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NON-AUTONOMOUS 2D NAVIER-STOKES SYSTEM WITH A SIMPLE
GLOBAL ATTRACTOR AND SOME AVERAGING PROBLEMS*

V.V. CHEPYZHOV! AND M.I. VISHIK®

Abstract. We study the global attractor of the non-autonomous 2D Navier—Stokes system with time-
dependent external force g(z,t). We assume that g(z,¢) is a translation compact function and the
corresponding Grashof number is small. Then the global attractor has a simple structure: it is the
closure of all the values of the unique bounded complete trajectory of the Navier—Stokes system. In
particular, if g(z,t) is a quasiperiodic function with respect to ¢, then the attractor is a continuous
image of a torus. Moreover the global attractor attracts all the solutions of the NS system with
exponential rate, that is, the attractor is exponential. We also consider the 2D Navier—Stokes system
with rapidly oscillating external force g(z,t,t/e), which has the average as ¢ — 0+. We assume that
the function g(z,t,z) has a bounded primitive with respect to z and the averaged NS system has a
small Grashof number that provides a simple structure of the averaged global attractor. Then we prove
that the distance from the global attractor of the original NS system to the attractor of the averaged
NS system is less than a small power of €.
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In the first part of the paper we study the global attractor for the 2D Navier—Stokes system with time-dependent
external force g(z,t),t € R. We assume that the function g(z,t) is translation compact in the space L¥¢(R; H),
that is, the family of translations in time {g(-,¢ +h), h € R} forms a precompact set in LX¢([T1,Tz]; H), where
[T1,T5] is an arbitrary fixed interval of the time axis R. In this case the 2D Navier—Stokes system has the global
attractor A. We recall the definition, the construction, and the properties of the global attractor A in Section 1
and in the beginning of Section 2. Much attention is given to the case, where the Grashof number G of the
Navier—Stokes system satisfies the inequality G < 1/¢g (see Sect. 2). In this case, we prove that the system has
the unique solution {z(z,t),t € R} bounded in H. Then the global attractor .4 coincides with the closure in H of
the values of the function z(t) : A = [{z(-,t) | t € R]}; . Moreover the global attractor A attracts all the solutions
of the system with exponential rate, that is, global attractor A is exponential. We also prove that if the external
force g(-,t) is an almost periodic function in time ¢ with values in H, then the corresponding unique bounded
solution z(-,t) is almost periodic as well; similarly, if g(-,¢) is quasiperiodic, then z(-,t) is quasiperiodic. More
exactly, let g(z,t) = ¢(x,aqt, ..., qt), where p(x,wi,... ,w;) is a 2m-periodic function with respect to each
w4 = 1,...,0 and the numbers a1, ... ,q; (frequencies) are rationally independent. Then the quasiperiodic
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solution z(z,t) has the same frequencies a1, ... ,q; and the global attractor A is a Lipschitz-continuous image
of an [-dimensional torus T' into H:

A=3(T, : T — H.

In Section 3 we study the Navier—Stokes system with external force of the form g(x,t,t/e). Let us formulate
the main assumptions for this function. We assume that the function g(-,t,¢/e) has the uniformly bounded
norm in Lo(7,7 + 1; H) and the function ¢°(t) = g(-,t,t/¢) has the uniform average ¢°(t) = g(-,t) as € — 0+
(see Sect. 3 for more details). The essential assumption is the following: there exists a function J(z,t,z) such
that 0,J(x,t,z) = g(x,t,2z) and || J(-, ¢, 2)||g < M for all (¢,z) € R x R. In Section 3, the sufficient conditions
for the existence of such function .J are given. We also assume that the Grashof number G° of the averaged
2D Navier-Stokes system with external force g(x,t) satisfies the inequality G° < 1/cy. Notice that the Grashof
numbers G¢ of the systems with external forces g(z,t,t/c) can be large. Let A° be the corresponding global
attractor of the system with external force g(z,t,t/¢) and let A" be the global attractor of the averaged system.
We prove the following estimate for the Hausdorff distance from 4% to A°:

disty (A, A%) < Ce”, 0 <y < 1,

where the number ~ has an explicit expression.

In Section 4 we study the case, where the function g(z,t, z) is quasiperiodic in both variables ¢ and z. Assume
that the conditions of Section 3 hold and G° < 1/¢y. Then both global attractors A° and A° are images of the
corresponding tori and the above estimate for the distance distz (A%, .A°%) holds.

Finally we note that in Section 1 the general scheme for the construction of the global attractor of a non-
autonomous evolution equation is given. The results proved in the paper can be applied to various non-
autonomous evolution equations of mathematical physics that satisfies the similar conditions.

1. GLOBAL ATTRACTORS OF NON-AUTONOMOUS EVOLUTION EQUATIONS

1. We consider a non-autonomous evolution equation of the form:
Ou = A(u,t), t > 7 (1 €R). (1)

Here A(u,t)denotes a nonlinear operator A(-,t) : By — Ey for every ¢t € R, where E; and FEy are Banach spaces
such that E; C Ey. We study solutions u(t) of this equation that are defined for all t > 7. For t = 7 we consider
the initial condition:

u(T) = tlt=r = ur, u; € E, (2)

where F is a Banach space such that £y C E C Ey. We assume that for every 7 € R and for all u, € F Cauchy
problem (1, 2) has a unique solution u(t) such that u(t) € E for all t > 7. The meaning of the expression “the
function wu(t) is a solution of problem (1, 2)” should be clarified in each particular case. We study the following
two-parametric family of operators {U(¢,7)}, t > 7, 7 € R generated by problem (1, 2) and acting in E by the
formula

Ut,Tur =u(t), t >7, 7 €R, (3)

where u(t) is a solution of (1, 2) with initial data u, € E. Since the Cauchy problem (1, 2) is uniquely solvable,
the family of operators {U(t,7)} satisfies the following properties:

1. U(r,7) = Id for all 7 € R, where Id is the identity operator;
2. U(t,s)oU(s,7)=U(t,7) forallt >s>7, 7€ R.
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The family of operators {U(¢,7)} is called the process generated by problem (1, 2).

We now define the notion of the global attractor A of the process {U(t,7)} generated by problem (1, 2).
By B(F) we denote the family of all bounded sets in E. A set By C E is said to be absorbing for the process
{U(t, 1)} if for any set B € B(FE) there is a number h = h(B) such that

U(t,7)B C By for all t and 7, t — 7 > h. (4)

A set P C FE is said to be attracting for the process {U(t, )} if, for every € > 0, the set O, (P) is absorbing for
this process (here and below O, (M) denotes an e-neighborhood of a set M in the space F), that is, for every
bounded set B € B(FE), there exists a number h = h(e, P) such that

U(t,7)B C O (P) forall tand 7, t — 7 > h. (5)
Property (5) can also be formulated in the following manner: for every set B € B(E)

supdistg (U (7 + h,7) B,P) — 0 (h — +00) . (6)
TER

Here distg (X,Y) denotes the Hausdorff distance from the set X to the set Y in the space E:

distg (X,Y) = sup inf ||z — y|/p.
zeX YEY

Definition 1.1. A set A C F is called the global attractor of the process {U(t,7)} if it is closed in E, is
attracting for the process {U (¢, )} and satisfies the following property of minimality: A belongs to any closed
attracting set of the process.

It is easy to see that any process has at most one global attractor. This notion was introduced in [1-3]. A
process having a compact absorbing set is called compact and a process having a compact attracting set is called
asymptotically compact. The following result holds true:

Theorem 1.1. If a process {U(t,7)} is uniformly asymptotically compact, then it has the compact in E global
attractor.

The proof of this theorem can be found in [3] as well as the following equality for the global attractor A:

A:w(P)::ﬂ U Uut,m)P| (7)

>0 |[t—7>h 5

where P is an arbitrary compact attracting set of the process. In (7) the square brackets [-] ; denote the closure
in the space E.

Remark 1.1. In Theorem 1.1 we do not assume that the process {U (¢, )} is continuous in E. (This assumption
was essential in the theorems on the existence of global attractors of semigroups corresponding to autonomous
evolution equations.) The reason is that we prove the property of minimality of the global attractor.

2. To describe the general structure of the global attractor of a process we need the notion of the kernel of
the process or the kernel of equation (1).
A function u(s), s € R with values in E is said to be a complete trajectory of the process {U(t,7)} if

U(t, 7)u(r) = u(t) for all t > 7,7 € R. (8)

A complete trajectory u(s) is called bounded if the set {u(s), s € R} is bounded in E.
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Definition 1.2. The kernel K of the process {U(t, )} is the family of all bounded complete trajectories of this
process:

K = {u(-) | u satisfies (8) and ||u(s)||g < Cy, Vs € R} -
The set
Kt)={u(t) |u(-)e L} CE, teR

is called the kernel section at time t.
It is not difficult to prove the following property:
Proposition 1.1. If the process {U(t, )} has the global attractor A, then

UJk® c A (9)

teR

We note that, in the generic case, inclusion (9) is strict, that is, there exist points of the global attractor .4
that are not values of bounded complete trajectories of the original equation (1) (see Rem. 2.2). Nevertheless
we shall show that such points lie on the complete trajectories of “contiguous” equations. To describe these
“contiguous” equations we introduce the notion of time symbol of the equation under the consideration. We
assume that all the terms of equation (1) that depend explicitly on time ¢ can be written as a function o(t),t € R
with values in an appropriate Banach space ¥. We now rewrite equation (1) itself in the form:

Opu = Ayy(u), t > 7 (T €R). (10)

The function o(t) is said to be the time symbol of the equation. In applications o(t) consists of the coefficients
and terms of the equation that depend on time. For example, in the non-autonomous Navier—Stokes system the
symbol is the external force depending on time: o(t) = g(x,1).

We assume that the symbol o(t), as a function of time ¢, belongs to an enveloping space

E={¢t),t e R|&(t) € ¥ for almost all t € R},

equipped with a Hausdorff topology. We assume that the translation group {T'(h), h € R} acting by the formula
T(h)E(t) = E(h +t) is continuous in E.

The symbol of the original equation (1) is denoted by og(t). Along with this equation having the symbol
oo(t) we consider equations (10) with symbols o, (t) = oo(t + h) for any h € R. Moreover, we also consider the
equations with symbols o(t) that are limits of the sequences of the form oy, (t) = oo(t + hy,) as n — oo in the
space Z. The resulting family of symbols forms the hull H(og) of the original symbol o¢(¢) in the space E.

Definition 1.3. The set

H(oo) = {o(t+h) [ h e R}z (11)
is called the hull H(o) of the function o(t) in the space =, where [z denotes the closure in the topological
space Z.

We are going to study equations of the form (1) and (10), whose symbols o(t) are translation compact
functions in =.

Definition 1.4. A function o(t) € Z is called translation compact (tr.c.) in =, if the hull H(o) is compact
in =.
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Consider the main examples of translation compact functions that we shall use in this paper.

Example 1.1. Let £ = L;)OC(R;S), where p > 1 and £ is a Banach space. The space LIIDOC(R;E) consists of
functions £(¢),t € R with values in £ that are p-power locally integrable in the Bochner sense, that is,

ta
/ IE()]|2dt < 400 V[tr, o] C R,

t1

We consider the following convergence topology in the space L;,OC(R; £). By the definition, &, (t) — £(t) (n — o)
in L°(R; €) if

| e~ €t =0 (0 — o)

t1

for every interval [t1,t2] C R. The space L;,OC(R; £) is countably normable, metrizable, and complete. Consider
tr.c. functions in the space LI*°(R;&). We have the following criterion (see, for example [3]): a function oo(t)

is tr.c. in Li*°(R; &) if and only if (i) for any h > 0 the set {ftHh oo(s)ds | t € R} is precompact in £ and (ii)

there exists a positive function 3(s) — 0 (s — 0+) such that

t+1
[ lots) = (s + Dligds < 511 e < B
t
Notice that

t+1
sup/ lloo(s)]|%ds < +oo VE € R (12)
teR Jt

for any tr.c. function in L)*¢(R; E).

Example 1.2. Similarly we define translation compact functions in the space C(R; E) that consists of continu-
ous functions £(¢),t € R with values in €. The space C'(R; £) is equipped with the uniform convergence topology
on every interval [t1,t2] C R (see [3]).

Example 1.3. Almost periodic functions with values in & are tr.c. functions in the space C(R;&). Inside the
class of a.p. functions we consider a subclass of quasiperiodic functions. A function o (t) € C(R; E) is said to
be quasiperiodic (g.p.) if it has the form:

oo(t) = ¢ (art, aot, ... ,ait) = ¢ (at), (13)

where the function ¢ (@) = ¢ (w1, ws,... ,wk) is continuous and 2x-periodic with respect to each argument
w; € R:

d(wryeoo,wi +2m, . wg) =0 (w1, Wiy WE),, T=1,0.0 k.

We denote by T* = [R mod 27r]k the k-dimensional torus. Then ¢ € C(T*; ). We assume that the real numbers
a1, 2, ... ,ain (13) are rationally independent (otherwise we can reduce the number of independent arguments
w; in the representation (13)). It follows easily that the hull of the q.p. function o(t) in C(R; ) is the following
set:

{o(at+w1) | @1 € T"} =H(op), @ = (a1, o, ..., ). (14)
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Consequently the set H(0op) is a continuous image of the k-dimensional torus T*. For k = 1 we obtain a periodic
function.
In [3] other examples of tr.c. functions in C(R; ) are given which are not a.p. functions.

3. We now consider a family of equations (10) with symbols o(¢) from the hull H(og) of the symbol og(t) of
the original equation. We assume that the function og(t) is tr.c. in the topological space Z. For simplicity we
assume that the set H(op) is a complete metric space. In all examples given above this assumption holds. We
suppose that for every symbol o € H(op) the Cauchy problem (10, 2) has a unique solution for any 7 € R and
for every initial condition w, € E. Thus, we have the family of processes {U,(t,7)},0 € H(op) acting in the
space E. We note that the following translation identity holds for this family of processes:

Urnyo(t,7) = Ug(t + h, 7 +h) Yh > 0,t > 7,7 € R. (15)

Here T'(h)o(t) = o(t + h).
We now consider the extended phase space E x H(op). Using the identity (15) we construct the semigroup
{S(h),h > 0} acting in the space E x H(og) by the formula:

S(h)(u, o) = Uy (h,0)u, T(h)o) , hh > 0. (16)

The family of processes {U,(t,7)},0 € H(og) is called (E x H(op), E)-continuous if for any ¢ and 7,¢ > 7 the
mapping (u, o) — U,(t, 7)u is continuous from E x H(op) into E.
We denote by IT; and Il the projectors acting from E x H(og) onto E and H(op) by the formulae:

I (u, 0) = u, a(u,0) =o.

We now formulate the main theorem on the structure of the global attractor of equation (1) with tr.c. sym-
bol o¢(t). The corresponding process we denote by {Us, (¢, 7)}.

Theorem 1.2. We assume that the function oo(t) is translation compact in Z. Let the process {U,,(t,7)} be
asymptotically compact and let the corresponding family of processes {Uy(t,7)},0 € H(og) be (E x H(oo), E)-
continuous. Then the semigroup {S(h)} acting in E x H(oo) by formula (16) has the global attractor A, S(h)A
= A for all h > 0. Moreover

1. II,A = H(oo);

2. II1 A = A is the global attractor of the process {Uy,(t,T)};

3. the global attractor A has the following representation:

A= |J K= | K., (17)

o€H(oo) oc€H(o0)

where IC, is the kernel of the process {Uy(t,T)} with symbol o € H(op). Here t is any fized number. The
kernel IC, is non-empty for every o € H(op).

The detailed proof of Theorem 1.2 can be found in [2,3]. For the brevity we study in the next sections the
global attractor for the 2D Navier—Stokes system. Notice that the similar results can be established for the
non-autonomous dissipative wave equation and for other equations of mathematical physics.

2. 2D NAVIER—STOKES SYSTEM WITH TRANSLATION COMPACT EXTERNAL FORCE
Excluding the pressure the 2D Navier—Stokes system can be written in the form:

Oru = —vLu — B(u,u) + go(z,t), (V,u) =0, (18)
ulog = 0, © = (z1,15) € Q € R
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Here u = u(z,t) = (u!(z,t),u?(x,t)), Lu = —I1Au is the Stokes operator,

B(u,u) = II (u' 0y u + u0y,u) (19)
II is the orthogonal projector from the space (L2(€2))® onto the space H = Vol(r,(0))2» Where
Vo = {v € (C(Q)? | (V,v) = O}. We also denote the space H; = V := [VO](Hl(Q))2' The norms in the
0

spaces H and V are |- | and || - ||, respectively.
We assume that the external force go(-,t) € H for almost every ¢ € R and has a finite norm in the space
L4(R; H), that is,

t+1
HQOH%g(R;H) = HQOH%g = igﬂg/t |90(-, 8)[*ds < M < +oc. (20)

We also assume that the function go(-,t) = go(t) is translation compact in the space L¥¢(R; H). The correspond-
ing necessary and sufficient conditions are given in Section 1. Another sufficient condition is as follows: a func-
tion go(t) is translation compact in LY<(R; H), if go € L5(R; Hy) and 9;90 € L5(R; H_y), where H_; = (Hy)*,
that is,

t+1
90112y (251, = = sup (-, 8)[|*ds < My < +oo,
5(R;H1)
teR Jt
t+1
1000l s ) = = Suﬂli?/ 18:90(-+ )17, ds < My < +00
te t

see [3]). We denote by H(go) the hull of the function g in the space LY°(R; H). It is clear that
2
lgll2, < llgoll2y < M (21)

for every function g € H(go).
Consider the following initial conditions for equations (18):

Ult=r = ur, ur € H (1 €R). (22)

Recall that the Cauchy problem (18, 22) has a unique solution u(t) € C(R,; H) N L5(R.; V) such that dsu
€ L5(R,; H_1), R, = [1,+00) (see [3-7]). A solution u(t) from this space satisfies equation (18) in the distri-
bution sense of the space D'(R.; H_1). Consequently, problem (18, 22) generate the process {Uy,(¢,7)} acting
in H by the formula Uy, (¢, 7)ur = u(t), where u(t) is a solution of (18, 22). Recall that the process {Ug, (¢, 7)}
has the absorbing set By:

By={ueH ||ul <R}, B3 = (N (140N ol
where A is the first eigenvalue of the Stokes operator L. Besides the set

By = | Ugp(r+1,7)Bo (23)
TER

is also absorbing. Moreover, B is bounded in V' = H; and, therefore, compact in H (see [3]). Thus, the process
{Ug (t,7)} is compact in H. Applying Theorem 1.1 from Section 1 we conclude that the process {Uy, (¢, 7)} has
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the global attractor A and the following equality holds:

A= | U Uspt,7)Bo| . (24)

>0 |t—7>h "

The set A is bounded in H;.

The symbol of equation (18) is the function go(t) = o¢(t). We note that, for every symbol g € H(go), the
corresponding problem (18, 22) is uniquely solvable. Hence, the family of processes {Uy(t,7)}, g € H(go) acting
H is defined. In [3] it is proved that this family is (H x H(go))-continuous. Therefore Theorem 1.2 implies the
equality

A= |J K0, (25)

9€H(90)
where K4 is the kernel of the process {Uy(t, 7)}, which consists of all the bounded complete solutions uy(t),t € R
of the Navier—Stokes system with external force g(t). The kernel K4 is non-empty for every g € H(go). Notice
that

A C By = Bg,(0), Rg = (vN) ™" (1+ (@A) lgoll7ss (26)
ACBy, Bi={ueV ||| <R}, (27)

where R’ depends on v, \, and [|go||3,. In particular we conclude from (25) that
2
llug(t)| < R'VteR (28)
for every function uy(-) € K4, g € H(go). We also need the well-known energy inequality:
t t
u(t)* + V/ lu(s)|I*ds < Ju(r)[* + (VA)*/ lg(s)[*ds, (29)
where u(t) = Ugy(t, 7)u(r) (see [3-7]).

We now consider the important particular case of system (18). Let the Grashof number G of the Navier—
Stokes system satisfies the following inequality:

Hgolng 1

Gi=—< —, 30
A2 co (30)

where the constant cg is taken from the inequality
|(B(v, w), v)| < colol||v]|[|wl] (31)

which holds for all v,w € V.
Then the Navier—Stokes system

0w = —vLu — B(u,u) + g(t) (32)

has the unique solution z4(t),t € R bounded in H for every g € H(go), that is, the kernel Ky consists of the
unique trajectory z,4(t). This solution z4(t) is exponentially stable, i.e., for every solution u,(t) of equation (32)
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the following inequality holds:
Jug(t) = 2g(t)] < Colur — zg(m)|e™ P~ vt > 7,

where ug4(t) = Uy(t, T)u, (the constants Cy and 3 are independent of u, and 7).

475

(33)

Let us prove the above assertion and inequality (33). By (25), at least one bounded solution z4(t) := z(t)
exists. Let ug(t) := u(t) be an arbitrary solution of (32). The function w(t) = u(t) — z(t) satisfies the equation

Oww + vLw + B(w,w + z) + B(z,w) = 0.
Multiplying by w and using the well-known identity (B(z,w),w) = 0 and (31) we obtain that
Orlwl* + 2v]|w||* = 2(B(w, 2), w) < 2colwl[lwll]|2]] < vw|? + g™ w]*||2]*.
Since A|lw|? < |Jw||?, we have
Orlw]? + vAlw]* < Olwf? + vljwl® < v w12
Consequently,

8t|w|2 + (V)\ — C%V_1||Z(t)||2) |w|2 <0.

Multiplying this inequality by exp {f: (vA = vHz(s)]?) ds} and integrating over [r,t], we obtain

w(t)* < Iw(T)IQGXp{/ (=vA+ g Hlz(s)]) dS}

t
|w(7‘)|2exp{—u)\(t _7) +cgu*1/ ||z(s)||2ds}-
By (29) we find that

/ l2(s)[2ds < v ()2 + / lg(s)ds

v ()P + (VQA) (t—7+1)lgll3

<V ()P4 (2N (= 7+ 1) [lgoll2-

IN

A

Since z(7) € Ay(g,), it follows from (26) that

()17 < N1+ @A) DllgollF, = RS-
Hence,

! -1 -1
[ llas < (v B + 020 looly) + 0207 (6 1) ol
-1

— R+ (2N) 7 (=7 loll2

where R? = v~ R2 + (12X ! go||?». Substituting this estimate into (35) we obtain the inequality
1 0 L}

[w(t)]? < Jw(r)|*Coexp (=Bt — 7)),
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where
—1 .
B=vX—ch(V*N) HgoH%g and Cy = exp (cfv 'R}) .

Notice that

—4y-2 2 2 1

N ol = 62 <
€o

and therefore 8 = vc} (062 - V_4)\_2Hgo||ib) > 0. This implies that
2

|w(t)|2 lu(t) — z(t)|2 < |u(r) — Z(T)|2C'0e’ﬁ(t*‘f),

Let us show that such a z(¢) is unique. If there are two bounded complete solutions z;(¢) and z2(t), ¢t € R, then
by (33)

|21(t) — 22(8)|? < |21(7) — 22(7)[2Coe P~ < C1Che= P,

Letting 7 — —oco we obtain |21 (t) — 22(¢)|?> = 0 for all ¢ € R.
Properties (33) and (25) implies that the set

A=[{z ) [teRYy = |J {2(0} (36)

9€M(g0)

is the global attractor of the original equation (18) under condition (30).

Remark 2.1. In the work [8] it is shown that ¢o = 1/+/2w. It is possible that this constant is the best for
inequality (31).

Remark 2.2. It is easy to construct examples of functions go(x, t) satisfying (30) such that the set {24, (¢) | t € R}
is not closed in H. Nevertheless, the set A is always closed and to describe this set we need to consider all the
functions z4(t) from the kernels of equations with external forces g € H(go).

Remark 2.3. Inequality (33) implies that the global attractor A of system (18) is exponential under the
condition (30).

We now formulate some corollaries for some special cases of functions g € H(go).
Corollary 2.1. Let a function g(t) be periodic with period p. Then the function z4(t) has the period p as well.

Proof. Consider the corresponding bounded complete trajectory z,4(t). Consider also the function z,4(t+ p) that
is, obviously, also a bounded complete trajectory of equation (18) with external force g(t+ p) = g(t). Therefore,
this function belongs to the kernel K, which consists of the unique trajectory z4(t). Hence, z4(t+p) = 2z4(t). O

Corollary 2.2. If a function g(t) € H(go) is almost periodic, then the function z4(t) is almost periodic as well.

Proof. Consider the function w(t) = z(t) — z(t + p), where z(t) := 24(t) and p is an arbitrary fixed number.
Similarly to (34) we obtain the following inequality:

Oelw]® + (VA = g Hz(0)|17) Jwl* < 2|w| - |g(t) — g(t + p)l,
which implies that

Oelwl? + (VA = G2 = 8) [w]* < 67 g(t) — g(t +p)I*. (37)
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Here 6 is a fixed positive number specified below. We also get from the energy inequality (29) that
! e 1
V/ l2()[ds < |2()[* + (vA)™ / l9(s)[Pds < [=(7)* + (wA) 7 (t = 7+ 1)lgll,
< ()P + W) (¢ =7+ Dllgoll3-
Since z(7) € A, from (26) we have
(M) < ()7 L+ N DlgolF, = RS,
Consequently due to (38) we obtain:
t
[ s < (7 B + 023 anly) + 0207 - 7ol

— R+ (02 (- g0,
where R? = v~ 1RZ + (1/2)\)’1||g0||%b

2

We  denote  «f(t) = vA — Aviz@®)|* - 6 Multiplying  equation  (37)

exp {f: a(s)ds} and integrating over [7,t] we find that

t
|w(t)|2 < |w( )|2 - a(s ds / |g 9 +p)| —Jy a(s)dsde.

Using (39) we have

IN

A=A g2t — 0) — (WA = 8)(t — 0) + v R}

- /975 a(s)ds

- (VA I T 5) (t—0)+ R2
—(8-16)(t—6)+ R,
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(38)

(40)

(41)

where R3 = c2v~'R? and 8 = v\ — 0(2)1/_3)\_1||go||i We note that v =4\~ 2”90”Lb = G? < ¢y ? (see (30)) and

therefore 8 = vA — c§r=3A"go||3, > 0. We now set 6 = (/2. Then (40) implies that
2

O < )P 1 262 [ 1g0) - g0+ e 0 200

(42)

Let the number p be an e-period of the function g, i.e. |g(0) — g(6 +p)| < € for all § € R. Then by (42) we have

2 t
lw(t)|? < |w(r)[?Cae=PE=7)/2 +02552 / e Bt=0)/24p
21— B(t—7)/2 2¢\* —B(t—7)/2
S |U}(T)| CQe + 02 E (1 — e )

2
2
< |w ()| Cae™PE=7/2 1 ¢y (EE) , where Cy = el

(43)
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Notice that |w(r)| < C’ for all 7 € R. Therefore using (43) and letting 7 — —oo we obtain the inequality

2/C;
s

lw(t)] = [2() —2(t+p)| < e (44)

Hence, p is also 62‘2@—period of the function z(¢). Then it is straightforward that the function z(¢) is almost

periodic. O

We now study the case, where the function go(¢) is quasiperiodic, that is,

go(z,t) = ¢ (z,ant, ..., apt) = ¢ (z,at),
¢ (-,0) € CYP(T*, H), @ = (wy,... ,wx), and real numbers (a1, ... ,ax) = @ are rationally independent.

Theorem 2.1. Let the condition (30) hold and let the function go(t) be quasiperiodic. Then the function
20(t) = z4,(t) is also quasiperiodic, that is, there exists a function ® (v,0) € CYP(TF; H) such that zo(x,t)
=& (z,aqt,...,art) and the frequencies (au, ... ,ar) are the same as for the function go(x,t).

Proof. Consider the external force g (z,t) = ¢ (z,at + o), where @ € T*. It is clear that g5 € H(go) (see (14)).
By (30) to each such external force g; there corresponds the unique bounded complete trajectory zg(z,t) of
the Navier—Stokes equation with external force gz (z,t) that satisfies (33). We set

O (z,0) = z5(x,0) (45)
and prove that ® is the desired function. First of all we note that

zo(x,t + h) = zahto(x,t). (46)

This follows from the uniqueness of the bounded complete trajectory zante(x,t) corresponding to the function
Jah+o(x,t) and it is easy to see that the function zg(z, ¢ + h) satisfies the Navier—Stokes system with external
force p (z,a(t+ h) + ©) = gan+o(,t). By (45) we conclude that

zo(x, h) = ®(x, ah + ),
that is, zg(x,t) = ®(z,at + @) for all t € R.
We now demonstrate that ®(z,0) = ®(x, w1, ... ,wy) has the period 27 with respect to each argument w;.
This property follows from the uniqueness of bounded complete trajectories because

O(x, 0+ 27€;) = zgyare, (2,0) = 25(x,0) = &(x, ).

Here {€;,i = 1,...,k} is the standard basis in R¥. It only remains to verify the Lipschitz condition with respect
to @ € T* for the function ®. We set w(t) = 25, (t) — 2s,(t). Similarly to (42) we prove the inequality

2 t
[w(®) < fw(r)P Coe™ 72 4 50y / 195, (6) = g, (0) ™7/, (47)
The function ¢ satisfies the inequality
I (@1) — ¢ (@W2) | < 2|@1 — ol Yar,ws € TF.
Therefore

190, (0) = g, ()] < 3efwr — wal. (48)
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Hence, from (47) and (48) similarly to (43) and (44) we obtain that

2VCy
B

[w(t)] = 20, (t) = 20, ()] < 5 |01 — al,

and finally by (45)

9,0) = (,82) | = 25,0) ~ 7, 0)] < 22

|(D1 — W2, (49)

that is, ® (r,w0) € CYP(TF; H). O

Corollary 2.3. Under the assumptions of Theorem 2.1 the global attractor A of the Navier—Stokes equation is
a Lipschitz-continuous image of the k-dimensional torus:

A = (T (50)

and the set A attracts solutions of the equation with exponential rate (see (33)). Recall that ® (-, @)
= ('a&t +C‘_)) |t:0 = Z@(Z7t)|t:0a w e Tk

3. 2D NAVIER—STOKES SYSTEM WITH RAPIDLY OSCILLATING (IN ¢) EXTERNAL FORCE

We consider the 2D Navier—Stokes system of the form
0w+ vLu + B(u,u) = g(-,t,t/e) := g%, ulaq =0, (51)

0 < & < g9. We assume that the function g(z,t, 2)|.—¢ /. is well-defined. For example, g(x,, z) is continuous as a
function of (¢, z) with values in H. Another example is: g(v,t,t/¢) = llg(x,t)-g1(,t/e), where g(z,t) € Lo(R; H)

and g1 (z,t/e) is a scalar function, ¢1(z, z) € Cp(R,; C(£2)), II is the orthogonal projector onto H.
We suppose that

(i) g(x,t,t/e) is translation compact in LY¢(R; H). Then it is known that the following integral is finite:

t+1
ol i=sup [ lamor/e)dr < M2 < o (52)
t

We assume that M? is independent of ¢.
(ii) The function g(x,t,t/e) has the uniform average g(z,t) as ¢ — 0+, that is,

/_i <9 (.7t’ + h, t —EF h) 7(p(-,tl)> dt’ — /_TT G+ h) (1)

for every function ¢(x,t) € Lo(] — T,T[, L2(2)) and every T > 0 uniformly w.r.t. h € R. (see [3]). We
assume that the function g(x,t) is translation compact in LY°(R; H) as well.
It follows from (i) that equation (51) generates the process {Ug(t,7), t > 7,7 € R}, Uge (¢, T)ur = u(t), where
u(t) is the solution of (51). The process {Ug(t,7)} has an absorbing set B that is bounded in V' and B; is
independent of & (see (52) and (27)).
Consider some examples of function g(z,¢,t/e) that satisfy the above conditions (i) and (ii).

1. The function g(z,t, 2) is quasiperiodic in ¢ and z with values in H, that is,

g(a:, t, t/{':) = G(:E, 7, Q)|'F]:Bt,&):dt/e?
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where 7= (n1,... ,0m) €T™, B=(B1,...,0m) ER™, @ = (w1,...,w) €T, a=(as,...,) € R and
G(-,7,w) € CHP(T™ x T; H).

2. g(z,t,t/e) =g(x,t)- g1 (x,t/e), where the function g(z,t) is translation compact in the space LY¢(R; H)
and the scalar function g;(z,2) is translation compact in C'°°(R,;C(Q)). Besides we assume that the
function g;(x,t/¢) has an average g;(v) in L', (R; Loo(2)). Recall that the latter means that

00, W*

/i <91 ( t j h> ’cp(-,t’)> dt’ — /TT G1 (), o, 1)) dt!

for every function p(x,t) € L1(] — T, T[,L1(2)) and every T > 0 uniformly w.r.t. h € R.
3. Similarly we can set g(z,t,t/e) = Ilg(z,t) - g1(x,t/e), where g(z,t) is now a scalar function and g;(z, 2)
is a vector function. Besides all the results of this section is valid for the functions g(z,t,t/e) of the form

N
II Z gz(m7 t)gli(xa t/E)a

=1

where the functions g;(x,t) and ¢1;(z,t/e) belong to the corresponding function spaces described above.
Along with equation (51) with external force g(x,t,t/e) we consider the averaged equation

Oru + vLu + B(u,u) = g(-,t), ulag = 0, (53)

where the function g(-,t) is the average of the function g° = g(z,¢,t/¢) in L¥°(R; H) as ¢ — 0+.
We have proved in Section 2 that equations (51) and (53) have global attractors A. and A, respectively.
Similarly to [9] we prove that A, converges to Ay as € — 0+ in the following sense:

distg1-s (A, Ag) = 0ase — 0+, (0 < <1). (54)

In [9] it is proved that A, is also the global attractor of the equation of the form (51) with the external
force G°(-,t), where §°(-,t) is any function from the hull H(g%) in L¥°(R; H). We assume that any function
§°(-,t) € H(g®) has the form ¢°(-,t) = g(-,t,t/c). We note that this assumption is valid in the all examples
above. It can be proved that the average §(-,¢) of the function g(-,¢,t/¢) as ¢ — 0+ belongs to H(g).
We need some known estimates for a solution u(x,t) of system (51) (or for the averaged system (53)) with
external force §° := §(-,t,t/e) (or with §° := g(-,¢)). The proofs of these estimates can be found in [3,4,6,7,10].
We consider the following initial conditions for every t =7, 7 € R:

t|t=r = u,(x) such that |Ju,| := ||u ||lv < R, (55)
where R is a fixed (and sufficiently large) real number. The solution u(z,t) = Uy(t, 7)ur of the Cauchy
problem (51, 55), where g = §° (or of the problem (53, 55), where g is replaced by §°), satisfies the following
inequalities:
u(-,t)||V§R1, Rlle(R,M)VtZT, 7€ R. (56)

Moreover,
T
/ lu 7 + )34 < C(R, MY(T + 1); (57)
0

T
/ O, + £)[2d¢ < C(R, M)(T + 1) ¥T > 0. (58)
0
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We note that Ro(R, M) and Ry(R, M) in (56) and C(R, M) in (57, 58) are independent of ¢ and T.
The global attractors A, and A are uniformly bounded in V:

||AE||V S R27 O S € S EO) (59)

where Ry is independent of & (see [10]). We assume that R > Ry (see (55)).
We now formulate some additional assumptions for the difference

(.t 2) = §°(x,t) = gla,t, 2),

where §° € H(g%), §° € H(g°) and g° is the average of §° as ¢ — 0+. We denote by J(z,t,2) the primitive
with respect to z of the function §(z,t, 2):

OT@H2) ot ), T = (Y72, (60)
0z
We assume that
||J(,t,Z)||H < My, ”at‘]('vtaz)”H,l < M, V(t,z) € R xR, (61)

where M7 and M are independent of g°.

Lemma 3.1. Assume that the conditions (i, ii), and (60, 61) are satisfied for G° and §°. Let u®(z,t) be a
solution of system (51) with external force §° € H(g®) that satisfies the initial condition

W= = ur(2), [Jucllv < R. (62)

Let also u®(z,t) be a solution of the averaged system (53) with external force §° € H(g°) and with the same
initial condition

U |t = u¥]i=r = ur ().
(Here §° is the average of §° as e — 0+4.) Then the difference v(z,t) = u®(z,t) —u’(x,t) satisfies the inequality:
|U('a T+ t)' = |U’€('a T+ t) - UO(., T+ t)| < CEl/QGptv (63)

where the numbers C' and p are independent of €, 0 < e < &g, 7 € R, and g°.

Proof. The function v(z,t) satisfies the equation
O + vLv + B(v,v) + B(v,u’) + B(u®,v) = §° — §° := §. (64)
Taking the scalar product with v in H we have

1d 1d -
Sl Vol + (B, 0),0) + (B(o,u®), ) + (B, 0),0) = 5ol + vl + (B(v,u°),0) = (7,0)-(65)

Using the estimate

14
[(B(v,u®), v)| < colollloflull < S lloll* + Cafol?|lu’)? (66)
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(see (31)) and integrating (65) in ¢ we obtain that

T+ (T+1)/e)
0z

t t )
(r + B2 < 201/ ||uO(T+t')|\2|v(r+t')|2dt'+2/ <6J(
0 0

Here we have used (60) and the fact that v(7) = 0. The last integral in (67) is equal to

Q/Ot<8J("T+t;Z(T+t/)/€),v> dt' =2 {E/Ot<%J(~,T+t’,(7+t’)/e),v> dt’
E/Ot<3J(~,T+t6’;I1(T+t’)/5)’v>dt,}

2 |:—E/O (JO,m+t, (r+1t)/e),0w)dt +e(J(-, 7+, (T—l—t)/e),v(-,r—i—t))]

t . / /
_25/ 8J(,T+t,(7'+t)/€),v a
0 oty

IN

i ’ / 2 ol T N2 /
E/O (|J(~,T+t,(’r+t)/€)| +|0p(-, T+ 1) )dt
+2e (J(, 7+, (T+t)/e),v(-, T+ 1))

t . / /
_25/ 8J(,T+t,(7'+t)/€),v a,
0 oty

where 0.J/0t] denotes the partial derivative of J with respect to the second argument.
Assumption (61) and the estimate (58) implies that the right-hand side of (68) is less or equal to

e (M{t+ C(M,R)(t+1)) +2eM1 Ry + 2eMaRy < eCo(R, M, My, Ma, Ro, Ry)(t + 1).
Therefore, we conclude from (67, 68), and (69) that
t
(-, T+ 1)> <201 Ry / (-, 7+ t)Pdt +eCa(t + 1).
0

We set z(t) = |v(-,7 +t)|?/(t + 1) and py = 2C1 Ry. Then (70) implies that

t (gt |2 t
'+ D, 7+tH)* / N
< < .
Z(t) < po/o (t/ n 1)(t+ 1) dt’' +eCy < £0 ; Z(t )dt +eCy

Applying Gronwall inequality we have
2(t) < eCyeft.
Consequently,
|uf — ul? = |u(-, 7+ t)|]> < eCa(t + 1)et < eCae®, 2p = po + 1.

Lemma is proved.

7U(T—l—ﬁ')>d1€'.

(67)

O

We now assume that the averaged external force §(-,t) from the averaged equation (53) satisfies the esti-

mate (30), that is,

ol

G .= —)\V2 < a

(71)
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Then it was shown in Section 2 (see (36)) that the global attractor 4y of equation (53) has the form

A=z [teR}, = |J {200}, (72)
GeM(9)
where g is fixed in the first equality, while, in the second equality, § is taken from the hull H(g). Moreover, the
unique bounded solution z4(t),¢ € R attracts all the solutions uy(t) with exponential rate, that is,

Jug(t) = 25(8)] < Colur — zg(T)le 7" Wt > 7 (73)

for every g € H(g). Here the constants Cp and 3 are independent of § and 7.
Let us formulate the main result of this section.

Theorem 3.1. Under the assumptions of Lemma 3.1 if (71) holds, then the Hausdorff distance from A, to Ag
satisfies the estimate

distr (Az, Ag) < Ce™F7 (74)
where 3 is taken from (73) and p is taken from (63).

Proof. Let u® be an arbitrary point of the global attractor A, of equation (51). Using (25) we observe that
there exist an external force §° € H(g®) and a bounded complete trajectory ug(t),¢ € R such that ugze (0) = u®
and uge (t) € K4e. Recall that ug(t),t € R is a complete solution of the Navier-Stokes system with external
force g°.

Let g° be the average of the function §° as e — 0+ . Let also ugzo(t — T'),¢ > 0 be the solution of (53) with
averaged external force ¢° and with initial conditions

Ugo |t:7T = Uge (7T) (75)
The number T' > 0 will be specified below.
Using (73) we obtain that
[ugo (=T +t) — 250 (=T +t)| < Coluge (=T) — z§o(—T)|e7ﬁt vt > 0, (76)

where zg0(t) is the unique bounded (in H) complete solution of (53) with external force §°. Recall that the global
attractors A. are uniformly (w.r.t. 0 < e <o) bounded in H : [A.| < Ry, therefore |uge (=T')|, |250(=T")| < Ro
and (76) implies that

lugo (=T +t) — z50(=T +t)| < Cre Pt V¢ > 0, (77)

where C7 = CyRy.
From (63) we conclude that

(-, =T +t)] = Juge (-, —T +t) —ugo (-, —T +1)| < Ce'/%e’. (78)
We now set ¢ =T in (77, 78) and obtain that

luge (-, =T +T) — 2g0(-, =T + T)| = |uge (-, 0) — 20 (-, 0)]
< |U§s(', 0) - ’U/go(-, 0)| + |U’f]0('7 0) - Z@"('a O)'
< Coe'/?e!T 4 CrePT. (79)
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‘We now choose T such that

81/2e,nT _ efﬁTv

that is,

Therefore from (79) we finally have

luge (-, 0) — 250 (-, 0)| < 2027759 (81)

Since u® = ug-(-,0) was an arbitrary point of A, and zz0(-,0) € Ay we conclude from (81) that

distg (Ac, Ag) < Ca2<6_ip> ) O

We now consider some examples of functions g(x,t, z) that satisfy (60) and (61).

a) Let g(z,t, z) be trigonometrical polynomial with respect to z with frequencies (a4, ... ,a;) = & which are

rationally independent:

glot,2) = ao(a,t) + S agla, e @P® = ¢z, t) + jla,t, 2). (82)
0<|k|<N

Here k = (ki,ka,... ki) € Z! and |k| = k1 + ... + k;. We assume that @; = a_j, for 0 < |[k| < N and the
functions ag(z,t) and ag(x,t) are translation compact in C°¢(R; H). In particular they are bounded in
Cy(R; H). Then clearly ¢°(x,t) = ag(x,t) is the average of g(x,t,t/e) as ¢ — 0 + . In this case

_ ap(z,t) jamp. (@, tz)
J(x,t,2) = Z i@ ) e"\®rz %, = glx,t, z). (83)

0<|k|<N
Since the numbers «; are rationally independent we have

l(a, k)| >6>0 Vk: 0<|k] <N.
The function J(z,t, z) satisfies the first inequality in (61) because

(-t
1Tt 2) e < > M < M V(t,z) €ER xR, (84)
0<|k|<N

Besides we assume that diay(z,t) € Cyp(R; H-1) and Ozag(z,t) are translation compact in this space for
all k such that 0 < |k| < N. Then

> supl|diag(-t)]m, < +oo (85)
o<|k|<n ‘K

because each summand in (85) is bounded. Hence,
10: (- t,2)[[H_, < Mz < 400V(t,z) € R xR. (86)

It follows from (82-84), and (86) that any function §(x,t,t/¢) from the hull H(g) has the form (82) and
satisfies conditions (84) and (86) which implies condition (61) for §(x,¢,t/e) as well.
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b) We now consider the case, where the external force g(x,t,z) (2 = t/e) is quasiperiodic with respect to z,

that is,
g(x,t,z) = G(a,t, za), a = (a1,...,q),
where G(x,t,0) = G(z,t,w1,...,w;) is 2r—periodic function with respect to each w; (i =1,...,1). We
set
1 .
8°(@.t) = o [ Glet@n(do) and G(o,t,6) = Glat,0) - (a1
@m)t Jm
Then

g(x,t,2) = g"(x,1) + §(x,1, 2),
where §(z,t,z) = G(,t, za). It is obvious that

ﬁ /TL Gz, t,@)u(dw) =0Vz € Q, t € R. (87)

Here (d@) is the Lebesgue measure in T and u(T!) = (27)!. For the simplicity we assume that G(z, t, )
€ C(R x T'; H). Besides we assume that the numbers & = (ay,... ,q;) are rationally independent and
satisfy the following Diophantine condition:

(@, k)| > Ca || "7 i e Z7\{0} (6 > 0). (88)

It is known that (88) holds if @ belongs to a set R\ @ := S!, where the set Q has zero Lebesgue measure
in R: 4(Q) = 0 (see [11,12]). Let & € S'. We expand G(z,t,w) into a Fourier-series with respect to w;

(i=1,...,1) and set w; = za;, z € R. We obtain the formula
g(z,t,2) = G(z,t, z&) Zak z, t)el (89)
k0

Similarly to (83) we set

J(z,t,2) Z IE@ ) el(@h)z (90)
z\{o

As above we assume that the functions ag(z,t) are translation compact in C'°¢(R; H) and d;az(z,t) are
translation compact in C'°¢(R; H_1) for k € Z'\{0}. If the series

> sup oy )| B < oc, (o1)
k0"
then clearly
Tt )l < My V(t,z) e R xR, (92)

We note that estimates (91) and (92) hold for every g(z,t,t/e) = §(x,t,t/e) — §°(x, t), where §(z,t,t/c) € H(g)
and §°(z,t) is the average of §(x,t,t/c) as e — 0 + . Therefore the first assumption from (61) is verified for
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J(x,t,2z). Similarly to example a) we formulate the sufficient conditions for 9;g(z,t,z) that guarantees the
second assumption from (61), that is,

10T (-, 2) g, < M ¥(t,2) € R x R. (93)

4. 2D NAVIER—STOKES SYSTEM WITH QUASIPERIODIC (IN ¢ AND z = t/¢)
EXTERNAL FORCE

We consider system (51) with external force of the form g(x, t,t/e), where g(z,t, z) is a quasiperiodic function
with respect to t and z, that is,

g(l’,t,t/&) = G(x,t’y,zd), v = (71;“’ ,’Ym)vo_éz (a17~'~ 7al)'

Here G(z,7,&0) = G(z,m, ... yQm, w1, ... ,w;) is 2r—periodic function with respect to each n; (i = 1,... ,m)
and each w; (i = 1,...,1). Moreover we assume that G(z,7,&) € CYP(T™*+; H) and the real numbers (7, &)
= (Y1y-++ ,Ym,Q1,... ,0q) are rationally independent. Besides let the numbers (a1, ..., ;) satisfy the Dio-

phantine condition (88) and let the assumptions given in the above example b) be valid that provide (91) and
(93).
Let also the Grashof number for equation (51) with external force g(z, t,t/e) satisfies inequality (30), that is,

£
gl

G = ———5<—,0 < &o. 94
2 <CO, <e<egg (94)

Then it was shown in Section 2 (see (50)) that the global attractor of this equation

A = Q5(T™), 0<e<eg (95)

is a Lipschitz-continuous image of a (m-+1)-dimensional torus T™*!. We also consider the corresponding averaged
equation with external force ¢°(z,t) := g(x,t), where g(x,t) is the average of g(x,t,t/e) as ¢ — 0+. It is known
that

1
g(z,t) = ——= t dz). 96
ia.t) = o [ oot 2)ulde) (96)
From (94) we conclude that the corresponding Grashof number GV satisfies the following inequality:
llg®ll g
1
Gli= — < — 97
A2 co (97)

Then by Corollary 2.3 the global attractor Ay is a Lipschitz-continuous image of the m-dimensional torus T™:
Ao = Q(T™). (98)

Since all the assumptions of Lemma 3.1 and Theorem 3.1 are satisfied, then by (74)
disty (Az, Ag) = disty (Q°(T™ ), QO(T™)) < Cew7m, (99)
Here, as in Section 3, 3 is the coefficient of the exponential attraction of bounded sets to the global attractor Ag

of the averaged equation (53) and p is the coefficient of the exponential divergency of solutions of equations (51)
and (53) with the same initial conditions (see (63)).
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