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INVARIANT TRACKING*

PHILIPPE MARTIN!, PIERRE ROUCHON! AND JOACHIM RUDOLPH?

Abstract. The problem of invariant output tracking is considered: given a control system admitting
a symmetry group G, design a feedback such that the closed-loop system tracks a desired output
reference and is invariant under the action of GG. Invariant output errors are defined as a set of scalar
invariants of Gj; they are calculated with the Cartan moving frame method. It is shown that standard
tracking methods based on input-output linearization can be applied to these invariant errors to yield
the required “symmetry-preserving” feedback.
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1. INTRODUCTION

Consider the control system

miT1 = Uy

MaTy = U

which may serve as a (simplified!) model of a two-axis machine-tool moving in a horizontal plane; here m,
and mqy are the masses of the axes, (r1,x2) are the coordinates of the position of the tool, and (u1,uz) are the
forces applied. The goal is to build a controller such that the tool position, i.e., the output (y1,y2) := (21, x2),
tracks a desired reference trajectory t — (yrl(t), Yra (t)) Obviously, this is achieved with the state feedback

Uy = mq (y'r'l(t) -\ (301 - ym(t)) — 1 (ih - Z)m(t)))

Uz = My (57-2(75) — A2 (562 - yr2(t)) — 2 (iQ - Z)r2(t))),
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2 PH. MARTIN ET AL.
where A1, A2, 1, fio are positive design parameters. Applying this feedback results in the closed-loop system

i1 =gr1(t) — M (21— Y (1)) — pa (21 — 91 (1))
iy = fra(t) — A2 (w2 — yra(t)) — pa(F2 — Gra(t)).
On the other hand, notice that the control system is invariant with respect to the group SFE(2) of planar

rotations and translations: indeed, given a rotation of angle # and a translation by a vector (a,b), the state
coordinate change

X1 cosf —sinf 0 0 1 a
Xo | sinf cosf 0 0 To b
X, |~ 0 0 cosf —sinf 1 T 0
X, 0 0 sin 0 cos 6 o 0

and the invertible static feedback
Ui\ (m1 0 cosf) —sinf le 0 Uy
Us) L0 mo sin @ cos 6 0 miz Ug

mi X, = Uy
mQXQ = Ug.

yield the same system

Moreover, the state transformation induces a transformation of the output by

Y1\ _ (cosf® —sinf Y1 n a
Ys)  \siné cosf ) \yo b)’
which is extended on the reference output and its derivatives by
Y1) _ (cosf —sinf Yrl " a
Yo/  \sin6 cosf ) \yro b
Y,.l _ (cosf —sinf Ur1
Y,o) \sinf cosf ) \Yro
Y1\ (cos® —sinb\ (i
Y,5)  \sin6 cosO ) \gjro /)"
From an engineering point of view it is very natural to require that the closed-loop system be invariant, too.

But this is not the case with the feedback designed above, unless Ay = Ay and pu; = peo, in which case the
closed-loop system

&= Gjr(t) = Ao (2 — yr(t)) — pa (i — 9r(1)),
where we have set  := (z1,22), ¥ := (y1,y2) and so on, transforms into

X = ¥,(1) = M (X — Vo)) — pa (X = Y1),

This restriction on the design parameters is often implemented in practice and is sometimes called “gain align-
ment” in the machine-tool lingo. The main drawback, beside reducing the number of design parameters, is to
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debase the overall performance of the machine. Indeed the machine usually consists of a “heavy” axis carrying
a “light” axis, and the “gain alignment” imposes the light axis to behave as slowly as the heavy axis.

The lack of invariance is not too surprising, because the feedback is built from the “output error” y — vy,
which itself is not invariant. Nevertheless, for g, # 0 there is an “invariant output error” defined by

L (yayrayr) = <y — Yr, yr> = (yl - yrl)yrl + (y2 - yr2)yr2
IQ(yayrayr) = |y - yrayr| = (yl - yrl)yr2 - (y2 - yr2)yr1;

i.e., the error components tangent and orthogonal to the reference velocity vector.
We differentiate this new output in order to introduce a linear error dynamics (i.e., to input-output linearize):

jl = <y - yTayr> + <y - ymyr>
j2 = |y7y7“7y7"| + |y7y7“ay.7”|

fl = <y - yrayr> +2 <y - yrvf‘jr> + <y - Yr, yr)
Lo =i = Gy G| + 219 = U | + [y =y, T

The last two equations can be solved with respect to u when 2, + 72, # 0:

:1_11 _ ?jrl + ?)7‘1 yr2 Il o 2 (y - ym y7> + <y — Yr, yr>
:1_22 ?er ?)7‘2 _yrl I2 2 |y - ?)7‘; yrl + |y —Yr, y7‘| ’
so we can impose the tracking error dynamics

j1 =-\I — M1j1
Iy = —Xoly — piplo,

which is invariant whatever the design parameters A1, A2, p1, i2. Notice the invariant output error has the same
relative degree as the original output y.

The goal of the paper is to show that the situation depicted in the example can be generalized to every
“invariant” control system endowed with a “compatible” output: if output tracking can be achieved by input-
output linearization, then invariant output tracking can also be achieved without reducing the number of design
parameters. The main idea is that it is always possible to find a (local) “invariant output error” for which input-
output linearization can also be used. This “invariant output error” can be explicitly computed with Cartan’s
moving frame method. Some preliminary definitions and motivating examples can be found in [11,18].

Symmetries are important in physics and in control theory, see [1,5,6,8-10,14,17,19]. A related idea can
be found in [2], where an “invariant” method for tracking is proposed for fully actuated mechanical systems.
Nevertheless, the role of symmetries when designing tracking controllers does not seem to have been widely
studied.

2. INVARIANT SYSTEMS AND COMPATIBLE OUTPUTS

Definition 1. Let G be a Lie Group with identity e and ¥ an open set (or more generally a manifold). A
transformation group (¢q)gec on X is a smooth map

(9,) e GXx T ¢y(§) €X
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such that:

e ¢.(§) =¢ for all &
b ¢92 (¢91 (6)) = ¢gzg1 (5) for all 91,92, g

Notice ¢4 is by construction a diffeomorphism on ¥ for all g. The transformation group is local if ¢4(&) is defined
only when g lies sufficiently near e. In this case the transformation law ¢g, (%1 (5)) = @goq, (§) is imposed only
when it makes sense. All the results of the paper being local, since based on constant rank assumptions, we
consider in the sequel only local transformation groups acting on open sets. When we say “for all g” we thus
mean “for all g sufficiently near the identity e of G”; in the same way “for all £” usually means “for all generic &
in 3”. We systematically use these stylistic shortcuts in order to improve readability.

Consider now the smooth control system & = f(z,u) where the state z belongs to an open subset X of R"
and the control u belongs to an open subset U of R™. Let (¢4 X 94)gec be the local group of transformations
on X x U defined by

(X,U) = (@g(I),Zbg(%,u)),

where ¢y is a local diffeomorphism and v, is invertible with respect to u for all z. In other words a transformation
pg X g consists of a coordinate change and a regular static state feedback.

Definition 2. The control system & = f(x,u) is G-invariant if for all g, z,u
(g (@); (2, u)) = Dy (@) - f (@, u).

The property also reads X = f(X,U), i.e., the system is left unchanged by the transformation. Alternatively,
we say G is a symmetry group of the system. Around a generic point, this definition is equivalent to the
definitions in [8,17].

Consider now the smooth output map y = h(z,u) € Y C R™.

Definition 3. The output y = h(z,u) is G-compatible if there exists a transformation group (¢4)gec on Y such
that ho (pg X ¢g) = 04 0 h for all g.

With (X,U) = (¢g(x),1g(z,u)) and Y = g4(y), the definition means Y = h(X,U). Notice that if h is
invariant, i.e., h((pg(ac), g (z, u)) = h(z,u) for all g, z, then y trivially is a G-compatible output with g,(y) =y
for all g, .

The definitions of a G-invariant system and a G-compatible output can be pictured by the commutative
diagram

Tx 2%, 7x

y
In the sequel we will manipulate also derivatives of the variables and we need to consider prolongations
of transformation groups. The prolongation of order v of (94)4ec is the transformation group (gg’])geg on
Y x (R™)¥ defined by

v . v dVQ v
Q[g](yaya"'ay( )) = <Qg(y)a---> dtyg (y,...,y( ))) .
Recall that if the smooth map &
(y7y’ A ’7y(’/)) = k(y’ y? AR 7y(l/))
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defined on the “jet space” Y x (R™)", the total derivative of k, somewhat abusively called the time derivative

and denoted %, is the map

dk . 1% 17 . 17 v
G W0y = 0k(ys -y g+ Oy k(o y ™)y

defined on the jet space Y x (R™)**1,
Likewise the total derivative along the control system & = f(x,u) of the map

(x,u, 1, .. .,u(”)) — k(z,u,q,... ,u(V))

is the map

i—];(x,u,u, .. .,u(”+1)) = Ogk(z,u,. .. ,u)) . fzyu) + Ouk(z,u,. .. ,u(”)) U

4 Oy k(zyu, . u)) D,

The prolongation of order v of (¢4 X ¥g)geq is then the transformation group (¢4 x w[gy})geg on X xU x (R™)¥
defined by

14 . v d’/w 14
g xwé](x,u,u,...,u( )) = (gag(:c),wg(m,u),..., dt”g (:c,u,...,u( ))>

In the sequel we often use the shorthand notations 3 := (y,...,y®)), ¥ := ¥ x (R™)¥, 0g = Q[g’/] and so
on, where v is some large enough integer whose exact value is of no importance. With this notation, when
y = h(z,u) is the output of the control system & = f(z,u), the map

(¥, Ur) = J(Y,9r)

induces the map
(z, 4, §r) — T (2,4, §r) = J (h(z, @), Gr).
If J is invariant
T(24(9), 29(5r)) = J (G, 9r)-

If moreover & = f(z,u) is G-invariant and y = h(z,u) is G-compatible, then
T (0o(@), ¥y (. e, 50)) 80(ur) ) = T (2 02, 50). ).

3. INVARIANT OUTPUT ERRORS

In general the “usual” error y — y,-, where y,. corresponds to the reference output trajectory, is not invariant,
i.e., 04(y) — 04(yr) # y — yr. Hence, a controller based on this error will not yield closed-loop invariance. The
key ingredient for invariant tracking is to build the controller from an “invariant output error” obtained from
a suitable combination of y, y,, and derivatives of y,.. We have introduced the obvious transformation group
(04)gec on Y, := Y, and will also consider the prolongation of (g4)sec on V.

Definition 4. The smooth map (y, g,) — I(y, y,) is an invariant output error if

e the map y — I(y,7,) is invertible for all §,;
e I(yr,yr) =0 for all g,;
o I(Qg(y)a ég(gr)): I(y, gr) for all g,y, yr.
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The first property in the definition ensures that if y = h(x,u) is an output with m independent components,
then also [ (h(:ﬂ,u),yr) is an output with m independent components; together with the second property, it
means [ is an “output error” in the sense it is zero if and only if the actual output y lies on the reference
output y,. The third property, which also reads I(Y, Y,) =1 (y, Ur), means I is invariant under the action of
the transformation group (g4)geq-

The following theorem ensures the existence of a (local) invariant error under simple regularity conditions.
The proof is constructive and relies on the Cartan moving frame method.

Theorem 1. Assume the prolonged transformation group (0g)gec 1s such that 0404 has full rank r == dim G
at the point (e,y%) € G x V.. Then there exists an invariant output error (defined locally around (y2,9°)).

Proof. The result is an application of the moving frame method. We follow the very nice presentation
of [15](Th. 8.25). Consider the transformation group (¢g)sec on ¥ C R® and assume 9,¢, has full rank
r := dim G at the point (e,£%) € G x ¥. We can then split ¢g into ( ‘g’,d)g) with respectively r and s — r
components so that ¢g is invertible with respect to g around (e,€%). The normalization equations are obtained
by setting
62(6) = c,

with ¢ a constant in the range of ¢. The implicit function theorem ensures the existence of the local solution
g = (&) (the map v : ¥ — G is known as the moving frame). Finally, we get a complete set I of s — r
functionally independent invariants by plugging g = v(£) into the remaining components,

J(€) = ¢:(g)(€)-

The invariance property means J(¢y()) = J(&) for all g, &.
In our case ¥ =) x Y,, and ®g = 0g X 0g is the composite transformation

0g X @g(yagr) = (Qg(y)a @Q@T))'

By the rank assumption we can split g4 X g4 into (03, 04 X @Z) with respectively r and m(v + 1) — r components
so that gy is invertible with respect to g around (e,42). The r normalization equations

04(7r) = c

can then be solved into ¢ = 7(7,), and plugged into the remaining equations to yield the complete set of
m(v + 1) — r functionally independent invariants

J(Y, Ur) = 0y ()

The required invariant output error is then given by

I(ya gr) = J(ya gr) - J(yra gr)

Notice any combination [J(J, J,.) with full rank with respect to J also leads to the invariant output error

I(ya gr) = I(J(yagr)a Jr(ya gr)) - I(J(yragr)a Jr(yragr))'

O

Remark. The rank assumption in the theorem (which means the prolonged action of G is regular and free) can

be weakened: it is in fact enough to assume that d, g[gy} has constant rank 7’ < r at the point (e,y?, ..., y7(-u)0) €
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G x Y x (R™) for v such that m(v + 1) > r’. Indeed, it is then possible to solve the normalization equations
for ' parameters and go along with the proof, the rank assumption meaning the remaining r — ' parameters
do not explicitly occur in the final formulae, see the remark after [15] (Th. 8.25) for more details.

Example 1. We compute the invariant output error for SFE(2) discussed in the introduction according to the
proof of the theorem. We find

Y1 =yicosf —yssinf +a
Yo = y18inf + yo cosf + b

Y1 =yr1cos0 — yrasinf +a
Y2 = yr15in0 + yrocos0 + b

Y1 = 91 €080 — gpo8in 6

Yo = yrl sin 6 + yr2 Cos 97

and the last four equations have full rank with respect to the three group parameters 6, a,b. We normalize by
choosing Y, =0, Y5 =0, Y1 = 0, which yields

. Z)m
sinf = ﬁ
Yr1 + Yra
cosf — —Ir2

VU + 9%
a—= yr2yrl - yrﬂ)m
U+ 07
b= — Yr1¥r1 + Yr2Ur2 )
Uh + U
We plug these values into the remaining equations to find the complete set of invariants

(y1 = yr1)¥r2 — (Y2 — Yr2)Yr1
(y1 = yr1)¥r + (Y2 — Yr2)Yr2
Yo = 1800 + gracosd = \ U+ o

Multiplying the first two invariants by the third one we get the invariant output error used in the introduction:

Y1 =yi1cos0 —yssinf +a =

Yo =y1sinf + yscosf +b =

L = Y2Y;~2 =Y~ Yr,Ur)
L =YY=y —yr. il
Example 2. For SL(2) acting on a scalar output according to the projective map

Y:ay—i—b’ ad —bc=1,
cy+d

an invariant output error is
2?)7‘(?4 —Yr)

I ) )' 7"‘ =~ a5
W,y 9 ) ir(y — yr) + 292
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Indeed,

(cy+d)Y =ay+b
(Cyr + d)Y, =ayr + b

Cer;" + (Cyr + d)Y;" = ayr

CyTY;" + 2697"}'/;" + (Cyr + d)Y;“ = a?jra

and the last three equations have full rank with respect to three independent group parameters (the four
parameters a,b, ¢, d satisfy ad — bc = 1). We normalize by setting for instance ¥, = 0, Y, =1 and Y, = 0
(notice Y, cannot be normalized to 0 otherwise the rank is not full), which yields

b= —ayr
R
29,

. Yr y7
d= — .

Plugging these values in the remaining equation, we find the invariant output error

ay+b 29 (y —yr)
cyt+d ir(y—yr) +207

4. INVARIANT TRACKING BY STATIC STATE FEEDBACK

Definition 5. Let & = f(z,u) be a G-invariant system with a G-compatible output y = h(x,u), and t — y,(t)
be a smooth reference trajectory. The static state feedback u = a(:c, Yr (t)) is a G-invariant tracking controller if:

e for every solution of the closed-loop system z = f(:c, oz, gy (t))) defined on [0, +oo], the output y(t) =
h(z(t), a(x, r(t))) tends to y.(t) as t tends to +oo;
o a(apg(x), @g(gj,«)) = oz, g,) for all g, z, Gy
A G-invariant tracking controller applied to a G-invariant system yields a G-invariant closed-loop system in the
sense that for all g, z,t

£ (al@), g (@), 20(3:(1))) ) = Doy (@) - £ (a5 (1))

The following result states that input-output decoupling by static state feedback yields an invariant tracking
controller, provided it is built from an invariant output error.

Theorem 2. Let & = f(x,u) be a G-invariant system with a G-compatible output y = h(z,u), and t — y,(t)
be a smooth reference trajectory. Assume the output has a well-defined relative degree, and that the prolonged
transformation group (0g)gec is such that 0404 has full rank r := dim G at the point (e,7°) € G x Y.

Then there is an invariant output error with the same well-defined relative degree, and the feedback obtained
by input-output linearization is a G-invariant tracking controller.

Recall the relative degree of the output z = k(z,u, z,) € R™ is the m-tuple (o1,...,0m) such that the i-th
component z; of z depends on u only at the o;-th time differentiation (see for instance [7,13] for details), in
other words, fori =1,...,m,

d¥z;
u&jza v=0,...,0i— 1
dO'i .
D=L £ 0.

dt
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Moreover, the relative degree is well-defined if the so-called decoupling matrix

det Z1
dtor

Bu :
dO'm Zm
dtom

is (generically) invertible.

Proof. The rank assumption implies

I(% u, Yr) 1= I(M%“)ﬂr) = Qv(ﬂr)(y) - Qv(ﬂr)(yr)

is an invariant output error, see the proof of Theorem 1. Moreover, y = h(x,u) is G-compatible,

9g (h(m, U)) = h((pg(x), Yq(, U))

and, since the relative degree is not affected by a coordinate change and a regular static feedback, o,0h obviously
has the same well-defined relative degree as h. As a consequence, Z has the same well-defined relative degree,
too.

Since the relative degree is well-defined, we can input-output linearize the system by static feedback with 7
as the output. This means we may choose the static state feedback u := a(z,g,) so that

d%Z; L 8 I _ .
dio (xaa(mayr)ayr) = Z )‘gm(xa?ﬁ)v i=1,...,m,
i=0

where the )\{ are design parameters.
On the one hand, using ¢(z) and g,4(y-) instead of « and g,, we of course have

4o, _ _ AT _
= (eal@) als (@), 2y () 2alyr) ) = ;O N7 (Po(@), 29 (yr))-
On the other hand invariance of the ddjtf% implies
d?Z; _ _ doZ; oL
T;(@g(x)7wg(xaa($ay7“)))Qg(y”')) = dto: (x’a(xayT)ayT)
oi—1 .
C dIZ,
_ 7 (] _
- )‘i dtj (Iayr)
j=0
o;—1 Jd]I,L -
= = )\i A ((pg(x)vgg(yT))'

Comparing the two expressions, and since the decoupling matrix is invertible, we conclude

Oé(gog(l‘), ég(yr)) = 1/)9(997 Oé(l', gr))a
i.e., the feedback u := a(x, §,) is invariant. O

The result means that not only the closed-loop error dynamics is invariant, but also the remaining part of
the closed-loop dynamics (the so-called internal or zero dynamics).
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5. INVARIANT TRACKING FOR GENERAL INVERTIBLE SYSTEMS

If the system & = f(x, u) together with the G-compatible output y = h(z, ) has a singular decoupling matrix
but is nevertheless invertible, the results in the previous section can be extended by using time-varying static
feedbacks (or quasi-static feedbacks, see [3]). Indeed (see [4,7,12,16]), there exists a set of m positive numbers
N1, ..., Ny, such that if we introduce

vj = y§nj) =Bj(z,u), j=1,...,m=dimy
this relation can be solved for v and its derivatives:
u® = a;(z,7), k> 0.
Therefore, introducing

i i k k . .
v =y =y ) =S Nk =y @), j=1,...,m=dimy
k=0

we are back in the situation of a time-varying static state feedback as discussed in the previous section. As
a result, basing the feedback design on an invariant error instead of y yields invariant tracking. The class of
feedbacks (regular time-varying static state feedback) is the same as before, the only difference is in the way
how the feedback is introduced. This can be summed up in the following result:

Theorem 3. Let & = f(x,u) be an invertible G-invariant system with a G-compatible output y = h(z,u), and
t — y,(t) be a smooth reference trajectory. Assume that the prolonged transformation group (04)gec is such
that 0304 has full rank v := dim G at the point (e,3°) € G X V.

Then there is an invariant output error such that the system is invertible also w.r.t. this invariant output
error, and the feedback obtained by input-output linearization is a G-invariant tracking controller.

Remark. Notice that the result of Theorem 2 is obtained if (nq,...,n,,) coincides with the relative degree.

Proof. The proof mimics the proof of Theorem 2. Instead of the relative degree now the set (nq,...,n.,,) is

considered, and the u() := a;(x,yr) are substituted in the derivatives of the Z;, as well as the prolongation
of 9. O

Again, the result means that both the closed-loop error dynamics and the so-called internal or zero dynamics
are invariant.

Example 3. Consider the planar motion of a rigid body. The dynamical system model in an inertial Cartesian
frame reads
1 = uy cosf+ g1, Yo = uq sinf + go, 0 = usy

where (y1,y2) is the position of the so-called center of percussion, 6 describes the orientation of the body,
and (g1, 92) the gravitational acceleration. The inputs are the linear and the rotational acceleration. A state

representation is easily introduced with « = (y1, 91, Y2, U2, 0, 9)
With

Y = (y1,y2), T = (cosb,sinf), v = (—sinb,cosh), §= (g1,92), w =90

a coordinate free representation of the model reads

—

Y =7+ G, 0 =us, =00, 7= —07.



INVARIANT TRACKING 11

Obviously, there is an invariance under changes of the reference frame (planar rotations and translations). For
any (a,b,a) € R3, the transformation (a subgroup of SE(2) x SO(2) x id)

y1\ _ (Yicosa—Yssina+a 1—0—a
y2)  \Yisina+Yscosa+b)’ - ’

g1\ _ (Gicosa— Gasina ur\ _ (U1
g2)  \Gisina+ Gacosa )’ ug )~ \Us
leaves the representation unchanged:
leUlcos@—i-Gl, }"/QZUlSin@-i-GQ, é:UQ.

The same holds for the state representation with state (yl,yl,yg,y'g,t?,é,gl,gg), input (ug,us), and output

y=(y1,2)-
Differentiate the output equations:

1 = u1 cosf + g1

y?) =17 cosf — ulésint?

y§4) =iy cos 0 — 2010sin 0 — u 0% cos — ujus sin O

Yo = u1 8inf + go

yég) =y sinf + ulé cosf

y§4) =y sinf + 2&19 cosf — u192 sin 6 + uqus cos 6.

Introducing v; = 41 and vy = yé4) (exact) feedback linearization is achieved. Iff cosf # 0 and u; # 0, the
preceding equations can be solved as

U1 :(pl(evvl)a u2:(p2(959'7/u17/015’b15’u2)
and exponentially stable tracking error dynamics may be obtained by injection of

v1 =Yr1 — k11 (U1 — Yr1) — k10 (Y1 — yr1)

v2 =3 — ks (1) — Y& — - — koo (42 — yra)-

However, this design bears two problems: on the one hand, one is confronted with singularities of two different
types (at cosf = 0 and u; = 0), and, on the other hand, the invariance property is lost!

Both, the loss of invariance and the singularity at cosf = 0, can be tackled by introducing a moving frame.
To this end, two independent scalar invariant output errors are introduced by projection on a frame moving

with }_}r = (yrlayr2):
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The use of these invariant errors eliminates the singularities at 8 = £7/2. In order to see this, consider the
implicit mathematical model again. Differentiations of the defining equations yield

er= (5

!
=L

. L d . .
_Y;')7FT>+0T<(Y_Y;')717T>: <E( _Y;“)77_—;“>+9r61/

~i
|

(¥ - ?T),ﬁr> —0, (¥ =Yo).7) = <%( % ),ﬁr> “bre,

d

dt

d? o o . /d o4 oL . .
Q& (Y_ ), T )+ 20, —(Y—Y;«),l/,,« +0re, — O er

and, therefore,

ér = ur (7, 7r) — up1 + b,.e, + 9.267 +20,.¢,,.

For simplicity of notations, introduce the orientation error ¢ as the angle between the axes of the reference
frame and the corresponding axes of the actual frame, i.e., (7, 7.) = cosd. Now v; = &, can be solved for u; if

the orientation error § = 6 — 6, # +m/2. Analogous calculations for e, and its derivatives yield an equation of

the form e,(,4) = uguy cosd + - - - which, away from u; = 0, can be solved for us. Therefore, choosing

O0=¢ér—kiiér —kiper

0 = e(f) — k2’3 61(,3) — s — kgﬁo ()

and solving for u completes the computation of the invariant feedback.

Remark. This moving frame approach should be compared with analogous results on the nonholonomic car
in [18,20]: while the orientation of the moving frame is defined by the velocity (tangent of C,.) for the car, here

it follows from the acceleration Y, — § (related to the curvature of C_;)
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