constant C) solution of (2.1) with initial data ug (respectively ug). Note that C., is independent
of . By (3.25), we obtain

g

0 — e < o — o < 7.

It follows that, for all 1 < j < M, z,y € RN, ¢,5 € [0,T],
[u§ (@, t) —u§(y, s)| < |uj” (@,8) —u” (y, 8)] + 27 < Cy(|lz —y| + [t — s]) + 2. (3.27)

Since (3.27) holds for all v > 0 and C, is independent of €, we conclude that u® is BUC with a modulus
independent of €. O

4. THE CELL PROBLEM

In this section we prove the existence of the effective Hamiltonians, the Hamiltonians for the limit sys-
tem (1.2). Since at this level we work for a fixed index i, i.e. there is no coupling, we can follow the classical
argument based on the ergodic approximation of the cell problem. The only point is to prove that effective
Hamiltonians we are going to define still verify some regularity and monotonicity properties so that the homog-
enized problem verifies a comparison principle.

The cell problem. For any i = 1,..., M, given (z,7,p) € RY x RM x RN find \; = \;(z,7,p) such that the
equation

Hi(x,y,r,p+ Dv(y)) = N yeTV (4.1)
admits a viscosity solution v; = v; z s p.

Proposition 4.1. Assume (2.2). For any i =1,..., M, there exists a unique \; = \;(z,r,p) € R such that the
cell problem (4.1) admits a periodic solution v;(y) = v;(y;x, r,p) which is Lipschitz continuous. More precisely,
for all R > 0, there exists Lr > 0 such that

sup{| Dyvi(y; 2, 7,p)|oo : @ € RY, |r| 4 |p| < R} < Lp.

Proof. We only give a sketch of the proof, see for instance [8] for details. Fix ¢ € {1,...,M}, R > 0 and
(z,7,p) € RNV x RM x RN such that |r| + |p| < R. Consider the ergodic approximation of the cell problem

aw (y) + Hy(z,y,r,p+ Du(y)) =0 yeTV. (4.2)

By (2.2), (4.2) satisfies a comparison principle for any a > 0 and therefore it admits a unique continuous
viscosity solution w§* which is periodic. By (2.2) (iii),

CR = Sup{|Hj(x,y,7’,p)| PN TES RN; |T| + |p| < Ra] = 17~'~7M} < 400
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and —Cr/« is a subsolution and Cr/« is a supersolution of (4.2). It follows
—Cgr < aw < Cg.
By the coercitivity of the Hamiltonian H;, there exists Lr = L(R, H;) such that
lp+ Dw| > Lr = H;(z,y,r,p+ Dwf) > Ckg.
We then get the global gradient bounds for w§* independent of a:
|Dwf|s < L.

It follows that, for a fixed yo € TV, there exists a sequence a, — 0 such that

lim anwi™ (y) = A for any y € TV,
n—oo
lim wi™ (y) — wi™" (yo) = vi(y) uniformly in TV .
n—oo

Moreover v; is Lipschitz continuous with constant Lp and by standard stability result in viscosity solution
theory (\;,v;) is a solution to (4.1). Finally it is possible to prove that the number A; for which (4.1) admits
a solution is univocally defined, while it is well known that in general the viscosity solution of (4.1) is not
unique. O

Definition 4.2. For any i = 1,..., M, the effective Hamiltonian H;(x,r,p) associated to the Hamiltonian H;
is defined by setting

Hi(.f,?”,p) = )\z
where ); is given by Proposition 4.1.
We now deduce some properties of the effective Hamiltonians.

Proposition 4.3. Assume (2.2). For anyi=1,..., M, the effective Hamiltonian H; satisfies:

(i) H; is continuous in (z,7,p) and, for all R > 0, there exists a modulus of continuity wgr such that, for
all z,' € RN r.r' € RM p p' € RN with |r| + || + |p| + |p'| < R, we have

[Hi(z,r,p) = Hi(2',r'",p)| < wr(lz = 2') + wr(lr — 7’|+ [p = p'])- (4.3)

(ii) H; is coercive in p (uniformly with respect to (x,r)).
(i) If H; is convex in p, theni{i s convex in p.
(iv) If H; satisfies (2.3), then H; satisfies (2.3).

Proof. We first prove (i). Let R > 0 and (z,7,p), (a,s,q) € RY x RM x RY such that |r| + |s| + |p| + |¢| < R.
Let v, w two periodic functions which satisfy

Hi(z,y,r,p+ Dv(y)) = Hi(z,r,p) yeTV, (4.4)
Hi(x+ o, y,r+s,p+q+Duw(y) =Hi(zr +a,r+s,p+q) yeTV. (4.5)

By periodicity of v and w, for any € > 0, the supremum

sup fo(z) - wiy) - L2

2
z,yeRN €
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is achieved at some point (z,§) (which depends on z, o, p,q, 7, s,&). Moreover it is easy to see that, since v, w
are bounded Lipschitz continuous, we have

1z -7l
-2

where Lp is given by Proposition 4.1. Since v is a viscosity subsolution of (4.4) and w is a supersolution of (4.5),
we obtain

Hi(x727r7p +p)

S ﬁi(I,'f",])),
Hi(z+ a,y,r+s,p+q+p) > H;

(+a,7+s,p+q).
By (2.2) we get

Hi(x+a,r+s,p+q)— Hi(x,r,p) < Hi(x +a,g,7+s,p+q+p) — Hi(z,z,7,p+ D)
=H(z+a,g,r+s,p+q+p) — Hi(z,Z,r+s,p+q+D)
+Hi(x,z,r + s,p+q+p) — Hi(z,Z,7,p+ p)
<w((1+ B+ Lr)(la] +12 = g]) +@r(ls| + ),

where w is given by (2.2) (iv) and @g is a modulus of continuity of the continuous function H; on the subset
RY x TV x [-R, RM x Bx (0, R+ L) given by (2.2) (iii). Sending ¢ to 0 and setting wr(l) = max{w((1+ R+
La)l), @n(l)}, we get

ﬁi(I + o, T + S, P + Q) - Fi(.f,?",p) S LUR(|06|) + WR(|5| + |q|)a

which ends the proof of (i).

The proof of (ii) and (iii) are standard, see [8].

We now prove that H;, i = 1,..., M, satisfies the monotonicity condition (2.3). We assume by contradiction
that there exist r, s € RM for which r; — s; = i maxM{rk — Sk} >0 and

FRARRE)

H;(z,r,p) < Hj(z,s,p)

for some z, p € RV. Let v, w be two periodic functions such that

Hj(:c,y,r,erDv) =

(CL’,’I’,p) Yy e TNa
Hj(:c,y,s,erDw): z,s,

H;

Hj(z,s,p) yeT".

Since v, w are bounded, by adding a constant we can assume w.l.o.g. v > w in TV. By (2.3)
H;(z,y,m,p+ Dv) = H(x,r,p) < Hj(z,s,p) < Hj(z,y,s,p+ Dw) < Hj(z,y,7,p + Dw)

and for a sufficiently small

av+ Hj(x,y,r,p+ Dv) > aw + Hj(z,y,r,p + Dw) ye TN,

This last inequality gives a contradiction by the comparison principle for (4.2). O



70 F. CAMILLI ET AL.

5. THE HOMOGENIZATION THEOREM

In this section we prove the homogenization theorem for the problem (1.1).

Proposition 5.1. Assume (2.2), (2.3) and (2.4). Then there exists a unique solution u € BUC(RY x [0,T))
of

ou;  —

Y+ Hi(x,u,Du;) =0 (z,t) € RN x (0, 00),

L T D) =0 (3,1) (0,00) o
ui(x,0) = ug i(z) reRY, i=1,... M.

Proof. The difficulty here is that the comparison principle for the limit system (5.1) is not a straightforward
consequence of Proposition 4.3. Indeed, the regularity of the Hamiltonians H; is weaker than (2.2) (in partic-
ular compare (2.2) (iv) and (4.3)). To prove the comparison principle we first prove comparison in the case
where either the subsolution or the supersolution is bounded Lipschitz continuous and then we proceed by
approximation.

Suppose that ug is bounded Lipschitz continuous, u is a bounded subsolution and v a bounded supersolution
of (5.1) and u, for instance, is Lipschitz continuous (with constant L). Arguing as in Proposition 3.1 and looking
carefully at the proof of Proposition 4.3 (see in particular (4.6)), it follows that the second estimate in (3.9)
could be replaced by

Pl <L,
and therefore, setting R = |v|s +2M + L, from (4.3), (3.10) becomes
71 <wpr(La).

The term 75 does not exist since F; does not depend on t. We deal with 73 using again (4.3) and 7y, < 0
as in the proof of Proposition 4.3. The rest of the proof is the same (even easier since u(-,0) is Lipschitz
continuous). Hence we have comparison between Lipschitz continuous sub- and supersolutions. In particular,
by Perron’s method, for any Lipschitz continuous ug, there exists a unique Lipschitz continuous solution u
of (5.1). Moreover, repeating the beginning of the proof of Proposition 3.3, we obtain (3.25), i.e.

. < (. 0) — (0Nt 2
R TG S v < max, sup (u;(+, 0) = v;(-,0)) (5.2)

if u is a subsolution and v a supersolution of (5.1) and either w or v is Lipschitz continuous.
Now, consider the case when ug is BUC. Let u (respectively v) be a BUC' subsolution (respectively super-
solution) of (5.1). For all v > 0, there exists a Lipschitz continuous function ug such that

ud <wup <wud +v in RV, (5.3)

Let u? (respectively v7) be the Lipschitz continuous solution to (5.1) with initial data u] (respectively ug + 7).
By comparison in the Lipschitz case, u¥ < v7. From (5.2) and (5.3), it follows

u<u'+y< v +y<v+2y inRY x[0,7).

Since the previous inequality is true for all v > 0, we obtain the desired comparison u < v. We also obtain the
existence and the uniqueness of a BUC solution as a byproduct of this latter proof. (]

Theorem 5.2. Assume (2.2), (2.3) and (2.4). The viscosity solution u® of (1.1) converges locally uniformly
on RN x [0,T] to the viscosity solution u € BUC(RYN x [0,T]) of (5.1).
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Proof. By Proposition 3.3 there exists a continuous solution u® of (1.1) which is bounded independently of &.
It follows that we can define the half-relaxed limits

u(x,t) = limsup  u®(ze,t.) and w(z,t) = lim inf u®(ze, t.).
5_’07(1‘67ts)_’($1t) E—*O,(.’,Cs,ta)ﬁ(l‘,t)

Let us mention at this step that we could use Ascoli’s theorem in view of the equicontinuity property of
Proposition 3.3 (ii) to obtain a limit for u® along a subsequence. We choose to use the half-relaxed limits since
it is not much more complicated and it does not require uniform moduli of continuity for the u®’s.

We first show that @ is a viscosity subsolution of the system (5.1). We assume there exist j € {1,..., M}
and ¢ € C' such that W; — ¢ has a strict maximum point at some (7, %) with > 0 and u;(%,7) = ¢(T,). We
assume w.l.o.g. j = 1. By Proposition 4.1, there exists a corrector v for (z,w(z,t), D¢(T,1)), i.e. a viscosity
solution of

Hy(%,y,u(z,?), De(z,1) + Do(y)) = Hi(z,u(z.7), Do(z,1))  yeT. (5-4)
Define the “perturbed test-function”
_ vy, lz—yP
¢) (I’, yat) - d)(xvt) +ev (E) + Oé2 (55)

By classical results on viscosity solutions (see [3], Lem. 4.3, or [2]), we have, since u; — ¢ has a strict maximum
point at (Z,%), up to extract subsequences, there exist (e a,¥Ye.artea) € RY x RY x (0,7] and (z,t.) €
RY x (0,T] such that (7c o, Ye.a,te.a) is a local maximum of u(x,t) — ¢=(z,y,t) and

(xa,ou Ye,as ta,a) - (xa; Te, ta) as a — 0,
(e, te) — (T, 1) ase — 0,

lim limo Ui (Ze,as te,n) = ur (T, 1).

e—0 a—

Since u§(z,t) — ¢=*(, Ye,a,t) has a maximum point at (zza,teq) and u® is a subsolution of (1.1), setting

Te,a — Ye,a
Pe,a = 27, we get

xX
¢t (Ie,cw te,a) + (Ie,cw %7 u® (Ie,cw te,a)v D¢(x6,a; ta,a) + pe,a) <0. (56)

Since v is a supersolution of (5.4) and y — v(y) — **(ey) has a minimum point at y. /e with

1 [ |2eq —yl?
¢E’a(y) = <M + (b(me,aate,a) - ui(m&avt&a))a

3 «

we get

Hy (7,522, 0(3., ), DO, 1) + pea) > Hi(@,0(@,7), Do(. 1)), (5.7)

The corrector v is Lipschitz continuous by coercivity of Hy (see Prop. 4.1). Therefore, from (4.6), we have
[pe.al < [Dvles < Lr  with R = [D@(T, )| + [t]oo- (5.8)
By (5.6) and (5.7), we have
(@1 + i@ @D, DOED) < (@) = bt ten) + Hi (T, 20 0(F, 1), DOE.D) +p-.a)

Te,ao ¢
—H, (xa,om ?a U (xa,oz; ta,a); D(b(xe,a; ta,a) + pa,a) . (59)
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Since (Ze,a,te,q) — (T,t) and ¢ is smooth we get

lim lim qbt( ) — de(Te,asten) = 0. (5.10)

e—0 a—0

To estimate the second term of the right-hand side we set

e, —/— — 7 xs o —y— 7 — 7
T = H (7. 520(@,0, Do 1) + pea) = Hi (220 =20 1), DY) +Peva ) -
1’6 o —y— 7 — I 1’6 «
T = H (xs,a;? (:L' t) D¢(£L’ t)+p€a) — (me,a;T’au (meaa ea) D¢( )+ps,a)a
773 = Hl (xs,a; %T’aaue(me,aate,a); D¢(T7 Z) +p€,a) - Hl (ze,aa %?aaue(me,a;ts,a)a Dd)(xs,aate,a) +p€,a) .

From (2.2) (iv) and (5.8),

T < w<(1+|p¢(f,z)+pg,a|) (|z—x5,al+w>)
L 2
w<(1+R+LR) <|fxw|+ ia >>

IN

and therefore

lim hm 7, =0.

e—0 a—0

To deal with 73, we use the monotonicity assumption (2.3). Let § > 0. At first, up to extract some subse-
quences, we can assume by definition of @ that for a,e small enough with o < &, we have

U5 (T2, te o) — U; (T, 1) < for 2 <j < M.
Hence
max{% (Z,1) + 6 — U (T, 1), u5(Tc,a, te,a) — W(T, 1), ..., Uiy (Tea, ten) — UM (T, T)} =6

is achieved for the first component. Set rs = (U1 (T, t) + 8, u§(2e 0, te,a), - - -, Uss (Te,a, te,a)), then by (2.3)

Hy (0, 2, 0(7,7), DH@,D) + pera) = Hi (veiar 22,75, DO D) + pea) 0.

Te,a — - Te,a
T < Hy (xe,cw T,Ta,D¢($,t) +pe,a) — H; (xe,cw Tvu (IE s Ea) D¢($ t) + Pe a) =1y.
To prove

lim hm T3 =0 and lim lim hm T, =0, (5.11)

e—0 a—0 6—0 e—0 a—0

we use the uniform continuity of H; on compact subsets. We have

111’11 hInO (xs,a;u (xs [e%) 6 a) D¢(Z€ s E 04)) = (fﬂ ﬂ(fﬂ ¥)7D¢(f’ f))

e—0 a—
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and
lim lim lim rs =u(Z,1).
§—0 e—0 a—0
Since Zen,Yea — T We have T.,,Yeo stay in some ball B(Z,R). Hence choosing K = B(z,R) x TV

X [~[U]oo — 1, [i]oo + 1JM x B(0,|D$(T,%)| + Lr + 1), by uniform continuity of H; on K, (5.11) holds. The
periodicity of Hy allows to deal with z. o /e which is not bounded.

Finally, sending o« — 0 at first, then ¢ — 0 and finally § — 0, we conclude that the right-hand side of (5.9)
is non positive. Then @ is a subsolution of (5.1).

We prove that w is a viscosity supersolution of (5.1) in a similar way. From Proposition 3.1, we then obtain
u <win RN x [0,T). It follows that & = u := u where u is the (local) uniform limit of the u’s. O

Remark 5.3.

(1) As mentioned above, the coercivity of the Hamiltonians plays a crucial role: it ensures the Lipschitz conti-
nuity of the correctors which allows us to deal with 73 and 7; with weak regularity assumptions with respect to
(r,p) in (2.2). When the Hamiltonians are not coercive anymore (and therefore the corrector is not necessarily
Lipschitz continuous), the proof is more delicate. A way to solve this problem is to use the ideas of Barles [4]
and his “F*-trick” (see [4], Lem. 2.1 and Thm. 2.1).

(2) In the Lipschitz case (when wg is Lipschitz continuous), the above proof can be done in a simpler way using
the uniform Lipschitz estimates on u® given by Proposition 3.3.

6. EXAMPLE

We first describes a class of systems (2.1) which satisfy (2.3). We assume that the Hamiltonians H; satisfy
the following assumption (see [10])

There exists ¢;; € R, 1 < 4,5 < M, s.t. Zj\il ¢ji > 0 and
for any (x,y,7,p) € RN x RN x RM x RN § >0,
Cji(sgHi(xayar+5€jap)7Hi(may77ﬂap)SO 1f]7é17
Ci’i& S Hi(xa y,r + 5eiap) - Hi(xa yarap)

(6.1)

where (e, ...,e,) is the canonical basis of RM . Note that necessarily cjs <0 for i # j and ¢ > 0.
In the next proposition we prove that the assumption (6.1) implies the monotonicity condition (2.3).

Proposition 6.1. Condition (6.1) implies (2.3).

Proof. Assume that r; — s; = maxg=1, . m{rx — sg} > 0. For simplicity, we drop the dependence in (z,y,p) in
H(z,y,r,p) in the proof of the proposition since these variables do not play any role here. We have

H;(r)—Hj(s) = Hj(ri,ra,...,75,...,7nm) — Hj(s1,82,...,8,...,5Mm)
= Hj(ri,ro,...,r5,...,rar) — Hj(s1,r2,. ..., ..., Tr)
+ Hj(s1,72,...,75,...,rar) — Hj(s1,82,73,...,75, ..., ")
+ ...
+ Hi(s1,.0-38=1,Tjy oo osTar) — Hj(81,- 00, 85,41, - s TM)
+ ...

—+ Hj(Sl,...,SMfl,TM) — Hj(sl,...,sM).
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If k # j,
H;(s1,. . She1,Ths Tht1,- -, ar) — Hj(S1, .00 Sk—1, Sk, Theg 1y .- -, ") >
0 if rp — s <0
5 > (rs — o
{ckj(rksk) ifry, —s,>0 2 cij(rj = 55)

since cx; < 0 and 7; — s; = maxg—1,... m{rr — sk} > 0. Moreover,
Hj(sla---7Sj—15rj7rj+1a"'7rM)_Hj(sla---7Sj—153jarj+1a"'aTM) chj(rj_sj)'

It follows
M
Hy(r) — Hy(s) > > cxjr; —s;) >0
k=1

as desired. O

Remark 6.2. Property (2.3) is not equivalent to (6.1). More precisely, if (2.3) holds, the existence of ¢;; for
Jj # 1 is not always true (the others assertions hold). Indeed, for M = 2, consider for instance Hj(r1,r2) =
e~ 4 211 — 1o (and define Hy symmetrically). Then

Hy(ry +6,r0+ p) — Hi(r1,72) = e“_”(e‘s_“ —1)4+20—p>46

when g < 4. This ensures (2.3) with Ao = 1. Nevertheless, Hy (11,72 4+ p) — H1(r1,72) ~ —(14€"7"2)y for small
wand 14 €™ 7" is not bounded.

A particular case of monotone systems are the weakly coupled systems (2.6). For (2.6), assumption (6.1) is
satisfied if

M
ci(z,y) >0, c¢ji(z,y) <0 for j#i and chi(x,y) >0 (6.2)
j=1

for any 2,y € RN, 4,5 € {1,...,M}. Let us consider a specific example of weakly coupled system for which it
is possible to have an explicit formula for the effective Hamiltonians. Consider the system

8ui
ot

8ui
ox

i

M
x
+ZCji (g) u]':O (l’,t)GRX[0,00),
J=1
where the ¢j;’s satisfy (6.2). The associated cell problems are
M
p+Y W+ ciwri=x  ye[0,1,A€R, (6.3)
j=1

fori=1,..., M. We rewrite (6.3) as

lp+o' (W) =X+ fly) yel0,1] (6.4)
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M
where f(y) = — Z ¢;i(y)r;. The effective Hamiltonian for (6.4) is given by (see [8])
j=1

H(p) = maX{r[gilr]lf, p| — /Olf(y)dy} (6.5)

and therefore we get the effective Hamiltonian for (6.3)

M M 1
H,(r,p) = max I[réaﬁ(z:cji(y)rj, |p| + er/o cji(y)dy p - (6.6)
R =1

A natural question is that if the problem (5.1) which arises in the homogenized limit of the weakly coupled
system (2.6) is still of weakly coupled type. Whereas the answer is positive if the coefficients ¢;; are independent
of y, in general it is not necessarily true.

Proposition 6.3. Assume that (2.2) holds and that the coefficients ¢;; in (2.6) are constant and satisfy (6.2).
Then

Hi(’l’, p) = Fz(p) -+ Z Cji 7’]' (67)

Jj=1

where H;(p) is the effective Hamiltonian of H;(x,p), i.e. the unique X € R for which the equation
Hi(y,p+Du(y)) =Hi(p) yeT" (6.8)

admits a viscosity solution.

Proof. By definition, there exists a viscosity solution to
M
Hi(y,p+ Do(y)) + Y cjiry = Hi(r,p),  yeTV
j=1

or equivalently to
M
Hi(y,p+ Du(y)) :Hi(r,p)*zcg‘ﬂj yeT".
j=1

By (6.8) and the uniqueness of the effective Hamiltonian, the constant in the right hand side of the previous

equation is given by H;(p), hence the formula (6.7). O

The following example shows that if the coupling coefficients c;; are not constants, the limit system is not
necessarily weakly coupled. Consider the 1-dimensional case (6.3). Take i = 1 and r = (r1,0,...,0), then

1
1(r,p) = max {maxen ) o+ [ en(o)dy |
0

If maxg 1) c11 = o, minjg 1) 11 = 3 and fol c11(y)dy = v, with a > v > 8 > 0, then for p # 0 fixed

- pri if ri < |p|/(B =),
Hi(r,p) =< ~ri+lpl i pl/(B=7) <ri < pl/(a =),
ary if r1 > |p|/(a— 7).
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Then H;(r,p) is not a linear function of r and therefore is not of weakly coupled type.
By the formula (6.6) it is possible to see another typical phenomenon in homogenization of Hamilton-Jacobi
equation, the presence of a flat part in the graph of effective Hamiltonian (see [8,16]).
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