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OPTIMAL CONTROL OF A ROTATING BODY BEAM*

WEeuLIU Liu!

Abstract. In this paper we consider the problem of optimal control of the model for a rotating body
beam, which describes the dynamics of motion of a beam attached perpendicularly to the center of
a rigid cylinder and rotating with the cylinder. The control is applied on the cylinder via a torque
to suppress the vibrations of the beam. We prove that there exists at least one optimal control and
derive a necessary condition for the control. Furthermore, on the basis of iteration method, we propose
numerical approximation scheme to calculate the optimal control and give numeric examples.
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1. INTRODUCTION

The purpose of this paper is to study the optimal control of the model for a rotating body beam (see,
e.g. [2,3,6,15])

et (T, 1) + Uppan (T, 1) = W (H)u(w, t) in (0,1) x (0,7, (1.1)
%[w(t)(1+/0 uQ(x,t)dx)} = (t) in (0,7), (1.2)
w(0,t) = ug(0,t) = Uspe (1, ) = Ugaa(1,8) =0 in (0,7),

u(z,0) = u® (), u(z,0) = u'(x), w(0) =u° in (0,1). (1.4)

In (1.1-1.4), the subscripts denote the derivatives with respect to the time variable ¢ or the space variable z,
w(t) = 0(t) is the angular velocity of the cylinder at time ¢, u(z,t) is the beam’s displacement in the rotating
plane at time ¢ and point  and ~(¢) is the torque control variable applied to the cylinder at time ¢. This
model describes the dynamics of motion of a beam attached perpendicularly to the center of a rigid cylinder
and rotating with the cylinder (see Fig. 1.1). As explained in [2,4], it has applications in aerospace engineering.
Indeed, we can imagine Figure 1.1 a satellite, the beam being its antenna.

As the cylinder rotates, the beam deviates from its equilibrium and becomes unstable. So control mechanisms
are needed to stabilize it. Indeed, extensive attention has been paid to the problem of stabilization for (1.1-1.4).
Applying the Lyapunov analysis and backstepping method, feedback torque control laws were proposed (see,
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F1GURE 1.1. A rotating body beam.

e.g. [5,6,9,15]) to globally asymptotically stabilize the equilibrium point (0, ) provided
W € (—we, we), (1.5)

where w, is an explicit critical angular velocity (see, e.g. [6,15]). It was also proved in [15] that there is no
stabilizing control law if |w| > w,.. This is physically reasonable because if the cylinder spins too fast the
beam shall be out of control and can not be stabilized by feedback control laws. In the above problem of
stabilization, it was required that the stabilizing control laws drive the beam eventually to its equilibrium, that
is, limy—,00 u(t, &) = 0. Such a requirement is quite strict. So we relax it and we just require controls to drive the
beam to approach its equilibrium as closely as possible. Therefore, we consider the problem of optimal control
with the cost function defined by

T 1 T
J(y) = / / 22, 17) + (w(t ) — @)2)dardt + / 2 ()t (1.6)

In this case, the angular velocity w can be an arbitrary number. We might want to consider a cost function
over an infinite time interval

o0

J(™) :/OOO/O [uQ(x,t,'y)+(w(t,'y)—@)Q]dde—/ 22 (1)dt. (1.7)

0

This cost function does make more sense than J(y) as the beam is needed to be controlled over a long time,
not a short time, in reality. However Jo(7) is difficult to be handled as it is not clear whether Jo(7) is proper,
that is, Joo(7y) < oo for some +.

Concerning the optimal control for large space structures, important results have been established (see,
e.g. [4,7]). Indeed, Biswas and Ahmed [4] addressed the model for a spacecraft consisting of a rigid bus and
a flexible beam and developed necessary conditions for determining the control torque and forces for optimal
regulation of attitude maneuvers of the spacecraft along with simultaneous suppression of elastic vibrations of
the flexible beam.

Let T be a closed and convex subset of L?(0,T) (for the notation appearing in the introduction, see the next
section). The optimal control problem of (1.1-1.4) is to minimize J(7)

inf J(7) (18)



OPTIMAL CONTROL OF A ROTATING BODY BEAM 159

This means that we want to find a torque control v of the least cost to drive the system to approach the
equilibrium point (0, ) as closely as possible. Any element 7, such that

J(70) = inf J(v) (1.9)

is called a solution of problem (1.8). The element 7, is termed an optimal control, the corresponding state
(u(¥o),w(70)) termed an optimal state and the pair (v,,u(7y,),w(70)) termed an optimal pair. We call the
subset I' a set of admissible controls.

We are also interested in an optimal obstacle problem. We can imagine that any controls are subject to
certain circumstances such as physical locations and available resources, which obstruct us to implement the
controls arbitrarily. For instance, when we use a unidirectional jet to implement the torque control, the control
would be subject to certain constraint of a limited range, e.g. v > 0. So we introduce the following obstacle
problem. For any 6§ € L?(0,T), we denote

() ={y€ L*0,T) : v>0ae. on (0,T)}

We call 6 an obstacle. If 8 = 0, this means that the torque control is implemented by a unidirectional jet. We
can imagine that different jets would produce different obstacles §. The problem of optimal obstacle is to find
a 0, (corresponding to an optimal jet) such that

inf J(v) < inf J Vo € L*(0,T). 1.10
AN (7)—75?(9) ") (0,7) (1.10)

If we define the cost function F(6) by

F(6) = Inf J(7), (1.11)

then optimal obstacle problem (1.10) becomes the following minimization problem

inf  F(60). 1.12
pern - F(0) (1.12)

We note that the obstacle 6 is not taken into account in (1.12), that is, while we try to minimize the pair
(u,w,7), the obstacle # may be large. To ensure that the obstacle is not too large, we introduce the following
cost funtion G(6)

T
GH) = F(@O)+ / 0% (t)dt (1.13)
0
and minimize it:
inf . 1.14
veibinz €0 (1.14)

To further minimize the corresponding state (u(6),w(f)), we can consider the cost function
H) = F(@)+J() (1.15)
and the minimization problem

inf  H(0). 1.16
seibin T O (1.16)
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Applying the theory of semigroups, we prove that problem (1.1-1.4) is well posed in Section 2. We then solve
optimal control problems (1.8, 1.12, 1.14) and (1.16) by employing the theory of optimization in Section 3.
On the basis of the iteration method, we propose a numerical approximation scheme to calculate the optimal
control in Section 4.

2. GLOBAL STRONG SOLUTIONS

We now introduce notation used throughout the paper. For —co < a < b < oo, we denote by H*(a,b)
the usual Sobolev space (see [1,11]) for any s € R. For s > 0, Hi(a,b) denotes the completion of C§°(a,b)
in H%(a,b), where C§°(a,b) denotes the space of all infinitely differentiable functions on (a,b) with compact
support in (a,b). Set

Hg— 0,1) = {pe HQ(Oa 1) © ¢(0) = ¢2(0) = 0}, (2.1)
Hg— 0,1) = {pe H4(Oa 1) 0(0) = ¢2(0) = @az(1l) = @uza(1) = 0}, .
H = H; (0,1) x L*(0,1). (2.3)

We use the following H? norm of Hg_ (0,1)

1/2

1
lolw = (/ soixdx) g e HZ(0.1). (2.4)
0

which are equivalent to the usual one. The norm on L?(0, 1) is denoted by || - ||. Let X be a Banach space. We
denote by C™([0,T]; X) the space of n times continuously differentiable functions defined on [0, 7] with values
in X, and write C ([0, T]; X) for C°(]0, T]; X).

Applying the theory of semigroups, we prove that problem (1.1-1.4) is well posed. For the definitions of
mild and strong solutions below, we refer to [12] (p. 106), Definition 2.3 (p. 109), Definition 2.8. The following
theorem is a slight extension of Lemma 1 of [15] and its proof is similar.

Theorem 2.1. (i) For the initial condition (u°,u',w®) € H x R, control v € L'(0,T) and any T > 0,
problem (1.1-1.4) has a unique mild solution satisfying

w=ulzt,y) € C(0,T)HE((0,1) N CY(0, T L0, 1)), (2.5)
w=w(z,t,y) € C(0,T];R). (2.6)

Moreover, for two solutions (u1,w1) and (u2,ws) of (1.1-1.4) corresponding to (ul,ui,wf) € H xR, v €

LY(0,T) and (u3, ud,wd) € HXR, y2 € L*(0,T), respectively, there exists a positive constant C = C(||ul||, |w?],
IVl oy, 1udll, (WS, 1v2llLro,r), T), continuously depending on its arguments, such that for 0 <t <T

[wr2a(t) = uaea (D) + [lure(t) — uar (@) + [wi(t) — wa(?)]

2.7)
< O 4y — unga [l + llug — ug|l + |0} = wy| + [l71 =2l L1 0,m))-

(ii) For the initial condition (u°,u!,w®) € H5_(0,1) x H3_(0,1) x R and v € C[0, T}, problem (1.1-1.4) has a
unique strong solution satisfying

u € LY(0,7); Hy((0,1))) N C([0,T); HZ-((0,1)), (2.8)
ue € L'Y((0,7); H3-((0,1))) N C([0,T]; L*(0, 1)), (2.9)
uge € LY(0,T); L*(0,1)), (2.10)
w € CY0,T;R). (2.11)
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Proof. (i) Integrating (1.2) from 0 to ¢, we obtain

_ fg v(s)ds + ag

“O= T orE 2.12)
where
ap = w0(1 + HuOHQ). (2.13)
Substituting w into (1.1), we obtain
" v(s)ds +a 2u T,
utt(x7t) =+ uxxacac(x7t) = (fo ’Y( ) ’ O) 2( t) m (Oa 1) X (OaT)a (2 14)
(1+ lu®)]1?)
w(0,t) = uz(0,t) = Upe(1,t) = Upae(1,) =0 in (0,7, (2.15)
u(z,0) = u’(z), ue(z,0) = u' () in (0,1). (2.16)
Set
‘~(s)ds +a ’ x
[t ,7,a0) = (fo e O) A : (2.17)

(14 1eli2)’

One can readily verify that, for any fixed v € L'(0,T) and ao, f : [0,T] x L?(0,1) — L?(0,1) is continuous
in ¢t on [0, 7] and uniformly Lipschitz continuous on L?(0,1). Moreover, it is well known that the operator A
defined by

A(@) 1#) = (w, _prwcac) (218)
with domain D(A) = H(‘)l_ (0,1) x Hg_ (0,1) generates a Cy semigroup S(t) on Hg_ (0,1) x L2(0,1). Therefore,
by the classical theory of semigroups (see, e.g. [12], p. 184, Th. 1.2), problem (2.14-2.16) has a unique mild
solution with

w € C(0,T]; HE((0,1)) N C (0, T]; L(0,1)). (2.19)

Since

B fg ~(s)ds + ag

problem (1.1-1.4) has a unique mild solution satisfing (2.5) and (2.6).
Let (u1,w1) and (uz2,ws) be two solutions of (1.1-1.4) corresponding to (ul,ul,w?) € H xR, vy € L*(0,T)
and (u9,ud,wl) € H x R, 72 € L*(0,T), respectively. Set
Y =uy — us.

Then we have

Yt + Yxxxx = f(t7 Ui (J?, t)a 1, al) - f(t7 UQ(J?, t)a Y2, G/Q)a (221)
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where

ar = o (1 [ul)?), (2.22)

wg(l + |\u3|\2). (2.23)

a2

Multiplying (2.21) by y: and integrating over (0, 1) by parts, we obtain

GO + lyas (1) =2 [ a8, 70,0 = s uale 00 (o e (220
0

In what follows, C' = C(|[u?||, [w?], |72 |lLr0,7), W3], |09, [[2ll20,7), T) denotes a generic positive constant
which continuously depends on its arguments and may vary from line to line. Since

|f(t,ur(z,t),71,a1) — f(t, uz(z, t), 72, az)]
_ ‘ (fo 7 (s)ds +a1) u(z,t) (fo v2(s)ds + ag)QuQ(x,t)‘
(14 s (1))2 ) (1+Hu2(t)|\2)2
(fo 1 (s)ds + al) lui (z,t) — ua(z, )]
(1 Juso))’
(f0'71 ds+a1)2 (fO’YQ ds—l—ag)Q‘
(@) (1 fua)2)”

scwam+mmwM@+hmmﬂ(Aﬁma—w@wwwm—wo

+ (/01 |u?(z,t) — u%(m,tﬂdx) (/t 7 (s)ds + al)] (2.25)
(1+Hu2 )(fo 7 (s ds+a1) (1+HU1 )(fo Ya(s ds+a2)
(1 T @)1) (14 o))
scwam+0Kuwm@PMAme—w@wwwm—wo
s (8) = wa (O)llfes (8) + w0 | [uar, 1
x@+mmwﬂ;@+mww2
(14l ®IP) (1 + fua(e)]2)
C (@l + fy 111(s) = 72(s)lds + a1 = as] ) [us(a, )

< Cly(z, t)] + :

(14 fuat)?)

+|u2xt|‘

X
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we deduce that

%(Hyt(ﬂl\2 +lyea (O]1%) < 2/01 [f(tua (. t), 1, a1) = f(t ua(, 1), 72, a2)l[ye(, £)|da
< O (Il @I + @I + I = 22l% 0.2 + lar = azf?) (2.26)
< C (O + o OIF + 11 = 2ll31 0,2 + lax — azl?).
It therefore follows from Gronwall’s inequality (see, e.g. [14], p. 90) that for 0 <t < T

[wt0a(t) = uzea (B + llure(t) — u2e(®)] < Oy — udpall + llug — uzll + lwi = w2l + [ln1 =22l 0,7))-
(2.27)

Furthermore, since

L+ [lus ()2 L+ [luz(®)]2 (2.28)
< Cllur(t) = w2l + 0l e — el + llug — wall + |wf = wi| + Im1 = 22llz20,19),

) — walt) = [R1EME T 01 Jo (o) 4

equation (2.7) follows from (2.27).

(ii) By Theorem 1. 6 of [12] (p. 189), to prove that problem (1.1-1.4) has a unique strong solution for the
initial condition (v, u',w?) € Hy_(0,1) x H3_(0,1) x R and v € C[0, T, it suffices to prove that, for any fixed
v € C[0,T] and ao, f :[0,T] x L2 (0,1) — L?(0,1) is Lipschitz continuous in both variables t and ¢. This is
true since

( 0 ()d5+ao) p1() (f d5+a0) <P2(3«“)H

(1+leal)” (1+ leali?)’
< (/:2 |v(s)|ds + |CL0|)2H901(33)(1+ 2|l ) —<p2(33)(1+ sl ) H

(14 lerl)” (1 + lieal?)”
Ll ‘/ pas| ([ s+ [ oas + 2ol

1+H<P H

t2 2 _
g(/|wﬂm+mo—ﬁliﬂ—
0

2
(1+ llealP?)

to 2 2 2(9 4 2 4 2
([ et + ol Ll ~LesPI2 + Lol )

(1+leal?) (1 + lal)
+ ‘ /: ’Y(S)ds‘ (/Otl [v(s)lds + /Ot2 |v(s)|ds + 2|a0|)

< C(lt2 = tal + llr — 2|)),

1t 1,7 @0) = f(ta, 02,7, 00)l = |

(2.29)

where C' = C(||Vllz10.1); [17llcjo, 17, |ao]) is a positive constant independent of ¢ and @s. O
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Remark 2.1. Part (ii) of Theorem 2.1 will be used in the next section. When we prove a result, we will first
assume that the initial data are smooth and then the equations have a strong solution so that computations are
valid. We then apply a density argument in the case that the initial data are in H.

3. OPTIMAL CONTROL

This section is devoted to optimal control problem (1.8). The difficulty in dealing with the problem is that
we can not prove whether the cost function J(v) is convex. It appears quite possible that J(v) is not. Thus
we have to show that J() is weakly lower semi-continuous and then use a minimizing sequence to show the
existence of an optimal control.

Theorem 3.1. For the initial condition (u°,u',w®) € H, problem (1.8) has at least one solution v*. Moreover,

*

v* can be characterized by

/ " s) =7 (8)) |7 (s) + / ! (ftdx((tf;) dT+aO)dt ds
0 S + uw* 2

(3.1)
T d —o(1 *(t 2
oo - [ Jy @ oy S0 @)
0 (14 e t))2)
for all v € T, where u* is a solution of (2.14-2.16) corresponding to v*, and p is the solution of

ptt(-r; t) + pxmxm(‘ra t) = h(.]?, t7 ’y*a U‘*a ap, p)) (32)
p(oa t) = px(oa t) = pxm(la t) = pxmx(la t) =0,
p(z,T) =0, p(z,T) =0, (3.4)

with

h = h(z,t,v*,u*, ao, p)
2. 0)(fo v ( ds+a0)2
(1 +lw )"
au (o, 1) (fy 77 ( ds+ao) (f’y ds+ao_w> (3.5)
(HHU o) EATROIE
(jo ds—l—ao) Iy p( (z, t)dz
(1+ @)’

= 2u*(z,t) —I—

Furthermore, if T = L*(0,T), then v* satisfies

Jy sty (@, )da ( fy 7 (7)dr + ao ) Jart (P)dr + a0 — & (1+ u* (1))
‘o) Jars [ 2 dt=0. (3.6)
' */9 (1+|\u*<t>|\2) +/ (1+|\u*<t>|\2) b

Remark 3.1. Whether the solution of (1.8) is unique or not is an open problem. However, we guess that the
solution is not unique since for w® = 0 (then ap = 0) and @ = 0 we have J(—v) = J(7).
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Remark 3.2. Equation (3.6) shows that the optimal control v* € C[0, T]. This is a sort of regularity property
of the optimal control.

To prove this theorem, we first prove that the cost function J(v) is Gateaux-differentiable and calculate its
differential.

Lemma 3.1. The cost function J(v) is Gateauz-differentiable. Furthermore, the differential at ~y, in the direc-
tion 7y is given by

T 1 T
(7' (h0),7) = 2 / / wn(a, (e, t:7)dwdt + 2 / Yoty (t)dt
fg v(s)ds (fo Yo(s)ds + ag B w) &

+ 2

o LHlluo®)f* \ 1+ [luo(®)]? (3.7)

1
T [ uo(z, t)n(e, t;v)dz( [, v (s)ds + ag s)d
_4/ 0 (0 )(f o(s S+a0—w>dt,
0

(1 + Huo(t)HQ) 1+ [Juo(t)|?

where ug = uo(x,t) is the solution of (2.14-2.16) corresponding to o, and n = n(x,t;7y) is the solution of

ntt(x7t)+77xxﬂcﬂc(x7t) :g(xat770775 0/0,77) Zn (Oa 1) X (OaT)a (38)
77(0,75) =77x(0,t) =77m(1,t) mec(l,t) =0 in (O,T), .
n(xz,0) =0, n(z,0) =0 in (0,1), (3.10)

with
g:g(xat770777a/0777)
n(x (fow ds+ao) 2uoxt(f070 d8+a0)f0’7
(1 + o)) (14 uoe) ) (3.11)
4u0 x, t (fO ’y() dS =+ ao) f()l nugdﬂ?

(1 + huot)2)”

Proof. We may as well assume that the initial data and v are smooth since the general case can be handled by
a density argument. For the smooth data, Theorem 2.1 ensures that the equations have a strong solution and
then computations performed below are valid.

For A > 0 and v, 7 € C[0,T], let uy and ug denote the solutions of (2.14-2.16) corresponding to o + Ay
and -y, respectively, and set

Uy — U
no= (3.12)

2= Ya—1 (3.13)
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We are going to prove that (zy,zat) —

that z, satisfies

Ztt (Jj; t) + Zezax (Jj; t) = \ m (O ) (Oa T)
2(0,t) = 2,(0,t) = 230(1,t) = 2222(1,8) =0 in (0,7),
z(x,0) =0, 2z(z,0)=0 in (0,1).

To estimate z),

Then we have

W. LIU

f(tau)\a'yo + )"Ya G/O) - f(tau()a'y(); G/O) _

we first estimate f(tﬂJ«A770+)\’Y7a§\)—f(t7U07707a0) —g. Set

I(p) =1+ |lg|*

F(t,ux,v0 4+ Ay, a0) — f(t, v, 70, ao)

(fo Y0(s) + Ay(s))ds + ao) 2u>\ (fo Yo(s)ds + ao) 2u

IEONG) T2 (u0(0)
 (Js0(s) + M()ds + o) “(un = o)
IEONG)
+(Qg% 9+ 2@)ds +a0) (fg () m+%f)%
P (®) T {uo0)

(fo Yo (8) + Ay(s))ds + a0)2
= THONG)

+w{ﬂw@»(AYm@+ww@ms+m)—Hm@»(0qm@®+ag]
[110(®) ( f (0() + Xy(s))ds + ao) + (ur (1)) ( [y 20(s)ds +ao)]
T2 (u (£) I (uo(1))
Jo (vo(s) + My(s))ds + a
:MJOO 2(ux(1)) )
+ Aol (up(t)) /Ot ~(s)ds

[10(®) ( f (0() + Xy (s))ds + ao) + (ur (1)) f 20(s)ds +ao)]
T (D)1 (o 1)

— Aug /01 ya(ug + uy)de (/t Yo(s)ds + a())

[110(®) ( fy (0() + Xy(s))ds + ao) + (ur (8))( [y 20(s)ds +ao)]
T ()7 (w0 (1)) |

t

X

X

X

(0,0) in C([0,T); H*(0,1)) x C([0,T); L*(0,1)) as A — 0", Tt is clear

(3.14)

(3.15)
(3.16)

(3.17)

(3.18)
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Set

I (fo Yo(s) + Ay(s))ds + ao)2 (fo Yo(s)ds + a0)2
1=Yx I2(ux(t)) o I2(ug(t))

I, = uOI(uo(t))/ ~(s)ds

[0 (i (0(s) + M) + a0) + 2(a (1) (g 1 ()ds + ao) |
IQ(UA( NI (uo(t))
2u0(f0'yo ds—l—ao)fo
I2(uo(t))

1 t
Is = —uo/ ya(ug + uy)dz (/ Yo(s)ds + a())
0

 [0®) (B 00(5) + X()ds + a0) + ur() (5 10(5ds +a0)|
T2 (ux(8)) % (uo (1))
4u0(f0 Yo(s)ds + ao) fol nuodx
I (uo(t)) '

X

It then follows from (3.18) that

f(tau)\a'yo + )"Ya G/O) - f(tau()a'y(); G/O)
A

Cg=DL+ L+
We now want to estimate I;, I and I5. Firstly, by (2.7), we obtain
l[ua(t) = uo(t)[ < ACNy —0llLr0,m)
and
lua®Il < Clly = oll L1 0,7)-

For I, we have

(fo ~o(s) + Avy(s))ds + a0)2 (fo Yo(s)ds + ao) (fo Yo(s)ds + a0)2

L=y TEIONG) T By | P

and then

L@ < CrM o @] + Callaa @),

167

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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where

By (3.21), we deduce

W. LIU
Ci(A) = Ci(\uo,ux,7v,%,00,T)
2 2
(fo Yo(s) + Av(s))ds + ao) (fo Yo(s)ds + ao)
T osier T2 (ux()) - T2 (uo (1))
Co = Ca(uo,0,00,T)
(fo [70(s)|ds + |a0|)
T osier T2 (uo (1))
fmy () =

For I, it follows from (3.21) that

For I5, we have

where

Cs

lim max, ng(t A =0.
A—00<

1t M) < uo@l12 O uot) + ua(®)] ( [ otoias+ |a0|>

1@ (f5 o) + 2(9)1ds + Jaol) + 1a®) ( fy ho()lds + Jaol)|

T2 (ux () 2 (uo(t))

Ug /01 N(uo + uy)dz (/t Yo (s)ds + a())

[0 () (Jy (00 + M(6))ds + ao) + ua () (g 0(s)ds + ao) |
T2 (ux (0) 2 (uo (1))
4uo(f0 Yo(s)ds + ao) [ nuoda
I (uo(t))
< Cllza(®)]l + Ca(N),

+

X

03()\; U, Ux, 7Y, Y0, @0, T)

0<t<T

X

[

max[[uo(t)]uo(t) + ur (1) ( [ o+ |ao|)

D) ( Jy Fo(s) + X(s)]ds + lao ) + L(ur(®) ( fy 110(s)lds + fao] )]

T2 (ux (0)) 12 (uo(t))

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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C(4()‘) = C4()\,77,UO,UA,’Y,’YO,G/O,T)
1 t
— o?%XT uo(t) /0 n(uo + uA)dx(/O Yo(s)ds + ao)

[0 () (Jy (0() + 21(6))ds +a0) + Hua () (i o(s)ds + ao) |
T2 (ux (0) I (uo (1))
dug(t (fo Yo(s ds+ao) folnuodx
- ¥ (uo (1)) '

X

(3.31)

By (3.21), we deduce

lim C4(A) = 0. (3.32)

Multiplying (3.14) by zx: and integrating over (0, 1) by parts, it follows from (3.22, 3.24, 3.27-3.29) and (3.32)
that

d 1
T2 O + 22 O17) = 2/0 (It + Iz + I3)z2xeds

d (3.33)
< C5(A) + Co([lzxe ()1 + [l 2aaa (D)%),
where C5(\) — 0 as A\ — 07, It therefore follows from Gronwall’s inequality that
Izxe (I + ll2aza (B)]1? < C5(N)Te!, vt € [0, T). (3.34)
Hence we have
. 2 2y _
Jim ([zxe (O + lzxae (t)[17) = 0 (3.35)
unformly for ¢ € [0, T]. Since
_ _ 2
0 02) =) _ [ " ot o) - on() O —lt) 25
+/ (o +M)* =8 4,
0 A

T 1
:/o /[2u0($,t)y)\($,t)—|—)\y§($,t)]dxdt

Jo(ro(s) + Xy(s))ds +ao [y vo(s)ds + ao
o A( )

L+ [[ua(®)]? 1+ [Juo(t)]1?
Jo(ro(s) +X(s))ds +ao [y ro(s)ds +ao 5
g ( L+ [lua(®)]” TN PO )dt

T
+ / 270()7(s) + A2 (s)ldt
0
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T r1
:/0 /0 [2uo(z, )ya (@, t) + A3 (2, t)]dadt

+/OT( (14 luo(®)]12) J ~(s)

L+ [[ua(®)[2) (1 + Huo(t)HQ)
y (fo Y0(5) + M(8))ds +ao  fy 20(s)ds + ag _2> My

1+ [lux(®)]|? 1+ [|uo(£)]?
(3.36)

_/ I v uA+uo)dx(f070 d8+a0)
o (T lua®12) (14 luo(®)]?)

" (fo Yo(s +)\’Y(5§|)d8+ao fo Yo(s)ds + ag _2w> d&t

L4 [lux(®)]? L+ [luo (£)[?
T
+ [ 2aln(e) + 2o
0
it follows from (3.21) and (3.35) that

J (0 + M) J ()

J’ -1
(J' (70),7) Jim,

= / / uo(x, t)n(x, t; 'y)dxdt—l—Z/O Yo (t)y(t)dt
+2/ (1 + [Juo(t) )fo 2f0 uo(z, t)n(z, t;y dx(fo Yo (s)ds + ao) (3.37)
’ (14 huo®)12)”

L+ [luo(®)|?

d
y (M_w> "

O

We then show that the cost function J(v) is weakly lower semi-continuous on L2(0,T) (for definition, see,
e.g. [8], pp. 9-11).

Lemma 3.2. The cost function J(7v) is weakly lower semi-continuous on L*(0,T).

Proof. Let {v,} weakly converges to 7o in L*(0,T). Let (un,w,) and (u*,w*) denote the solutions of (1.1-1.4)
corresponding to v, and g, respectively. By (2.7), the sequence {up, tnt, wn} is bounded in C([0, T]; H x R).
Therefore, there exists a subsequence, still denoted by {un,unt,ws}, converges to (@, s, @) star-weakly in
C([0,T]; H x R). Moreover, it follows from the compact embedding theorem (see, e.g. [13], Th. 3, p. 80) that
there exists a subsequence, still denoted by {u,,}, strongly converges to @ in C([0, T]; L*(0,1)). We now prove
that u* = u. We note that u,, satisfies the following integral equation

Up, U = uO ul t — S Mu S S
() = SO0 + [t ><°’ ETRETEIS )>d' )
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Taking

1 ifo<t<s,
e(t)_{ 0, ifs<t<T,

we deduce that

s T T s
lim Yo (T)dT = lim 'yn(T)e(T)dT:/O ’)/Q(T)H(T)d'r:/o Yo (7)dT

n—00 0 n—00 0

since {7, } weakly converges to o in L?(0, 7). Letting n — oo in (3.38), we obtain

U, Ut) = u’, ut t - M@s s
( ) t)_S(t)( ) )+/O S(t )(07 1+Hu2( )HQ ()>d7

which implies that @ = u*. Moreover, we have

} . Jo wm(T)dr + a0 [ y0(T)dT + ag
=1 = lim 20 = L
@(s) 7lingow7z( s) = noo 1+ [luz (s)]|? L+ [lu*(s)|?

= w"(s).

It therefore follows that

T 1 T
J(70) = / / (2,1, 70) + (@t 70) — @))dardt + / ol (1)t
T
< 1im// 2 (2,8) + (wn(t) — )]da:dt+hm1nf/ I 2 () dt

n—00 n—00

< liminf J(y,).

n—00

Hence, J(7) is weakly lower semi-continuous on L?(0,T).
We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. Let v, € I' be a minimizing sequence such that

lim J(vy,) = inf J(v).

n— 00 ~yel

171

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

Then the sequence {7, } is bounded in L?(0, T). Hence, there exists a subsequence, still denoted by {~v,}, weakly

converges to v* in L?(0,T). By Lemma 3.2, we deduce that

J(v*) <liminf J(vy,) = inf J(v).
el

n—00

Hence, v* is a solution of (1.8).

(3.45)
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Since, by Lemma 3.1, J(v) is Gateaux-differentiable, it follows from Theorem 1.3 of [10] (p. 10) (or Props. 1.2
and 2.1 of [8], pp. 35-36) that

(J'(Y)y—7%)
T T 1
2 / V(1) ((E) — 7 (B)dlt + 2 / / (&, Oy by — 7 )dadt

+2/OT (1+|\u*(t 2)]5 <fo ds+ao_w> u

(1+Hu ) 1+ [Jur(t)]]?
- fo u*(z, t)n(z, t;y —v* dx(fo ds—l—ao) (f ~v*(s)ds + ag - )
o (1+ helR)’ RO

(3.46)

>0

for all v € . Multiplying (3.2) by n and integrating over (0,1) x (0,T) by parts, we obtain

T 41 0 v*(s)ds + ag 4u* v*(s)ds + ag
[ zwp(( o) o )(fH'u

5)ds + ag _w>
P @R) (ke R)” T
_4u*( oy (s)ds + a0)2 Ji purdz .
(1+ o)) '

T 1
= / / p(ntt + nxxacac)d-rdt
2
. p77 $)ds + ao) (3.47)
/ / s7—dzdt

(14 flu( >|\2)
v 12pu (Jy 7 (s)ds +a0) 3 (+(s) =7 ())ds
+/0 / (1+ o)) o

//14pu Jo v sds+ao)2f0nudx
(14 s @))2)’

dadt.
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Hence we have

T 1 f uw*ndz( [, s)ds + ag s)d
[ [fvme o [ BEmART O ) (o),
0o Jo 0

(1+ Hu*(t)HQ) L+ [[ux (@)
/ /1 pu* fo ds—l—ao) fo —v*(s))ds
(1+|\u*<t>|\2)

B /T(’Y(S) —7"(s) /T Bt oo sz ) dtds.
0 ‘ (14w 0)]2)

dzdt (3.48)

It therefore follows from (3.46) that

AT(v(s>—v*<s>> 2 (s) + / Jo 7 (Hdi((tf;) prra)

X f vt (r)dr+a - 3.49
P I ) Y Ry 349
+ [ -ro | 2 drds
0 : (14 I t))2)
>0
for all v € I'. Hence, if I' = L?(0,T), we deduce that
fo tu*(z,t) dx(fo T)dT + ao)
v (s) —l—/ dt
T ()
a iy (drtay (3:50)
+ [lun(t ( e “’)
+ dt =0.
‘ (14 s @)2)’
O

We now turn to obstacle problems (1.12, 1.14) and (1.16).

Theorem 3.2. Suppose the initial condition (u®,u',w®) € H and let v* be the solution of (1.8) with T =
L2(0,T). Then v* is also a solution of problems (1.12) and (1.16).

Proof. Since

Jy )= inf J@)<F®)= inf J J(v"),
()= JO)SFO) = dnof J(n)<J() (3.51)
we have
J(v) = F(7"). (3.52)
It therefore follows that
F(v)=J®*) < inf J 0 Vo € L?(0,T
() =J(") | dnf Ty (v) = F(0) (0,T) (3.53)
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and

HA ) =FH*)+J@*) < FO)+J(O) = H(9) Vo € L*(0,T). (3.54)

0

Theorem 3.3. For the initial condition (u’,u',w°®) € H, problem (1.14) has at least one solution.

Proof. Let 6,, € L?(0,T) be a minimizing sequence such that

Aim, G (0n) = eeﬁg(%,T) GO). (8:55)

By Theorem 3.1, there exists a 7, € L?(0,T) such that

J('Yn) = F(en)- (3.56)
Since

T T
G(en) = F(en) +/O ei(t)ds = J('Yn) +/0 QZ(t)ds,

the sequences {6, } and {~,} are bounded in L?(0,T). Therefore there exist subsequences {6y, } and {7, } such
that 6,,, and ~,, converge to § and v* weakly in L?(0,T), respectively. It therefore follows from Lemma 3.2
that

J(’y*) + HéH%Q(O,T) < hgéglfj(’)/m) + hg(l)glf Hem‘,

Laor) S liminfG(0n,) = Jnf | G(O). (3.57)

Since
Yn; = On, a.e. on (0,7),
we deduce that for every ¢ € L?(0,T) with ¢ > 0 a.e. on (0,7

T T
/ (v* — 0)¢dt = lim (Yn; — On,)pdt > 0. (3.58)
0

71— 00 0
This shows that v* > a.e. on (0,T) and then v* € T'(#). It therefore follows from (3.57) that

— o —. — 2 * a 2 .
G(0) = F(0) + 1102200,y < J(V) + 101 220,7) < eengl(gT)G(e)- (3.59)

4. NUMERICAL SIMULATIONS

On the basis of iteration method, we propose a numerical approximation scheme to calculate the optimal
control. For a given control v, we first solve equations (2.14-2.16), which, by the difference method, can be
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discretized as follows

’U;LQ = U‘O(Z/m)5 1= 0) s, I, (41)
uip = ul(i/m)+out(i/m), i=0,---,m, (4.2)
Up,; = Oa ] = Oa e, N, (43)
ui; = 05 J = 0) My, (44)
Uijpr = —(wiogj — 4w+ 6ui g — duigj 4 uin2 )80 /ht 4 2ui 5 — ui
) 2
76
+0%u; (/ v(s)ds + ao) /(14 [lu(i6) %),
0
1=2,--- m—2, j=1,---,n—1, (4.5)
Un—1j+1 = 2Um—2j41— Um-3+1, J=1,---,n—1, (4.6)
Um,j+1 = 3“m—2,j+1 - 2um—3,j+17 j=1--,n-1, (47)
where m and n are positive integers and
h = 1/m, (4.8)
§ = T/n, (4.9)
ui,j = ’U,(Zh,]é), ZZO) , T, ]:Oa , 1. (410)

The integrals foj ° v(s)ds and ||u(jd)|* can be numerically calculated. In analogy, we then discretize the adjoint
equations (3.2-3.4) and solve them by using the solution of (2.14-2.16). Finally, we solve control equation (3.6).
For this, we set

u(t) = / A(r)dr.

Then (3.6) can be equivalently tranformed to

p Jyple (@ )de +1  ag fy ple, (@, )z + a0 — (1 + [ @)])
(L4 flus(@®)[?)? V= (1+ Ju*()]?)? (4.11)

with y(0) = 0 and %/(T") = 0. This equation can be numerically solved by the difference method. With this
new control, we repeat the above procedure. The following numeric examples show that this scheme works very
well. We take the initial data as follows

u’ = 100x[(z—1)* - 1],
u' = —100x[(z — 1)* — 1],
w’ = 100.0,

w = 1000.0,

and start iterations with three quite different initial controls
Yo = 10000(3 —t), 0, —10000sin(107(3 — t)),

respectively. In this case, the critical angular velocity w, = /u1 & 2.47 according to Theorem 3 of [15], where
w1 is the smallest eigenvalue of the self-adjoint operator d*/dz* with the domain Hal_ (0,1). Thus @ = 1000.0
is quite away from w,.



176 W. LIU

TABLE 4.1. Tteration procedures start with three quite different initial controls 9 = 10000(3 —
t), 0, —10000sin(107(3 — t)), respectively. Costs J(7;) (defined by (1.6)) starting from each
initial control tend to 5199745.1524 approximately and the iteration procedures are quite stable,
where ~; is the control obtained at the ith iteration.

u® =100z[(z — 1)* = 1], w! = —u®, W =100.0, @ =1000.0
Initial controls ~yy of iterations

Costs | 79 = 10000(3 — t) Y% =0 Yo = —10000 sin(107(3 — t))
J(v0) | 9.057124937905327E8 | 5168797.134532931 | 1.551708593258652E8
J(v1) | 5518012.550900402 5199774.96504609) | 5200304.111160588
J(v2) | 5198119.7475106 5199744.2495877575 | 5199752.349029758
J(v3) | 5199730.987997696 5199745.147392863 | 5199745.2070749495
J(v4) | 5199745.03486864 5199745.152405544 | 5199745.152939232
J(vs5) | 5199745.151464502 5199745.152431915 | 5199745.152484191
J(v6) | 5199745.152485731 5199745.152409619 | 5199745.152427603
J(v7) | 5199745.152470749 5199745.152436701 | 5199745.1523675015
J(vs) | 5199745.152435771 5199745.152431848 | 5199745.152398524
J(v9) | 5199745.152435782 5199745.1523830015 | 5199745.15244074
J(v10) | 5199745.152427421 5199745.152397803 | 5199745.15244536
J(v11) | 5199745.152365553 5199745.152396315 | 5199745.152459322
J(v12) | 5199745.15240079 5199745.152411937 | 5199745.152441221
J(v13) | 5199745.152441801 5199745.152458425 | 5199745.152410811
J(v14) | 5199745.15244327 5199745.152439428 | 5199745.152403285
J(v15) | 5199745.15244552 5199745.152435335 | 5199745.152392513
J(v16) | 5199745.152474231 5199745.152455318 | 5199745.152425697
J(v17) | 5199745.152458648 5199745.152434166 | 5199745.15244514
J(v1s) | 5199745.152442513 5199745.152427262 | 5199745.152393454
J(v19) | 5199745.152466581 5199745.152467447 | 5199745.152394731

It can be seen from Table 4.1 that the costs J(;) (defined by (1.6)) starting from each initial control tend
to 5199745.1524 approximately and the iteration procedures are quite stable, where ~y; is the control obtained
at the i-th iteration. Moreover, Figures 4.1, 4.2 and 4.3 show that all optimal controls and optimal solutions
obtained from the iterations starting at these initial controls are almost same. In these figures, gamma denotes
the control y(¢), F is defined by

B(t) = /O Ww2(z, t)dz,

and omega the solution w(t). The Java program for the simulations is available at
http://wuw.mscs.dal.ca/~ weiliu/beam/beamSimCtrl. java

5. CONCLUSIONS

In this paper we have proved the existence of an optimal control for the model of a rotating body beam,
which is attached perpendicularly to the center of a rigid cylinder and rotates with the cylinder. The control is
applied on the cylinder via a torque to suppress the vibrations of the beam. We have also derived a necessary
condition for the control. Furthermore, on the basis of iteration method, we propose numerical approximation



OPTIMAL CONTROL OF A ROTATING BODY BEAM

Optima Control L_2 Norm of Solution u
100
2e+06 1 ]
3001
80
1.5e+06 1
200
ganma 601
E onega
1e+06 q
100 401
500000
20
0

-

Solution omega

t

05

15
t

FI1GURE 4.1. Approximate optimal control and solution obtained via 19 iterations starting at

o = 10000(3 — t).
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FI1GURE 4.2. Approximate optimal control and solution obtained via 19 iterations starting at

Y = 0.
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scheme to calculate the optimal control and give numeric examples to show that the scheme works well. Hence
the control is implementable in real problems such as the control of a spacecraft.

In the study of stabilization for the beam via a feedback torque control, it is required that @ of the equilibrium
point (0, @) be less than a critical angular velocity w.. In our discussion of optimal control, this requirement is
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Optima Control L_2 Norm of Solution u Solution omega
100]
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FI1GURE 4.3. Approximate optimal control and solution obtained via 19 iterations starting at
Yo = —10000sin(107(3 — t)).

not needed. However, what we can achieve is less satisfactory, just driving the beam to approach its equilibrium
0 as closely as possible rather than exactly to its equilibrium as in the case of stabilization.

I thank the referees for their valuable criticisms and comments.
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