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NON-LOCAL APPROXIMATION OF FREE-DISCONTINUITY PROBLEMS
WITH LINEAR GROWTH

Luca LussarDI! AND ENRICO VITALI!

Abstract. We approximate, in the sense of I'-convergence, free-discontinuity functionals with linear
growth in the gradient by a sequence of non-local integral functionals depending on the average of
the gradients on small balls. The result extends to higher dimension what we already proved in the
one-dimensional case.
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1. INTRODUCTION

A number of variational problems recently under consideration involves integral functionals with “free dis-
continuities” (according to a terminology introduced in [20]): the variable function u is required to be smooth
only outside a surface K, depending on u, and both u and K enter the structure of the functional. Hence, a
typical form is:

F(u,K) = ¢(|Vu|)dx+/ Iut —u”|)dH !,
Q\K KNQ
where Q is an open subset of R”, K is a (n — 1)-dimensional compact set, |[u* —u ™| is the jump of u across K,
while ¢ and 9 are given positive functions (and H"~! denotes the (n — 1)-dimensional Hausdorff measure).

The natural weak formulation is obtained looking at K as the set of discontinuities of u, thus working in
spaces of functions allowing hypersurfaces of discontinuities, such as the space BV (Q) of functions of bounded
variation.

The main difficulty in the actual minimization of F' is the presence of the (n — 1)-dimensional integral: the
need of suitable approximations (leading to the convergence of minimum points) by means of more manageable
functionals naturally arises. The method introduced in [12], when ¢(t) = t? and ¥ is constant, makes use of
integral functionals whose density depends on the average of the gradient on small balls. Here we apply this
model to the case of ¢ having linear growth at infinity.

The aforementioned weak form of F' in BV () takes the form:

F(u):/ﬂqb(|Vu|)d:r+/S I(jut —u™|)dH" " + co| Du|(Q), (1.1)
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where Du = Vudz+ (ut—u~) dH" ! + D is the decomposition of the measure derivative of u in its absolutely
continuous, jump and Cantor part, respectively, and S, denotes the set of discontinuity points of u. Assuming
that ¢ is convex and ¢ is concave, with

it turns out that F is lower semicontinuous with respect to the L'-topology. Note that if ¢ has superlinear
growth at infinity then ¢ = 400 and F'(u) is finite only if Du has no Cantor part (i.e. u belongs to the so-called
space of special functions with bounded variation). The well-known Mumford-Shah functional falls within this
case: [, [Vul?dz + H"1(S,).

As pointed out in [12], it is not possible to obtain a variational approximation of F' by usual integral functionals
of the form

Fe(u):/QfE(Vu)d:E

on Sobolev spaces; indeed, passing to the lower semicontinuous envelopes, this would lead to a convex limit,
which contrasts with the non-convexity of F.

Heuristic arguments suggest that to get around the difficulty we have to prevent the consideration or the
optimality of approximation gradients which are “too large” (with respect to 1/¢), or to prevent that the effect
of “large” gradients is concentrated on “small” regions. Several approximation methods fit this requirements:
see, e.g., the case where the functionals F. are restricted to finite elements spaces on regular triangulations of
size € [9,13,23]; or the implicit constraint on the gradient through the addition of a higher order penalization
[1,3,22]; or the study of non-local models, where the effect of a “large” gradient is “spread” onto a set of size
g: this is the method which was first applied to the Mumford-Shah functional by Braides and Dal Maso in
[12] (see also [11,14-16,18]), and that we follow in this paper for the case of linear growth. We also have to
mention the Ambrosio and Tortorelli approximation (see [6] and [7]) of the Mumford-Shah functional via elliptic
functionals, where an additional variable, say v, which approaches the characteristic function of the complement
of the discontinuity set, is introduced.

A variant of this last method was studied in [25,26] and [2] for functionals with linear growth in the gradient:
the attempt is to unify the curve evolution method used in Computer Vision to detect boundaries, and the
pre-processing of the image to provide an “edge-strength” function v, which indicates the likelihood of an
object boundary being present at any point of the domain (compare with the additional variable v in the
Ambrosio-Tortorelli functional). Indeed, in the method of shape recovery by curve evolution, we try to detect
the boundaries as curves I where the image intensity gradient (hence v) is high; therefore, we apply gradient
descent to the functional [.(1—v)?dH" (see [25] and [26]). Following Osher and Setian [24] it is convenient to
embed the initial curve in a surface (the graph of a function u) as a level curve, and to apply the evolution to
the surface, so that all of its level curves evolve simultaneously. Hence the functional f:rooj J, {u=c} (1—v)?2dH  de
is taken into account. By the coarea formula this is nothing but

/9(1 — )|Vl da.

In [25] and [26] a new segmentation functional was proposed by inserting this term in place of the square-gradient
term of the Ambrosio-Tortorelli functional. In [2] the limit functional is proved to be of the form (1.1), with ¢
satisfying (1.2).

Here we tackle the problem of the approximation of a functional F' as in (1.1) with ¢ of linear growth, by
the method of non-local functionals. More precisely, we consider the problem of the convergence of

1
Fe(u) = E/Qf <€ ]{?E(x)mlvtb(y)ldy> da
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as € — 0 (here B.(z) denotes the ball of centre x and radius ). Unlike the one-dimensional case we dealt with
in [21], here we restrict the study to a fixed integrand function f, independent of . In the limit (see Th. 3.1) the
bulk and Cantor parts are completely determined by the behaviour of f at 0 (namely, we get f'(0)(|D%u|(Q) +

| D¢u|(£2)) while the surface energy density can be explicitely computed as ¥(s) = 2 fol f (Ms(\/l - t2)n*1) de

Wn,

(here wy, denotes the volume of the k-dimensional ball in R¥).

2. NOTATION AND PRELIMINARIES

Let n > 1 be a fixed integer. The scalar product of z,y € R™ is denoted by (x,y) and the euclidean norm
by |z|. The open ball with centre z and radius r is indicated by B,.(z); the boundary of the unit ball B;(0) is
denoted by S"~!. The Lebesgue measure and the (n — 1)-dimensional Hausdorff measure of a Borel set B C R"
are denoted by |B| (or £*(B)) and H"~!(B), respectively. We use standard notation for Lebesgue spaces L?(£2)
and Sobolev spaces W1P(Q).

Functions of bounded variation. For a thorough treatment of BV functions we refer to [5]. Let € be an open
subset of R™. We recall that the space BV (Q2) of real functions of bounded variation is the space of the functions
u € L'(Q) whose distributional derivative is representable by a measure in €, i.e.,

/u&p dm:f/gadDiu for every o € C3°(Q) and i =1,...,n
o Oz Q

for some R™-valued measure Du = (Dyu,..., Dyu) on Q. Clearly, the Sobolev space W11(Q) is contained in
BV (Q).
Let uw € BV(Q2). We say that u has approzimate limit at x € Q if there exists z € R such that

lim lu(y) — 2| dy = 0.
e=0" JB, ()
The set S, where this property fails is called approzimate discontinuity set of u. The vector z is uniquely
determined for any point « € Q\ S, and is called the approzimate limit of u at x and denoted by u(z).
We say that x is an approzimate jump point of the function u € BV (Q) if there exist a,b € R and v € R"
with |v| =1, such that a # b and

lim lu(y) —a|dy =0, lim lu(y) —bldy =0, (2.1)
=0 JBf (x,v) =0 JBg (z,v)
where B (z,v) = {y € By(z) : (y —x,v) > 0} and B, (z,v) = {y € By(z) : (y — x,v) < 0}. The set of
approximate jump points of u is denoted by J,,. The triplet (a, b, ), which turns out to be uniquely determined
up to a permutation of @ and b and a change of sign of v, is denoted by (u™(z),u™ (), v, (z)). On Q\ S, we set
ut=u" =1
Theorem 2.1 (Federer-Vol'pert). For any u € BV (Q) the set S, is countably (n— 1)-rectifiable and H™ (S, \

Jyu) = 0. Moreover, Du L_ J, = (u™ — u™ v, H" "t L Ju, and v, (x) gives the approzimate normal direction to
Ju for H* t-a.e. x € J,,.

For a function u € BV (Q) let Du = D% + D*u be the (Lebesgue) decomposition of Du into absolutely
continuous and singular part. We denote by Vu the density of D%u; the measures

Diu:= D*ul_ J,, Du = D*ul_ (2\ S,)

are called the jump part and the Cantor part of the derivative, respectively. Since Du vanishes on H" -
negligible Borel sets (see [5], Lem. 3.76), from the Federer-Vol’'pert Theorem we can write:

Du=Vul" + (ut —u )y H" ' L Sy + DCu.
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Finally, let us recall the following important compactness Theorem in BV (see Th. 3.23 and Prop. 3.21 in [5]):

Theorem 2.2. Let Q be a bounded open subset of R™ with Lipschitz boundary. Every sequence (up) in BV (§2)
which is bounded in BV () admits a subsequence converging in L*(2) to a function u € BV (£2).

Spaces SBV and GSBV. Let Q be an open subset of R”. We say that a function v € BV(Q) is a special
function of bounded variation (v € SBV(Q)) if |Du|(2) = 0.
We say that a function u € L(Q) is a generalized function of bounded variation (u € GBV(Q)) if ul :=

(=T) Vu AT belongs to BV (Q2) for every T > 0.
If u € GBV (), the function Vu given by

Vu = Vul L"-a.e. on {|u| < T}, (2.2)

turns out to be well-defined ([5], Th. 4.34). Moreover, the set function T' — S,r is monotone increasing;
therefore, if we set 1 S, = U7so Sur ; by the Federer-Vol'pert Theorem, for H" l-a.e. x € S, we can consider
the functions of 7"

@) (@), @) (),

which turn out to be monotone; then the traces:

ul@) = lim @)@, @) =l @) @) (2.3

are well-defined for H" -a.e. z € S,,.
Finally, for a function u € GBV(f2), we define (see [5], Def. 4.33) |D°u| as the supremum (in the sense of
measures) of |[Du”| for T > 0. It can be proved that for any Borel subset B of

|Du|(B) = TETOO |Du™|(B). (2.4)

Slicing. Let us now recall some basic properties of one-dimensional sections of BV functions; they will enter
the so-called slicing methods to reduce to lower-dimensional statements (see, e.g., [4]). We first introduce some
notation. Let & € S, and let ¢+ = {y € R" : (y,&) = 0} be the linear hyperplane orthogonal to &. If
ye &t and E CR" weset B¢, = {t € R: y+t£ € E}. Moreover, for any given function u: 2 — R we define
Ugyt Qey — R by ue o (t) = u(y +t€). For the results collected in the following theorem see [5], Section 3.11.

Theorem 2.3. Let u € BV(Q). Then uge, € BV () for every &€ € S"~1 and for H" *-a.e. y € £&-. For
such values of y we have (denoting by U/gy the absolutely continuous part of the measure derivative of ue ,):

ug ,(t) = (Vu(y +1€),€) for a.e. t € Qe y; Sue, = (Su)ey -

Moreover, for every open subset A of Q) we have
L 1Pl Cen) = ) = 1007 (4.

and for every positive Borel function g

J.

11t turns out that if z € Q \ Sy then u has an approzimate limit (in the sense of Federer) at z, i.e. there exists z € R such that
for any € > 0 the set {y € Q: |u(y) — 2| > €} has density 0 at x.

> oy ) = [ gl glan .

t€Su, S
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Conversely, if u € L*(Q) and for all £ € {e1,...,en} and for a.e. y € &+, ugy € BV (Q¢ ) and
[ 1Pl @e i) < +oc

then v € BV (Q).

Relazation. We recall that the relazed functional F of a given functional F is the largest lower semicontinuous
functional smaller than F. We will need the following relaxation theorem, which can be obtained from the
results contained in [8] (see, in particular, the proof of Theorem 3.1 and use the case f(t) = t + t2, too); see
also [2], Theorem 3.2. Here SBV?(Q) = {u € SBV(Q) : |Vu| € L*(Q), H"1(S,) < +oo}.

Theorem 2.4. Let ¥: R — [0,400) be a continuous, concave function with 9(0) = 0 and lim;_o9(t)/t = 1.
Let Q be a bounded open subset of R™, and consider the functional F : BV () — [0, 400] defined by

u

u(zx)|dx ut(z) —u (x L 2 0
r = | [19u@ls+ [ o(ut@) —w@haret i we spyH@) L),
+00

otherwise.

Then the relazed functional F of F on BV () with respect to the L'-topology is given by
F(u) = / |Vu(z)|de +/ I|ut(x) —u™ (z))dH" + | Dul(Q).
Q u

I'-convergence. For the general theory see [19]. Let (X, d) be a metric space. Let (F}) en be a sequence of
functions X — R. We say that (F}) I'-converges, as j — +oo, to F': X — R, if for all u € X we have:
i) (lower semicontinuity inequality) for every sequence (u;) converging to u

F(u) < liminf Fj(u;);

oo
i1) (existence of a recovery sequence) there exists a sequence (u;) converging to u such that:

F(u) > limsup Fj(u;).

j—+oo

If F; equals the same functional G for every j, then the I'-limit is nothing but the relaxed functional of G.
The lower and upper I'-limits of (F}) in u € X are defined as

F'(u) = inf{liminf Fj(u;) : u; — u}, (2.5)
Jj—+oo

F'(u) = inf{limsuij(uj) Douy — u}, (2.6)
j—+o0

respectively.

We extend this definition of convergence to families depending on a real parameter. Given a family (F:).>0
of functions X — R, we say that it I'-converges, as ¢ — 0, to F: X — R if for every positive infinitesimal
sequence (g;) the sequence (I;) I'-converges to F.

If we define the lower and upper T'-limits of (F.) as

F'(u) = inf{limiélf Fo(uo): ue — u}, (2.7)
£—
F'(u) = inf{limsup Fo(ue): u. — u}, (2.8)

e—0
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respectively, then (F.) I'-converges to F' in u if and ouly if F'(u) = F"(u) = F(u). Both F’ and F" are lower
semicontinuous on X. In the estimate of F” we shall use the following immediate consequence of the definition:

F'(u) = inf{ljjin_&gFaj (uj) : €5 — 0%, u; — u}. (2.9)

It turns out that the infimum is attained.
We will also use the fact (see [19], Prop. 6.11) that the lower and upper I'-limits of a sequence of functionals
coincide with the lower and upper I'-limits, respectively, of the sequence of the corresponding relaxed functionals.
An important consequence of the definition of I'-convergence is the following result about the convergence of
minimizers (see, e.g., [19], Cor. 7.20):

Theorem 2.5. Let Fj: X — R (j € N) be a sequence of functions which T'-converge to some F : X — R;
assume that inf,ex Fj(v) > —oo for every j. Let (¢;) be a positive infinitesimal sequence, and for every j let
u; € X be an ej-minimizer of Fy, i.e.

Fj(uj) < inf Fj(v) +e;.

Assume that u; — u for some w € X. Then u is a minimum point of F, and F(u) = _ligrn Fj(uj).
j—+oo

Remark 2.6. We also point out the following property, which is a direct consequence of the definition of
I’-convergence: if F; L F then F.+G Lr + G whenever G is continuous.
In conclusion we recall the following useful tool, which can be found in [10].

Lemma 2.7 (supremum of measures). Let Q be an open subset of R™ and denote by A(Q) the family of its open
subsets. Let X be a positive Borel measure on ), and p: A(2) — [0,+00) a set function which is superadditive
on open sets with disjoint compact closures (i.e. if A,B CC Q and AN B =10, then n(AU B) > u(A) + u(B)).
Let (Yi)ier be a family of positive Borel functions. Suppose that

w(A) > / idX  for every A e A(Q) and i€ I;
A
then
u(A) > / supy;dX  for every A € A().
A i

Corollary 2.8. Let i be as in Lemma 2.7. Let A1, Ao be mutually singular Borel measures, and 11,y positive
Borel functions. Assume that

w(A) > / idX;  for every A€ A(Q) and i =1,2.
A
Then
u(A) > / 1dA +/ YodAa  for every A € A(Q).
A A
Proof. Let E C Q be such that A (2\ E) =0 and A2(E) = 0. Then we can suppose that ¢»; =0 on Q\ E and

Yo =0 on E. Then ¢ V b2 = 91 4+ 12. We now conclude by applying the preceeding lemma with A = Ay + As.
O
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3. STATEMENT OF THE RESULTS

Let Q@ C R™ be a bounded open set with Lipschitz boundary, and f : [0, +00) — [0, +00) be a non-decreasing,
strictly concave and C? function such that

t—0t t
For every € > 0 let F.: L'(2) — R, be defined by

1 : 1,1
P - - /Q f (5 ]{BE(z)ﬁQ |Vu(y)|dy> dz ifue Whi(Q) )

+00 otherwise.

The main result is the following theorem:

Theorem 3.1. The family (F:)e>0, defined in (3.1), T'-converges, in the L'-topology as ¢ — 0, to the functional
F: LY(Q) — [0, +00] given by

u(z)|dz ut(z) —u (o net ‘u if u
Py {17l [ ut @) - @+ Do) fueaBv(o)
+00

otherwise,

with

I(s) = 2/01 f (“’”—IS(M)M) dt (s >0), (3.2)

Wn

where wy, denotes the volume of the k-dimensional ball in R* (with wo = 1).

If n =1 and Q = (a, b), this result follows as a particular case of Theorem 3.3 in [21]; the corresponding form
of the jump energy density is

I(s) =2f (%) .

Theorem 3.2 (compactness). Let (g;) be a positive infinitesimal sequence, and let (u;) be a sequence in L*(£)
such that ||ujl|ec < M, and F.;(uj) < M for a suitable constant M independent of j. Then there exists a

subsequence (uj,) converging in L' () to a function u € BV ().
As an example of application of these results we consider the following corollary.

Corollary 3.3. Let (g;) be a positive infinitesimal sequence and g € L*(Q). For every u € L'(Q) and j € N,
define:

Gi(u) = Fi, (u) + / ju(z) - g()|dz,
and
G(u) = F(u) + / fu(z) — g()| de.

For every j let u; be a oj-minimizer of G; in L*(Q) (with o; \, 0), i.e. Gj(u;) < infri(q) Gj+ 0j. Then (u;)
converges, up to a subsequence, to a minimizer of G in L'(Q).
Proof. Since g € L*°(Q) and F;; decreases by truncation, we can assume that (u;) is equibounded. By

Theorem 3.2 there exists u € BV (Q) such that (up to a subsequence) u; — w in L'(2). By Theorem 2.5, since
(G;) T-converge to G (recall Rem. 2.6), u is a minimum point of G on L' (). O
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Remark 3.4. We will need the following “localization” of the functional F: for every open subset A of €,
we set

1
e v d d if wLiQ
+00 if ue L(Q)\ Whi(Q).

Clearly, FE(-7 Q) coincides with the functional F. defined in (3.1). The lower and upper I'-limits of (FE(-7 A))
(see Sect. 2) will be denoted by F’(-, A) and F"(-, A), respectively.

Note that, if A CC €, the lower and upper I'-limits of (F.(-, A)) do not change by replacing  with any
> A

Remark 3.5. The one-dimensional version of Theorem 3.1 will be used in the volume estimate of the lower
I-limit (see Prop. 4.7) when applying the so-called slicing method. Actually, we will need the stronger form of
the lower T'-limit estimate contained in Remark 3.4 of [21]: if n =1 and Q = (a, b), then

Flud)z [ W@las 2 ¥ 7 (G- @) + 10l

z€S,NA

for every u € GBV (2) and A open subset of 2. The extension to an arbitrary bounded open subset 2 of R and
A CC Q is immediate.

In the computation of the upper I'-limit we will use the following result. Here the Lipschitz regularity of 0f2
guarantees that a function u € BV () admits a BV -extension on a neighborhood of Q (see, e.g., [5], Prop. 3.21);
and that there exists a constant v > 0 such that:

|B:(z) N Q| > ~ye™ (3.3)
for any x € Q and € < diam(€2).
Proposition 3.6. For every e > 0, the relazed functional of F. in the L'-topology is given by

Fo(u)= L /Q f (mmm(&(@ n Q)) do (3.4)

€

for every u € BV ().

Proof. Denote by H. the functional on the right-hand side of (3.4), defined with value +c0 on L'\ BV. Let
c.(r) = ¢/|Be(x) N Q). Tt is easy to prove the L!-lower semicontinuity of H. at every u € BV. Indeed: let
(ur,) be a sequence in L'(Q) converging to a function u € BV (Q2); we can suppose that liminfy,_ oo He(up) is
finite and is a limit, and that each wj is in BV; then by Fatou’s Lemma, the monotonicity of f and the lower
semicontinuity of the total variation, we have:

o L[ .
EET;EH&(W) > E/Q%Tf&ff (ce(z)|Dup|(Be(z) N Q)) dz

1 / f (ce(x) l}igi&f) | Dup|(Be(x) N Q)) dz

€
1
€

Y

Y

/Qf (ca($)|Du|(Ba(x) N Q)) dz = H.(u).
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Since H.(u) < F.(u) for all u € L'(€), the relaxed functional F. is estimated from below by H. on BV ().
Consider now the opposite inequality. Given u € BV (Q), if (vj,) denotes the sequence obtained from u (extended
to a neighborhood of Q) by standard mollification, then v, — u in L*(2) and

|Dup|(Be(x) N Q) — |Du|(B:(z) N Q)

for a.e. x € Q (see, e.g., [5] Prop. 3.7 and Rem. 3.8: note that D°u vanishes on the sets with finite H"~!
measure; moreover, if S is o-finite with respect to H"~1, then {z € Q : H""}(S N dB:(z)) > 0} is at most
countable). Then by the dominated convergence Theorem (recall (3.3) and that f(¢) < ¢):

This shows that H. coincides with the relaxed functional F. on BV (). O

Remark 3.7. From the preceeding proposition we easily deduce that F"'(u) < +o0 if u € BV(f2). Indeed, the
upper [-limit of (F.) coincides with the upper I-limit of (F.); therefore, since f(t) < ¢, if we set u = |Du|, we
have:
— 1
F"(u) <limsup Fe(u) < limsu /7/1 yduda,

e—0 e—0

where 1p_(;) is the characteristic function of B.(z); therefore, by (3.3):

1
F() < limswp —— [ duy) [ L. () ds < (@) < oo,
YT Ja Q 0

e—0

4. COMPACTNESS. LOWER BOUND IN TERMS OF THE VOLUME AND CANTOR PARTS

In [12] a crucial point in the proof of a lower bound for the I'-limit of (F:) in terms of the volume part
of the Mumford-Shah functional is the estimate from below of F(u) through (1 —6) [, |[Vv|* dz, where v is
a function close to u in L' and § is arbitrary in (0,1) (see [12], Prop. 4.1). The presence of the L?-norm of
the gradient yields, via the SBV compactness theorem, separate semicontinuity inequalities for the absolutely
continuous and the singular parts of the derivatives, thus giving the required bound in terms of the volume part.
The proof of the cited proposition relies on a delicate partitioning of R™ by means of coordinate squares which
are well-behaved with respect to the balls over which the gradients are averaged. In a L'-context a perfectly
analogous result, contained in Lemma 4.1 below, can thus be obtained with essentially the same proof, but now
this does not imply the needed lower semicontinuity inequality for the volume parts. However, from Lemma 4.1
the compactness property of Theorem 3.2 for (F;) easily follows.

The proof of the correct lower bound for the I'-limit (see Prop. 4.7) will be obtained by a slicing technique.
The main difficulty is that F.(u), due to its non-local character, can not be simply expressed through the one-
dimensional sections of u. Thus, for any direction £ € S"~! we estimate F.(u) through a suitable functional
where the average on balls is replaced by the average on squares with a face orthogonal to ¢ (Lem. 4.3); this
allows to split the average itself into a part along & and another in the orthogonal space £-. A slicing method
can now be applied: the one-dimensional sections of u are replaced by its averages along £+ (see Lem. 4.4).

For every open subset A of 2 and ¢ > 0 we set:

Ay ={r e A: d(z,04) > p}.
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Lemma 4.1. Let A be an open subset of Q, and let u € WH1(Q) N L>°(2). For every ¢ > 0 and & > 0, there
exists a function v € SBV(A) N L*>(A) such that:

(1-4) /A Vo(a)|de < Fo(u, A), H" (S, N Ag.) < cF. (u, A),

[olleeay < llullzoecay,  llv—ullpras.) < ceFe(u, A)ljullpea),
where ¢ is a constant depending only on n,d and f.

Proof of Theorem 3.2. Let A CC 2, with A smooth. By Lemma 4.1 there exists a sequence (v;) in SBV(A) and
a constant C' independent of A such that |lv;| gy (a) < C and ||vj][ 14y < M; moreover, ||v; — w514y — 0.
Therefore, there exists a subsequence (v;, ) which converges to a function v € BV(A), with ||ul|pya) < C.
Hence v € BV(Q), too. Clearly, also (uj,) converges to u in L'(A). The arbitrariness of A and a diagonal
argument allow to find a subsequence (u;, ) which converges in L. (€2) to a function u € BVjec(€2); the uniform
bound of ||u;|| (o) implies the L!(2)-convergence of (u;, ) to u. O

Corollary 4.2. Let (¢;) be a positive infinitesimal sequence and let (u;) be sequence in L' () which converges
to a function u. If (F.,(u;)) is bounded, then u € GBV (Q). In particular, if F'(u) < +oo then u € GBV(Q).

Proof. For each T' > 0 apply Theorem 3.2 to u] = (=T)V u; AT: we get (=T)VuAT € BV(Q); hence

u € GBV(Q). O
Let ¢ € 8" ! and let vy,...,v, be an orthonormal basis of R”, with v; = £. For every r > 0 and = € R,
define:

Qiz) ={yeR": [(y—az,v)|<r, i=1,...,n}

Lemma 4.3. There exists a sequence (cp)nen of positive real numbers, with cp, LA 1, such that, for every
u € WH(Q), ¢ € R and A, A’ open subsets of Q, with A’ CC A, and for every e < d(A’,0A)/2, the following
inequality holds:

1
F.(u, A) > bl ol
a(u7 ) - hO’h/ f UE ]€2£’ (Z) |vu’(y)|dy dZ,

where fh(t) = f(cpht) and o = ¢/h.

Proof. For ease of notation we drop the superscript ¢ in Q5(z) (&€ € S"~! is fixed). For every h € N let
Zh:{OLEZn : Ql/h(QOé/h) gBl(O)}, Nh:#Zh.

Clearly

2" Ny n
Ch ‘= —
wph™

)

and, for every ¢ > 0 and z € R"
Zn={aeZ": Qlz,a) =z+ Q./n(20e/h) C B(x)}.

Fix now u € WH1(Q); then for every € > 0 and x € Q, with d(z,9Q) > e:

(%) c
Vu(y)ldy = G ][ Vu(y)|dy = “h ][ Vu(y)|dy.
]{BE(I)I Wldy > Y oo Qg@;,a)l Wy = > N ;L(m)' (y)|dy

a€EZp a€EZp
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By the concavity of f:

f (E ]{?EmIW( Idy> > —f (s% ]g?(%a)IVU(y)Idy)-

aEZp
Let A’ CC A, and 2e < d(A’,0A); we can find an open subset A” of A such that
Alcc A" cc A, d(A,0A")>¢e, d(A",0A)>¢
Thus, if we set o = ¢/h, we get:
wA") > [oat(ot f vutiay )z )
a;h Nh (hah 1 Q’;(a,,oc)

with f" as in the statement of the lemma. The change of variables z = z + 20« now yields:

h h
a; N, <h0’h/ f <05 ]{20?(2)|Vu(y)|dy> dz),

Since the Nj, terms of the sum do not depend on «, we conclude. O

Given y € R*~! and r > 0, define
Qry)={zeR" 1 : |z —yl<r, i=1,...,n—1}. (4.1)
Lemma 4.4. Let (¢;) be a positive infinitesimal sequence. Let A be an open subset of R"~ ! and a,b € R, with

a<b. Letuj,u € L'((a,b) x A) (j € N) and u; — u in L*((a,b) x A). For a.e. t € (a,b), for everyy € A and
JjeN withe; < \/%d(y,aA) we can define

vi(t,y) = f u;(t, z) dz.
Qe; (v)

Then there exists a subsequence (vj, ) such that vj, (-,y) — u(-,y) in L*(a,b) for a.e. y € A.

Proof. There exists N C (a,b), with |[N| = 0 such that wu;(t,-),u(t,") € L'(A) for every t € (a,b) \ N. In
particular, v; (¢, y) is well-defined for every ¢t € (a,b) \ N, y € A, and ¢; < d(y,0A)/v/n — 1. Let

1
¢(z) = 10.,0)]¥@© (2),

where Xa.,0) denotes the characteristic function of QEJ. (0). We have

lvj(t,y) —u(t,y)|dt | dy = [ dy uj(t, 2)pi(z —y)dz —u(t,y)| dt
I\ Jor=fon |1 |
S/Ady/a dt/Rnil |uj(t,z)—u(t,z)|q§j(z—y)dz+/Ady/a

/RH u(t, 2)¢;(z — y) dz —u(t,y)| dt.
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Denote these two integral terms by I} and I} respectively. Then

I < /dt/dy/ni u(t, z) —u(t,y)|¢j(z —y dzf/ dt/dy/w 1 u(t,y +w) —u(t,y)|¢;(w) dw

*/ dj(w)llu(-, - +w) —ullpr@pxaydw < sup fluls, -+ w) —ullpiap)xa) -
Rn—t lw|<ejv/n—1

Since translation is continuous in the L' norm, I ]4' tends to 0 as j — +o0. Let us now consider I J’

b b
= /A ( / <|uju|<t,->*¢j><y>dt> dy < / 1y = w)(t Mo sl enydt = [ty — wllzs .
a a

which tends to 0 as j — +o0o. Thus we conclude that for every A open subset of R”~1

b
lim </ vt y) — ult, y)| dt) dy = 0.
Jj—+00 )4 a

In particular, there exists a subsequence (v, ) such that vj, (-,y) — u(-,y) in L'(a,b) for a.e. y € A. O

Remark 4.5. The result of the previous lemma can be immediately generalized to the case where (a,b) is
replaced by any bounded open subset of R.

Remark 4.6. Given u € L'(a,b), the set functions A — F.(u, A) are increasing and superadditive. Conse-
quently, also the set function A — F’(u, A) is increasing and superadditive, i.e.

(i) F'(u, A1) < F'(u, Ag), whenever A; C Ay C Q;
(i) F'(u, A1 UAg) > F'(u, A1) + F'(u, As), whenever A; N Ay = 0.

Proposition 4.7. For every uw € BV (Q) and A € A(Q)
F'u, A) > / Vu(@)dz,  F'(u, A) > |Du|(A).
A

Proof. Let (g;) be a positive infinitesimal sequence and let (u;) be a sequence in W1(Q) converging to
u € L'(Q) and such that F; (uj, A) — F'(u, A) as j — +o0. Let £ € S"~. By Lemma 4.3, applied with ¢ = ¢;
and u = u;, and by Fubini’s Theorem, if A and A" are open subsets of Q, with A’ CC A, and 2¢; < d(4’,04),
we have (here ol = ¢;/h):

h _h
F. (uj, A) > ot | | o; ]ig{h(z) |Vu;(z)|de | dz

1
:/ W/ fh a;][ |V (x)|de | dt | dH™(y)
L\ oy Ja, Q%) (y+t8)
J

where ¢+ and Aé’y stand for the subspace orthogonal to ¢ and for the one-dimensional section of A’ in the
direction &, as in Theorem 2.3. It is not restrictive to assume & = e; (and we will drop the superscript £). Then
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we can rewrite:

1
)2 [ g [\ f, vl | aet),
! U QU;L(tvy)

where A} = {teR: (t,y) € A’} and A ={yeRr 1. A, # 0}. In view of the definition (4.1) of Q, for every
(ty) € A"
Ou;

Vui@ids > f
]gc,;,L(t,y) Qob (1) Oz

t+ol s
][ ][ ﬂ(s,z) dz|ds;
t—a;" Q 85

h
o3 (W)

V

dz

()

1 (4.2)

Y

Consider u; extended with value 0 outside A. Then, as in Lemma 4.4, for a.e. s € R and for every y € R"~!
we can define

) = vl = £ wls)ds.
Q_n(y)

It turns out that if y € A’, then v¥ € WhH(V,) for a suitable open neighborhood V, of Al (recall that A’ CC A);

furthermore, (4.2) gives:
t+ol
][ [Vu;(z)|de > ][
Q(.,;L(t7y) tig;}

By Lemma 4.4 and Remark 4.5, the sequence (1);’

rest of the proof) to u¥ := u(-,y) in L*(V,) for a.e. y € A’. By Fatou’s Lemma:

y
dvj

—(s)

ds.
ds 5

) converges (up to a subsequence, which does not affect the

ds) dt) dy;

1
lim inf F__ (u;, A) > /~ 7 (/ chh|(uy)’(3)|ds+chh|Dcuy|(A;)> dy.

j—+oo

1 L t+oy d’u?
liminf F.. (u;, A) > li f— —4
lim inf s (ug, A) > / , 7 | lm nf e f ]{_Uh . (5

thus, taking the one-dimensional I'-convergence result (Rem. 3.5) into account:

By Theorem 2.3 we deduce that

tininf £, (15, 4) 2 o (/ (Vu(a), e1)|de + (D uel>|(A’))

As mentioned above, this result holds with any £ in place of eq; therefore, since ¢, — 1 as h — +o0o and
A’ CC A is arbitrary, we get

(u, A) / [(Vu(z),&)|dx, F'(u,A) > [(Du,&)|(A) (4.3)

for every £ € S"71. From the first inequality, the superadditivity of F’ and Lemma 2.7 we get F'(u, A) >
[ 4 |Vu(z)|dz for every A.
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Let A = D and A¢ = (), €); note that:

d)e dA
Al = |25 d|A) = [{ =, ¢ )] dJAl.
[Ael ‘dIAI Al ‘<dlkl’§>‘ Al

The second inequality in (4.3) can now be rewritten as F’(u, A) > [, 1¢ d|A|, where 1¢ = [(dA/d|A],€)|; an
application of Lemma 2.7 yields:
dA
w ()

, dA
F(UvA)Z/ASlngW7§>‘ d|>\|Z/A

This concludes the proof. ([

d[A[ = [Al(4) = [Dul(A).

5. LOWER BOUND IN TERMS OF THE SURFACE ENERGY

In this section for any sequence (F:,) and any given function v € BV we apply Besicovitch’s differentiation
Theorem, with respect to H"~1 L S, to the (inner regular envelope of the) lower I-limit considered as a set
function (Prop. 5.1). Through a rescaling argument the density of this bound will be estimated in terms of F”
on the functions ug obtained by “blowing-up” u around the jump points (Prop. 5.2 and subsequent corollary).
We next need to express this bound in terms of F'(ug, CY (x¢)) where CY (z0) is a cilinder of unit size with axis
normal to the jump set in zg (Prop. 5.5): this allows an explicit computation of the lower bound (see Prop. 5.6
together with 5.7).

Denote by A(€2) the family of the open subsets of Q. Let (g;) be a positive infinitesimal sequence and, for
every A € A(Q), let ®'(-, A) be the lower I-limit of (F, (-, A)). We define the inner regular envelope of ®’ as:

®’ (-, A) =sup{®'(-,B): Be A(Q),B ccC A}.

It is easy to see that ® (-, A) is lower semicontinuous in L'(Q) for every A, and that ®' (u,-) is superadditive
for every u.

Proposition 5.1. For every u € LY(Q) the function ® (u,-): A(Q) — R is the trace on A(Q2) of a Borel
measure on §; moreover, for every A € A(Q)) and u € BV (§2):

@L(u,A)z/ h(z)dH" ",

SuNA

where, for H* ™ a.e. x € Sy:
P’ B
h(z) = im ————* (u, Q(z))~

=0  wy_1o" !

Proof. An increasing set function a: A(Q) — [0, +0o0], which satisfies «(0) = 0 and which is subadditive,
superadditive and inner regular, can be extended to a Borel measure on : see, e.g. [19], Theorem 14.23. The
result can be applied to ®'_ if we check the subadditivity: this can be shown following the proof of Proposition 4.3
and Theorem 4.6 of [14] (these results are established in the case p > 1, but the same arguments work if p = 1).

Given u € BV(Q), for every k € Nlet Sy = {z € S, : |[uT(z) —u~(z)| > 1/k}. Clearly, H"1(S)) < +o0;
let vy, = H" ! L Sk, and denote by u the Borel measure which extends ®_(u,-): in view of Remark 3.7, p1 is a
finite measure. By Besicovitch’s differentiation Theorem (see, e.g. [27], Th. 4.7), the limit



NON-LOCAL APPROXIMATION OF FREE-DISCONTINUITY PROBLEMS WITH LINEAR GROWTH 149

exists and is finite for vg-a.e. € (), and is vip-measurable; moreover, the Radon-Nikodym decomposition of u
is given by u = g + p°, with p° L vg. Since Sy is H™ !-rectifiable, for H" !-a.e. x € S we have

ve(Bo(w)) _ H" H(Bo(x) N Sk) 00
anlgnil anlgnil ’

(see, e.g., [5] Th. 2.63). Thus, for H" -a.e. z € Sk

p(By(@) _ . L (u Byfw)

g(I) 111 1 00 Wn719n71

0—0 wp 10"~

= h(x).

Taking into account that p® is non-negative, we deduce that for every A € A(Q)

& (u, A) z/

h(z)dyy, = / h(x)dH™ .
A SkNA

The conclusion follws by considering the supremum for k£ € N. (I

When considering F for the blow-up up on a unit ball By as below (or on a cilinder C; of unit size, as in
Prop. 5.5), we assume as () any set strictly containing By (or C1): see Remark 3.4.

Proposition 5.2. For every u € BV (Q)

' (u, B
limiglf w > F'(ug, B1(z0)), for H" t-a.e. xo € S,
o— 0

where ug s the function given by

with v = vy, (x0).

Proof. Let ¢ € (0,1) and note that ®” (u, BQ(IL'O)) > CID’(u, ng(:no)) for every p; then

D’ (u, By(zo))

gnfl

> 57! liminf 7(1)/(”’ BT(JCO))-

lim inf
r—0 rn—1

1
0—0 (5 )
Let us now estimate the lower limit in the right-hand side.

We can assume g = 0. Let (rx) be a decreasing infinitesimal sequence; for every k& € N there exists
w; € WH(Q) such that w; — u in L'(Q) and

n—1
liminf F. (w;, By, (0)) < ® (u, By, (0)) + £—.
j—+oo 7 2k

Let j = j(k) be such that e;/r, < 1/k and
n—1

L (15, Bry (0)) < @', B, (0) + "o

i

Bl
x| =

lw; =l <+ / |w; (rpx) — u(rpe)|de <
B2 (0)
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Let u, = wj(x). We can suppose that the sequence (](k)) is increasing, and we set oy = €;(1); then up — u in
L'(2) and
e

1
Foy (s, By (0) £ (0, B () + = [ furna) — ulro)lde <
B2(0)

> =

The first inequality gives:

' (u, B, F, . B,
lim inf w > lim inf M :
k—+o0 Tk k— 400 Tk

while, from the second inequality and the definition (2.1) of u* we obtain:
1 k
/ lug(rez) — up(rex)|de < — —|—/ |u(rex) — up(rra)|de — 0.
B2(0) k" JBso)

If we define vy (t) = ug(rt), then vy — ug in L'(B2(0)); moreover, for every x € B,., (0)

n—1
Tk

f o valy = | Vo (o) dt.
Bg,, () WnOoy, By ey, (&/71)

Therefore, setting x/ry = z, we have:

F, B, 1
o (i, B (0)) _ / f %][ IVor(8)|dt | dz.
e ok/Tk JB0)" \ Tk Boy jry (2)

Since v = ox/rr — 0, and vy — ug in L'(By(0)), by the arbitrariness of (ry) and the definition of F’, we

conclude that
®'(u, B (0))

lim inf > F' B .
iminf ——"—5—= > F"(uo, 51(0))
This, together with (5.1) and the arbitrariness of 4, yields the conclusion. (I

From the two propositions we have just proved the next result immediately follows.
Corollary 5.3. Let u € BV () and let A be an open subset of 2. Then

F'(u, A) > / o(z)dH" 1,

SuNA

where
o(z0) = w, 1 F' (ug, Bi(z0)), for H" '-a.e. zg € Sy,
with (v = vy (xo))
| ut(zo) if (x—=z0,v) >0,
uo() = { U_(JUZ) if (x— xg,y) <0.

Let v € S"~1. For any y € R™ denote by 3, and y,. the projections onto the subspaces V = {tv : t € R} and
VL, respectively. For p > 0 and 2 € R™ define

Co0) ={y eR™: |y| <o, lye| <o},  Cgx) =2+ CF(0).

The next lemma proves that the “‘transition set” between two constant values shrinks onto the interface.
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Lemma 5.4. Let v € S 1 and

i) = {020 o

Let ' DD CY(0). For any A open subset of CY(0), there exist a positive infinitesimal sequence (g;) and a
sequence (uj) in WHH(Q') converging to ug in L' (') and such that

lim Faj(Uj,A) = FI(UOaA)7

jrtoo
uj(r) =a if (v,v)> ay; uj(z) =b if (z,v) < —bj,
where (a;) and (bj) are suitable positive infinitesimal sequences.

Proof. Tt is not restrictive to assume v = e;. Fix A open subset of C¥(0).
Step 1. Let 0 < e < d(CY(0),0€), and o > 0. Let ¢ be the continuous function given by

0 fax;<—-2—0
o(x) =< affine if —2c—0<x1 <—2¢
1 if 7 > —2e.
Clearly, |V¢| < 1/0. Define:
A.={z€eR": 11 < -3¢ -0}, B.={z€eR": 1 > —¢},

Se={zeR": -3e—0o< a1 < —¢}.
Let ug,uz € WHHQ') and v = @uy + (1 — ¢)uz; then

5 ;A - d d
eF.(v, A) /A m&f(e ]{?Emmg(yn y> v

\% dy | d \% dy | dx.
+/mf<s ]{M| w ()| y> :c+/AmSEf<€ ]{w' o(w)| y> .

By the subadditivity of f,

Then, since f(t) < ¢,
F.(v,A) < Fo(u1, AN (B:US:)) + Fo(ue, AN (A: U S)) + I (5.3)

with
1

Lo ) - w)dds
0 Jer(onS. JB.(x)
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A simple application of Fubini’s theorem now gives

1
Lo [ ) - ),

g

where Q. ={x € Q' : z1 <0}.

Step 2. Let (¢;) be a positive infinitesimal sequence, and (u;) in W(Q') converging to ug in L*(£') such
that F (uj, A) — F'(ug, A). For every j € N apply estimate (5.3) with ¢ = &5, u1 = uj and uy = b. If
v; = @u; + (1 — )b, since I, (b, A) = 0, we have:

1
Fey (v, A) < F (u, A) + ;/Q/ () — b d.

Note that

/Q, i3 (y) — Bl dy = / 3 () — ()| dy 2> 0.

Therefore, if (o,) is a positive infinitesimal sequence, we can find a strictly increasing sequence (j) in N such
that

— |y, —bldy 0.
Oh Jor
Then
limsup F;, (vj,,A) <limsup Fy, (uj,,A) = F'(ug, A).
h—+oo h h—-+oo h
Moreover,

b T < —2{;‘]‘} — Op
v, (x) = g '
jh’( ) { Ujp,  T1 Z 0.

Clearly vj, — ug in L'(Q'), and liminf F., (vj,,A) > F’(ug, A). An analogous procedure allows to modify vj,
so that, while mantaining the convergence of the functionals to F'(ug, A), it takes the value a at the points x
with x; positive and outside a neighborhood of 0, shrinking to 0. O

Proposition 5.5. For H" ™! a.e. g € S,
F'(ug, Bi(x0)) = F'(uo, CY (0))

where v = v, (x9) and ug s as (5.2).

Proof. Clearly, the non-trivial inequality is F”'(ug, Bi(x0)) > F'(uo, C¥(x0)). It is not restrictive to assume
zo=0and v =e;. Fix 0 < 0 < 1. Let (¢;) and (u;) be given by the previous lemma, applied with A = B4 (0).
Then u;(z) = a if 1 > aj, and u;(z) = b if 1 < —b;, where (a;) and (b;) are suitable positive infinitesimal
sequences. Let S; = (—bj,a;) x R"~1; then, for j sufficiently large, we have C%¥(0)NS; CC B1(0), and therefore
F_, (uj,C¥(0) N B1(0)) = F, (uj,C¥(0)). Hence:

Fe(uj, Bi(0)) = Fe, (ug, B1(0) N C5(0)) = Fe, (uy, C5(0)) . (5.4)
Moreover, if we set v;(x) = uj(6x), then Fy (u;, C¥(0)) = 6" 'F., /5(v;, CY(0)), as one can easily check by a

change of variable. Thus, passing to the limit in (5.4), we get F’(uo, B1(0)) > 6"~ ! liminf; F.,/s5(v;, CY(0)) >
8" 1F (ug, C¥(0)). The conclusion now follows by taking the supremum on ¢ € (0,1) . O
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Proposition 5.6. Let ug be as in (5.2), with a # b and v = e;. Then

F'(ug, C7*(0)) > wp—1 igl(fG,

where

G(U)=/Rf(an/01[v(§+ 1—n2n) —v( - 1—772777)]77”_2d77)d§,

an = (0 — Dwp—1/wn, and X is the space of all functions v € Wlicl (R x (0,1)) which are non-decreasing in

the first variable, such that there exists £y < &1 (depending on v) with v(§,n) = b if £ < &, and v(&,n) = a if
§2>¢&.

Proof. Denote C7*(0) by C. We can suppose a > 0 and b = 0.
Let (g;) and (u;) be the sequences given by Lemma 5.4, applied with A = C and any ' D> C. In particular,
uj(z) =0if &y < —bj, and u;(x) = a if 21 > a;, for some positive a;,b; — 0.
Let
T b +
aj(ml,mg,...,xn):/ (—u]'(t,l‘g,...,l'n)> dt,
1 \ 0t
and v; = a; Aa. Then v; € WhHY(QY), v;(z) = ug(z) if 21 ¢ (—bj,a;), and v; is non-decreasing in the first
variable. Moreover
9u;

6$1

ov;
> L >0.
=

1 ov;
F. (u;,C) > — €5 —2(s)ds | dx.
(¥ )_Ej/cf<]]{35j(x)é)s1() )

Let B}~! be the (n — 1)-dimensional ball of centre 0 and radius ¢. Since C' = (—1,1) x B!, we have

1 ! 4
Fe(u;,C) > 5_/ _ day --dxn/ f (Ej ][ %(s)ds) da;.
J J BT -1 B, (z) 951

Let (Za,- - ,Ty) be in the closure E;hl of B! be such that

1 1
0v; O,
/ Ile; ][ a_UJ(s)ds dz; = min 71/ fle; ][ a—vj(s)ds dxy .
-1 B, (w1,22, &) Y51 (T2, xn)EB) J -1 Bej (1, mn) 051

In the argument below it will not be restrictive to assume Z; = 0 for every 7. Then

1
W1 1 0v;
Fe(u;, C) > / ! 77/ e
57( J ) €j -1 (anE? ' Be; (21,0) 881( )

[Vu;| >

Then, for j sufficiently large,

By Fubini’s Theorem,

a .
Lo D= [ oot P sl )] o
e; (T1, €3

Define
6j(ta Q) = ’8 Uj(tvy)d;{n72(y)7 S (0,5]’) .
Br—1!

e



154 L. LUSSARDI AND E. VITALI

Then

Ny €i .-
[ oy to= [T e [ e B0~ B 0] 4
- / HP2@B )05 (21 + /22 — @2, 0) — 05(a1 — /22 — &2, 0)ldo.

By the change of variables x;1/¢; = £ and ¢ = €;n, we obtain, for j sufficiently large:

1/e; - 1
Fe;(u;,C) > wnﬂ/ f<w/ [0j(5€ + eV 1 —n?em)

71/63' Wn 0

—0;(g;§ — ;v 1 =17, 5;'77)]77”_26177) d¢.

Let w;(z) = vj(g;jx). Clearly w; is non-decreasing in the first variable, and there exist {5 < & such that
wj(z) =aif > & and w;(z) = 0 if © < &. Then w; can be extended to all R x (0,1) (with values 0 and a)
and thus w; € X. Hence F'(uo, C) > wp—1G(w;). O

We now need a precise estimate of the infimum of the functional G introduced in Proposition 5.6. To bypass
the problem of the existence of the minimum of G we consider a discrete version G (k € N) of G. This leads
to a minimum problem in a finite dimensional space, and a careful analysis of the properties of the minimizers
allows to compute explicitely the infimum.

Proposition 5.7. With the notation of Proposition 5.6 we have

: S _
1§fG > Y(la —b|),

where ¥ is defined in (3.2).

Proof. We can suppose a > 0 and b = 0. For each k£ € N we now consider a discrete version Gy, of G defined
on the space of the functions on S = R x [0, 1] which are constant on each of the squares determined by a
coordinate partition of S and with sides of length 1/k. We also require the monotonicity in the first variable
and the constant value 0 and a on the left and right of [£y, &1] X [0, 1], respectively, for some & < &;.

Clearly, we can deal only with the values on the nodes; thus, for any N € N, we define YkN as the set of the
functions

v= (") ;: Zx{1,....k—1} — [0,d],
such that:
a) for every j the function i — v is increasing;
b) v =0if i < =Nk and v*7 = a if i > Nk.
We think v as the value in (i/k, j/k) of the input function of G. Let Y, = Jyey Y)Y, and let Gi: Vi — R be
defined by:

where ) )
Wi = (V77 — v ) (k)" 2,
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with j denoting the integer part of \/1 — (j/k)2/(1/k) = \/k2 — j2 (see Fig. 1 below).

n (&= 1)+ n’=l
K n
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| | | | | | | RN | | | e | | | | | | | |
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FIGURE 1. A sketch for the definition of [v]; ;

Note that:

(N+1D)k 1 k—1 1
Gr(v) = Z ( E ) on V.

i:—(N+1)k =1

Step 1. Each minimizer of Gy on YkN takes only the values 0 and a.

Let v be a minimizer of Gy on YkN. Suppose, by contradiction, that there exists ig, jo with v = ¢ € (0,a).
We can assume that for a suitable s € N:

po—Lio ~ c, c = pido — plotljo — . — 4io+s.jo , plotstlio 5

Then, given ¢t € R, we define v, = (v7);; as v}°™7° = ¢ 41, if 0 < | < s, and v, = v otherwise. For ||
sufficiently small, v; € YkN . Let

L={icZ: i+jo€lioyio+s]}, L={i€Z: i—j€ lig,io+s]}.

Note that if ¢ ¢ I} Al then [vy]; ; = [v];; for every j. Therefore:

) = ) =
Gr(ve) = Z Ef anZE[Ut]i,j + Z Ef anZE[Ut]i,j

i€l \I2 Jj=1 i€\ I Jj=1
k—1 k—1
1 1 1 n(Jo\"?
p> zf<“n2z[%>=_2 o 3 glehs+ ()
g1 ALy j=1 1611\12 j=1
k—1 . k—1
1 Gn (Jo\" 2 1 1
+ > —f an ) [l — f(g) L+ > Ef<an ‘ E[U]m) :
i€l \I1 j=1 ¢l Al j=1
The function t — Gy (v:) is twice continuously differentiable in ¢ = 0 (due to the smoothness of f), and:
12 2 2(n—2) k—1 1 k=1
O] Ly = (%) > f e gl |+ X e X gl || <0
€I\ 12 Jj=1 i€l \I1 Jj=1
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by the strict concavity of f; this is a contradiction, since v is a minimizer for Gy.

Step 2. We claim that if v € Y}V takes only the values 0 and a, then G (v) > G (), where

i 0 i<Nk,
"7\ a i>Nk.

To this aim we can assume that
Eyo={i€Z: 3j v =q, i+j<Nk}#£0

(otherwise v = 7). Let {9 = min F,, and

v = max{j . Uio-‘rj,j =a, ig +j’ < Nk:},
Jyu =1j: j:5M7 Uiﬂ"‘j’j:a}, jo = min Jyy.
Then vio+iojo — ¢ and IO
j<jo = wtied =0 (5.5)
Indeed, if we had j < jo with the property v*0J = a, then we would have j > jo = ju, and Nk > ig + jo =

1o — 1 +3', with [ :j' — 5’0 > 0; therefore pio—lHid = a, and ig — [ € E, which contrasts with the definition of ig.
Denote by w the function obtained by modifying v in (ig + 7,7) for j € Ju:

wtI =0 for j e Ju, w"? = v"  otherwise.

We want to show that

Gk(U) > Gk(w) (5.6)
Note that in the sum over i defining Gx(v) the terms v+ (j € Jys) appear only if i = iy or i = i + 2Jo.
Accordingly, let us write kG (v) as:

W) = fa+ )+ f S £ ). 6.7

i¢ {4i0,90+2jo } J
where:
.\ n—2 —1
an ana (j an
0= 3 Fas 0= % (1) p= X bl
Jj¢JIm JjEIMm j=0
An analogous splitting can be written for kG (w): clearly, the last term is the same as in (5.7). Thus:

kGr(v) — kGr(w) = f(g+9) — f(q) = [f(p+ ) — f(p)]- (5.8)

By the definition of jg it turns out that:
a
q= Z ?n[v]ioﬁj'
Jj<jo
Moreover, if j < jo then j > jo; the monotonicity in the first variable and (5.5) yield:
vi0+230*3,j < vi0+307j =0.

Hence, j < jp implies that pio+t2io=id = 0, so that

j<ijo = _ vio+230+37]’ _ vi0+230*37]’ > ving}',j — [’U]

(V)50 12705 in.j+
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Therefore

an
pz Z ?[v]ioJrQioy]' Zq
J<Jjo
Note now that the concavity of f implies:

¢<p = flg+9)—f(g) = flp+9)— f(p).
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This, together with (5.8), proves (5.6). If E,, is not empty, it has a minimum strictly greater than ig = min E,.

A finite iteration of the above argument proves the claim.

Step 3. We have shown that for every N > 0, iankN Gy = Gg(v), where v does not depend on N. Then
infy, G, = infnso iankN G, = Gi(0). Let us estimate G (0), where, by translation, we can suppose o given by

[0 <0
1l a 1>0.

We have

-1 1 k—1 a ] n—2 -1 1 - a % ] n—2
Gr(v) = 2 Z 7/ | an Z z (E) =2 Z A e (E) ;
i=—k ; 1

— Jj=1 i=—k j=

i+j>0

where 7 denotes the integer part of vA2 — i2. Fix o > 0; then for k > 1/0:

1 7 <j)n—2 1 i+1 <j)n—2 /(%4»1)/]6 Ly
- = > — = —o > t"edt — o
k; k k2 \k ;

n—1

1-(i/k)?
2/ tn—th—a:L(\/1—(z’/k)2)"‘1—a.
0

Then

k
Gr(D) > 22%]‘ (ana[nll(\/l - (i/k)2)"—1 _UD .

Thus, by the definition of the Riemann integral as the limit of the Riemann sums, we have:

1
lim inf inf G, > 2/ f (wnla(\/l e anaa) dt.
k 0

k—+o00 Y n

By the arbitrariness of ¢ we conclude that:

1
lim inf inf G}, > 2/ f (Wnla( /1 42 )n1> dt.
k 0

k—+o00 Y W,

Step 4. We now relate G with the discrete functionals Gy.

Let v € X: then there exist £y < & such that v(£,n) = 0 if £ < & and v(£,n) = a if € > &. Extend v on R?
with v(&,n) = a if £ > & and v(&,n) = 0 otherwise outside R x [0,1]. If (0r)r>0 is a family of mollifiers, it is

easy to see that v* o, € X NC*°, and G(v * ;) — G(v) as T — 0.
Then, given o > 0 there exists v, € X N C* such that

inf G > G(v,) — 0.
X

(5.10)
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Assume that v,(&,n) = 0if € < —N and v,(§,n) = a if £ > N, for a suitable N € N. Since v, is uniformly
continuous, there exists § > 0 such that

[(€,m) = (€0 <= |vs(&,m) —ve(§,0)| < a/N.

Fix k € N, and define Q}7 = [i/k, (i +1)/k) x [j/k,(j +1)/k), fori € Z and j € {1,...,k—1}. If (&,n) € Q}’
then

/\

z—i—( <€+\/— z+3+2

0<li(j+1)<1+ 2k71£0.
~k ko~ k
Then there exists ks such that for every k > ks, i € Z, j € {1,...,k —1}:

Note that

Em) eQH, (&) e Qi = €+ V/T1-n2m) — (€0 <3.

It follows that
Em e = e VimP — f i <o/,
k

Analogously, we have
&) €@y = |vo(6—V1-n?n) - 7[@'3 vy dz| <o/N.
" 2J

For every k € Nand (4,j) € Z x {1,...,k — 1} let

hy
wy? = ][_vadx.
53

k
Clearly, w, = (w%) € Y. For every i,j and (£,7) € sz
[0 (€ + 12,1) = v (€ = V1= n2,n)]0" " > [wy]i; — 20/N .

This implies that for every i € Z and £ € [i/k, (i + 1)/k)

S

Y [weli,; —20/N .

Bl

1
/O[Ua(fEJr 1—n2,n) —ve(§ — V1 —n2n)]n" 2dn >

J

Finally, since f (extended with value 0 on R™) is Lipschitz continuous with Lipschitz constant 1, we have:

(NH1)k 1 ey | 20a
Gvy) > | > = | an Z —lwoli; - T” > Gr(wy) — 20a,(2N + 3)/N .
i=—(N+1)k j=1

By (5.10), and the arbitrariness of o, we obtain

mf G > liminf 1}1/1f Gy

k—-+oo

and this, by (5.9) of Step 3, concludes the proof. O
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6. ESTIMATE FROM BELOW OF THE LOWER ['-LIMIT

We collect here the results of Sections 4 and 5, proving the lower bound F’ > F. Recall that, by Corollary
4.2, if F'(u) < 400 then u € GBV ().

Theorem 6.1. For every u € GBV ()
F'(u) > /Q |Vu(z)|dz +/S I(|ut(z) — u (z))dH" ™ + | Du|(Q).
Proof. Let u € BV(Q) and let A be an open subset of Q. From Proposition 4.7 we have
F'(u,A) > /A |Vu(z)|dz, F'(u, A) > |Dl|(A);
moreover, Corollary 5.3 and Propositions 5.5, 5.6 and 5.7 give

Flu, A) > / I(ju* (z) — u (@) )dH .

SuNA

Apply now Corollary 2.8 (which clearly extends to a finite number of measures \;), with A\; = L", Ay =
H* 1L S, and A3 = |Du|. Therefore F”(u) > F(u).

Let us now consider the case u € GBV (). We can find a positive infinitesimal sequence (g;) and a sequence
(uj) in WH(Q) converging to u in L'(Q) and such that F. (u;) 2y F'(u). Define uj = (=T)Vu; AT, and
ul = (=T)VuAT. Since u]T — uT in LY(Q), and uT € BV (), we have

J—-+oo

F'(u) = liminf F;, (u;) > 1jigl+igofFaj (u) > /Q |VuT(x)|dx+/Squ19(|(UT)+($)—(uT)_(x)|) AR | DT |(9).

We conclude by taking the limit as j — +oc and recalling the definitions of Vu, u* and |D¢u| (see (2.2), (2.3)
and (2.4)). O

7. ESTIMATE FROM ABOVE OF THE UPPER ['-LIMIT

In this last section we conclude the proof of Theorem 3.1 by proving the upper estimate for the I'-limit
(Prop. 7.3). The right bound will be first obtained for a suitable dense subset of SBV(Q): let W(Q2) be the
space of all functions w € SBV () satisfying the following properties:

i) H*1(Sy \ Sw) =0;
ii) S, is the intersection of { with the union of a finite member of (n — 1)-dimensional simplexes;
iii) w e Wk (Q\ S,) for every k € N.
From [17] we get the density property of W(£2) we need; we recall that SBV?(Q) = {u € SBV(Q) : |Vu| €
L2(2), H"1(S,) < +oc}.

Theorem 7.1 (17] Th. 3.1). Assume that O is Lipschitz. Let u € SBV?(Q) N L>®(2). Then there exists a
sequence (w;) in W(S) such that w; — u strongly in L' (), Vw; — Vu strongly in L*(Q,R™), lim supy, ||w;|lec <
lul|oo and

limsup/ <Z)(w;-r,wj_, uwj)dHnﬂ < / ¢(u+,u*, Vu)dH"’l

j—+oo S, S

for every upper semicontinuous function ¢ such that ¢(a,b,v) = ¢(b,a, —v) whenever a,b € R and v € S"~1.



160 L. LUSSARDI AND E. VITALI

Lemma 7.2. Let g € LY(Q) and let A be an open subset of Q. Then

1
lim- [ f 5][ 9(y)dy dxz/g(m)dx.
e=0¢e Ju B. (z)NQ A

Proof. Let g.(x) = ][ g(y)dy. Since g € L'(Q), from Lebesgue’s differentation Theorem g. converges to
B (z)NQ

gin L'(Q) and a.e. in Q. We can now conclude by the dominated convergence Theorem, recalling that f(t) < ¢
and f(t)/t > 1ast— 0F. O

Proposition 7.3. Let u € GBV(2); then
F(u) < / V() |de + / B(Ju* () — w (@) )AH™ + |Deul()
Q Su

where ¢ is as in Theorem 3.1.

Proof.
Step 1. Assume first that u is in the space W() introduced above. In particular S, is contained in the union
of a finite collection K1, ..., K, of (n — 1)-dimensional simplexes. Since the upper I'-limit of (F;) coincides

with the upper T-limit of (F.), we have F”(u) < limsup, F.(u) : we intend to estimate this limit.
Fix o > 0. Let S be the union of the relative boundaries of K; (note that H"~1(S) = 0). Define

Q, ={zeQ: d(z,00) > o, d(z,S) >0c}.

By the integral representation of F. given in Proposition 3.6, and by the same argument used in Remark 3.7,
we get:

— — w

Fe(u) < Fe(u,Q0) + 7n|D“|(Aa,o)a

where A, = {z € Q: d(x,Q\ Q) < e}. Clearly, lim, limsup, |Du|(A. ,) = 0. To deal with F(u,,) it will
not be restrictive to assume m =1 and K := K; C {zx € R": z; = 0}.
By the subadditivity of f, if ¢ < o

A

Felu, Q) < = /Q f(é IVutlay + ! |DSu|(Be<x>)> d

€ wpen—1

1 1 1D*u|(B:(2))
E/gﬂf(f ]{?E(x)m(yﬂdy) d:c+€/mf< S )dx-

In view of Lemma 7.2, the first of these last two terms tends to fﬂ |Vu|dz. Denote by R. the other integral
term, and let K. = {x € R": d(z, K) < e}. Since u is smooth outside {z1 = 0}, we have:

1 1 ,
fie = e /QUFWKE f (wnf:‘”_l |D u|(B€(x))> dz.

If K., C R"! denotes the projection of Q, N K. onto {1 = 0}, it turns out that Q, N K is contained in
(—e,€) x K¢, which is a subset of {z € Q: d(x,00Q) > €} for € sufficiently small. Then:

1 c 1
<t [ [ (ol ) s

IN
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Set

h(z) =ut(z) —u(2), x€Qn{z; =0}
Since u € W(1), the function h is continuous, hence uniformly continuous on any compact subset of QN{xz; = 0}.
Then, for ¢ sufficiently small:

D%l (Beto) = [ B AR < w1 (V=22 (A(0, )| + o).

Ba(s,y)f‘l{ﬁmzo}

Therefore

st [ VGRR o m + 0))as) ay

By the change of variable t = s/ we deduce that

L (f 11 F(EELWTZ R )+ o)at) @)

e—0 Wn,

Now we conclude by taking the limit as ¢ — 0, and noting that h(z) vanishes H" !-a.e. outside S,.

Step 2. In the case u € SBV?(Q)N L>®(12), we can apply Theorem 7.1, with ¢(a, b, v) = 9¥(|a — b|). Then there
exists a sequence w; — u in L1(Q), with w; € W(Q), such that Vw; — Vu in L*(Q,R") and

j—+o0

1imsup/s (|w (2) — w5 (2))dH— g/s It (@) — u (@) )dH"

thus, by the lower semicontinuity of F”” and by Step 1,

j—+o0

F/(u) < liminf F” (w;) < / Vu(e)|dz + / It () — u (@) dH
Q Su
Using now the relaxation Theorem 2.4, we have
) < [ [Vu@lde + [ 9(ut (@)~ @)are Do)
Q Su

for every u € BV (Q). Finally, by a truncation argument and again the lower semicontinuity of F”' we obtain
the desired inequality in GBV (). O
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