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HOMOGENIZATION OF EVOLUTION PROBLEMS FOR A COMPOSITE
MEDIUM WITH VERY SMALL AND HEAVY INCLUSIONS

MICHEL BELLIEUD!

Abstract. We study the homogenization of parabolic or hyperbolic equations like

O™ ue
Peggn

—div(a:Vue) = f in  QxT+ boundary conditions, n € {1,2},

when the coefficients p., a. (defined in Q) take possibly high values on a e-periodic set of grain-like
inclusions of vanishing measure. Memory effects arise in the limit problem.
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1. INTRODUCTION

We are concerned with the homogenization of parabolic or hyperbolic boundary-value problems of the type

0" u,
Pe ot
+ boundary conditions,

—div(a:Vu:)=f in QxT, ne{l,2} (1.1)

when the coefficients p., a. do not satisfy the assumptions of uniform ellipticity and boundedness like 0 < o <
as(x), pe () < B < +oo which guarantee a classical asymptotic behaviour. It is well known that in this case,
homogenization may lead to unusual models such as non-local ones [7,9]. As far as scalar elliptic equations are
concerned, it actually seems that the effective equation obtained by the homogenization of grain-like inclusions
should be of local type (see Rem. 2.2 (v)). With regard to evolution equations on the contrary, we bring to the
fore in this paper the possible presence of memory terms in the limit equation, when inclusions of high mass
density and vanishing measure are considered.

In Section 2 we fix the notations and state the result (Th. 2.1). The proof, based on the argument developed
in [1], is situated in Section 4. Section 3 is devoted to a priori estimates.
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Q Ye
F1GURE 1. The composite medium.

2. NOTATIONS AND MAIN RESULTS

Let Q be a bounded open domain of R? with smooth boundary. Given a sequence of positive real numbers (r.),
the e-periodic distribution Be of balls of radius r. is described as follows (see Fig. 1): we introduce

3
11
Y = (5,5) i Bri= {x€R3,\/x%+x%+x§<r};

Vii=e({i}+Y); Bl:=ei+B,; I:={ieZ® Y CQ}, (2.1)
and set 4
B.:= | B (2.2)
el

Our aim is to study the asymptotic behaviour of the sequence of evolution problems

0™ u, . .
Pe Freaie div(a:Vus) = f in QxT, uc €Dy, (2.3)
with _ _
ne{1,2}, fe L*(QxT),UyeCiQ), Vo €C(Q),0<T < +o0, (2.4)
and

Dy = {u € L*(0,T; H}(Q)) N C([0,T], L*()), u(0) =Uy in Q},

Dy := {u € C([0,T); HY () nC*([0, T]; LA(R)), u(0) = U, %(0) =V in Q} . (2.5)

The sequences p., a. are defined by

pe(x) = p1c if € Bey pelx)=po>0 if €\ B,
as(x) = a1 if z€ Be, ac(x)=1 if z€Q\ B, (2.6)
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where (p1c) and (a1-) are two sequences of positive real numbers such that

. Ar 7’2 _ _
pie,ae > ¢ >0, Eh_{% ?5_3/716 = P15 Py € [0, 400,
lim a;. = 400, sup/aE|VU0|2 dz < +o0. (2.7)
e—0 e>0 JQ

The function p. is allowed to take very high values on the subset B. of disconnected balls, while at the same
time the measure of B, tends to 0. More precisely we assume

0<re Ke. (2.8)

The limit problem depends on p; defined by (2.7), and on the parameter

= hH(l) 7’_2 € [0, 4+o0]. (2.9)

e—0 g

It is expressed in terms of the limit u of the sequence u. of solutions of (2.3) and the limit v of the sequence (v)
defined by
Q
Ve 1= uLLE]-BEX(O,T)a (210)
| Be|

which describes the average behaviour of the restriction of u. to the subset of balls B.. The effective boundary
conditions are given by (u,v) € D¥, where

D= {(u,0) € (L2(0, T3 HY() x L0, T3 L2(2))) 11 Calpo) % Ca(71) (2.11)
with

C,(0) == L2(0,T; L*(2)),

Co(r) = cn=1([0, T); L2(Q g(o):UOifnfal’ if >0 2.12
= {2 CTOTIED). g Dyt [ TTIO (12

Notice that the function u always satisfies the initial condition, while v only satisfies it if p; > 0.

Theorem 2.1. Assume (2.6), (2.7) and (2.8), then consider v defined in (2.9):
(i) if v > 0, the sequence (uc) of solutions of (2.3) converges weakly in L?(0,T; HL(Q)) (resp. star-weakly
in L>(0,T; HX(Q)) if n = 2) to u and the sequence v. defined by (2.10) converges star-weakly in
M(Q xT) (resp. star-weakly in L>(0,T; M(Q)) if n = 2) to a function v, where (u,v) is the unique
solution in D of

13

poaT:—Au—l—éLﬂ'y(u—v):f n QxT,

on if 0<7vy<+o0,
ﬁlaT:—l—éLﬂ'y(v—u):O m QxT,

0™u

ot

(ii) If v = 0, the sequence (u.) of solutions of (2.3) converges weakly in L*(0,T; Hi(Q)) (resp. star-weakly
in L°°(0,T; H}(Q)) if n = 2) to the solution of

v=u; (po+71) —Au=f in QxT, if = 4o0. (2.13)

87’7,
poaTg—Au:f in QxT.
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Remark 2.2.
i) The average value of the coefficient a.(x) on the set B. has no influence upon the limit problem, unlike in
the case where B is assumed to be a periodic distribution of fibers (see [1,2]).

ii) If v = 0 and p; > 0 the sequence (v.) converges star-weakly in M (2 x T') to the solution v of the second
line of (2.13) which satisfies the initial conditions given by (2.11), namely v = Up if n = 1 and v = Uy + Vpt if
n = 2 (this is proved at the end of Sect. 4). Of course, in this case the variables u and v are independent.

iii) The auxiliary variable v can be expressed in terms of u by solving the second equation in (2.13). Assuming

7, > 0 and setting w? = 4;—17, we obtain

v(z,t) = /0 w?exp(w? (1 — t))u(x, 7) dr + Up(2) exp(—w?t), iftn=1,

sin wt

t
v(x,t) = / wsinw(t — 7)u(z, 7) dr + Vo(x) + Up(z) coswt, if n=2,
0

yielding after substitution in the first equation

¢
pO% — Au + pyw? (uwQ/ exp(w?(t — 7))u(r) dT)
0

= pof + 71w Up(z) exp(—w?t), if n=1,

0u _ L
POGE Au+pw? (u—w [ sin(w(t — 7))u(r)dr
0

=pof + ﬁ1w<VO(z) sin(wt) + wUp(x) cos(wt)), if n=2,
bringing to the fore the presence of memory terms in the limit problem.
iv) The asymptotic behaviour of

0" u,
Pe"gin

—div(a:Vue) =p-f in QxT, wu.€D,, (2.14)
can be studied in the same way, provided we assume

v>0, feC@QxT), (2.15)
(if v = 0, the relative compactness of (u.) may fail). The effective equations read

eff
(u,v) € Dy,

o"u

ponAquélwy(ufv):pof in QxT,
P if 0<vy<4oo,
v

51%+4W7(v7u):ﬁlf in QxT,

WfAu:(poJrﬁl)f on QxT, if ~=+o0. (2.16)

v=u; (po+7p1)

v) The homogenization of the sequence of elliptic problems

—div(a:Vu.) = p-(z)f in Q, wu.e Hy(Q), (2.17)
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can be obtained by the same method under the asumptions (2.6), (2.7) (of course, with no assumption related
to the initial condition), (2.8), (2.15). The effective equation satisfied by the weak limit w in H3 () of the
sequence (u.) of solutions of (2.17), deduced from (2.13) by substituting 0 for the time derivatives, reads (see
a sketch of the proof at the end of Sect. 4)

—~Au=(po+p)f in Q wueHQ). (2.18)

This colour of simplicity covers the interesting behaviour of the sequence (v.), which converges star-weakly in
the sense of measures to the function v € L?(2) such that (u,v) is the solution in Hg(Q) x L2(2) of

—Au+4ry(u —v) =pof in £,
if 0<7vy<+o0,

fw—u)=pf @ 9
v=u; —Au=(po+p)f on Q if v =+4o0. (2.19)

The couple of equations (2.19) is the Euler-Lagrange system associated with
min D (u,v —/ udx — / p1fvde, 2.20
L T R o (220)
where the functional ®, defined on (L%(Q))? by
1 2 1 2 . 1 .
O (u,v) := 3 |Vu|*dz + 3 dry (v —w)*de  if we Hy(Q), @(u,v):=+o0 otherwise,
Q Q

describes the energy associated with the couple (u,v). By fitting the argument developed in [2], we can prove
that the sequence of functionals defined on L*(Q) by Fi(u) := % [, ac|Vul?dz — [, pe (@) f.udz, if u € H}(Q),
F.(u) := +00 otherwise, I'-converges (see [6]) strongly in L?(Q) to the functional

F(u):= min (I)(u,v)—/gpofudac—/gﬁlfvdx

vEL2(Q,R3)

1 1

=— [ |Vul?dz — 5 de — — [ (7,f)*dz. 2.21
5 [ vul o= [+ pfude - o= [ (s (2.21)

Classically, the solutions wu. of (2.17), which minimize F., converge to the solution of min, F'(u) equivalent
to (2.18).

vi) The results of [1,2] corresponding to fiber structures have recently been extended to the framework of linear
elasticity (see [3,4]). It is likely possible to do the same for grain-like inclusions, although there occurs an
additional difficulty relating to the calculation of the exact solution of a three dimensional elasticity elementary
problem (corresponding to (4.5)).

vii) Inclusions of high mass density with a radius r. of the same order of magnitude as the period £ have been
considered in [10].

3. A PRIORI ESTIMATES

In the sequel, the letter “C” represents a suitable positive constant, independent of €, which may vary from
line to line. We introduce the following measures on €2 defined by

_ 3 4 _ Y] s
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We have m.(Q) = |Ujer. Y| < |Q|, hence the sequence (m.) is bounded in M(Q). Fixing ¢ € D(Q) and setting
pelw)i= 3 < / ,so(s)ds) 1y, (2)
i€l Yo
(here the usual notation jfEf dv = ﬁ fE f dv is employed), noticing that

Y2 /
d = = dr = d )
/906 Me Z |Bi| Bi Pe AT ier Y pax

el

and that the inequality
|l = @ellpe(a) < Ce,

holds as soon as the support of ¢ is included in U;e; Y2 (i.e. for e < %dist(@ﬂ, Support ¢)), we deduce

lim [ ¢dm. = lim /ape dm. = lim pdx = / pdax,
e—0 e—0 e—0 Uiel. yi Q

and
me = L3, star-weakly in M(Q). (3.2)

Let us fix a sequence of positive real numbers (R.) such that
r.<R.<e¢ and &*®<R.. (3.3)

For a given sequence (u:) in Hg(£2), we introduce the following functions

de(w) =) <][an,

ue(s) dH2(5)> ly:(x),

i€l Re
Be(w) = Z < ][QB;E ue(s) dH <s>> Ly (), (3.4)

where Bj;, , B, Y/, I. are defined by (2.1). Their asymptotic behaviour is characterized by

Lemma 3.1. Let u. be a sequence in H}(Q) and me, (i.), (0:) be defined by (3.1), (3.4). Then the following

estimates hold:
53 2 P
/ lue — @i do < C (— +53> / |Vue|® de,
Q R. Q

/ lue — 92 dz < Crf/ |Vue|? d,
B.

€

3
/|ﬂ576€|2dm§05—/ Ve |? dz,
9 Te Jo

/|ﬂ5|2d:c:/|ﬁ€|2dm5 , /|ﬁ€|2dz:/|ﬁ€|2dm€. (3.5)
Q Q



272 M. BELLIEUD

Proof. For a given couple (r1,72) of positive real numbers such that r1 < rg, the elementary minimization
problem

[(ry,r2) :=  min {/T2 | (P 2r2dr, o(r) =1, @(r) = 0} , (3.6)

peH ([r1,r2]) (Jry

is achieved at p(r) := 2 2= yielding

r ro—ry’

172

F(Tl,TQ) = (37)

T2 —T1

In accordance with (3.6) and Cauchy-Schwartz’s inequality, for any u € H'(B,, \ By,) (see (2.1)) we have (in
spherical coordinates)

T 2 T2 )
b KL
By \Bry 61=0 J02=0 Jry

7“1,7“2 / / T2,91,92)—U(T1,91,92| 51n91d91d92
61=0 JO,=

2
r? sin 6 drdd;dfs

Z 47TF(7“1,7“2)

/ / (U(T2,91,92) — u(r1,91,92))8m01 d91d92
6:=0J6 4m

2
=47 (ry,72) ][ udH? 7][ udH? (3.8)
B, 0B,
Applying (3.8) on each subset (Bj_\ By.), we deduce from (3.4), (3.7)
2
|u€ - v€|2 dz = / ][ ue dH? — ][ ue dH?| dz
< Vuc|*dx | dz
;/1 <47rF1 (Re,re) /1 \Bi, [Vieel )
< 5 7/ Vu|* dz
; (4’/TF1 (Re,7e) B, \B:. V| )
5 e3(R. —12)
< = Ve 2Qp =2 &) Y, 24
= 47TF1(R€,7"€)/Q| vl e = /Q| uelde
3
< = / |Vu|? dz,
drre Jq
and the third line of (3.5). Next we establish (see below) for R > 0 and « €]0, 1]
2 R2
/ u(z) — ][ u(s) dH?(s)| dz < C— |Vu|*dz, Yu € H'(Bg). (3.9)
BR aBaR o BR

By applying (3.9) to u. (possibly extended to R? by setting u.(z) = 0 if z € R3\(2) on each ball B’ ; (see (2.1))
TE

with R = @5 and a = %%, noticing that Y C B’f and ) ;1 i\/g < 2 on R3 (because the balls BZ%EE
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intersect each other no more than two times), we infer

2

|u€ - ﬁ6|2 dx < / ][ Ue dH2 dx
2
< Z/ ][ ue dH?| dz
icl, 8B}'%6
3
<o Z/ V|2 dx < c%/ V.| da. (3.10)
ze] \/T_ e JQ

On the other hand, setting N. := Q \ Ujer. Y2 (notice that N. C {z € Q, dist(x, Q) < v/3¢} hence there holds
|N.| < Ce, because 99 is smooth) by (3.4), Holder’s inequality and the continuous inbedding H3(Q) C L%(Q)
we have

/ |u57ﬁ€|2dm:/ e Az < [[u 2 | o3 gc*e%/ V|2 da. (3.11)
B N, Q

We deduce the first line of (3.5) from (3.10) and (3.11). By repeating the argument on each ball B/ (with
R=r., a=1), we get

2

|ue — 0| da = / ][ ue dH?| dx
o 2
< Cr? Z |Vug|2 dz = C’rg/ |Vu|*dz |
B.

el

and the second line of (3.5). Finally by (3.1) and (3.4) there holds

/|ua|2dma a ||Y€;|| Bi (][8B7 <(s) dH(s) ) o= Z/ <][BBl (s)dH(s )> !

i€l i€l
:/ |tic|? der, (resp. /|1~)E|2 dm, :/ || dx) )
Q Q
yielding the fourth line of (3.5). d

Proof of (3.9). We prove the inequality for R = 1, the general case is inferred by making the change of variable
y = Rx. Noticing that by (3.7) and (3.8), for any r € ]0, 1] we have

‘][ udH? —][ uwdH?
0B, 0B

2
1 —
<Ll [ gupa, (3.12)
4

T B
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we deduce from Cauchy-Schwartz’s inequality and (3.12) that

1 1
‘][ udx—][ udH? / (][ udHQ) 3r2dr—/ (][ udH2) 3r2 dr
By OBq 0 0B, 0 0B,
1 2
< / ][ wdH? — ][ u dH>
0 0B, 0B

1 [y [Vul?dx) . _
§/ ( o ) I a|3r2dr < g / |Vu|2d:c,
0 Bi1

47 ro o

2

3r2 dr

2

then, from the Poincaré-Wirtinger’s inequality [, |u(z) — f 5 u(s)ds]*dz < C [, |Vul|* dz, that

2
dz < ¢ |Vu|? da.
(6% B

J.

We recall (see [2] Lem. A2, p. 431).

U — ][ udH?
9B,

(3.13)

Lemma 3.2. Let v, and v be Radon measures on a compact K C RN such that ve = v. Let (fe) a sequence
of ve-measurable functions such that sup, [|f:|>dv. < +oo. Then the sequence f-v. is sequentially relatively
compact in the weak-star topology c(M(K),C(K)) and every cluster point m is of the form m = fv with f € L.

Moreover, if fove = fv, then liminf/ |fe|? dve > /|f|2d1/.

The following proposition particularizes the asymptotic behaviour of the sequence (u.) of solutions of (2.3)

and of the sequence (v.) defined by (2.10).

Proposition 3.3. The sequence (u:) of solutions of (2.3) is bounded in L*(0,T; HE(Q)) (resp. bounded in

L*(0,T; HE(Q)) if n =2). More precisely, the following estimates hold

/ |Vue|* dzdt < C (resp. /|Vu5(:£,7)|2 de < C, Vr € [0,T], if n=2),
QxT Q

/ ac|Vue|* dedt < C (resp. /aa|VuE(ac,T)|2 de < C, Vr€[0,T], if n=2),
QxT Q

and up to a subsequence, there exists a function u such that
ue — u weakly in L*(0,T; H}(Q)), (resp. star-weakly in L°°(0,T; Hy(R)), if n = 2).
Besides the sequence () defined by (3.4) satisfies
Ge —ue — 0 strongly in  L*(Q x T) (resp. in L>=(0,T; L*(Q)), if n = 2).

Assume moreover that v > 0. Then the following estimate holds
/ ue|* dme (z)dt < C, if n=1,
QxT

(resp. / luc(z, 7)|> dm.(z) < C, Vr €[0,T], if n= 2) :
Q

(3.14)

(3.15)

(3.16)

(3.17)
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and up to a subsequence, there exists v € L*(2 x T') such that

ue dmodt = vdadt star-weakly in M(Q x T),
(resp. star-weakly in L°°(0,T, M(Q)) if n = 2). (3.18)

In addition, the sequence (0c) defined by (3.4) satisfies

e —v  weakly in  L*(Q x T) (resp. star-weakly in L>(0,T; L*(Q)), if n = 2). (3.19)

Proof. Assuming first n = 1, we multiply the equation (2.3) by u. and integrate it over € x (0,7) for a fixed
real number 7 € [0,7]. After integration by parts we obtain

1 1 T T
—/pg(:n)|ug(:n,7')|2 dmf—/pe(x)|UO(z)|2 d:E+/ /a€|VuE|2d:Edt:/ /fugd:ndt. (3.20)
2 Ja 2 Ja 0o Jo 0o Jo

Choosing 7 = T in (3.20), thanks to the Poincaré’s inequality and the fact that (ac) can be bounded from below
by a positive constant (see (2.7)), we infer

T T
||u5||%2(ﬂxT) < C/ / |Vue|? dedt < C/ / ac|Vue|* dodt
0o Ja 0o Jo

< ONlfllzzxmylluellL2oxry + C/ pe(x)|Ug()]? de, (3.21)
Q

yielding the boundedness of (u:) in L2(0,T; H}(2)), (3.14) and (3.15) (the sequence of real numbers
(3 [o, p=(2)|Uo(2)|* dz) is bounded because by (2.7) the sequence of measures (p.(z)dz) is bounded in M ()
and Uy is continuous).

If n = 2, by the standard regularity results (see [8] or [5], p. 222) we have

0%u.
ot?

ue € C([0,T], Hy () n C*([0, 7], L*(%2)), € L*(0, T3 H~ (). (3.22)

Fixing t € [0, 7], multiplying the first line of (2.3) by ag; and integrating over €1, after integration by parts

according to (3.22) with respect to the space variables, we obtain

d (1
T <§/Qpa($)

Fixing 7 € [0, T] and integrating (3.23) with respect to ¢ over [0, 7], thanks to the initial conditions given in (2.3)

we get
2
dm+/a€|V’uE|2dx =
Q
Oue(z,t)

%(/Qpe(:c)l%(x)ﬁ dx+/ﬂaa|VUo(x)|2dx) +/§ZX(O7;]‘;(x,t)T dedt.  (3.24)

Oue
()

2
dx+3/aa|vu€|2dx :/f(:v,t)de. (3.23)

/Ps(m) ‘a;f (z,7)

1
2\Ja
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By (2.7), the sequence of real numbers (%fQ pe ()| Vo (2)]? dz+3 [ae|VUo(z)[? dx) is bounded, hence we deduce

from (3.24) that
1 2
= [ pe(2) dz + aE|VuE| de | <C |1+
2\Va 0x

and then, after integration over (0,7) with respect to 7,

1 1
—/ () d:cdt+—/a€|Vu€|2d:Edt§C’ 1+\//
2 QxT 2 QxT QxT

We infer that fﬂpra(x)‘%f dzdt is bounded (because by (2.7), p. is bounded from below by a positive
constant) and then, coming back to (3.25), that

/Q pe() Oue

8—(30 T)

Oug
ot

aua

(z, T)

dxdt) , VY 1el0,T], (3.25)

2 2
Oue Oue

dadt
ot v

dz +/ ac|Vue(z,7)]*dz < C, Vr € [0,T], (3.26)
Q

yielding (3.14), the boundedness of (u.) in L°°(0,T; H}(2)), and up to a subsequence the convergence (3.15).
The assertion (3.16) follows from (3.3), the first line of (3.5) and (3.14).
Let us assume that v > 0. Then, by (2.9), (3.14), (3.15), (3.16) and the third line of (3.5), the sequence (o)
is bounded in L2(2 x T') (resp. in L*°(0,T; L*(Q)) if n = 2) thus converges weakly (resp. star-weakly), up to a
subsequence, to some v € L2(Q x T) (resp. L*>(0,T; L?(Q2)) if n = 2), that is (3.19). We infer from the fourth
line of (3.5)

/ |ﬁ5|2dm€dt <C, ( resp. /|175(ac,7)|2 dm. <C, V1 e [O,T]) (3.27)
QxT

hence we can apply Lemma 3.2 with v := m. ® L'| o7 (which by (3.2) converges star-weakly to the Lebesgue
measure on 2 x T') and f. := 9.: we deduce that the sequence of measures (o.m. ®@ £! \_(O,T)) is bounded
in M(Q xT) (resp. in L>(0,T;M(f))) and weak-star converges, up to a subsequence, to a measure of the
type wdxdt with w € L?(Q x T). By passing to the limit as ¢ — 0 in the following estimate

/ © Ve dmedt — / © Ve dxdt‘ < Ce, (3.28)
QxT QxT

holding in view of the definitions (3.1) and (3.4), for any ¢ € C(2 x T') we deduce w = v, hence

B dmodt = v dadt, star-weakly in M(Q x T),
(resp. star-weakly in L>(0,T, M(Q2)) if n = 2). (3.29)

By (3.1) , (3.14) and the second line of (3.5) we have

3 &% o
/ lue — 0 |* dmedt = [ue — 0| dadt < C—3r? / |V, |? dedt
QxT dm rs B.x(0,T) Te B.x(0,T)
ed 1 31
=C—— a15|Vu€| d:cdt<C——
Te Ale JB.x(0,T) Te Q1e

1
(resp./ |ua(x,7')—f)€(ac,r)|2 dme(z) < CE— ,
Q

Te Qe

Vr e [0,T]if n = 2) . (3.30)
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The estimate (3.17) follows from (3.27), (3.30) and the inequality

/ |ue|? dm.dt < 2/ |ua—ﬁa|2dm€dt+2/ |9 |? dm.dt,
QxT QxT QxT

resp./ lue (2, 7))? dm. < 2/ |u6(x,7')—175(x,7')|2dma(ac)—i—2/ | (2, 7)|? dme(z),
Q ) Q

Vre[0,T]ifn=2

(3.31)

By (3.17) we can apply Lemma 3.2 with v, := m. ® £! Lo,y and f; := u.. We infer, up to a subsequence,

ue dmedt = gdadt, star-weakly in M(Q x T),
(resp. star-weakly in L°°(0, T, M(Q)) if n = 2), (3.32)

for some g € L?(Q2 x T). Finally, using the last line of Lemma 3.2 with v, := m. ® £! Lo,y and fo = ue — 0,
taking into account (2.7), (3.29), (3.30), (3.32) and the assumption v > 0, we obtain

3

e’ 1
/ lg — v|* dadt < 1iminf/ lue — .|* dm.dt < C'liminf — =0,
QxT =0 Jaxr =0 Te A1e

hence g = v and (3.18) follows from (3.32). O

4. PROOF OF THEOREM 2.1

As in [1], the key point of the proof consists of the construction of an appropriate sequence of oscillating
test functions (®.) by which we will multiply (2.3), then pass to the limit as ¢ — 0 in accordance with the
convergences stated in Proposition 3.3 to get a weak formulation of the limit problem. We assume first that
v > 0 (the case v = 0, much easier, is commented at the end of the section). Fixing two regular functions

o< re) . d d el
¢,1 € C=(Q x (0,T)) such that ¢ = =00on 9N x [0,T]UQ x {T} and (if n=2) 22 = % =0 on Q x {T},
we set
de(x) := dist(x, {ei,i € Z3}),
C.:i=|JBi \ Bl ={x€Q, r.<d(zx) <R} (4.1)
iel.

and define the test functions (®.) by

(I)&(xat) = (1 - Hf(x))(p(x’t) + ea(x)((pf:‘ + wé‘)(x’t)a (42)

where

ws(mat) = Z (][ ) T/)(Sat) ds) ]-Yai(l'); (43)
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and 6. : Q — [0, 1] is given by

Oc(z):=1 ifd.(z) <re; Oc(x) =0 if de(x) > Re;
re Re—d:(x)

= otherwise.
d.(x) R.—re

Notice that 6. is the solution on each subset B}, \ Bj_ of the minimization problem
min {/ IVO(z)]*dz, 0 € H' (Bl \B.), 6=1 on 9B, =0 on aBga} .
. \ B

By multiplying equation (2.3) by ®. and integrating it by parts over Q x (0,T), we get if n = 1:

T T
f/ - (2)Up(z) P (x,0) dz— //E ue—d dt Jr/ /aEVuEVCIDE d:cdt:/ /fCIDE dxdt,
Q Q 0Ja

and if n = 2:

0P,
- /Q e (2)Vo (@) (2,0) da+ /Q pe(0) Ui ) 5. (2, 0) d

T T
/ /pE u6 5 S dzdt +/ /aEVUEVCDE d:cdt:/ /fCIDE dxdt.
6t 0o Ja 0Ja

By (3.3), (4.1) and (4.2), for all 7 € [0,T] and all m € {0, 1,2} there holds

de < /
(C.UB.)
3

< C|C. U B| gc% —0,

2 2

dx

6”774 m

atm (IaT) - at—m@(IaT)

8777, M

om 26 (0, 7) = (@, 7)

hence

. — @ strongly in L*(Q x T); ®.(.,0) — ¢(.,0) strongly in L?(Q);

nq)s n TL@E n
0 — 9% strongly in  L*(Q x T); 0 0

5 5 sD(m, 0) strongly in L*(£).

o (=0 = S

0
ot

To determine the limit behaviour of the sequences (p.(x)®.(x,0)) and <pE (x)
write (see (3.1), (4.2))

/Qe(ac)(be(ac,O)g(x)dac:/QpO(PE(I,O)g(x)lQ\BE(x)dI

473

50 /(sos(:c, 0) + e (x,0))g(z) dm.,

o) 5 . 00g(a) e = [0 0 g1 (o)

+o s | (85‘;5( 0+ e, o>) g(x) dm..

+ ple

(4.4)

(4.7)

(4.8)

(4.9)

6(:43,0)), we fix g € C(Q2) and

(4.10)
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By (4.9) and the strong convergences in L*(2) of the sequence (g(z)lq\p. (x)) to g (due to |[B-| — 0), there
holds

g%/gp0(1>6(x,0)g(ac)19\36(x)dac:/ongo(x,O)g(ac)dx,
lim /poaaq) (m,O)g(x)lg\Ba(z)dx/on(z—f(x,())g(:c)dx. (4.11)

e—0

From (2.7), (3.2) and the following estimates, holding on B. in view of (4.2), (4.3)

|(,05($,0) + wE(IaO) - (QD(I,O) + w(myo)” < CT& Vo € B€7

o"d. 9" (p+) ‘ (z,t) = 0" (pe +10e)  0"(p+9)

B - < BE) 412
otm otn o oin (x,t) <Cr.,, Ve ( )

we infer

4 ry

T [Goeto.0) 4 el 090 dme =7 [ (o0,0) + (2, 0D

tianpy 27 /@ﬁfu,ow T w0) s am =7, [( w0+ G 0)s@ar (@13

hm Ple—

and deduce from (4.10), (4.11), (4.13) and the arbitrary nature of g that

pe(@)®-(,0) = pop(,0) + By (1o(2,0) + (x,0))  star-weakly in M(0),

pe(x) ag;e (z,0) = po é;t (x,0)+7p (é;':( ,0) + 68—1?(30 0)) star-weakly in M (). (4.14)

It follows from (4.9) and (4.14) that (see (2.4))

ty o2 () Uo(0) (5, 0) o = U)o, 0) + 7 (92, 0) + (0, 0))) d, (= 1),
Q Q
tiy [ @)t G @00 de = [ Gato) (2 (@0) 47 (50000 + G000 ) ) o (0 =2),

lim ( Vo ()P (x,0) dr = /Q%(x)(/)w(x’o) +P1(p(2,0) +¢9(2,0))) dz, (n=2),

313%/ /f(b dzdt /T/Q Fodadt. (4.15)

We infer from (4.9), (4.12) and the following convergences (due to (2.7), (2.8), (3.15) and (3.18))

pe(x)ue(z,t)1p, (z) 2 pyv  star-weakly in M(Q x T),
) —

pe()us(z,t) 10\ . (T pou weakly in L?(Q x T),

that

I © dodt = i 1 )‘”’ddwT ()l s, (2) 2t dat
61_% ps ue z - 61_% ps ue Q\B otn st Z)uslp T otn z

//(pouatn + By (gt w)) dadt. (4.16)
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Noticing that V®. = 0 on B, we split the remaining term of (4.6) (or (4.7)) into a sum of two terms:

/ / VUqu) dzdt = Ile + Iga,

T
I, :7/ / VuVpdxdt, I ::/ / Vu, Vo, dxdt. (4.17)
Q\ C UBE) 0 C.

By (3.15) and by the strong convergence in L? of Vg 1o\ (c.uB.) to Vi (due to (3.3)), we obtain

hm Ilef/ /Vchpd:cdt (4.18)

With regard to I5., we shall prove (see below) that

T
hm (Ige f/ / YVu V0, d:cdt) =0, (4.19)
o Je.

then, noticing that on each subset By, \ Bj_ the function ¢ (z) is constant and the function 6. and the field V0,
are given in terms of the local spherical coordinates (z1 — i1 = rsin 6y cosfa, xo — iz = rsinb; sinfy, x3 —is =

rcosf ) by

Te R€7T 1 TR
; 0.(r, 01,0 61,6
TRa—Ta’ VOc(r,01,02) = 2R n(61,02),

where n(61, 62) is the unit vector in the direction given by the angles 01, 02, we 1nfer (see (3.4))
T T
/ / P-VuVo. dx = / / Q/JEVUEVGETQ sin #1 drdf,df>dt
0 2 \Bi, 0 e \Bi.

TERE T T 27 Re 6u€ .
o /O /9120 /9220 /= (—E(r, 91,92,75)) W drsin 6 doydfsdt

T T 27
= RTERa / / / (Ua (7“5; 917 92; t) — Ue (Ra; 917 927 t))wf:‘ sin 91 d91d92dt
€ 0 0 0

0c(r,01,02) =

reRe [T,
= 4r Ve — U ) dt
= [ -
dm r.R T N -
Sl A LT am

then, adding up (4.20) over i € I,

T
4 £ €
/ / $eVu Vo, dedt = 7; RT = / / e — i)t dadt. (4.21)
0 C. — Te

By (3.15), (3.16), (3.19) and the estimate |¢p — 9| < Ce, there holds

611_%/ / Ue )t dedt = / / v —w)y dadt. (4.22)

Assuming first that 0 < v < 400, we deduce from (2.9), (4.19), (4.21) and (4.22)

T
lim I, = 471'7/ / (v — u)y dadt, (4.23)
e—0 0 Q
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and passing to the limit as ¢ — 0 in (4.6) and in (4.7), taking into account (4.15), (4.16), (4.17), (4.18) and
(4.23), we obtain if n =1

- [ t@one + e onoar— [ [ (o0 702 drat

T T T
+/ /Vquodacdt—i—éLﬂ'y/ /(U—u)wdxdt:/ /f(pdacdt, (4.24)
0o Jo o Ja o Jo

and if n = 2,

- / Vol(@)(pog + Pr( + 1)) (z,0) da + / Uo(x) (p% m%) (2,0) da

T 2 2 T
Fo  _ Fle+1) / /
+/O /Q <p0u 52 +pv 92 dadt + A VuVedadt

+47r'y/0T/Q(vu)wd:cdt/OT/Qfgad:Edt. (4.25)

By choosing successively ¥ = —p and ¢ = 0 in (4.24), (4.25) we deduce from the arbitrary nature of ¢, and
from the standard regularity results (see [8]) that the couple (u,v) is a solution of:

3

poaT:—Au—i—éLﬂ'y(u—v):f on Q x T,

ﬁl% +4ry(v—u) =0 on Q x T, (4.26)

(u,v) € D5,

where D¢ is defined by (2.11). The proof of Theorem 2.1 in the case 0 < v < +oo0 is achieved.
Assuming now v = 400, we first notice that by (4.6), (4.7), (4.15), (4.16), (4.17) and (4.18) the sequence Io.
T

admits a finite limit as ¢ — 0. Since 7 is infinite, we deduce from (4.19), (4.21) and (4.22) that / /(v -
0o Jo
u)tp dzdt = 0, hence v = v. Next we substitute 0 for ¢ in (4.3) and pass to the limit as € — 0 in (4.6) and (4.7).

By (4.15), (4.16), (4.18), (4.19), we obtain for n =1

T T T
0
—/Uo(x)(Po +ﬁ1)90($,0)d$—/ /(Po+ﬁ1)ua—¢d$dt+/ /VUV@dIdtZ/ /f@dxdt
Q 0o Ja t 0o Jo 0o Ja

and for n = 2,
= [ Vo(@)(po +p1)e(,0)dz + | Uo(2)(po +71) 5 (,0)dz + (po + 71 Ju—5 dadt
Q Q 0 Q

T T
+ / / VuVpdxdt = / / fodzdt,
o Ja 0o Ja
yielding by the same argument the case v = +o0o of Theorem 2.1.

If v = 0, the limit equation is obtained by repeating the previous line of reasoning with the test function

D (x,t) := (1 —0,). (4.27)
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Proof of (4.19). By the definitions (4.1)—(4.4), we check easily that

/ / |VO.|? dzdt < g TERET .l =@ < CR: on C: x(0,T),
|Ce x (0,T)| < C]:—g , Vi(pe +¢e —¢)=—-Vp on C.x(0,T), 0<0. <1. (4.28)

Since V@, — V.. = Vo + V(0 — @) + 8-V (pe + ¢ — @), we infer from (2.8), (3.3) and (4.28)

R3 C R.r.

T
(I)a_ 662 < 3 3
/O/CEW VOetpe|* dudt < O +3Rir€

2
Rg —e—o O,

which proves (4.19), because Vu, is bounded in L?(2 x T'). O

Justification of (ii) and (v) of Remark 2.2

(ii) Assume that v =0 and p; > 0, then if n = 1, by (2.7) and (3.20) (resp. by (2.7) and (3.26) if n = 2) the
following estimate holds for all 7 € [0, T

/ |u€(:c,7')|2 dm, < C’/ pe(:c)|u€(:c,7)|2d:£ <C,
Q Q

(resp. /|u6(ac,7)|2 dm, SC/pE(x)|u€(x,T)|2dac
Q Q

= C/Qpa(x)

By applying Lemma 3.2 we get (3.18), and we deduce from the fourth line of (3.5) that o, is bounded in
L?(Q x T), hence converges weakly in L?( x T)), up to a subsequence, to a function which by virtue of (3.28)
is equal to v. By choosing test functions defined by (4.2) (instead of (4.27)), and by passing to the limit as
e — 01in (4.6) (resp. in (4.7) if n = 2), we obtain (4.24) (resp. (4.25) if n = 2) and (4.26).

T 2
8_u:(x,s)ds+U0(x) de<C, if n= 2>.
0

(v) We indicate how to establish the weak convergence in H}(Q), stated in Remark 2.2 (v), of the sequence
(ue) of solutions of (2.17) to the solution u of (2.18). In what follows, when we refer to some formula obtained
in the proof of theorem 2.1, it is to be inferred that symbols of type fA ..dm, X, Q ... are substituted
for [ 4, 0.y - dmdt, LP(0,T; X), © x (0,T)...

We multiply (2.17) by wu., integrate by parts over 2 and use Holder’s inequality to find

/aE|VuE|2d:c:/pEf.u€§ (/ |f|2p5d:c) </ |u€|2p5dx) . (4.29)
Q Q Q Q

By (2.7) we have p.(z) < C(1+ ‘IQ\‘ _) on €, hence by (3.1) and Poincaré’s inequality there holds

/|u5|2p6dx§0/ |u6|2d$+0/|u5|2dm5 §C/ |Vu€|2dac+0/|ua|2dm5. (4.30)
) Q Q
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The estimates (3.5) and Poincaré’s inequality yield

/|u5| dm, <2/|ua—ve| dma+2/|va|2dm6—2 /|u8 o.|? dx+2/ | |? da

gcg—g/ |u€—6€|2dx+4/|ﬁa—ﬂa|2dx+4/|ﬂa—u€|2dx+4/ e |2 da
2 JB. Q Q Q

e e 0
§C<—+—+E2+1>/|Vu€| dz
Te R Q

< C/ |Vu|? dz. (4.31)
Q

In the last inequality, we used that ;—i < % < 1 (because v > 0, see (2.9)). By the assumption a. > ¢ > 0 (see
(2.7)) we have

/ V() do < c/ 0|V (1) 2 da. (4.32)
Q Q

Collecting (4.29), (4.30), (4.31), (4.32), we infer

/ |U’E|2p€ de < C (/ |f|205 d$) (/ |U6|2pa d$)
Q

Since p; < 400, the measure p.1o dz is bounded (see (2.7)) hence the quantity [ |f|?p. dz is bounded (recall
that f is assumed to be continuous). We deduce that [, |uc|*p- dz is bounded and then, by (4.29), (4.31), (4.32)
we get

/ lue|? dz < C, /|u€|2dm5 <, / ac|Vu.|? dz < C, / |Vue|*dz < C, (4.33)
Q Q Q

that is (3.14) and (3.17). By repeating the argument of the proof of Proposition 3.3, we infer the conver-
gences (3.16), (3.18), (3.19). Assuming that v < 400, we multiply (2.17) by the test function (4.2) (now with
¢, chosen in D(Q)), and after integration by parts we get

/aEVuE.VCIDEd:c:/pEf(I)Ed:E. (4.34)
Q Q

By the weak-star convergence in M(Q) of the sequence (p.®.) to the function pow + 7, (¢ + ) (see (4.14)), we
have

ti [ pef@.de = [ (pop 7+ ) f o (4.35)

Splitting the term of the left hand side of (4.34) like in (4.17) and repeating the same argument we get (4.18),
(4.23). Passing to the limit as € — 0 in (4.34), thanks to (4.18), (4.23), (4.17) and (4.35) we obtain

| VuTpds +amy [ (0= wwds = [ oo+ pi e+ w1 da
Q Q Q

and deduce from the arbitrary nature of (¢,) that (u,v) is the unique solution in H}(Q) x L?(Q2) of (2.19)
and u is the unique solution in H{ (£2) of (2.18).

The case v = +oo can be treated alike by fitting the argument of the proofs corresponding to evolution
equations.
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