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UNIFORM STABILIZATION OF A VISCOUS NUMERICAL APPROXIMATION
FOR A LOCALLY DAMPED WAVE EQUATION*

ARNAUD MUNCH! AND ADEMIR FERNANDO PAZOTO?

Abstract. This work is devoted to the analysis of a viscous finite-difference space semi-discretization
of a locally damped wave equation in a regular 2-D domain. The damping term is supported in a
suitable subset of the domain, so that the energy of solutions of the damped continuous wave equation
decays exponentially to zero as time goes to infinity. Using discrete multiplier techniques, we prove
that adding a suitable vanishing numerical viscosity term leads to a uniform (with respect to the
mesh size) exponential decay of the energy for the solutions of the numerical scheme. The numerical
viscosity term damps out the high frequency numerical spurious oscillations while the convergence
of the scheme towards the original damped wave equation is kept, which guarantees that the low
frequencies are damped correctly. Numerical experiments are presented and confirm these theoretical
results. These results extend those by Tcheugoué-Tébou and Zuazua [Numer. Math. 95, 563-598
(2003)] where the 1-D case was addressed as well the square domain in 2-D. The methods and results
in this paper extend to smooth domains in any space dimension.
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INTRODUCTION AND SETTING OF THE PROBLEM

Let us consider the following damped wave equation defined on €2 x [0, 00), 2 being a bounded domain in R?
of class C?:
Yy — Ay+a(z)y =0 in Q x(0,00),
y=0 on I'=09Q x (0,00),
y(z,0) = yo(x) in 9,
y'(x,0) =yi(xz) in Q
where the symbol ’ designates the partial differentiation with respect to time. The damping potential a = a(x)
is assumed to be a bounded nonnegative function defined on ). In addition, we suppose that there exists a
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positive constant ag such that
a(x) > ap a.e. x € w where w is a nonempty open subset of (. (2)

System (1) is well-posed in the space HJ(2) x L%*(9). Indeed, given {yo,y1} € HJ(2) x L*(Q), there exists a
unique solution of (1) with (see [16])

y € C([0,00); Hg (€2)) N C*([0, 00); L*(€)). (3)

The energy of the system (1) is given by

B =5 [ (/@ 0F + Vy(@ 0P}z, ¥ =0, (@)

Moreover, the following dissipation law holds

B0 =~ [ a@ly/@.0Pds, V=0, (5)

Consequently, F is a non increasing function of the time variable ¢t and therefore a rate of decay is expected.
When a(x) > ag > 0 a.e. in Q, it is straightforward to see that the energy decays uniformly exponentially
as t goes to infinity: there exist two positive constants C' and « such that

E(t) < Ce *'E(0), Vt>0. (6)

The problem of stabilization when the damping is effective only on a subset of € is much more subtle. This
problem has been extensively investigated in the context of wave equations and there is a large literature on
the subject. For instance, Dafermos [6], Haraux [8] and Slemrod [22] used La Salle’s invariance principle to
obtain asymptotic stability properties. More recently, assuming that the dissipation is effective in a suitable
subset of the domain where the equation holds, decay rates have been obtained (see for instance Nakao [18] and
Zuazua [25]). In particular, when w is a neighborhood of the subset of the boundary 99 as follows

w is the intersection of 2 and a neighborhood of Ty, (7)

where
Fo={xe€ d;x-v >0}, (8)

and v the unit normal pointing into the exterior of 2 then, the uniform exponential decay (6) holds [9, 14,23, 25].
In view of (5), the problem of the exponential decay of E can be stated in the following equivalent form: is
it possible to find 7' > 0 and C' > 0 such that

<C// x)|y (x,t) |Pdadt (9)

holds for every finite energy solution of (1)? More precisely, (9) combined with (5) and the semigroup prop-
erty, allows to obtain the exponential decay property (6). However, we emphasize that, in the general multi-
dimensional setting, inequalities of the form (9) are valid if and only if the subset w where the damping is
effective satisfies a suitable Geometric Control Condition (GCC) (see [3]). Roughly speaking, the GCC requires
that every ray of geometric optics reaches the region in which the damping mechanism is effective in a uniform
time, a property that holds in the particular case where w is given by (7)—(8).
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We address in this work the numerical approximation of this problem which is by now well-know to be
extremely sensitive: for instance, the most classical finite-difference semi-discrete numerical approximation of
the first equation of (1)

i t) — 2y, k() +y;_ t i t) —2yik(t) +yip_1(t
y;tk(t) _ y]+1,k( ) yjf,;;( ) Yj 17k( ) - y],k-i-l( ) y]f;’;( ) Y.k 1( ) "l‘aj,ky;',k(t) -0 (10)
1 2

leads to a semi-discrete observability equality similar to (9) where the constant Cj, 5, depending now on the
mesh size hy, he (defined in details in Sect. 2) may blows-up as hi,he go to zero, depending mainly on the
regularity of the initial conditions. Therefore, the exponential decay rate ap, , of the discretized energy is
not uniform with respect to the discretization parameters. This numerical pathology is independent of the
consistence and stability properties of the scheme. This is due to the fact that the interaction of waves with
a numerical mesh produces dispersion phenomena and spurious high frequency oscillations. Because of this
nonphysical interaction the velocity of propagation of such numerical waves, the so called group velocity may
converge to zero when the wavelength of solutions is of order of the mesh size O(hq, hs) leading to a time of
observability of order 1/O(h1, he). Such a pathology was suggested by numerical simulations in a preliminary
work in [2]. According to the close links between stabilization and exact controllability [12], same bad behaviors
appear for the numerical schemes devoted to exact controllability problems (we refer the reader to [28] and the
references therein for an extended survey on this issue).

The problem of numerical approximation and stabilization has been addressed in [24] in 1-D and 2-D in the
interval and the unit square domain, respectively. It was shown that an estimate similar to (9) is valid for the
“finite-difference space semi-discretization” of (1), which is uniform with respect to the mesh size, provided a
suitable viscosity term is added. More precisely, the authors replaced equation (10) by the following one:

Yi+1k(t) — 2y k(t) +yj—1x(t Yik+1(t) — 2y, 6(t) +yjk—-1(t
40— L) =20 i) s =20 i)

1 2

B2 (y;Jrl,k(t) —2y; () + y;lk'(t)) 32 (?/;',kﬂ(t) =2y}, (1) + y;-,k1(t)> ~0

— 2 _ : —0.
h3

(11)

In this work, we treat an important case left open in [24]. It is the one in which the model under consideration is
posed in a regular 2-D bounded domain. This introduces important additional technical difficulties related with
the analysis near the boundary. In this respect, we introduce a sequence of discretized domains (2, hy)hy ke
converging to  (in a sense that will be made precise later) when the mesh parameters h; and he go to zero
(see Fig. 1). Then, we associate to the first equation of (1) the finite-difference semi-discretization equation (11)
where y; 1 (t) denotes the approximation of y(.,t) at the node (jh1, kha) of Q4 n,. Following the methodology
developed in [24], we show the efficiency of this scheme : we first prove that the energy associated with this
numerical scheme decays exponentially, with a rate independent of the mesh size (see Th. 2.1, Sect. 2). To obtain
the result we combine discrete multiplier methods introduced in [11] and compactness-uniqueness arguments.
Let us note that a discrete version of multipliers was also developed in [11,26] to address the issue of boundary
observability in 1-D and the 2-D square domain. Then, we prove that the solution of the discretized system
defined on Qp, p, converges to the solution of (1) defined on  (see Th. 3.1, Sect. 3). Finally, we present some
numerical experiments in order to confirm these theoretical results (Sect. 4).

1. DISCRETIZATION OF THE DOMAIN {) AND THE FINITE DIFFERENT SCHEME

1.1. Discretization of the domain (2

We introduce in this paragraph a spatial discretization of the domain €. Without loss of generality, we
assume that the domain € is included in the unit square box: Q C B =0, 1[x]0, 1[. For non negatives integer J
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FIGURE 1. General domain €2 and two different discretizations 4, p,.

and K, we then set

1 1
hi = —— hy = —— 12
s PTEKAU (12)
and consider the two following uniform subdivisions of the interval [0, 1]
0= T1,0 <T11 < ... <T1,5 < T1,J41 = 1, (13)
0= Lo <21 < ... <To g <T2K+1 = 1,

where x1 ; = jh1 and xa ;, = kho for j € [0, J+1] and k € [0, K +1]. We associate to the grid G = (21, Z2.1) .k
a discretization Bp, p, of B as follow:

Bp, by = Ujeo,17,ke(0,K51Bj k>

where

Bjk =lr1j, w1541 [X]02,8, T2,041] (14)
represents the cell of area hiho. Naturally, in the simple case of the unit square, the discretization is exact in
the sense that By, », = B. We then define 4, p, as the union of all the cells B, strictly included in €:

thhz = Uj,kBj,k; Vj e [0, J],k S [O,K] such that Bj,k cQ (15)

implying in particular the inclusion Qp, n, C € for all Ay and ho. More precisely, we can write 4, 5, in the
following way

Qhy by = Uj=0,7 Ukez, Bjk, (16)
where, for j from 0 to J, Z; designs the subset of [0, K] defined by

Ij = {k € [O,K] : Bj,k C th,hz}, RS [O,J]. (17)

Therefore, k € 7; <= Bj . € Qn,,h,. Now, in order to state the next definition, we extend Z; to j = —1 and
j=J+1putting Z_; =0 and Z;41 = 0. Then, proceeding as before, we define the approximation wp, p, of
the open subset w as the union of all the cells B; ; included in w.

Let us now describe the boundary of €4, 1, which plays a crucial role in the context of stabilization.
According to (16), the boundary is composed of segments I(j, k) and f(j, k) parallel to the axis Ox; or to Oxa,
respectively:

~

I(j.k) = {5} x [k, k+1] and I(j,k)=1[j,j+1] x {k}, (18)
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FIGURE 2. Description of the four types of segments of the boundary: I*(j, k) (left up), I~ (4, k)
(right up), (4, k) (left down) and I~ (j, k) (right down).

for j € [0,J] and k € [0, K]. Thus,

I(j, k) C aﬂhl,hz if (k S Ij and k ¢ ijl) or (k g I]' and k € ijl) (19)

and

~

I(j,k) COQhyhy, if (k€Zjandk—1¢7Z;) or (k¢Zjandk—1€I;). (20)
In the sequel, we will need a finer distinction of the elements of the boundary of Q4 p,:

Definition 1.1 (Boundary of Qp, k,). We introduce the following subsets of N x N:
It ={(j,k) such that k € Z; 1,k ¢ Z;,5 € [1,J +1]};

I~ ={(j,k) such that k € Z;,k ¢ Z;_1,j € [0,J]};

It ={(j,k) such that k — 1 € Z;, k € Z;,7 € [0, J]};

I~ ={(j,k) such that k — 1 ¢ Z;, k € Z;,7 € [0, J]}

describing the nodes of 0Q4, h,-

One element of each of these four subsets is described in Figure 2.

Remark 1.2. In the sequel, in order to simplify the notation, we will identify each of these four subsets by the
corresponding union of segments of the boundary: for instance, we identify I'™ with {x € I(j,k),V(j, k) € [*}.

To illustrate the parametrization above we write it explicitly for the simple polygonal domain Q4 p, de-
scribed in the Figure 3 where J = 8 and K = 5. The objects corresponding to this example are summarized on
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FIGURE 3. Polygonal domain Qp, 4, with J =8 and K = 5.

TABLE 1. Indexes corresponding to the parametrization of €24, 1, in Figure 3.

3
—
=)
=

Z;
{1,2,3}
{0,1,2,3,4,5}
{0,1,2,3,4,5}
12,3,4}
12,3,4}
{0,1,2,3,4,5}
{0,1,2,3,4,5}
{0,1,2} U {4,5}
{0,1,2} U {4,5}

oW~ O

DO DD = = = e s

o O Ot

Table 1 for which the subsets It and 1T are

I'* = {(3,0).(3.1),(3,5).(7.3),(9,0),(9.1),(9,2), (9.4), (9,5)},
I ={(0,4),(3,5), (4,5), (7.3).(8,3),(9,3), (1,6), (2,6), (5,6), (6,6), (7,6), (8,6)}.

1.2. Finite difference scheme

Thanks to the parametrization described above, we are now in the position to introduce and study a dis-
cretized version of the system (1). We consider the following semi-discrete finite difference scheme resulting
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from the usual 5-points approximation (of order 2) in space of the laplacian:

Yirlk = 2Yik + Yi-1k  Yiktt — 2U5k + Yjk—1
Yik— = e IR B
1 2

2 <y§'+1,k ~ 25kt y§-1,k) _p2 (i%,kﬂ ya bt Yk 1)
1 2 2
hi

for (j,k) € th,h2 and t € (
yik(t) =0 for (j,k) € O, h, and t € (0, 00),
Yik(t) = (Yo)ik> ¥ik(t) = 1)k for (j,k) € Qny,h, and t = 0.

which differs from the most classical finite-difference scheme by the addition of viscous terms. We shall see
below that this numerical approximation scheme converges in the energy space to the continuous damped wave
equation (1).

Here, y, 1 stands for the approximation of the solution y at the mesh point (z1 ;,x2 %) and at time ¢ € (0, c0)
and (y0);,& and (y1)j,, the approximations of the initial data yo(«) and yi(x) at time ¢ = 0. Furthermore,
the notation for (j, k) € Qn,,n, means for j € [0,J],k € Z;, i.e. for the indexes (j, k) such that the nodes
(:ELJ,:EQ k) are in Qp, h,. In the same manner, the notation for (j, k) € O, h, means for (j,k) € [TUI~U
Itul-. a; . denotes the approximation of the damping at the mesh point (z1 j, x2 %) and we assume that there
exists a positive constant ag such that

ajk = QQ V(], k) € Whq,ho- (22)
According to (7), Wh,,h, defined in Section 1 is as follow
Why . hy s the intersection of Qp, n, and a neighborhood of It UIT. (23)

We can associate to this scheme the following energy:

h Y k Yj,k Yj,k+ Yik
2 41, B B 1 B
{(y;,k)2 < ’ hl ’ > ( ! h / > }; (24)
j=0 keZ;

which appears to be the semi-discrete version of the energy F in (4) of the solutions of the continuous wave
equation. Moreover, multiplying the first equation in (21) by yg . and summing over j and k, one can show that
the discretized energy Ej, j, is a non increasing function of time. More precisely,

J
E;Ll,hQ (t) = —hihs Z Z aj,k(y;',k)2

j=0 keI,

J y/‘ 1k7y,‘k 2 yl‘k 17y/% 2
_hthZZ{h%( . 7h1 - ) +h§( - +h2 - ) }

j=0 keI,

Ehl,hz (t)

(25)

which is a semi-discrete version of the energy dissipation law (5).

Furthermore, in order to obtain the exponential decay of solutions of the damped semi-discrete system (21)
it is necessary and sufficient to prove the existence of a time 7" > 0 and a constant C' > 0 independent of h;
and hg such that the following Observability Inequality holds

B,y ,n,(0) < Chﬂmz > / aj k(Y ) ?dt, (26)

j=0 keZ;

for every solution of (21). In the next section, we will proved this inequality using a discrete multiplier method.
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We highlight the fact that the constant C' in (26) may be not independent of hi, hs for some solutions
of the usual scheme without extra viscous terms. More precisely, the usual scheme creates high frequency
spurious solutions that propagate very slowly (with group velocity of the order of the step size hy and hs)
making the observability property (26) impossible to hold uniformly in h; and hy. The purpose of the viscous
terms is to precisely absorb these high frequency solutions for which the quantities yg Sk Qy;-’ e y}q, . and
y;’kﬂ — Qy;’k + y§7k71 are not negligible.

Remark 1.3. The first equation in (21) can be seen as a semi-discrete version of the following viscous wave
equation defined on 2 :
A + ( ) / h2 82 / 2 82
Yy ralx)y 1 630%3/ h3 012 2
Therefore, the extra viscous terms introduced are closely connected to the Tychonoff regularization technique [7]
and also to the techniques introduced in [13,17] which consist to add extra corrected terms proportional to h%, h%
in order to restore uniform observability property (see [27] for more details). Furthermore, a similar uniform
result is obtained in [21] in the framework of the finite element approximation. In addition, it is proved that
the power of h = (hq, he) which appears in the extra viscous term is equal to the degree of approximation (in
space) of the finite element method.

—y =0. (27)

In the following, we denote by C' a positive constant that may vary from line to line but is independent on
hy and hs.

2. UNIFORM STABILIZATION OF THE ENERGY

This section is devoted to show that the energy associated to (21) decays exponentially, the rate being uniform
with respect to the mesh size. Our main result reads as follows:

Theorem 2.1 (uniform exponential decay). Let (aj ) and wh, h, be given as in (22) and (23), respectively.
Then, there exist two positive constants C' and o independent of (hi,ha) such that the energy of the system (21)
satisfies

Ehl,hz (t) < CEhl,hz (0)eiata Vit >0, Vhi, ho € (Oa 1)7 (28)
for every solution of (21).

Theorem 2.1 shows that the numerical viscosity term added in system (21) is enough to restore the uniform
(with respect to (hi,he) — 0) exponential decay. This was already proved in [24] in 1-D and 2-D in the
particular case of a square domain. Lately, this approach was used in [21] to construct uniformly exponentially
stable approximations for an abstract class of second order evolution equations with bounded feedback controls.

The proof of Theorem 2.1 is divided in six steps: in Step 1, we first reduce the problem to obtaining a suitable
uniform Observability Inequality for the undamped system (see (30) below). In Step 2, we establish a discrete
boundary observability estimate (see (41)) leading in Step 3 to the discrete boundary observability (46). Step 4
is devoted to the absorption of the boundary terms leading in Step 5, to an internal observability inequality (56).
Finally, in Step 6, using a compactness-uniqueness argument, we obtain the desired inequality (28).

Proof of Theorem 2.1
Step 1. Reduction of the problem
To prove the exponential decay of solutions of the damped semi-discrete system (21) it is necessary and

sufficient to prove the existence of a time 7' > 0 and a constant C' > 0 independent of h; and hg such that the
following observability inequality holds

2 / / 2
—Uu U, —Uu'.
o e S R G N

j=0 k€eZ;



UNIFORM NUMERICAL STABILIZATION FOR A DAMPED WAVE EQUATION

for every solution wp, n, of the conservative system
v Uik — 2U5k H U1k Wikl — 2+ UGk
i 5 i3
for (4,k) € Qphy ,h, and t € (0, 00),
ujk(t) =0 for (j,k) € O, ,n, and t € (0, 00),
ujk(0) = (W0)jk, jr(0) = (y1)jk for (j,k) € Qny,h,

=0

and all 0 < hy,he < 1.
Indeed, we argue as in [24]. Let us assume that (29) holds. We decompose the solution yn,,hy
Yha,ha = Uhq,hy + Zhq,hy Where up, p, solves (30) and zp, p, is the solution of
" Zj+1,k — 22]',]9 + Zi—1,k Zj k1 — QZj,k -+ Zjk—1
Zjk B2 - h2
1 2
= Wik =2V T Y51 k) + Whrrr — 2050 T Vja1) — GrYk
for (j,k) € Qpy,h, and t € (0, 00),
zjk(t) =0 for (j,k) € ONh,,n, and t € (0,00),
Zj7k(0) =0, Z;,k(o) =0 fOI‘(j, k) S th,hz'

According to (29) we have

Yis1k — Yk Vi — Vi \ 2
ERRURTZO0 3wl B O ] e

J=0 k€T;
2 / 2
z' -2 2 -z
N e B 1 e B
’ hl hg

Let us now assume for the moment that the following inequality holds:

of Zj+1,k T Fhk ? 2 z; k+1 Z g ?
j J Js Js
ZZ/ {ajk 2 k) +h< ” > +h2<7h2 >}dt

J=0 k€T;

< O 5 [ [oor e () (e )

j=0 keZ;
Combining (32) and (33), it follows that

Ehl,h2 (T) < E}117h2 (O)

y -y y/‘ 7y/‘ 2
< ChthZZ/ [%ky]k +h2( J+1k Jk) _i_hg(w) ]dt.
2

J=0 k€eZ;

Now, integrating in (0,T") the energy dissipation law (25) for solutions of (21), it follows that

Yiv1,e — Yjk Yik+1 — Yk
Ehl,hg(T) — Ehl,hg(o) = 7h1h22 Z / [a] k yj k) + h2<%> + h2<#

j=0 keZ;
Combining (34) and (35), we deduce that

Ehl,hz (T) <7 Eh17h2 (0)

273

(30)

of (21) as

(33)

(34)

> ]dt (35)

(36)
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with v = CL Inequality (36) together with the semigroup property imply that

1 e
Enyny(t) < = expF 2t By 5 (0), V>0, and 0 < hy, hy < 1. (37)

2

This yields the desired exponential decay.
To conclude, let us now check (33). Multiplying the equation satisfied by zp, h, by zg &> We get

Yit1k — Yik Y1 —Yin
E:E: +1, , k1 1
P = a2 32 0 <7>”‘(h7>)

j=0 keZ;
Yit1.6e — Yik Yikt1 ~ Yk
lzm§:§:< <J___;L>%Hk+m(J_7;;L .
j= OkGI
(38)
o h1h2 Z Z aj,ky;‘7kz_;‘,k
§=0 keZ,
J y/ k_y,k 2 ylk _ylk 2
j+1 , k1 — Y5,
< Fum()+ Chihyy Y (h? (ﬁhil]) + h3 (%72]) +aj7k(y;,k)2)a
§=0 keZ;

where F},, p, denotes the energy of the solution of system (31).
Integrating (38) in [0, 7], taking into account that Fp, »,(0) = 0, using the Gronwall lemma and the fact that

thZZ/ <h2<2”1k Z”“) + h2<2]’“+}1 ZJ’“) )dt

§=0 keZ, (39)

+h1h222/ ajr (2t dt<C’/ Fi, o (t)dt,

j=1keZ,

inequality (33) immediately follows.
Remark 2.2. In the case where the damping is effective on the whole domain (w = 2), we obtain easily that

30 [ Pt (et Juco g 8 onarar o

J=0 k€eZ; j=0 k€eZ;

implying that the proof of (29) is reduced to the proof of (26). Therefore, in this case, the use of extra viscous
terms is no longer necessary.

Step 2. Energy identity for the conservative discretized equation (30)
The purpose of this step is to derive an energy identity for the conservative discretized system (30), which

is the basic tool for proving an a priori asymptotic estimate on the solution of (21). We state the result in the
following lemma:



UNIFORM NUMERICAL STABILIZATION FOR A DAMPED WAVE EQUATION 275

Lemma 2.3. The semi-discretized energy Ey, 1, satisfies the following relation:

T
TEhl,hz (0) = / Eh17h2 (t)dt
0

hih J u k u k Uik T

_ 1712 / j+1, _Jl Js

=S S g (e ) )
U

j=0 keZ; 0

hih J u U T
T () )
j=0 keT; 0
h
__2 jh/ ( ;; )dt+— Z jha (u] ““) dt
(4,k)el- kyel+
kh Jikt1 dt i kh/ “J’“ at
B3 () Z : (an)
(mk)eI* (_] kyel+
h1h2 uj-i-lk_uj, ° Uj,k+1 — Uj,k ?
ZZ + ; dt
Jj= OkEI 2

(5
Al

h1h2 Z > / {(Uj+1 N Um+1) (“J‘Jrl”;Ll_ “J’v’“) }dt
Al

Jj= OkEI
Uy, k+1 — Uy, k) (“j,k+1 — Uik \ | g
ha

h1h2 o Wit1k — Wik ? Uy — W, ?
pa( Stk Z Bk ) 2 (Liket 7 k) g
* 4 Z Z 0 { ! hy e ha

Remark 2.4. The identity (41) is analogous — on a semi discrete level — to the well-known relation

TE(O)Z—/QUt<93'V“+g) dot g //an

where u is solution the continuous conservative wave equation (1) with ¢ = 0. This relation may be obtained
using the multipliers @ - Vu and u (see [12] for instance). More precisely, the two first sums of (41) clearly
approximate the first integral of (42). Furthermore, the third and fourth sums approximate the boundary terms
of (42). To see this, it is convenient to split the boundary integral into two integrals in the subsets where
xz.v > 0 and x.v < 0, respectively. Due the Dirichlet boundary condition, the approximation of, for instance,
g—“ on the point (z1,j,x2) of It is simply — Jhl k Furthermore, Itu I+ coincides with I'g while I—ul-
with 9Q \ T'g. However, (41) contains some terms (the last four) that do not appear in the continuous case. It
is precisely in order to absorb these terms and more specifically the positives ones that adding the numerical
viscosity term is needed.

dudt (42)

ov

Proof of Lemma 2.3. Let us introduce M; j,
Mjk =7 (um ok ; Uj— 1&) + k:<_“jvk+1 ; Ujik—1 > (43)

which corresponds to the semi-discrete version of the multiplier «.Vu. Following the developments in [24], we
multiply the first equation of (30) by M; i, take the sum over j and k, and integrate by parts in [0, T7]. O
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Step 3. Absorption of the term at time t = 0,T and the crossed one
Now we are going to estimate the term at time ¢ = 0,7 as well as the crossed terms entering in the right

hand side of (41). Using Young inequality as well as (24), we obtain (see the appendix of [24] for more details
concerning the unit square domain)

_ hihs Ui,k — Uj—1,k Uj &
sz(ﬂz(” W )+

j=0 keZ;

T

0

T
Ujk+1 — Ujk—1 Ujk
kho| -2 —
”< < hn >+ 2 ﬂ
j=0 keI, 0

< (2\/5 + g max(h?, h%))Ehhh? (0). (44)

Also, we obtain

hh u u 2 U —uin\?
1 222/ {( J+1k J7k> +< J7k+;lg J,k> }dt
j=0 keI,
hthZZ Ujy1, k+1_u]k+1 U1k — Uk
9 3 3 dt
j= OkeI/ {( ha ha
hthZZ/ {(U]+1k+1_UJ+1k)(Ujk+1_Ujk)}
. : dt <0. (45)
ho -

J=0 keT; ha

The proof of this inequality relies essentially on the inequality —(a? + b%) + 2ab < 0, for all a,b € R. Report-
ing (44) and the above inequality in (41), we get for all T > 2v/2 + % max(h?, h3)

<T —2V2 - g max(h3, h%))Ehhh? (O)

Ly [ ()

(]7k)61+ (]7k)61+

J T 2 / 2
hiha o (Wit ~ Wik o Wikl ~ Wik
h _Jrr SR h A LA NS L dt. 4
+4ZZ/{1< " +h3( = (46)

In (46) the boundary terms corresponding to the subsets I~ and I~ have been neglected since they are negative.
The next steps are devoted to the absorption of the remaining boundary terms in the right hand side of (46).

Step 4. Absorption of the boundary terms

Let us introduce the function f = (f1, f?) € (WH°(Q))? of support & localized on the neighborhood of Ty
(defined in (8)) and included in w; more precisely, we write:

on{x € I'y,v(x) = (0,1)}, (47)
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where V,.(I'g) denotes a neighborhood of T'y for the euclidean distance,

Vr(To) ={x € Q; d(z,Ty) <r}, (48)

and r a sufficiently small positive real. We then define the discrete cut-off function of support the grid G(&n, ,h,)
of @h,,h, defined as the union of cells Bjj contained in w:

{ =10 GRelt, =1 if kel (49)
Fin=0 if (5,k) ¢ G(Qny,na) \ V(I UTT)).
We also introduce a smooth nonnegative function g = g(t) such that
9(0) = g(T) =0, g(t) = 1in [5,T — 4] (50)
where 6 > 0 is sufficiently small. Now, we multiply the first equation in (30) by
ik (uj“’g;hluj_l’k)g(t) + fik (W“Z;h;j’k_l)g(t) (51)

and proceed as in the first step. We find

l 3 / ( i 1k)2dt+— k/ (“” 1)2dt

(J kyel+ )
f‘+1k*f'k fk+1 i
=3 Z ( J ,hl Js /O g(t)u’ (Y ku xdt + J J, / j’kﬂu;’kdt)

(j,k)EGJhl sha

T T
1 Ujt1,k — Uj—1,k 2 Ujk+1 — Ujk—1
- > (fj,k/ 9'(t)“§,k(t)(—2h1 : )dt+fj,k/0 gl(t)“}k(42h2 )dt)

(J,k)EDR by
+l Z J“k fik Uj+1k gk th
2 - hy
(J,k)ECR] ,hy )
1 k+1 f]k/ (ngJrlu]k)
41 i dt
2 Z ha

(j,k)EGJhl sha

2 Witk — 2Ujk + Uj—1k \ [ Wi k+1 — Ujk—1
_ E : t dt
g,k /O g( )< h% > ( 2h2 >

(4,k) E‘:’hq yhao

T
1 Uj k1 — 2Ujk + Uj k=1 [ Ujt1k — Uj—1k
_ E ] t dt.
fj’k/o gl )< h3 ) ( 2hy >

(4,k) E‘:’hq yhao

(52)
From the relation (52), we have the following result:
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Lemma 2.5. The bounded terms can be bounded as follows:

LI ) 2 e @“ﬁﬂ

(G,k)ET~ (j,k)el+

<CZZ%,§/ wip)dt+ 0 Y / (g (t))2dt

Jj=0 keI, (J,k)E@Rq by

+c Y /;mw{(%luﬂ“) +<”]”“%2“j’k>2}dt. (53)

(4:k) E‘:’hq yhao

Proof of Lemma 2.5. Performing as in [24] the result follows. O

Reporting (53) in (46) with 7" > 2v/2 + ‘/T§ max(h?, h3) and § small enough such that 7' — 2§ > 0, we obtain,
using the invariance by the translation in time,

Br0) < Cluhy 3 3 / a0 (1 (1)) 2l

J=0 k€eZ;

u’. 2 u/. 7,“/_ 2
+“MZE/%%”k%ﬂ“%ﬂ%4%%t
Jj=0 keZ; 2 (54)
romne Y [ gt

(J,k)ECR] ,hy

2 2
+Chihy Y / {<W> +<uw%2%k) }dt.
1

(J,k)E@R by
It remains to show that the last two terms in the right hand side of (54) may be uniformly absorbed:
Step 5. Absorption of the discrete gradient term

To absorb the last term in (54) which corresponds to the energy localized in the discrete gradient of @p, p,,
we use a localized version of the formula of equipartition of energy. We introduce the function n € W ()
with the support w of the damping a containing strictly the support @ of the function f. As a consequence,
proceeding as in Step 4 (see also [24]), an approximation (1, ), of 7 may be defined as follows:

Nk = 1 if (Jvk) S f+ Uf+a Nk = 0 if (]a k) ¢ G(whlahZ)' (55)

Then, multiplying the first equation of (30) by g(t)n7 yu; (with g defined in (50)) and proceeding as in Steps 1
and 4, we obtain (see [24]) using @n,,hy C Why,h, that:

T

B (0) < Chy hQZZ / @t (0)?dE + Chahy Y / o(t) (uy (1)) 2dt
=0 keZ; (4,k)EWRy ,hy 0 (56)
+1.k T Uk 2 u/‘k+1*’“/‘k 2
o R e R
j=0 keZ, 2

for any T > 2v/2.
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Step 6. Conclusion

To conclude the proof it is sufficient to show that there exists a constant C' > 0 such that

> /T () (uj k(1) dt<C’ZZ/ aj(u) . (t)2dt

(J,k)EWh ko 0 j=0 k€Z; ( )

1.k~ Yk ? U pyq — Wiy, ?
+Ch1h222/ {h2< ks ” s > +h§<J+Tﬂ> }dt.

j=0 keI,

To do this we may argue by means of a classical compactness uniqueness argument as in Proposition 4.1 in [26].
According to this argument, (57) reduces to an unique continuation property for the solution of the continuous
wave equation. But, for that to be true, we need a convergence result guaranteeing that the solutions of the
discrete system converge to those of the wave equation. This is done in Theorem 3.1 of Section 3. Since the
analysis described above is analogous to the one developed in [24], we omit the details. This completes the
proof of Theorem 2.1. O

3. CONVERGENCE OF THE NUMERICAL SCHEME

The aim of this section is to prove a convergence result of the solution of the semi-discrete scheme (21)
to the solution of system (1). This allows to conclude that the presence of the viscous terms acts only as a
regularization term to damp out the high frequency components and does not change the limit behavior. This
will also permit to pass to the limit in equation (28) of Theorem 2.1 to find again the exponential decay of the
energy E (Eq. (6)). Before stating the convergence result, let us introduce the two following extensions Py, p,
and @y, », defined by:

the continuous function linear in each cell B, ; such that
Phi ho®hy ho (T1,5, T2 k) = Vjks
Phy hoVhyhe = & PhihaUhy b (T1 541, T2 k) = Vi1, (58)
Phi ho®hy ho (T1,5, T2 k1) = Vj k1,
Pr, hoUhyhs (T1,j4+1, T2, k+1) = Vjg1.k+1, J € [0,J],k € Z;.

the step function defined in each square

o1 o1 1 1
Qnstning =3 (1= G+ pm ) x (6= a5+ e ) N0 (50)
bY Qhy hyVhy,hy () =ik, § €[0,J],k €Z;.

We now state our convergence result:

Theorem 3.1 (convergence of Yp, h,). Let Yn, ,h, denote the solution of (21). Assume that Gh, by, (Y0)hy,he
and (Y1) hy ke are such that there is a nonnegative constant C' independent of hy, he with

Enihs(0) <C, Qhyho@hy,hy — @ weakly x in L°(Q), (60)
Pry 1 (Y0) b b — Yo weakly in HY (), Qnyny (Y1) ha,he — Y1 weakly in L*(Q).
Then, we have
Pas s Washs — y weakly + in L(0, 003 HA(Q),
d G (61)
Qhy jhs '!/igt,hz — 8_?1{ weakly x in L*(0, oo;LQ(Q)),

where y is the solution of system (1).
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Proof. We decompose the proof in several steps.

Step 1. A priori estimates and weak convergence

Straightforward computations first lead to the two following equalities:
/ VPhy hoVhs ks (%) - VPhy by Why by (T)de
Qhy,hy

’Ug+1 E— Vjk Wi41,k — Wjk
EOMICEESICEES

] 0 keZ;

+ hlhgz Z (UJ k41— Vg, k) (wj,k+22— wj,k)

j=0 keZ;

J
/ Qh1,hoVha by (T)Qhy by Why by (T)dT = hyiho Z Z vjrwjk.  (62)
Qny,hy

j=0 keZ,

Then, according to the definition (24), we get, for every t > 0,

1
Enna(®) = 5 (1Pasna¥nais OBis ) + 190100V s Ol 20, ) (63)

Then, thanks to (60), (63) and the decreasing character of Ej, p,, we deduce that Pr, n,Yn,,h, is bounded
in L>°(0, 00; H3 (R ,hy)) N WEH22(0, 00; L2(Qpy ,hy)), while Qhi,haYh, b, 18 bounded in L(0, o0; L?(Qpy hsy))-
Then, since

1QnyhaYhasha |2 (@ ny) < (Phashe — Qnyha)YhashallL2 @iy ng) + 1 PhihaYhasha |l 22(Q0y 0y (64)

and Ep, p, is bounded, straightforward computations leads to
[[Phy,haYha,ha — th,h2yh1,h2||L2(9h1,h2) = O(h1hs),Vt =0, (65)

what allows to deduce that Qn, h,Yns,he is bounded in L%°(0,00; L%(2h,,hy)). In the same way, multiply-
ing the first equation of (21) by y;k, integrating by part over [0,7] and rearranging the index, one can
also show that Py, 5,y},, 5, is bounded in L%°(0, 00; L*(2h, b)) such that P, p,Yn,,he is also bounded in
W17°°(0, [0, o LQ(th,he)).

Furthermore, taking into account that solutions both in the continuous and the semi-discrete case satisfy
Dirichlet boundary conditions, we can extend them by zero to the whole unit box B. The extension operator is
denoted by the symbol *. Consequently, we can consider each yn, n,, as well as the solution of (1), as solution
of H}(B), and therefore the boundedness of Ej,, p,(t) mentioned above still holds in the domain B, independent
of hi and hy. Thus, we can extract subsequences (that we still denote by §n,,h, ), such that

Phlﬁhzghhhz - g Wea'kly * in LOO(O,OO,H(}(B)),
PhyhaUn, py — U weakly * in L>(0,00; L*(B)),
Phy hoUhq,he — ¥ strongly in L%oc(O,oo;L2(B)), (66)
Qhy hoUhhy — g weakly * in L°°(0,00; L*(B)),

thh?yhl he 7 weakly * in L°°(0 o0; L*(B)),

hiPhy hyUp, gy — 0 weakly * in L*(0,00; HY(B)), i = 1,2.

The last convergence in (66) follows from the second one and the boundness of the sequence {h; Py, n,}, i = 1,2,
in the space L2(0,00; Hi(B)) easily obtained by multiplying the first equation of (21) by ¥} x» integration by
parts and rearranging the index.
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Note that in (66), we implicit claim that the limits of Py, phoUhy,he a0d Qpy hoUhy,he are the same which is
a consequence of (65).

Step 2. Characterization of the limit y

Let us now show that the limit ¢ is the solution of (1). To this end, let w € D(2 x (0,00)) and extend it
by zero to the whole B. We set Wp, b, = (W) %),k Where W, = W(x1,j,%2%). Multiplying the first equation
of (21) by W, , integrating by parts in (0, c0) and taking the sum, we find

Mk

K 0o
Z/o yjkw]kdthZ/ ajky]kwjkdt

k=0 =0 k=0

K oor s _ _ _ . _ _
N Z/ [(yﬂu;b— yj,k) (wj+1,1;1— wj,k) N (yj,k+2— yj,k) (wj,k+2_ wj”“)}dt
J=0 k=0 0 B 1 B 1 2 2 (67)
Z /Oo [hz <yj+1,k - yj,k) <1Dj+1,k — ?IJj,k>
0 ! hl hl

7 -1 Yy — WD
+ hg J,k+1 J,k j,k+1 .k dt = 0
ho ha

Using the definitions of Py, p, and Qp, n,, we can check that (67) is equivalent to

[e)

<.

M~

<

+

§=0 k=0

/ /Qm h2yh1,h2Qh1 h2wh Jha dadt
/ /VPhl,thhl,hz V Py, 1y Why o ddt

/ th,hzyhl,thhl,hzwhl hy @hi,hs Ohy by dadt (68)

Uisrk = Uin \ [ Wis1h — Wik
o3 [ () (¢
Dy z i
s Yikrr = Yk \ [ Wiks1 — Wik dt — 0.
h2 h2

Now, we observe that, if we show that for every w € D(Q x (0, 00))

Pp, hyWhy by — W strongly in LQ(O,oo;HOl(B))7
Qhy by Why by — W strongly in L2(0,OO;L2(B)),

then, we will be able to pass to the limit in (68) leading with (66) to

00 e 00
/ / gw’ dadt + / / Vi - Vwdzdt — / / gw'adadt = 0, (70)
0 BNsupp w 0 BNsupp w 0 BNsupp w

where supp w denotes the support of w € D(£2 x (0,00)), what guaranties that

(o] (o] (o]
/ / gw” dzdt + / / Vg - Vwdzdt — / / gw’adxdt = 0 (71)
0o Ja 0o Ja 0o Jo

for all w € D(Q2 x (0,00)).
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Step 3. Property of §(t) for allt >0

Let us first show that §(t) € Hi(Q) for all ¢ > 0. Since Ph, h,Yh,,he belongs to HY (Qn,,h,) C Hi(B), the
limit 7(t) belongs to H(B). Furthermore, since 9} is Lipschitz by assumption and also 9, ,», by construction,
it possess the so-called e-cone property, introduced in [4]. This implies that the bounded sequence (2h, by )by ko
defined, for each hq, ho fixed, as the largest domain included in €2 and union of cell B;; converges towards €2
with respect to the complementary-Hausdorff topology (see [20]). This property implies, in particular, that the
limit of the sequence Py, h,Yh,,h, defined on Qp, p, extended to zero on B\ Q belongs to HE () for any time
t > 0. Actually, in our situation — (Qp,,n,) is an increasing sequence include in 2 — we could obtain the same
property using more classical results of spectral analysis (see [10] and the references therein).

Let us now show that §(0) = yo and §'(0) = y;. For this purpose, let v € D(Q2) and | € D([0,00)). Then,
multiplying the first equation of (21) by v; !, integrating by parts on [0, c0) and taking the sum, we find

J K J K J K
- ZZ(yl)j,k@j,kl +ZZ Y0)j.k05kl'(0) — ZZ aj.k(Y0),k0;,%0(0)

Jj= Ok 0 j=0 k:O 7=0 k=0

J

+ ZZ/ y]7kv]7kl 'dt — / a; kY;, k’lJLklldt

Jj= Ok 0

Yit1,k — Vjt1,k — Vjk Yik+1 — Yik \ [ Vj k1 — Ujk
ldt
ey ) (=t (st =)
Yivrge = Uik \ [ Oj41.6 — Vi

+ h2 J s Js J s s

>3/ ( - -

7=0 k=0

Uikrr —Uin\ [ Ojkr1 — ok
+h§< = " - >< = h2 = ﬂldto. (72)

Using the definitions of Py, p, and Qp, n, and proceeding as in the last steps, we can check that (72) is
equivalent to

O)/Bth,hl(yl)hl,thhl,hg{)hl,hzdx+ZI(O)/Bth,hg(yO)hl,thhl,hg'Ehl,hzdx
—1(0)/ Qnyhs (Y0) by sha @by ho Oy shy Qb by Gy hy AT

/B
+/ /th,hzﬂhl,h2Qh1,}125h1,h2l"dxdt

0 Jp
+/0 /BVPhthZghl,hz -V Ph hoUhy holdadt

o0
7/ /th,hzghl,hzth,h26h1,h2Qh17h2ah1,h2lldxdt
gl‘ ]g_?jl‘k ;i k*’D'k
hih h2 Jj+1, J, Jj+1, Js
Y% 5 oy M CETS -

7=0 k=0
7% — np — .
+h§( S ”)( a ]’k)]ldtzo. (73)
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Passing to the limit as (h1, he) — (0,0) in (73), we get

~10) /Q yrvde +1(0) / youdar — 1(0) / yovadz

/ /yvl”dxdt—i—/ /Vy Vo ldzdt — / /yvaldxdt—O (74)

from which we derive §(0) = yo and §'(0) = y;. Since system (1) has a unique solution, we conclude that the
convergence results in (66) hold for the whole sequence {(h1, h2)}.

Step 4. Proof of (69)

To conclude the proof, let us prove (69). First observe that, for all w € D(Q x (0,00)), we have

(o]
/ / IV (Phy hyWhy hy) — V| 2dadt =

hthZZ/ [(“’J“k wj’“)2+(w””2 “’”) }dt+/ /|Vw| dadt

7=0 k= 0 (75)

w —w
*2h1h222/ {< ij jk>// e ((4 + s1)h1,z2)ds1das

7=0 k=0

+ (wJ el = W, k) // Fr (21, (k+ 32)h2)d52d$1}dt where s = (s1,82),
2

so that using the properties of Riemann sums, it follows that

lim / /|V(Phl,h2wh1,h2)—Vw|2dxdt:0, (76)
(h1,h2)—0 Jo Jo

leading to the first convergence in (69). The second one is obtained using the same argument and with

(o]
/ /(thh@hl,hz @)2dzdt = h hQZZ/ W(jh1, kho,t |dt+/ / @2dzdt

7=0 k=0

— 2h1hg E . kg / {/ / w;, kw( j+s1)hy, (k+ 52)h2)d31d32
=0 k=0
/ / Wj41,kW ((J + s1)h1, (kK + SQ)hQ)dSldSQ (77)

/ / U}] k+1w<(] + Sl)hl, (k? + SQ)hQ)dSldSQ

1
/ / wj+17k+1w ((j -+ Sl)hl, (k’ -+ SQ)hQ) dSldSQ.}dt.

Again, using the properties of Riemann sums, we obtain the second convergence in (69). This concludes the
proof of Theorem 3.1. O

Remark 3.2. Assuming strong convergence of the initial data instead of (60), one may also show that conver-
gence (61) holds for a more strong topology (see for instance [15], Chap. 4) leading to

En, n,(t) — E(t), ¥Yt>0, when (hy,hs)— (0,0). (78)
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Precisely, let us show that (78) holds if we assume that the initial data satisfies

En 1y (0) — E(0) as (hi,h2) — (0,0). (79)
Since Ep, n,(t) decreases to zero as t — oo, it follows from (25) that

! 2
Epy 5y (0) =h hQZZ/ aj k(Y k) dt+h1h222/ h2 y””“ yﬂk) iﬁ(iyﬁl’;}1 y]”“) }dt.

j=0 kel; j=0 kel;
(80)

On the other hand, being  of C? class, E(t) — 0 as t — oo, and therefore

_ /OOO/Q o(@)|y. [2dzd. (81)

Thus, from (79)—(81) it follows that

[ee]
lim sup h1h2 Z / aj yj &) = lim sup / / th,;mahl,fn|Qh,}12y21,h2|2dxdt

(h1,h2)—(0,0) j= OkEI (h1,h2)—(0,0) JO Q (82)

<[] awupas

which combined with the weak convergence proved in Theorem 3.1 yields
hihs Z Z aj k(YR — / x)|y:|*dz strongly in L?(0, 00). (83)

Jj=0kel;
Consequently,

hi Phy hoYh, ny — O strongly in L*(0,+o00; Hy(Q)), i=1,2. (84)

Moreover, thanks to

// @)|y:|2dadt, Vt > 0, (85)

|Enyny (8) = E@)] < |En,, h2(0) ()I+h1h2/ /|VPh1 ha¥hy i, | At

+}h1h222/ aj i y]k )2dt — // )|yt dacdt‘

j=0 kel;
< By (0) — E(0)] + sy / / IV Py 1ty [P dadt
Q

/ ‘hlhgzz%k Wk) 7/ a(z) |yt|2d:c‘dt

j=0 keI,
< 1,.(0) = EO) + b / / IV Py 1t p, [2dadt

+/ ‘hthZ Z @k yL / a(x)|y:] d:c‘dt
0

j=0 kel;

we have

and (78) follows.
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4. NUMERICAL EXPERIMENTS

The aim of this section is to present some simple numerical experiments in order to confirm the theoretical
results that indicate the need and efficiency of adding an extra viscous damping term. This is done over a
fully-discrete approximation.

A rigorous analysis of the results in this paper to the fully discrete case remains to be done. However, the
recent results in [17,19] on the discrete Ingham inequality and its applications to fully-discrete approximation
of the 1-D wave equation suggest that, very likely, the viscous term will suffice to guarantee the uniform decay
property to hold in this case too.

4.1. Description of a fully discrete finite-difference scheme

We describe a fully discrete — in space and also in time — scheme associated to system (27). In order to
simplify the formulation, we assume now that hy = hy = h. Let us denote by y}';, the approximation of the
solution y of (27) at the point of coordinates (x1 ;,z2x) and at time nAt:

Yik = y(T1,5, T2k, nAL). (87)

Here and in the sequel At denotes the time-step and n a nonnegative integer in the set {0, N}. N and At are
defined such that T'= NAt. Therefore, we consider the following finite-difference approximation for the time
derivative:

9%y y(x, t+ At) — 2y(z,t) + y(z,t — At) Oy y(x, t + At) — y(z, t — At)
—(z,t) = —(z,t) = . 88
ot? (@:1) (At)? Tot (@,1) 2At (88)
Then, we introduce the following fully discrete approximation of (27):
(Ml(ynJrl))j,k = (MQ(yn))j,k + (M3(yn71))j,k’v(j7 k) € th,hwvn € [0’ N] (89)
y?,kzoa V(_j,k?) Eaﬂhl,h27 Vn € [ 7N]7
with At A
(Mi(y))je = (1 + a0 —)Y50 — = (M(Y))jin
(M2(y))jk = 2950 + 1 (M(y)) 0 (90)
At At
(a0 = (-1 @i e~ 501
7,k
(M(y))jk = Yjr1.k + Yi—1k + Yjhr1 + Yje—1 — Y5k
and r = At/h. To initialize (89), we use
Yk = Yik
j j )
y?,k: = yO(ija T2.k), %Tt%k = y1($17j,$27k), V(j, k) € O, k- (91)

Writing the first relation of (89) for n = 0, we obtain that the approximation of the solution y at time At is

1

Yik = 5 (M2(yo($1,ja T21)) — 28t M3(y1 (21,5, Iz,k)))- (92)

Remark 4.1.
e In the absence of damping and viscous terms, the scheme above reduces to (M1 (y)),.x = (Ms(y)),x =
y;,k which coincides with the classical finite difference (explicit) scheme for the wave equation.

e Note that M is not a diagonal matrix because of the presence of the viscous damping term. Therefore,
the scheme (89) is implicit.
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Proposition 4.2. The implicit scheme (89) is consistent of order 2 in time and space and is stable under the
CFL condition At < h/\/2. Therefore, the scheme is convergent.

Proof. The first assertion is a direct consequence of (88). Concerning the stability condition, let us assume
that the function a(x) = a is constant in Q and then perform a Von Neumann analysis. We assume that
Yy = et Jer th key)mh ith g€ [1,J], ks, € [1, K] and replace this expression in (89). We obtain the

following relation
At At
gt <1+C’—2 ) +g"<r2§2 2> +3j"1<10—2 > =0 (93)

C=a+¢% &= 4<sin2(kzl7rh/2) + sin2(jx27rh/2)>. (94)

with

According to the Von Neumann analysis, the scheme (89) is stable if the modulus of each root of the following
polynomial is less than one;

At At
X2 (1 + 07) + X (r252 - 2) + (1 - 07) =0. (95)
This is the case if
2023 (—4 +1r2€%) — 4(a + €3 At < 0. (96)
Since a > 0, this inequality holds if r2¢2 < 4, i.e., if r? < 1/2 which leads to the condition At < h/\/§ From
the Lax theorem (see [5]), we conclude that the scheme (89) is convergent. O

Remark 4.3.
e The case where a(x) is non constant can be treated using an energy method [5]. This leads to the same
CFL condition.
e Using the approximation %(az, t) = (y(x,t) — y(x,t — At))/At instead of (83) leads to the following
explicit scheme:

{ ynzl = (MQ(yn))j,k + (M3(yn71))j,ka (.77 k) € thhzavn € [Oa N] (97)
Yik = 0,Y(j,k) € 0Qh, by, VN E [0, N],
with
{ (Ma(y))jk = (2= At ajp)yjn + (r* + AL (M (y))jk (98)
(Ms(y))jk = (=1 + At aje)yje — (M(y)))k
and (92) being replaced by
yjl-yk = yO(Il,j7x27k) + At yl(fl,j, Ig,k). (99)

However, this scheme is only of order one in time and is stable under a more restrictive CFL condition
depending on a.

4.2. Spectrum of the discrete damped wave operator

In this section, we study the influence of the viscous terms on the spectrum of the discrete damped wave
operator
®_( 0 Ir,0
An’” = ( Ap  —alpe +ph*Ap ) ' (100)
We designate by U(A;lp )) this spectrum and we recall that — at the continuous level — the exponential decay rate
verifies the inequality: o < —sup{Re(\),\ € o(A)}. When p = 1, the viscous terms are used. We consider the
geometry of the Figure 3 included in the unit box (see also Fig. 4 ). The domain w is represented by Figure 4.
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FIGURE 4. Domain Q C (0,1)? (left) and support w C Q (right) of the damping function a (right).
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FIGURE 5. Location of the eigenvalues of A,(lo) (left — without viscosity terms) and A,(ll) (right
— with viscosity terms).

TABLE 2. —max{Re(\),\ € O'(A(p) )} without (p = 0) and with (p = 1) viscosity terms.

h=1/20 h=1/40 h=1/80 h=1/160
without viscosity terms | 0.01532  0.00934  0.00312 0.00023
with viscosity terms 0.2321 0.1924 0.1902 0.1898

For a(x) = 101, (x) and h = 1/20, Figure 5 depict the discrete spectrum J(A;Lp)) forp=0and p=1. As
well-known, w being fixed, the profile of the spectrum strongly depends on the function a. However, whatever a,
we observe that without viscosity terms, the spectral abscissa -max{Re(\), A € O'(A;lo) )} goes to zero with h. On
the contrary, this quantity remains uniformly bounded by below when the viscosity terms are used (see Tab. 2).
This clearly indicates the necessity of introducing viscosity term in order to restore the uniform exponential
decay property. Moreover, in agreement with the Remark 2.2, we observe any difference on the spectral abscissa
with and without viscosity term when the damping function is effective on the whole domain, i.e. when w = ).
We obtain — max{Re(\), \ € O'(Afzp))} > 5 for all h > 0 and p = 0,1. Clearly, in this case, whatever the speed
of the wave packets of high frequencies, they reach the region w in a finite time. Furthermore, we refer the
reader to [1] for the computation of the spectrum for geometrically complex domain in R2.
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no damping

no viscous terms |

s osp visequs terms
4 45 _log(;L) 55 t
FIGURE 6. log(|ER(0) — FIGURE 7. log(En(t)) vs. t,
Erc5(0)|/EnR(0)) vs. —log(h). h =1/100.

TABLE 3. Exponential decay rate observed in the time interval [0, 3] vs. h.

h=1/50 h=1/100 h=1/150 h=1/200
without viscosity terms | —1.16484 -1.19264  -1.19521  -1.19655
with viscosity terms -1.23830 -1.20136  —-1.19892  -1.19723

4.3. Numerical examples

In this section, we present some numerical experiments for three different initial conditions. The first one
concerns the simplest regular initial condition involving only the first component of the frequency mode (see
Eq. (101)). The second one is a very singular one involving a discontinuous initial condition yg. For these
two cases, we consider the domain 2 — part of the unit square — described by Figure 4-left. Finally, we take
a(x) = 10 1L,(x) where w C  is described by Figure 4-right. The third example concerns a very oscillating
function yg defined on the unit square.

4.3.1. Regular initial conditions

Let us designate by D the disc of center (1/2,1/2) and radius +/0.02. We check that D C Q\w. We then
define the following initial conditions in H}(Q) x L*():

yo(w1,72) = 100(0.02 — (21 — 1/2)* — (22 — 1/2)*|Ip(21,72), y1(z1,72) = 0. (101)

On , the function yq is positive and continuous.

For this function and this geometry, we check — in the conservative case — the order 2 of the convergence of the
scheme (89). Figure 6 depicts the relative error of the energy |Ex(0) — Eref(0)|/Erer(0) with respect to h (in a
log-log scale): we obtain |Ej,(0)— Ere(0)| = O(h'92). The value of reference Ei.f(0) is obtained with h = 1/500.
Figure 7 describes the evolution of the energy for the conservative case, the case with velocity damping and
the one with both velocity damping and viscous term. The scheme clearly reproduces the expected properties:
in the conservative case, F} is constant in time whereas in the other cases, the decay rate is exponential. In
the damped case (without viscous term), the energy Ej, is initially constant during a small period: this period
corresponds to the time needed for the wave to reach w. We also observe that the viscous term has a low impact
on the decay rate. The regularity of the function 7o implies that h?Ay is negligible with respect to the other
terms in equation (27): when h goes to zero, both decay rates converge to the same value (see Tab. 3).



UNIFORM NUMERICAL STABILIZATION FOR A DAMPED WAVE EQUATION 289

il

FIGURE 8. Solution yp at time ¢t =0,1/4,2/4,3/4,4/4,5/4,6/4,7/4,8/4,9/4 - E,(0) ~ 11.98,
En(1/4) ~ 11.38, Ej(2/4) ~ 8.83, E),(3/4) ~ 5.56, E,(4/4) ~ 3.95, E,(5/4) ~ 3.18, E,(6/4) ~
241, Ey(7/4) ~ 1.72, En(8/4) ~ 1.21, E,(9/4) ~ 0.95.
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Finally, Figure 8 depicts the evolution of the solution for ¢ € [0,9/4] obtained with A = 1/100, highlighting the
damping mechanism.

4.3.2. Irreqular initial conditions

The previous section does not highlight the necessity of the viscous term. With the same geometry, we now
consider the discontinuous initial conditions:

yo(x) =21p(x); wyi(x)=0. (102)

In this case, the viscous term h2Ay is not negligible. Figures 9 and 10 represent the evolution of Ej, for t € [0, 3]
with and without extra viscous terms with mesh size h = 1/100. In both cases, we observe an exponential
decay rate. However, contrary to the first example, the decay rates are different (see Tab. 4). The viscous
term permits to damped out the high frequencies components of the solution enhanced by the irregularity of yq.
Without viscous term, the time needed for all the wave packets to reach w is larger (and dependent of h). After
this time (large enough), the energy in both cases are similar. Finally, in order to appreciate the regularizing
effect of the term h2Ay, Figure 11 depicts in both cases the solution yp(x1,0.4) at time t = 2.

200

no viscous terms

no viscous terms

viscous terms

t t
FIGURE 9. Ei(t) vs. t € Ficure 10. log(En(t)) wvs.
[0,6], h = 1/100. t 10,2, h = 1/100.

TABLE 4. Exponential decay rate observed in the time interval [0, 2] vs. h.

h=1/50 h=1/100 h=1/150 h=1/200
without viscosity terms | —0.94462 —0.92221 -0.90134  —0.90012
with viscosity terms -1.84121 -2.00718  -2.13322 —2.155835

4.3.3. Influence of the high frequencies

In the extreme case where the solution y is only represented by high frequencies components, the term h2Ay
becomes preponderant. On the unit square, let us now consider the very oscillating initial condition (but still
continuous):

o) =i (oY (et s (s (1 1) Yo (s (1 1)) w0 o
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— With viscous terms
- = Without viscous terms

0.3 T

FIGURE 12. log(E(t)) vs. t; h =1/60.

TABLE 5. Exponential decay rate observed in the time interval [0, 2] vs. h.

h=1/20 h=1/40 h=1/60 h=1/80 h=1/100
without viscosity terms | —0.4256  -0.4042  -0.3911  -0.3815 —-0.3700
with viscosity terms -5.8714  -6.4738  -6.7190 -6.8379 —6.9098

and a(x) = 20 1, (x) where w = {z1 € [0.9,1],22 € [0,1]} U {z1 € [0,1],22 € [0.9,1]}. These initial conditions
lead to wave packets with group velocity of the order of the mesh size h and they are the main obstacle for
the uniform stabilization property to hold. We observe a clear difference on the behavior of the solution yy,
obtained with or without viscous damping. Without extra viscous terms, the velocity damping has no effect:
computations lead to a rate of decay slowly converging toward zero when h goes to zero. On the contrary, when
the viscous term is added, we obtain a rate of decay near —7 (see Fig. 12 and Tab. 5). This is also illustrated
in Figure 13 where we draw the evolution of yp(x1,1/2,t) for t € [0,2.]. Finally, it is worth mentioning that
the use of the viscous scheme leads to a significant increase of the computational cost.
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FIGURE 13. yp(21,1/2,t) without (left) and with (right) extra viscous terms for ¢t = 0.8, 1.2, 1.6, 2.
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