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APPROXIMATION AND UNIFORM POLYNOMIAL STABILITY
OF C(y-SEMIGROUPS

L. MANIAR' AND S. NAFIRI"*

Abstract. Consider the classical solutions of the abstract approximate problems
zn(t) = Apxn(t), t >0, 2,(0) =2z0n, n €N,

given by y(t) = Tn(t)xon, t > 0,z0n € D(Ay), where A, generates a sequence of Co-semigroups
of operators T, (t) on the Hilbert spaces H,. Classical solutions of this problem may converge to 0
polynomially, but not exponentially, in the following sense

|ITn(t)z]| < Cut™"|| ATzl @ € D(AT), ¢>0,n€EN,

for some constants C,, « and 3 > 0. This paper has two objectives. First, necessary and sufficient condi-
tions are given to characterize the uniform polynomial stability of the sequence Ty (t) on Hilbert spaces
H,,. Secondly, approximation in control of a one-dimensional hyperbolic-parabolic coupled system sub-
ject to Dirichlet—Dirichlet boundary conditions, is considered. The uniform polynomial stability of
corresponding semigroups associated with approximation schemes is proved. Numerical experimental
results are also presented.
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1. INTRODUCTION

One of the main issues in the theory of approximation of partial differential equations is to determine whether
the approximate solutions of these equations still converge to an equilibrium, when the continuous ones have
this property and if yes how fast do the approximate solutions converge to it. Consider the classical solutions
of the abstract approximate problems

(1) = Apxp(t), t >0, x,(0)=x0n, n €N (1.1)
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given by x,,(t) = T, (t)zon, t > 0, 0, € D(A,), where the sequence A,, generates the family of Cp-semigroups
T, (t) on the Hilbert spaces H,,. We assume that 0 € p(A,,) and

sup||A:LlH < 00.
neN

Recall that a sequence of Cyp-semigroups T,,(¢) on the Hilbert spaces H,, is said to be uniformly exponentially
stable if there are positive constants M and w independent of n such that

1T (t)]] < Me™". (1.2)

Proving the existence of such constants M and w is not easy in general, as the counterexample in [14] shows.
Even for semigroups T),(t) = e»* with A,, being an n x n matrix, uniform negative boundedness away from
zero of the spectrum o(A,,) of A, does not guarantee the existence of such constants, that is (1.2) could be
violated. To our knowledge, Banks et al. [3] were the first to investigate the lack of uniform exponential stability
for weakly damped wave equations. In [3] numerical simulations suggest that the exponential decay of the
discretized energy might not be uniform, with respect to the step size, for the classical finite difference, and
finite element schemes. To remedy this situation, the authors propose to use the mixed finite element method.
Later, several remedies have been proposed to overcome this difficulty: Tychonoff regularization in Glowinski
et al. [12], filtering of high frequencies in Infante and Zuazua [16]. We refer to the review paper Zuazua [27] for
more details and extensive references.

For some hyperbolic-parabolic coupled systems, the solutions may converge to 0 polynomially, and not ex-
ponentially. Moreover as far as numerical approximation of such systems is concerned, little is known about
the uniform (w.r.t. the mesh size) polynomial decay of the approximate energy. This motivates us to study the
question of uniform polynomial stability for the family of systems (1.1), i.e.

[tT.(t) A, < C (1.3)

for all t > 0 and n, for some positive constants C' and .

Our main interest in this paper is to find necessary and sufficient conditions under which (1.3) holds. Recently,
in [1], the authors showed a similar result of uniform polynomial stability for a class of second order evolution
equations.

As in [8-11,21], our goal is to investigate the uniform polynomial stability of a family of semigroups, gener-
alizing the characterization of polynomial stability of Borichev—Tomilov [6] for a single semigroup, see also [4].

The outline of this paper is the following. In Section 2, we recall some fractional powers properties and prove
a uniform version of the moment inequality result, Lemma 2.4, that will be useful later. In Section 3, we prove
the main result of the paper Theorem 3.2, which characterize the uniform polynomial stability for a family of
semigroups on Hilbert spaces. In Section 4, the result is applied to the family of abstract thermoelastic system

Uy + pBpupn — ,UB;FLQH =0,
0, + KkBpb, + 0 BT, = 0,
un(o) = UOn; un(o) = Uln, en(o) = 90717

where p, i, k and o are positive constants, 0 < 7 < % This system can be seen as a semi-discretization of the
following coupled hyperbolic/parabolic system

Ut — Uz +70 =0 in £2,
O — O —yu =0 in £2,
u lon=0=10 |sn,

u(0) = ug, ue(0) =uq, 6(0) =60y on {2
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We introduce three semi-discrete schemes (finite difference, finite element and spectral element) and prove that
the approximate semigroup of the coupled hyperbolic/parabolic system decays uniformly polynomially to zero,
with @ = 2 in (1.3). A convergence result is also proved thanks to the Trotter—Kato theorem. Finally, in
Section 5, we illustrate numerically the mathematical results.

2. ESTIMATES OF FRACTIONAL POWERS OF A SEQUENCE OF OPERATORS

Proposition 2.1. Let a sequence of closed operators A,,n € N, with dense domains such that

[0,400) C p(An), ne€EN,

M:= sup [[rR(r,A,)| < oo, (2.1)
r>0, neN
and
co := sup||(—An) | < oo (2.2)
neN

Then, there is 0 < ¢ < & and 0 < C := C(co, M, ¢) (independent of n) such that

C
[ R (1, An)|| < T (2.3)
forallmeNand pe X :={z€C, z#0: |arg(z)| < ¢}.
Proof. Let = r+is for r > 0 and [s| < 557. We have
w—A, =r—A,+is
=+ isR(r, Ay))(r — Ayp),
and since ||is R(r, A,)|| < 4, one has
2M  2M 1 M
1Rk Al < == < s Tl = Tl (2.4)
for any ¢> < 537 < Z. From this, we can conclude that ¥ C p(A,) and (2.4) is satisfied for all 1 € X (in fact,

4) i
let ¢ < 557 and w=r-+is € X. Let « = argu. Then ‘T—l = tgla| < tgp < LM If we consider now p € X such

that |ul > from (2.4), we have

2("
M M L+pl M

R/iaAn S—— = )
1R AN < T = T Tl S 1ol

1+
where M := M sup T Finally, let € B(0, ) One has

t> 50

n—= An = (I +M(_An)71)(_An)v

and since [|p(—A,) 7| < |pleo < 1, € p(A,) and

2¢y
R(p, An)|| < 2¢0 < (T4 [u)) <
[ R( | T 1 |

This achieves the proof. O
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Definition 2.2. We define the negative fractional powers of the sequence of operators A,,, according to ([7],
Def. 5.25, p. 137), by the formula

~ omi

1
Ao _/ ACR(A\ A)d\,  0<a<oo, neN (2.5)
r

where A\ = e~@18A and RT is taken as the cut branch of the complex log function and where the curve
I' =171 U5 is given by
I'={—e+te’ tec[0,+00)} U{—e+te ™ tc0,+00)},
where € = % > 0 and ¢ = arctan(z}7).
For ae > 0, the operator A% is defined as the inverse of A, * with domain D(A%) = rg(A,,“).

n

Remark 2.3. Throughout this section, whenever A% is mentioned, Proposition 2.1 is directly taken into
consideration since otherwise A, is not well defined.

The sequence of operators A is uniformly bounded. In fact, when « is an integer, i.e. « = p € Ny, from (2.2)
we have

IAZ = AP < AP < .

Let now 0 < a < p+ 1, a ¢ N. In view of the estimate (2.3) and according to ([7], Thm. 5.27, p. 138), we have
the formula

AT = 1 r' (1 — e 2mia) /00 sPTOR(s, A, )Pl ds (2.6)
" 2mi (1 —a)...(p — a) 0 e ’ '

If p=0,ie., a€(0,1), we obtain the following representation for A, *

1 . o
A =—(1- e_zma)/ sTYR(s, Ap)ds.
0

" 271

In view of (2.3) and using the same argument as in ([7], Thm. 5.29, p. 139), we conclude that A, * is uniformly
bounded.

Suppose now that 0 < a < 1. Consider the sequence of operators A, *A\*A, R(\, A,,). For every A > 0, we
have

A= —(1— e_zma)/ sT*R(As, Ayp)d(Ns).
0

" 271

This implies

1
AN AL RN Ay) = 2im,a — ¢ 2mia) / sTYALR(\s, Ap)AR(N, A,)ds
0

+ 2im_(l _ o-2ia) /1 T ISR, A AR RN, Ay )ds.
For each A > 0, we have

[AnR(A, An)|| < M +1 (2.7)
and due to (2.1) it follows that

[ A, A An R(A, An) || < MY, (2.8)
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™ 11—«
of operators A, “A*A4,,R(\, A,,) is (uniformly) bounded.
At the end of this section, we use the above results to prove a uniform version of interpolation type inequalities,
that we called uniform moment inequality. It allows us to estimate ||A?|| (uniformly) in terms of || A2 and || A7||
if « < 8 < ~. For a single operator A we refer to ([7], Thm. 5.34, p. 141).

where M’ = MU+M) {L + ﬂ Fora=0ora=1, M= M or M’ = M + 1 respectively. Thus the sequence

Lemma 2.4. (Uniform moment inequality). Let « < [ < =, then there exists a constant L = L(a, (3,7)
independent of n such that

8

| ASe| < LY Aja]| 555 | ASe| 3%, Va € D(A}), V€ N. (2.9)

Proof. Consider first the special case when v =0, « = —ap, 8= —Fp (0 < By < ap) and p < ag < p + 1. Then
Go € (0,p+ 1), and we know that

5P~ R(s, A, )P+ o] < 5ot [| AP reosprim00 4, B(s, A, AL R(s, An)? | A7 0ol

Tt follows from (2.7) and (2.8) that

577 R(s, A} o | < K507 A 0, (2.10)
and
5750 R(s, An)P+iagl) < K'sP s pt = K5~ Bz | (211)
where K = M(HTJFVI)I?H {1_(p_~_11_a0) + p+11—a0} and K’ = MP*!. Using (2.6), (2.10) and (2.11), we obtain

JAz Pz < © H | R, A s
0

:C‘/ sp_ﬁoR(s,An)ponds—I—/ sPTPOR(s, Ay )P zgds

0 T

< KO/ so0=Ro=1] g=o0g | +K’C/ 5=50=1 70| ds
0 T

K K’
= etz + 28

ag — Bo

70| |

for all 7 > 0. Taking 7 := HA;OCOI'()H‘:_SHI’()H% yields

apg—

APl < L S | A0 g | 20
[ Ay @ol| < Llao, Bo)llwol| =0 [[A, *aol| o,

where L(ag, Bo) = ( Ko 4 KB/OC)’ We now turn to the general case. Suppose that a < 5 < v and x € D(A)).

ao—Po

We apply the last inequality to the element A}z with ag =y — « and By = v — 3. Then, we obtain

=8

| AZz] = |45 Aje] < L(y — ayy — B)| A3w| 75 | Aqw| =5, Va € D(47), vn € N.

This proves the lemma. O

3. UNIFORM POLYNOMIAL STABILITY OF CO—SEMIGROUPS

In this section we give a characterization of uniform polynomial stability in terms of the uniform growth of
the sequence of resolvent operators on the imaginary axis.
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Definition 3.1. Let T,,(¢), n € N, be a sequence of Cy-semigroups of operators on Hilbert spaces H,, and let
A,, be their corresponding generators.

(i) The family 7,,(-) is said to be uniformly bounded if there exists M > 0 (independent of n) such that
1T ()| 2(m,) <M, t>0,neN.

(ii) The family T, (+) is said to be uniformly polynomially stable of order aw > 0 if it is uniformly bounded, if
iR C p(Ay,) and if
[Ta(t) A, < C, (3.1)

for all t > 0, n € N and for some positive constant C' (independent of n).

We give now the main result of the paper which gives necessary and sufficient conditions to characterize the
uniform polynomial stability of T}, (¢), a sequence of Cy-semigroups on Hilbert spaces H,,. For a single semigroup
T(t), the characteristic condition of polynomial stability was given by Borichev and Tomilov in [6], see also [4,5].

Theorem 3.2. Let T,(t), n € N, be a uniformly bounded sequence of Cy-semigroups on the Hilbert spaces H,
and let A,, be the corresponding infinitesimal generators, such that for alln € N, iR C p(A,,). Then for a fized
a > 0 the following conditions are equivalent

(1) S N#\Iﬂf(is,fln)\l < 00.
s|21, ne

(2) t>§up€NHtTn(t)A;a|| < 0.
zU, n

®) _sw_ [ T,(04;] < o

Remark 3.3. The proof of Theorem 3.2 is based on the results found in [4-6] for a single semigroup. We adapt
such results, to obtain the (uniform) polynomial stability of a family of semigroups of operators.

To prove Theorem 3.2, we need first to characterize the uniform boundedness of a family of Cy-semigroups,
which is the object of the following lemma found in [6] for a single semigroup. Here we set

Cy:={2€C: Rez 20}

Lemma 3.4. Let T,,(t),n € N, be a sequence of Cy-semigroups on the Hilbert spaces H, and let A, be the
corresponding generators. Then T, (+) is uniformly bounded if and only if

(i) C4 C p(Ay), Vn e N.
(ii) There exists C > 0 independent of n such that

sup € [ (IR in AP + [ R+ in A7) < C. (3:2)
neN
Proof. First, we assume that T,,(¢) is uniformly bounded, i.e., there exist M, a > 0 such that
|Tn(t) | 2(m,y) <M, t>0,neN.
Then (i) holds by Hille—Yosida theorem (see [7], Thm. 3.5, p. 73). For (ii), by the uniform boundedness principle,

we only need to prove that

sup € | (IR(E +im, An)aa2 + | R(E + in, A7) |? ) dn < C.
£>0 R
neN,|[zn[|<1
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To have this, we consider the rescaled semigroup (7, %(t))n>1 with T, ¢(t) := e T, (t). Then by ([7],

Thm 1.10.(i), p. 55) and for z,, € H,,n € R, we have
RIS+ in An)on = R(in, A, —€) = [ e 60,
0
Using the Fourier Transform .% : L*(R, H,) — L*(R, H,,) we obtain

R(E+in, An) = F(T,4(-)(m),

where we extend T, ¢(-) to R by setting T,,¢(t) := 0 for ¢ < 0. Since T, *(¢) is uniformly bounded, we have
T7¢()xn € L*(R, H,). Now, we conclude, from Plancherel’s Theorem, that

+oo ) 00 ) 71_]\42 )
| B+ in AanlPan =2n [ 1740z < T ol
—00 0 f
thus
sup § [ R(E + i, An)ﬂﬁnszU < mM>. (3.3)
£>0 R
nEN,HInH§1
Since || T, (t)|| = | T,5(t)]| for every T, (t) € £ (H,), by symmetry the same estimate is true for the resolvent of
the generator A} of the adjoint semigroup 7 (¢), i.e.,
sup [R(E +in, Ay, )an | *dn < M2 (3.4)
£>0 R
neN, ||z, || <1

Thus the proof of the ”only if” part is complete. For the converse implication, we use the inversion formula in

([7], Cor. 5.16, p. 234)
1 E+iw
T,(t)x, = — lim MR2(\, Ap)znd), t > 0.

- 2mit woo f—iw

Hence, for £ = %,t > 0, in (3.2) it follows that

1 1
<R (; —l—in,An> acn,R(;—in,Aj;) ac:;>’d17
e —+o00 1 2 % 400 1
=5 /_oO HR <E —Hn,An) Tn|| dn /_oO HR (; +m,An> x,

Thus, the integral converges absolutely by the Holder inequality and our assumptions.
Furthermore,

1 tiw
(T (), 25)| < ° lim

~
" 27t w—oo J1_
t

W

1
2 2
dn) .

| (Tn(t)wn, 1’:;)

e 1 +oo 2 1 Feo * * (12
<= (3 | RO\ An)a B + RN, A )y, [7ds

t _
eC .
< 3 el l,
We conclude that || T,(¢)]| < &£, ¢>0, neN. O

To prove Theorem 3.2, we use the following lemma relating the order of growth of the resolvent operators of A,,
on the imaginary axis to its behavior in the right half-plane of C. It is worth noting that for a single operator A,
this lemma has been shown in [15,18] by more complicated arguments. Inspired by the proof of Proposition 2.2
in Weiss [26], we will consider a proof which is much easier.
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Lemma 3.5. Let T,,(t),n € N, be a uniformly bounded sequence of Cy-semigroups on the Hilbert spaces H,
and let A,, be the corresponding infinitesimal generators, such that for alln € N, iR C p(A,,). Then for a fized
a > 0 the following conditions are equivalent.

. RO AL
1 sup o < 00.
( ) Re A>0, neN 1A
(ii) e, p ENIIR(A,z‘ln)A?f‘ll < oo.
e s, n
(iii) sup i || R(is, An)|| < oo
|s|>1, neN

Proof. To show the equivalence of (i) and (ii), let S be any subset of p(A,). There exists an € > 0 such that
R()\, Ay) is bounded on D = {\ € C/|)\| < €}. From now on, we suppose that D NS = (). By induction we have

p—1 A (p—k)
R\, A AP — S
k=0

p—l —(p—k)
A
for all p € N. Here the operators E (—1)k:l\kﬁ are uniformly bounded with respect to A € S and n € N.
k=0

Further, for all « > 0, we have

ROA) 1T+ RO AL | 1T+

- b) — S dO{
Al [Al* 1+ |Ale Al
for all A € S and a positive constant d,. Hence we have proved that
- [R(A, An)l
AVATY < dy ———— )
IR 4457 < do i 2l e (35)
and
[R(A, An) | _
TR L A)ATE .
T < 1RO A A+ (36)

for a = p and positive constants ¢ and d,. If a is any non-integer positive number, take p € N such that
p < a<p+ 1. Since

R\ Ap)A;Y = RN\, Ay AP A-(@=P)

R(/\ An)An —(a-p) Pl , Ak
AP +Z(_ ) AE+1

we see that it is sufficient to prove the relations (3.5) and (3.6) for 0 < o < 1. To this end we apply Lemma 2.4
with exponents 0 < aw < 1 and we get

[B(A An)z]| = [|AZR(A, Ap) Ay |

< L(1, 1= a)[RO\ An) AL || AnR(N, An) AL ||
< L(L, 1= )[R An) AL T2 II(T = AR, An) ALl
< L1 =o)L+ |A") (IR, An) AL + do) [|]]-
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In order to obtain the converse inequality, we use Lemma 2.4 again with exponents
-1<-a<0,
IR\, Ap) AL |l < L(L, @) | A7 RN, An)a]|* [ RO\, Ap)z ||
1 o —a
< L)1 A, F— RO A)) IR, An) [P ]

RO AN |

< L(1,0) (da"y Sy

Then, the equivalence is proved. It remains to prove that (i) and (iii) are equivalent. For this purpose, suppose
that || R(\, Ay)]] < Ci (14 |A]) for all n € N. Hence,
. . . . e
[R(is, A = tim |R(3 +is, 4] < C lim (1+]6+is]?)
< C1(1+ [is|*)
< Cr(1+[s[%)
< Cofs|”
for all n € N and |s| > Cj for a positive constant Cy. We get that for any n € N and s too large
[ R(is, An)| < Cals|®,

. For the converse, let B > 1 and n € N. Consider the holomorphic function

CL (108
where Cy = %
0

)\2
F:D:={AeC: Re(A\) 20,1 < |\ <B}— Hp, A— R\ A\ (1—1—?)

oD

y1 E "

Let A = Be' for ¢ € [5F, 5]. If ¢ # +Z, using the estimate ||R(X, A,)|| < Re(}\), we obtain

[E = 1RO A)I[[AI7[1 + ™7

—Q

< 2cosp

2C

M
Becosp

Moreover, |F(+iB)|| = 0. For A = e, we get

224,0
IEO] = RO, A ]1+

< 2G,
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where we used that R(-, A,,) is continuous on a compact and |A| < B. Using (iii), we obtain

2
L5

1 Gs)ll = 1R (s, An)lls]™ |1 = 5

<20

for 1 < |s| < B. The maximum principle implies that || F()\)|| < 2max{M, C,C"} for all A € D. Letting B — oo,
we deduce that
IR An)|| < (1 + A7)

for n € N and C* = 2max{M, C,C’}. This completes the proof. O

In our situation, estimate (i) allows to control the rate of approach of o(A,,) to the imaginary axis at +icc. In
what follows we give the proof of Theorem 3.2.

Proof. We start by proving the equivalence (2) < (3): assuming (2), we have

—pa t —a
IO =T () 4
< (Cop)Pt™?
fort >0,pe Nand Cy:= sup |[[tT,(t)A;, |- Lemma 2.4 now yields

t>0, neN

T () AP || = [ AR, (8) AP |
< L(pa, pav) || AR T, (6) AP |0 | T (8) A P
< L(pa, pav) | T, ()|~ || Tu (1) AP |
< || L(pa, pav). M~V (Cop)P t =P

[e3

for v € (0,1). Choosing v = pi and p > %, we obtain

ITn(®) AL < Cst 7,

where C3 = L(v, 1)M1_”(C’2p)% is a constant independent of n. Assume now that (3) is satisfied, i.e., 3C5 > 0:
T, (t)A; || < Cst~a for all £ > 0 and n € N. Hence,

_ t _ _»
ITu(0 AT = 1T (];) A7) < cre

for t > 0 and p € N. We deduce from Lemma 2.4 that

ITa ()AL || = (| ARSI (6) ALl
< L(p, pr) | AL T (AP [ Tu(6) AL
< L(p,py)lel'ngt*%
for v € (0,1): v = 2 and a < p, we deduce that ||T5,(t)A

n
independent of n. We assume now (1) and show (2). Let H,, =
A,, on H,, given by the sequence of matrix

Ay, AL
A, = ( 0 A ) (3.7)

| < Cot™1, where Cy = L(p,a)M'77C¢ is
H, x H,. Consider the sequence of operators
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with the diagonal domain D(A,,) = D(A,) x D(A,). Then o(A,) = o(A,), and the sequence of resolvents
R(\, Ay) of A, are given by

RO\ Ay) = (R(AéAn) RQE?&QS#) N ) (3.8)

The sequence of operators A,, are the generators of the sequence of Cy-semigroups (7, (t))i>0 on H,, defined by

T,(t) tT,(t) A~
:rnm:( 0 (04 ) (3.9)

because the resolvents of A,, and of the generator of 7,,(t) coincide. By the assumption (1) and Lemma 3.4, one
has

sup  ||R(\, Ap)A, Y| < oo.
Re A>0, neN

Hence, for every x,, = (Zn1,Zn2) € Hy and A € C,

IR An)zn|? < C (IR, An)a ||* + RN, An)zna?)
and similarly

IR Anza|? < C (IR, ARz [|* + [ RO, AL)anz|?)
where C and C’ are constants independent of n. By Lemma 3.4, we have

, Lk 2
sup € | (IR +im An)aal2 + | RE +in, A3)aa|”) dn < oc,
R

£>0
neN, ||z, || <1

and thus
sup & / <||R(£ +in, An)zn||? + || R(E + in,AfL)xn||2>dn < o0.
£>0 R
"ENv‘lxﬂ/Hél

Therefore, again by Lemma 3.4, 7, () is uniformly bounded. Since T}, (+) is uniformly bounded, the definition of
7, (t) implies that
sup |[tT(6) A, || < oo.
t>0, neN

For the converse, (it was proved in [5] for a single semigroup) we set

_ C
mi(t) ;== sup ||Th(s)A | < —
s>t, neN to

for & > 0 and a positive constant C' independent of n. Let ug, € D(A4,,), 7 € R and fo, = (it — Ap)uon. Let
v (t) = e ug,. Then ' '
Opvn, = Ay + (it — A)uon = €7 fon,  v(0) = ugp.

By Duhamel formula
t
Un(t) = Tn(t)uOn + / Tn(t - S)GiSTfOndS-
0
Thus, by the boundedness of the sequence T, (t), we obtain that

[wonl| = llva ()] < m1 ()] Anuon| + M| fon||
< ma(t) (Il luonl + [ fonll) + M| fon|

C Clr
< S fonll + S o+ Mt o
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-

If we choose C|7| < %, then
C 1
fuonll < (55 + 802 ol + 3lcnl,

20
leton | < (t—1 +2Mt) 1 fonll

Taking t = 2*C“|7|* yields that
IR (iT, An)|| < C|7|*

for all n € N and |7| > 1, which completes the proof of Theorem 3.2. O

Proposition 3.6. Let T,,(t),n € N, be a uniformly bounded sequence of Co-semigroups on Hilbert spaces Hy,
and let A,, be the corresponding infinitesimal generators, such that

iR C p(A), n €N,
supl|A;, | < oo,
neN

and
sup || R(ip, Ay) A, || < oo,
peR, neN
for a constant o > 0. Then there exist a positive constant 6 independent of n such that [0,0] C p(Ay) and we
have
[TmA|~«
sup ———— A€eog,(A < 0. 3.10
ReA> -0, neN{ |Re| »(4n) (8.10)
Proof. Due to the uniform boundedness of the sequence T),(¢), Lemma 3.4 yields that for alln € N, 0(4,,) C C_.
In particular for all n € N and A € 0,(4,): Re(\) < 0. From the uniform boundedness of |4, !||, we get that

supReA < 0, then there exists § > 0 independent of n such that for all A € o,,(A4,,): ReA > —4.
neN

As in the proof of Theorem 3.2, we see that (A — A,) *A. < is uniformly bounded for n € N and ReX > 0.
Lemma 3.5 and the continuity of the resolvent operators then yield

1 1
< < [|GImA — A,) 7] < C1(1 + [ImA|Y) < Co|ImA|*
ReA| — dist({ImA, o(A,)) — (il )= G+ [ImA) < ColTm]
for all n € N, for all A € 0(A,) with —0 < ReX < 0 and constants Cj, not depending on n and A. O

Remark 3.7. To show that § is independent of n, we have restricted the statement of Proposition 3.7 found
in [4] for a single operator, to the point spectrum. Otherwise, we could not show the independence of ¢ with
respect to n, for a family of operators A,,. Proposition 3.6 claims that in general one cannot deduce uniform
polynomial stability from the pure spectral criterion (3.10). In [4], the authors showed that for normal single
Co-semigroups, the spectral estimate (3.10) is necessary and sufficient to ensure polynomial stability. Their
result can be adapted for a sequence of normal Cy-semigroups.

4. APPLICATIONS

4.1. Application 1: Abstract thermoelastic models

In order to illustrate our result of uniform polynomial stability, we consider the family of abstract hyperbolic-
parabolic systems related to thermoelastic models
Uy, + pBruy — pBl o, =0,
0,, + kBpby + 0BT, = 0, (4.1)
’LLn(O) = UOn, un(o) = Uln, gn(o) = 9071’
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where p, p, K and o are positive constants, 0 < 7 < % The superscript ~ denotes partial differentiation with
respect to time, i.e. "= 9 - /Ot. We assume that H,, is a family of separable Hilbert spaces equipped with the
inner product (.,.) and norm ||.||. We suppose that the sequence of operators B,, : D(B,) C H, — H, is
self-adjoint positive definite with the power B, * of B,, is a compact linear operator in H,, for a positive real

-1 1
number s, that 0 € p(B,,), the resolvent set of B,,, and that sup||B,? || < co. Let D(BZ) be the completion of

neN
1

D(B,,), we introduce the state spaces H,, = D(B?) x H,, x H, with the inner product

1 " ~

~ 1 1
<(unavna9n)a(ana7~1m9n)> = <BﬁumBﬁan> + _<Um"~1n>Hﬂ, + _<9na9n>Hn
Ho H, p po

and the induced norm

L 2 1
o, v, 6B, = || B [+ ol + 160l

We define the energy of system (4.1) by

1 1
En(t) = 3 {HBﬁun

2 1
2 K 2
+ = + 1|0 :
o Sllonli, + L1001, |
We also consider the sequence of linear operators A, ,, : D(A;,) C Hy, — Hy,

0 I, 0
0 —oBT —kB,

whose domain is given by D(A.,) = D(B,) x D(B%) x D(By). So that the family of systems (4.1) can be
rewritten as the following initial value problem

du,
d—tn = AT,TLU'VH Un(o) = UOna (43)

with U, = (unaﬂnaan) and Uy, = (U0n3u1n790n)~

Proposition 4.1. The sequence of operators A, generates a family of Cy-semigroups of contractions denoted

by Srn(t).

Proof. We will show that the sequence of operators A, ,,(n =0,1,...) is dissipative and 0 € p(A. ), then our
conclusion will follow using the well known Lumer—Phillips theorem (see [7,23]). For the density of D(A;,) in
H,, we use also ([7], Cor. 3.20, p. 86) (see also [23], Thm. 4.6, p. 16). Let U, = (un, vpn,0,) € D(A; ), then

<AT,’I’LU’I’L7 Un>H" = <(Una _anun + ,uB,TL@n, —kBpb, — UB;;'Un)a (Una Un, 9n)>7-{

n

1 1 1
= <B,§ Uy, B un> + ; (—pBnun + 1B 0n, vn) — p% (kBpbn + 0B vy, 0,)

2
p po

1
— — (vn, B 0n) .
p( )

Therefore, taking the real part in the equation above, we conclude that

2
Re(ArnlUn, Un) :—%\Béen <0
g

n

, (4.4)
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and then the sequence of operators A; ,, is dissipative. On the other hand, given F), = (fn, gn, hn) € Hy, there
exists only one vector U,, = (U, Un, 0pn) € D(A; ) such that A, U, = F, or

vn = fu in D(BE), (4.5)
—pBpu, +uBl 0, =g, in H,, (4.6)
—kBpby, — 0B v, =h, in H,. (4.7)
In fact, taking v, = f,, in (4.7), we obtain the equation
—0 1

Since ZB7 f, + ~h, € H, and 0 € p(B,) there exists only one function 6, € D(B,) that satisfies (4.8).

From (4.6), we find that

1
Bou, = £B76, — g, (4.9)
P P

and since that %Bfﬂn — %gn € H,, there exists only one solution wu, for (4.9) with u, € D(B,). Therefore
U, = (un,vn,0,) € D(A; ), which achieves the proof. d

Lemma 4.2. The family of semigroups S; ., (t) verifies iR C p(A;,), neN.

Proof. We show this result by a contradiction argument. That is, let us suppose that there exist ng € N and
0 # § € R, such that i is in the spectrum of A ,,,. Since 0 € p(B,,) and the power B, ® of B, compact in H,
for any positive real number s, then the sequence of operators A }LD is compact and i must be an eigenvalue
of A; .. Thus there is a sequence of vector function Uy, = (Ung, Vngs Ong) € D(Arng ), |Ungll#,,, = 1, such that
1BUn, — ArnUp, = 0 or equivalently

iﬁuno — Upy = 03
i3Vng + pBngUng — uBy, 0ny = 0,
1300, + KBnobn, + 0B, vn, = 0.

Taking the real part of the inner product of iUy, — A; n,Un, = 0 with U,,,, we obtain

2

_kR —0.

po

Thus 6,, = 0 and then u,, = v,, = 0, which give the contradiction. O

1
Re <-A'r,nUnoa Uno>7—{n0 = HBﬁo 0o

Remark 4.3. The following theorem shows that the family of operators S;,(t) associated to system (4.1) is
uniformly polynomially stable with rate t~/2(1=27)  Moreover, this rate is optimal. The proof is based on the
ideas in [19,21] and on a recent paper [13] in which the authors gave a detailed review about the region of
stability and optimality of such kind of systems.

Theorem 4.4. Assume now that 0 < 7 < % Then, the semigroups generated by A:, defined in (4.2) is

uniformly polynomially stable with order no less than o = 2(1 — 27).

T’

Proof. First of all, we show that sup||.A-L|| < co. Simple calculation shows that
neN

pa p27—2 _lel P pT—2
_ pr M pon pr
1
AL = I, 0 0 . (4.10)
’ _onprt—1 0 _lB—l

=1
3

By hypothesis on 7, 0 € p(B,,) and since sup||Bn? || < oo, it follows that sup||A;} || < oc.
neN neN
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Since A, ,, verifies the hypothesis of Theorem 3.2, it is sufficient to show that

1 . _
|ﬁ\>silp NWH(ZﬂIM — -ATJI) 1” < 0. (4.11)
21, ne

This will be done by contradiction, so suppose (4.11) is not true, then there exists a sequence 3,, € R, §,, — o
(as m — o0), a sequence Uy, € D(A. ), m=0,1,..., with

1
1Unll3e, = I1B3 wmll* + oml|* + 10m]l* = 1, (4.12)

and a subsequence of A, ,,, still denoted by A.,, such that

lim {82127 (B L3n — Ar)Unmll, = 0, (4.13)
that is,
1 1
g20-27) (meg Wy — BE Um) —0, inH, (4.14)
ﬁ?n(li%) (iﬁmvm + pBrtty, — NBZQW) — 0, in Hy, (4'15)
6%1727—) (iﬁmam + kBpOm + JB;;’Um) —0 in H,. (4'16)

Our goal is to obtain ||Uy,||#, — 0 as m — oo, thus a contradiction.
By the dissipativeness of the operator A,

2
Re(G3{! 7 (1Bl = Ar)Uns U, = £ |27 BE O [ (4.17)
then it follows
hm Hﬁl 2TBQ m‘ 0, (4.18)
which further leads to X
HBEGmH =0, [|fm] — 0 (4.19)

-1
since 0 < 7 < 3 and sup||B.* || < cc.
neN

1
Next, we show that v, also converges to zero. Acting a bounded operator )\;l(l_%)Bn 2 on (4.16) and
applying (4.18), we have

1 sl )
i B 20+ 0B, T BY P — 0, in Hy. (4.20)

Since 0 < 1 — 27 < 1, by Lemma 2.4, we have

1-27
Hﬁ (1-27) g3 Tva_H 13) H LHﬁ 1B2va oml®” < L. (4.21)

Here, we have used the (uniform) boundedness of || ﬁ;llBé Um || which can be obtained from (4.14) and the

1 —(l—2r) 17
(uniform) boundedness of || B ty,||. Taking inner product of (4.20) with B2 B2

U in H, yields
(iBm By, Om, vm) + lvm || — 0. (4.22)

Therefore, we only need to show
1B B, " Ol — 0. (4.23)
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By the facts that —% < —1 < 0, we apply Lemma 2.4 again
_1
18m By Omll < LIl Bl 7M1 B B * 0l * < Cll B, (4.24)

—1 —1
where C' = Lsup|| B,? ||*” < oo. Thus, (4.23) follows from (4.18) and the (uniform) boundedness of || B,* ||. We
neN
have obtained

[Vl — 0. (4.25)

1
Finally, we take inner product of (4.14) with pp~20=21)-1B2y in H, and take inner product of (4.15) with
[2(=27)=1y in H,, respectively. Thus, the imaginary part of their difference yields

1 2
(va 12 = o B ) — WG B, ) — 0. (4.26)
From (4.18) and the boundedness of ||v,||, we have
(B BT 0y, vm) — 0. (4.27)
Then, it follows from (4.26) and (4.27) that
1
|vmI* = p|| BE uml|* — 0. (4.28)
Therefore, together with (4.25) and (4.28), we get

1 2
HBg um’ o (4.29)

Combining (4.19), (4.25) and (4.29), we have the promised contradiction. Theorem 3.2 allows us to conclude
that the family of semigroups S; ,,(¢) is uniformly polynomially stable of order oo = 2(1 — 27). O

Remark 4.5. Throughout the proof of Theorem 4.4, we have used the uniform boundedness of the family of
1

operators Bn% . However, due to Lemma 2.4, we can show that this hypothesis is equivalent to the fact that
B, ! is uniformly bounded. This observation will be useful in the following.

4.2. Application 2: Semi-discrete hyperbolic/parabolic systems
We consider a weakly coupled hyperbolic/parabolic 1 — d system on the bounded domain 2 = (0, )

gt (X, 1) — Ugy (2, 1) +¥0(x,t) =0 in (0,7) x (0, 00),
Oi(x,t) — kOpy(x,t) — yug(x,t) =0 in (0,7) x (0, 00), (4.30)
w(@, t) |z=0,n= 0= 0(x,t) |z=0,x on (0, c0), ’

u(z,0) = uo(z), ut(z,0) = ui(z), 0(z,0) =0o(x) on (0,7),

where u is proportional to the displacement and € is the relative temperature. The constants v > 0 and k > 0
represent, respectively, the coupling parameter and thermal diffusivity. For simplicity, we take & = 1, without
affecting the proof of our result. By introducing a new variable v = uy, (4.30) can be reduced to the following
abstract first order evolution equation
dz = Az
{ dt (4.31)

2(0) = zo,

()= (6) e

with
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and
0 I O
A=|D? 0 —I]. (4.33)
0 ~I D?
Let the state space
H = Hy(02) x L*(2) x L*(2) (4.34)
equipped with the norm
1
3
lellre = (D212 + =23 + sl2:) (4.35)

and D(A) = H2 N H} x H} x H?> N H}. Here we have used the notation D = 9/dz, D* = 9%/022. Tt is well
known (see [2]) that the semigroup operator e associated to (4.31) is not exponentially stable. However, it
has been shown in [19] that the Cp-semigroups generated by A is polynomially stable.

Remark 4.6. System (4.30) turns out to be a concrete realization of (4.1) (without the index n), corresponding
to the choice p=r =1, p=0=—v,7=0, H=L?(2) and

B=—-D? with domain D(B) = H?n Hy($2).
According to Theorem 4.4, we can show that system (4.30) is polynomially stable of optimal order o = 2.

Inspired from the work done in [19,21], and by means of a particular approximate scheme that is often referred
to as the Galerkin method, we formulate (4.30) as an abstract approximate problem (1.1). Afterwards, we will
show that the approximate scheme of (4.30) is uniformly polynomially stable. We also provide a convergence
proof of this scheme. Let H!(£2), H2(£2) and H3(2) be the n-dimensional subspace of Hg (£2), L*(£2) and L?(£2)
with basis {¢1,..., 00}, {t1,..., ¥} and {&1, ..., &}, respectively (see [22]). Since H? N H{ is dense in L2, we
can choose ¢; € H> N HY, ¢; € HY and & € HE. Let H,, = HP(2) x HY(2) x HF () with a basis

b; 0 0
Ej = 0 s En+j = ’l/Jj s E2n+j = 0 5 _] = 1, ey (436)
0 0 &

The inner product on H,, is the one induced by the H product. We consider the approximation to the solution
of (4.31) in the form

=y Z(DE;(@), (4.37)

which is required to satisfy the following variational system

G2 (4.38)
where 20 is the approximation of zy with respect to the basis {F; }?21. Then, we have
_M7(zl) 27(11)
Mnﬂn = M7(z2) 57(12)
I MT(LS) ZL',(—,,S)
A B
=|—-D, Q —vFy 2£L2) = Anyn (4.39)
0 yEF -G, | |3
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with
(MM)ij = (Di, D)2, (MP)ij = (i, i)z, (M) = (&,&) 12,
(Dy)ij = (Dgi, DY)z, (Fo)ij = (&,%5) 12, (Gn)ij = (D&, DE;) 2 (4.40)
and
2D = Guyna (), 2 (@) i=1,2,3. (4.41)

By construction, the matrix My(li)‘ is symmetric and positive definite. Therefore, there exists a lower triangle
matrix Lgf) such that Mff) = (Lgf))(Lgf))T. Let L,, = diag(L%l),Lglz),L% ) and denote L1, by #,. Then, to
obtain approximate solution z,, we are led to solve ordinary differential equations

?n = Angn

with
0 (LT)~-'DTL;! 0
A, = | (L) 'D,L* 0 —y(LY) ' F,L3t | . (4.43)
0 V(L) EI Ly — (L) Gl
It is easy to see that
Re(Anfns oo = —(Gu L3 20, L7 23 )en <0, (4.44)

provided that G, is semipositive definite. In that case, A,, generates a Cy-semigroup T,,(¢) of contraction on H,,.
4.2.1. Finite difference method

T
Given n € N, we set A = — and introduce the net
n

zo=0<m=A<..<azp1=Mnm-1DA<z,=7

with z; = jA, j =0,...,n. We then introduce the following finite-difference semi-discretization of system (4.30)

i (t) + Az [ujr(t) — 2u;(t) +uj—1 (H)] +96;() =0, ¢t>0,j=1,...,n—1
0;(t) + A= [0541(t) — 20;() + 0;-1(t)] — v (t) =0, ¢t>0,j=1,....n—1
o(t) = un(t) = 00(t) = 6,(t) = 0, t>0

u;(0) = woj, 4;(0) =uij, 6;(0) =00, j=0,...,n

which is equivalent to the following system

(4.45)

N

én + Bn6n —yu, =0, (446)
un(()) = UQn, un(O) = Uin, Gn(O) = eon,
with u, = (ul(t), UQ(t), N ,un,1(t))T, lln = (ﬂl(t), ﬂg(t), N ,ﬂn,1(t))T, Bn = (91 (t), 92(15), . ,anl(t))T, Uon,

Ui, B, are an approximation of the initial data in (4.30), and

2 —1 0
-1 2 .
B, = — (4.47)

2 —1
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is symmetric, positive definite. Moreover, the eigenvalues associated to B,, can be computed explicitly. We have
(see [17], p. 456)

4 A
A,?"m)zﬁsmz(%), F=1.n-1,

and verify
0< AP < X\Dn < < ABn

n—1-

From the expression above, we have

)\fﬁlAz — 4, as A — 0.

g
. g)

>—>4, as A — 0.

Indeed,
ABr A% = 4sin?
2

= 4sin

= 4 cos?

/—\/l?/\
)

A
2
It is also easy to see that, for j fixed,

)\f“’ — 5% as A—0.

As we deal with finite dimensional space, due to Tikhonov Theorem, see [25], it is sufficient to show that B, *
is uniformly bounded for one norm, and hence for every norm on R(*~1D*("=1) We have

1
| B7' o = max [ ——
1<k<n—1 ’/\Bn
k
_ 1
min ’)\kB"
1<k<n—1
< 1.

It follows that sup||B,!|| < oo. Therefore, Theorem 4.4 states that the approximate system (4.70) decays
neN
uniformly polynomially to zero, with oo = 2.

4.2.2. Finite element method

The classical finite element method is to divide the domain {2 = [0, 7] into subintervals, usually in equal
length, and use spline functions for the approximation. Here, we choose ¢;, ¥;, and &; to be the linear spline
functions

1 , . .
1—2\33—JA|’ re(j—-1A G +1)A4]

0, otherwise

hj(z) =
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forall j=1,...,n—1, with A= % A straightforward calculation following (4.40) yields

2 -1 0 21 0
m_ 1 R (2 — €3
MV =~ , MP =ME =A| . (4.48)
2 1
0 ' —21 _21_ 0 2 §
D,=MWY, E,=M?, G,=MDV. (4.49)

Both MT(LI) and My(lz) are symmetric and positive definite. Since Mfli), 1 = 1,2 is invertible and by introducing
a new matrix B, = (MT(L2))71]\47(11)7 (4.39) can be written in the following form

un + Bpu, + ’YBTL =0,
0, + B0, — vit, = 0, (4.50)
un(o) = Uon, un(o) = Uin, an(o) = Oon,

where u,, = 27(3), u, = 2,(12) and 6,, = 27(13), defined as in (4.41), provided the initial data ug,, ui,, O, are an

approximation of the initial data in (4.30).
To show that system (4.50) fits in the abstract setting of Theorem 4.4, we need to establish some properties
of the sequence B,,. Let us check that B,, is symmetric, positive definite and that sup||B; || < co.
neN

B, is symmetric: according to the invertibility of M7(12), we only have to check that My(ll) and My(Lz) commute.
Taking

01 0
10 °
J— . (4.51)
.01
|0 10|

We have My(ll) = %(2] —J) and My(lz) = %(2] + %J) Thus matrix Mgl) and Mff) commute.
B, is positive definite: we consider a nonsingular matrix P such that PilMy(ll)P = D, D being a diagonal
matrix. From the expressions above, we have

P1JP = (2 — AD) and P"'MPP = A (1 _ %D>

)

which are diagonal matrix. Thus, matrix B,, and Z\JT(L1 have the same eigenvectors. Moreover, eigenvalues of

matrix MT(Ll) can be computed explicitly

©) 4 kA
AM Zsin2 <7> k=1,....n—1 (4.52)
which implies that
AN 6 [ sin?(td)

AP _ _ (4.53)

6 [1—cos(kA)
A_ Az M A2 '
6 "k

27 |- - |\
3 —sin?(£2) A2 |2+ cos(kA)

It is clear that )\,If" >0 forall k=1,...,n— 1. Thus, B, is positive definite.
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B; ' is uniformly bounded: From the expressions above, and especially (4.53), we have

M A% 512, as A — 0.

Indeed,
(1 cos((n —1)A)
By A2 —
Any 0 2+ cos((n —1)A)
_6 1 — cos(m — A)
|24 cos(m — A)
1+ cos(A)
0 2 — cos(4) yas A =0

It is also easy to see that, for j fixed,

Indeed,
) . 1—cos(j4a) ... sin(j4a) .
B, _ _ 2
ilglo/\j N 2£510 A2 n Jiu—r}o A
Thus, we have
1
I Bat 2= max | r—
1<k<n-—1 ‘/\Bn
k
B 1
min ’)\E"
1<k<n—1

< 1.
It follows that sup|| B, || < co. Therefore, Theorem 4.4 allows to conclude that system (4.50) decays uniformly
neN

polynomially to zero, with oo = 2.

Remark 4.7. The spectral analysis used above is inspired from the one in [16], where the authors used a similar
analysis to investigate the observability property for the space semi-discretizations of the 1 — d wave equations.

Remark 4.8. When the coupling terms (6 and ~yu;) are replaced by (v6, and yu,), system (4.30) becomes
exponentially stable (see [20]). However, the question of showing the uniform exponential decay of solutions
associated to the finite element scheme still remains open as has been mentioned in [21].

4.2.8. Spectral element method

Spectral element method is to choose the eigenvectors of the system as the basis vectors. Here, we will use
the eigenvectors of the uncoupled hyperbolic parabolic system, i.e., v = 0 in (4.33). Let

2 )
(bj:wj:gj:\/;smjx, j=1,...,n (4.54)

we can choose the finite dimensional subspaces H}'({2) C HYD), 7 =1,2,3, aslin{¢; : i = 1,...,n}. A
straightforward calculation following (4.40) and (4.43) yields

0 D, O
A,=|-D, 0 —vI, (455)
0 ~I, —D?
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with

Dp=1| - |. (4.56)

n

Notice that with the previous choice of basis in H,, (4.37) defines an isomorphism between H,, and R*" which
is equipped with the usual inner product. Let

A, = P, AP,, (4.57)
where P, is the orthogonal projection from H to H,,. Then (4.38) can be considered as an evolution equation
in H,,

dz, __

at Anzn,

2n(0) = 29.
Notice that for z, € H,, we have (A, zn, 2n)1, = (AnTn, Un)rsn.

Lemma 4.9. The family of generators A, satisfies iR C p(A,),n € N, and supl||A,; ]| < co.
neN

Proof. We show this result by a contradiction argument. That is, let us suppose that there exist a fixed m € N
and 0 # (€ R, such that 8 is in the spectrum of A4,,. Since the operator A,, is of finite rank, it is compact,
thus i3 is an eigenvalue of A,,. Therefore, there exists a sequence of vector function z,, € Hp, ||zmlln,, =1
and by (4.37) there exists ym = (Um, Vm, Om) € R®™, ||ym|lrsm = 1, accordingly. It follows from the definition
of A, that i8z,, — Amzm = 0 is equivalent to I8y, — Amym = 0, i.e.

10U — Dy = 0,
1BV + Dty + 70, = 0,
130, — YVm + D20, = 0.
Taking the inner product of i85z, — Ay zm = 0 with z,,, we obtain
(Amzms 2m) 1 = (Ambm, Ym )rsm = _HDmemn2 =0.

Hereafter we also denote by || - || the {? norm in R™ or C™ when no confusion occurs. Since D,, is invertible,

0., = 0 and then u,, = v, = 0, which gives the contradiction. Therefore, iR C p(A,) for all n € N. As 4,, is

the matrix representation of the operator A,,, it is sufficient to show that sup||A; || < co. Simple calculations
neN

show that
—?*Dy* =Dyt 4Dy’
A= Dt 0 0 |. (4.58)
vD.? 0 —D.?
Therefore,
147 oo = 72 + 7+ 1,
and this ends the proof. O

The following theorem claims that the approximate system still decays to zero with an order no less than
a=2.
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Theorem 4.10. The semigroups generated by A, n € N, defined in (4.57) are uniformly polynomially stable
with o = 2.

Proof. The family A, ,n € N, satisfies the hypothesis of our abstract result. Let us verify that

1
sup  —=

S B 1(iB13n — An) 71| < 0. (4.59)

This will be done by a contradiction argument. If (4.59) is not true, then there must exist a subsequence of A,
still denoted by A,, a sequence B, € RT, 3,, — oo (as m — o), and a sequence z,, € H, with ||z;|x, =1
such that as m — oo

m}ilnoo Hﬁ?n(zﬂmlwz — An)zm| = 0. (4.60)

Let Ym = (Um, Um, Om) € R3™ be the corresponding coordinate vector to z,,. Then (4.60) is equivalent to

Jim 182, (66T — Au)yn| = 0,

that is,
”ﬁgn(lﬁmum — Dpop)|| — 0, (4.61)
182, (iBmvm + ¥0m + Dpum)|| — 0, (4.62)
Hﬁg@((zﬁmln + Di)em —vm)|| = 0. (4.63)
Our goal is to obtain ||y, ||gs» — 0 as m — oo, thus a contradiction. Since ||y, ||gs» = 1, one has
‘Re(ﬁgn(iﬁmlfin — Ap)Yms Ym)| < ||ﬁ72n(lﬁml3n = Ap)Ymll. (4.64)
Hence
”5mDn0m”2 = Re(ﬂzn(iﬁmj?m - An)ymaym) — 0, (4'65)
then, it follows
1m0 | < (1B D] — 0, (4.66)
which further leads to
[0l — 0. (4.67)
Tt follows from ||ym||rs» = 1 and (4.67) that
2
H (u”‘> — 1. (4.68)
Um R2n

Next, we show that ||vy,|| also converges to zero. Taking the inner product of (4.63) with vy, yields
i(Bmbms V) + (Dnbms D) =[] — 0. (4.69)
It follows from (4.66) and (4.68) that
|(BmOm;vm)| — 0.
The inner product of (4.61) by Dy0,,, (4.66) and (4.68) yields
(Dngma Dnvm) - 07

and thus
||| — 0. (4.70)

On the other hand, using the difference between the inner product of (4.61) with D, v, and the inner product
of (4.62) with D, 1u,,, we obtain

=+ omll* +5(Om, Dy im) — 0,
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since (0, D, 1u,) — 0 due to (4.67) and (4.68). We deduce from (4.70) that
[t — 0. (4.71)
Thus, we have the promised contradiction, and the proof of Theorem 4.10 is complete. O

Remark 4.11. Due to Theorem 4.4, we can still show that the spectral element scheme still decays uniformly
polynomially to zero. Moreover, as we deal with the Laplace operator basis, system (4.30) can be diagonalized,
and T,(t) = P,T(t)P,, where P, is the projection on the space of the n first eigenfunctions of the Laplace
operator. This makes the polynomial stability of the semigroup T),(t) a straightforward consequence of the
polynomial stability of T'(¢).

Now we will prove the strong convergence of the approximating semigroups T, (t) of (4.42) to T'(t) := et
and TF(t) to T*(t). This is obtained with the help of a general version of the Trotter—Kato Theorem proved in
([23], Thm. 4.5, p. 88) that is appropriated when the approximated semigroups are defined in proper subspaces.
The basic idea is that the convergence of the approximated semigroups is equivalent to the convergence of their
generators, hence we prove such a convergence result for both examples of the previous section.

As mentioned before, the matrix A,, in (4.55) is the matrix representation of the operator A,,. It is easy to see
that D := D(A)N (H* x H? x H*) is dense in H. Since (I — A)D(A) = H, we also know that (I —.A)D is dense
in H. With the dissipativeness of A and A,,, by the Trotter-Kato theorem, we only need to show A,z — Az in
H for all z € D for the strong convergence of the approximation semigroups T, (t) to T'(¢).

Theorem 4.12. T,,(t), T,;(t) s T(t), T*(t) in 'H, respectively. Moreover, the convergence is uniform in bounded
t-intervals.

Proof. Let z € D. Then

1
0o —sin jx 0 0
j=1 0 0 sin jx

with {a;5%,b;5%, ¢;5*}j>1 being [? sequences. Furthermore, we have
> ooy bisiniz
Az = | Y02 (—agi — y¢;) siniz
ooy (vb; — ¢i?) sinix

and
n . .
> i bisinix

Anz = | XL (—aii — vye) sinix
S (vbi — ¢;i?) siniz
Now, computing Az — A,,z, we obtain
Y oie g bisiniz
Yoo (—aii — o) siniz | = R,
Z;')in-u('ybi — ¢;i?) sinix
It follows from Az € H that |R,| — 0 as n — oo. Thus, we have proved
Jim Az = Anzlp =0, VzeD.

The convergence of approximate adjoint semigroups can be verified in a similar way, since A and A* only differ
by the sign in front of the coupling coefficient ~. O
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5. NUMERICAL EXPERIMENTS

As has been demonstrated in Sections 3 and 4, preserving polynomial stability for the general approximation
schemes of thermoelastic system (4.1) can be a complicated problem, due to the structure of the matrix A4,
defined in (4.43). On the other hand, for any given approximation scheme, we can compute the eigenvalues
of A, to observe the trends in their location, as well as the stability behavior. For systems with polynomial
decay, it is well known that the eigenvalues are approaching the imaginary axis at +oo.

In this section, we consider the three approximation schemes presented in Section 4.2. For each of them,
the matrix A,, is constructed and its eigenvalues are computed. Due to Proposition 3.6 we will show that for
the three approximation schemes, we have a uniform spectral estimate (3.10). Finally, we show numerically
the effect of the smoothness of the initial data on the rate of decay of energy associated to the finite element
scheme (4.50), a fact which has been shown in Theorem 3.2. In all the following examples, we take v = 0.1. Since
the real eigenvalues of the matrix A,, are much smaller than the imaginary part of the complex eigenvalues, it is
enough to observe the complex ones only. Otherwise, due to scaling, there are several negative real eigenvalues
which are not plotted.

5.1. Uniform spectral estimate
It has been shown in Section 4 that the approximate schemes of thermoelastic system (4.30), either by finite

difference, finite element or spectral element method are uniformly polynomially stable with @ = 2. In what
follows, we set d to be the spectral distance (3.10) defined in Proposition 3.6,

[Tm |2
d= su — ., A€a(A,) ¢,
ReAz—g neN{ [ReA| (An)

with 6 = —min(Re())) > 0.

Throughout Table 1, we notice that for the three approximate schemes, these distances are uniform. The
location of the eigenvalues derived from these approximation schemes are also plotted for n = 8,16,24,32.
We observe from Figures 1—3, that for the three approximate schemes, for fixed n, the eigenvalues of higher
frequency modes are closer to the imaginary axis, which is in perfect agreement with our theory.

5.2. Role of smoothness of the initial data on the rate of decay of energy

It has been demonstrated in Theorem 3.2 ((2) < (3)) that the rate of decay of energy can be improved
according to the smoothness of the initial data. To show this fact, we use a uniform mesh with n = 8 elements,
fix the final time in 7' = 100, use At = 10~2 and consider the following initial conditions for u and 6

2
u(z,0) =0, 0(x,0) =0, u(x,0) = \/jsin(jx), j=1,2,3.
™

In the following, we present the graphics of energy of the thermoelastic model (4.30), EJ (t), j = 1,2, 3, associated
to the finite element method studied in Section 4.

TABLE 1. Uniform spectral estimate for the finite difference method (fdm), finite element
method (fem) and spectral element method (sem) in the case of Dirichlet—Dirichlet boundary
conditions.

d (fdm) d (fem) d (sem)

8  2.062779x10% 2.022197x10% 2.031240x10?
16 2.015359%10% 2.005207x10% 2.007812x 102
24 2.006796x10% 2.002283x10% 2.003472x10?
32 2.003816x10% 2.001278x10% 2.001953x10?

3
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FIGURE 1. Location of the complex eigenvalues of the matrix A,, for the finite difference method
in the case of Dirichlet—Dirichlet boundary conditions.
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FI1GURE 2. Location of the complex eigenvalues of the matrix A,, for the finite element method
in the case of Dirichlet—Dirichlet boundary conditions.
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FIGURE 3. Location of the complex eigenvalues of the matrix A, for the spectral element
method in the case of Dirichlet—Dirichlet boundary conditions.
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F1GURE 4. Role of smoothness of the initial data on the rate of decay of energy of the linear
thermoelastic system (4.30).

Through Figure 4, we notice that for j = 1, the approximate energy E!(t) decays to zero as the time ¢
increases. Moreover, we can observe that the decay rate of energy decreases as j increases, that is, the initial
data is very oscillating. This means that the rate of decay of the approximated energy E, () is very sensitive
to the choice of the initial data. This fact is consistent with the main result of this paper.
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