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CONTROL OF UNDERWATER VEHICLES IN INVISCID FLUIDS

I. IRROTATIONAL FLOWS

RODRIGO LECAROS"? AND LIONEL ROSIER?

Abstract. In this paper, we investigate the controllability of an underwater vehicle immersed in an
infinite volume of an inviscid fluid whose flow is assumed to be irrotational. Taking as control input
the flow of the fluid through a part of the boundary of the rigid body, we obtain a finite-dimensional
system similar to Kirchhoff laws in which the control input appears through both linear terms (with time
derivative) and bilinear terms. Applying Coron’s return method, we establish some local controllability
results for the position and velocities of the underwater vehicle. Examples with six, four, or only three
controls inputs are given for a vehicle with an ellipsoidal shape.
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1. INTRODUCTION

The control of boats or submarines has been investigated for a long time (see e.g. [2-4,9, 10, 18-21]). To
derive simple models, it is often assumed that the fluid is inviscid, incompressible and irrotational, and that
the rigid body (the vehicle) has an elliptic shape. On the other hand, the control is assumed to appear linearly
in the model. This yields a finite-dimensional system describing the dynamics of the rigid body, the so-called
Kirchhoff laws.

Some accurate model of a boat without rudder controlled by two propellers, the one displayed in a transversal
bowthruster at the bow of the ship, the other one placed at the stern of the boat, was derived and investigated
in [12]. This kind of model makes sense, as a large vessel (e.g. a cargo ship) often presents a tunnel thruster
built into the bow to make docking easier. This model can also be used to describe the motion in the horizontal
plane of a submarine without rudder. A local controllability result for the position and velocity (six coordinates)
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of the vehicle surrounded by an inviscid (not necessarily irrotational) fluid was derived in [12] with only two
controls inputs.

The aim of this paper is to go one step further by providing an accurate model of a neutrally buoyant
underwater vehicle immersed in an infinite volume of ideal fluid, without rudder, and actuated by a few number
of propellers located into some tunnels inside the rigid body, and to give a rigorous analysis of the control
properties of such a system. An underwater vehicle (without rudder) equipped with one propeller at the rear
end and several (lateral) bioinspired vortex ring thrusters was built and described in [17,28].

We aim to control both the position, the attitude, and the (linear and angular) velocities (hence twelve
coordinates) of the vehicle by taking as control input the flow of the fluid through a part of the boundary of
the rigid body. The inviscid incompressible fluid is assumed here to have an irrotational (hence potential) flow,
for the sake of simplicity. The case of a fluid with vorticity will be considered elsewhere.

We follow in this paper the same approach as in [12], but we have to face some new difficulties:

(i) first, the fluid is three-dimensional, and in the potential case the finite-dimensional system to control lives
in R'2, not in RY;

(ii) more controls are required (roughly, m = 6, if we want the linearized system at the origin to be controllable,
and solely m = 4 or m = 3 in some good cases);

(iii) the geometry of the supports of the controls is much more complicated than in 2D (several figures are
provided to show how controls are applied on the vehicle);

(iv) quarternions need to be introduced to represent the attitude of the object;

(v) the application of Coron’s return method requires to compute derivatives of order seven of matrices in
R2X™M (the results in [12] required to compute only three derivatives of some matrices in R®*™). As a
consequence, some additional results were needed to make the computation of the successive derivatives of
the matrices involved in Silverman—Meadows test easier.

Our fluid-structure interaction problem can be described as follow. The underwater vehicle, represented by a
rigid body occupying a connected compact set S(t) C R?, is surrounded by an homogeneous incompressible
perfect fluid filling the open set 2(t) := R?\ S(t) (as e.g. for a submarine immersed in an ocean). We assume
that £2(¢) is C*° smooth and connected. Let S = S(0) and

2 =0(0) =R*\ 5(0)

denote the initial configuration (¢ = 0). Then, the dynamics of the fluid-structure system are governed by the
following system of PDE’s

ou

E-I—(U-V)U—I-szo, te€(0,T), z € 02(t), (1.1)
divu=0, te(0,17), z¢€ 2(t), (1.2)
w-v=_(Mh+wx(@="h) v+we(t,z), te(0,T), zedt), (1.3)
lxllirriwu(t,x) =0, te(0,7), (1.4)
moh" = / pvdo, te€(0,7T), (1.5)
a9(t)

i(QJOQ*W) = / (x —h) xprvdo, te(0,7T), (1.6)

dt

a9(1)

Q' =Sw)Q, te(0,T), (1.7)

uw(0,x) = ug(x), x €,
(h(0),Q(0),1'(0),w(0)) = (ho, Qo, h1,wo) € R? x SO(3) x R* x R?.
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In the above equations, u (resp. p) is the velocity field (resp. the pressure) of the fluid, h denotes the position of
the center of mass of the solid, w denotes the angular velocity and @ the 3 dimensional rotation matrix giving
the orientation of the solid. The positive constant mg and the matrix Jy, which denote respectively the mass
and the inertia matrix of the rigid body, are defined as

mo = /p(x)dac, Jo :/p(ac)(|x|2ld—xas*)dx,
S S

where p() represents the density of the rigid body. Finally, v is the outward unit vector to 0£2(t), = x y is the
cross product between the vectors z and y, and S(y) is the skew-adjoint matrix such that S(y)z =y x x, i.e.

0 —ys u2
Sy)=1 ys 0 —m;
—y2 y1 0
The neutral buoyancy condition reads
/p(w)dx:/ldx. (1.10)
S S

1! (or f ) stands for the derivative of f respect to ¢, A* means the transpose of the matrix A, and Id denotes
the identity matrix. Finally, the term wy (¢, z), which stands for the flow through the boundary of the rigid body,
is taken as control input. Its support will be strictly included in 0£2(¢), and actually only a finite dimensional
control input will be considered here (see below (1.17) for the precise form of the control term w¢ (¢, x)).

When no control is applied (i.e. ws(¢t,x) = 0), then the existence and uniqueness of strong solutions

o (1.1)—(1.9) was obtained first in [22] for a ball embedded in R?, and next in [23] for a rigid body S of
arbitrary form (still in R?). The case of a ball in R was investigated in [24], and the case of a rigid body of
arbitrary form in R? was studied in [27]. The detection of the rigid body S(¢) from partial measurements of the
fluid velocity has been tackled in [5] when () = 2 \ S(t) (2o C R? being a bounded cavity) and in [6] when
2(t) =R*\ S(1).

Here, we are interested in the control properties of (1.1)—(1.9). The controllability of Euler equations has
been established in 2D (resp. in 3D) in [7] (resp. in [11]). Note, however, that there is no hope here to control the
motion of both the fluid and the rigid body. Indeed, {2(¢) is an exterior domain, and the vorticity is transported
by the flow with a finite speed propagation, so that it is not affected (at any given time) far from the rigid body.
Therefore, we will deal with the control of the motion of the rigid body only. As the state of the rigid body is
described by a vector in R'2, it is natural to consider a finite-dimensional control input.

Note also that since the fluid is flowing through a part of the boundary of the rigid body, additional boundary
conditions are needed to ensure the uniqueness of the solution of (1.1)—(1.9) (see [14,15]). In dimension three,
one can specify the tangent components of the vorticity ((¢,z) := curl v(¢,2) on the inflow section; that is, one
can set

C(t,x) -1 =Colt,x) - for w(t,z) <0, i=1,2, (1.11)

where (y(¢,z) is a given function and 7, ¢ = 1,2, are linearly independent vectors tangent to 9{2(t). As we are
concerned here with irrotational flows, we choose (4 = 0.
In order to write the equations of the fluid in a fized frame, we perform a change of coordinates. We set

= Qt )y + h(t),

()
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Then z (resp. y) represents the vector of coordinates of a point in a fixed frame (respectively in a frame linked
to the rigid body). We may without loss of generality assume that

h0)=0, Q(0)=Id.

Note that, at any given time ¢, y ranges over the fixed domain 2 when x ranges over (2(t). Finally, we assume
that the control takes the form

wy(t,w) = wi(t, Q(t)y + h(t)) = Z w;(t)x;(y), (1.17)

where m € N* stands for the number of independent inputs, and w;(¢) € R is the control input associated with
the function x; € C°°(942). To ensure the conservation of the mass of the fluid, we impose the relation

/Xj(y)da =0 for1<j<m. (1.18)
1e)

Then the functions (v, &, [, 7) satisfy the following system

%+((v—l—rxy)~V)v—|—r xv+Ve=0, te(0,T), ye€ L, (1.19)
dive=0, t€(0,T), y € £, (1.20)
veov=(I0+rxy) v+ Z w;(t)x;(y), t€(0,T), y € 0, (1.21)

1<j<m
lim w(t,y) =0, t€(0,7), (1.22)

ly|—+o0
mol = /m/da —mor x 1, t€(0,T), (1.23)

o0
Jor = /m(y xv)do —r x Jor, t € (0,T), (1.24)
o0

(1(0),7(0)) = (h1,wo), v(0,y) = uo(y). (1.25)

The main result of the paper, which is based upon Coron’s return method, is Theorem 3.10. It is used
thereafter to obtain for an ellipsoidal vehicle controllability results with six, four or merely three controls. Before
deriving Theorem 3.10, we do the (standing) assumption that the set S and the control y; are symmetric with
respect to the two planes {yo = 0} and {y3 = 0}, and that [,,y1x1 # 0 (still for an ellipsoidal vehicle).

The paper is organized as follows. In Section 2, we simplify system (1.1)—(1.9) by assuming that the fluid is
potential. We obtain a finite dimensional system (namely (2.65)) similar to Kirchhoff laws, in which the control
input w appears through both linear terms (with time derivative) and bilinear terms. The investigation of the
control properties of (2.65) is performed in Section 3. After noticing that the controllability of the linearized
system at the origin requires six control inputs, we apply the return method due to Jean-Michel Coron to take
advantage of the nonlinear terms in (2.65). (We refer the reader to [8] for an exposition of that method for
finite-dimensional systems and for PDE’s). We consider the linearization along a certain closed-loop trajectory
and obtain a local controllability result (Thm. 3.10) assuming that two rank conditions are fulfilled, by using a
variant of Silverman—Meadows test for the controllability of a time-varying linear system. Some examples using
symmetry properties of the rigid body are given in Section 4.
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2. EQUATIONS OF THE MOTION IN THE POTENTIAL CASE

In this Section we derive the equations describing the motion of the rigid body subject to flow boundary

control when the fluid is potential.

2.1. Null vorticity

Let us denote by
C(t,y) = curlv(t, y) == (V x v)(t,y)

the vorticity of the fluid. Here, we assume that
Co=curlyg=0 1in 2

and that the three components of ¢ are null at the inflow part of 92, namely

m
((t,y) =0, if y € Uicjcm Supp x; and > w;(t)x;(y) < 0.

j=1

Proposition 2.1. Under the assumptions (2.1) and (2.2), one has
(=curlv=0 in[0,T]x (2,
Proof. Let us introduce © := v — [ — r X y. Then it follows from (1.20) that
div(2) = 0,

and
curl(d) = ¢ — 2r.

Applying the operator curl in (1.19) results in

ot
We note that the following identities hold:
curl((v - V)v) = (v - V)curl(v) — (curl(v) - V)v + div(v)curl(v)
and
(v-V)(rxy)=rxwv, curl(rxv)=div(v)r—(r-V)o.
Using (2.4)—(2.8), we see that ¢ satisfies

%ﬂ@.vx—(g.vn:o.

Let ¢ = ¢(t, s,y) denote the flow associated with 0, i.e.

9%

ot = 0(t, ), with ¢li=s = y.

9¢ + curl((0 - V)0) + curl((0 - V)(I + 7 x y)) + curl(r x v) = 0.

(2.10)

We denote by G(t,s,y) = g—z’(t,s,y) the Jacobi matrix of ¢. Differentiating in (2.10) with respect to y; (j =

1,2,3), we see that G(t, s,y) satisfies the following equation:
06 _on

= —(t,o(t,s,vy)) - G(t,s,y), where G(s,s,y) = Id (identity matrix).

ot y

(2.11)
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We infer from (2.4) and (2.11) that
det G(t,s,y) = 1. (2.12)

Following Yudovich [14], for any (¢,y) € [0,T] x £2 we introduce the time t*(t,y) € [0,¢] at which the
fluid element first appears in §2; that is, ¢* the infimum of the 7 € [0,¢] such that the flow (-, #,y) is well
defined on [r,#] (and 2—valued). We set y*(t,y) = o(t*(t,y),t,y) € §2. Then either t* = 0, or t* > 0
and y* € Ui<j<m supp x; C 02 with Z;"zl wi(t)x;(y*) < 0. Set f(s,t,y) = G 1(s,t,y)C(s, (s, t,y)).
From (2.9)—(2.12), we obtain that

of

g(s,t,y) = 0. (2.13)

Finally, integrating with respect to s in (2.13) yields
C(t,y) = Gil(t*atay)C(t*vy*)a (214)
which, combined to (2.1) and (2.2), gives (2.3). The proof of Proposition 2.1 is complete. O

Remark 2.2. The issue whether the result in Proposition 2.1 still holds with (2.2) replaced by

m
C(t,y) -7 =0,i=1,2, if y€ Ui<j<m Supp x; and ij(t)xj(y) <0,
j=1

seems challenging. We notice that the result in [15] was proved solely when {2 was a cylinder.
2.2. Decomposition of the fluid velocity

It follows from (1.20), (1.22) and (2.3) that the flow is potential; that is,

v =V, (2.15)
where @ = &(t, y) solves
A® =0, in (0,T) x £2, (2.16)
0P
5, =(+rxy) v+ > wit)x;(y) on (0,T) x 942, (2.17)
v 1<j<m
| |lim V&(t,y) =0, on (0,T). (2.18)
y|—-+o0
Actually, ® may be decomposed as
D(t,y)= > {lLigi+ripi} + Y winy (2.19)
1<i<3 1<j<m
where, for i =1,2,3and j =1,...,m,
0p; dpi oy
3 =V Ty (y X v)4, 5y = Xion 012, (2.21)
lim Ve¢i(y) =0, lim Vg;(y)=0, lim Vy;(y)=0. (2.22)
ly|—=+oc ly|—+o0 [yl =00

As the open set {2 and the functions x;, 1 < j < m, supporting the control are assumed to be smooth, we
infer that the functions V¢; (i = 1,2,3), the functions Vi; (i = 1,2,3) and the functions Vi; (1 < j < m)
belong to H>((2).
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2.3. Equations for the linear and angular velocities

For notational convenience, in what follows [, f (resp. [, f) stands for [, f(y)dy (vesp. [, f(y)do(y)).
Let us introduce the matrices M, J, N € R¥3, CM C7 e R¥>*™ LM L7 RM R] € R®*3, and the matrices
WM W e R%™ for p e {1,...,m} defined by

96
My = [V6r- Vo= [ oy = [ Go, (223)
(93 o8 o0
dp:
Ji,j = /V(pz . Vﬁpj = /(y X Z/)i(pj = / a—i@j, (2.24)
(9] o o
Niy= [V6i-Ve; = [ e = [yx ), (2.95)
2 o8 o8
(M), = /Vcbz"v%‘ = /Vi'(/Jj = /¢in7 (2.26)
(9] o o
(C7):; = /V%‘ -V = /(y X V) = /%‘Xj, (2.27)
2 o o
(L))iy = /(v¢j)iXpa (L))ij = /(y x Vd;)iXps (2.28)
o0 o0
(B = [V Bis= [ Ve, (2.29)
o o
(W), = / (V)X (W)is = / (v X V4,)ixp- (2.30)
o o

Note that M* = M and J* = J.
Let us now reformulate the equations for the motion of the rigid body. We define the matrix J € R6%6 by

~ (mold 0 M N
J—( 0 Jo>+<N*J>’ (2.31)
It is easy to see that J is a (symmetric) positive definite matrix. We associate to the (linear and angular)
velocity (I,7) € R x R? of the rigid body a momentum-like quantity, the so-called impulse (P, II) € R® x R3,

defined by
j(i):(ﬁ) (2.32)

We are now in a position to give the equations governing the dynamics of the impulse.

Proposition 2.3. The dynamics of the system are governed by the following Kirchhoff equations

%A—C’Mw:(P—l—CMw)xr— Z wp{LéV[l—i—R%r—l—WIfV[w},
1<p<m
(2.33)
drr Js J M J J J
o O = (T + C7w) xr + (P + CMw) x 1 - > wp {LJ1+ Rlr+ W w},

1<p<m

where w(t) := (w1 (t),. .., wn(t)) € R™ denotes the control input.
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Proof. We first express the pressure x in terms of [, 7, v and their derivatives. Using (2.3), we easily obtain

[of?

v-Vo=V 5

and (rxy)-Vo—rxv=V((rxy)- o). (2.34)

Thus (1.19) gives

v [v|?
—VH—E—FV(T—lm—(rxy).v)

2
=V Z {ZZ¢Z+T2§02}+ Z ijj—km—l-v—(rxy)-v ,

- - 2
1<i<3 1<j<m
hence we can take
r=—{ Y {z'¢»+w}+ > u'}-z/J--i-w—(l—l-(rxy))-v (2.35)
: iPi i . ] 9 . .
1<4i<3 1<j<m

Replacing & by its value in (1.23) yields

. - . . Els
mol = —mgor x [ — Z Li | psv+71i | @iv ] + Z wy [ Yiv+ < —(+(rxy)) 'U> v
aé / / / 2

1<i<3 a0 lsjsm  5g a0
(2.36)
Using (2.34) and (1.20)—(1.21), we obtain
2 2
/ Pl®, _ / vl
on 2 2
Q
= /v - Vv
Q
= —/(divv)v—l— /(v SV
Q o0
= / (I+rxy) v)v+ Z w;(t) /Xj(y)v. (2.37)
RYe) l<jsm RXe)
Using Lagrange’s formula:
ax(bxc)=(a-c)b—(a-b)e, Ya,b,ce R, (2.38)
we obtain that
/((l+r><y)~1/)v—((l—|—r <) V) = /(l—l—rxy) « (v x D). (2.39)
oQ oQ
Now we claim that
/zxfo:O, Vf e C*(). (2.40)
on

To prove the claim, we introduce a smooth cutoff function p, such that

_J1if Jy| <a,
paly) = {0 if |y| > 2a.
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Pick a radius a > 0 such that S C B(0,a), and set

F) = fW)paly)- (2.41)

Then B
Vf(y) =Vf(y), Yy € oL,

and using the divergence theorem, we obtain

/Vfo:/yfo:/curl(Vf):().

a0 le) 0
Therefore, using (2.40) with f = @ where V& = v, we obtain
/l x (v x v) = 0. (2.42)
o0

Another application of (2.40) with f = y;® yields

/yiv Xv= /1/ X e;P, (2.43)

o0 a0
where {e1, €2, e3} denotes the canonical basis in R?. It follows from (2.42), (2.43), and (2.38) that

/(H—rxy)x(vxu):rx/@y

on on

m

= (1) x / s:oy) +(t) [} + Y wio) [wwr) ). @
o0 i=1 EXes
Combining (2.36) with (2.37), (2.39), and (2.44) yields

3 m
mol = — Zfi/¢iv+7'“i/%0iV+ij/¢jV
=1 o0 o0 =t b0
m 3 m
- w Zli/vacbi+Ti/XjV<Pi+pr/XjV¢p
j=1 =1 gp

o9 =l 50
3 m
Zli/qﬁiz/—i—ri/@il/—i—ij/wjy
=1 50 89 =l g0
—mor X L. (2.45)

Let us turn our attention to the dynamics of r. Substituting the expression of x given in (2.35) in (1.24)
yields

Jof:—rxJor—Z ii/¢i(yxy)+ii/gozyxu ij/wjyxy)

1<i<3 | 40 50 1<<m gp

_/(IUQI2 U+ (rxy)- )(yxy). (2.46)

[210)
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From [16], Proof of Lemma 2.7, we know that

o)l = [VO(y)l = OyI72), Vo)l = O(lyl ™) as [y — oo,

so that
ve LX), lyl-[v|- Vo] € L'(9).

Note that, by (2.34) and (1.20),

v|? v|? v]?
div <T(éi X y)) =V <7> (e xy) + %div(ei X Y)
= (v-Vv)- (e X y)
=v-V(y xv);

= div((y x v);v),

and hence, using (2.47) and the divergence theorem,

'U2 U2
[ M= [ By

2
= [ div ((y x v)v)
17}
- [ xo:
o0
= /(l—l—r xy)-v(y xv); + Z wj(t)/xj(y X V);.
Cle) l=gsm a0

Furthermore, using (2.38) we have that

/<Z+rxy>~u<yxv>i—<Z+<rxy>>~v<yxu>i
o

:aé(m <) (e o)w = (e x ) )o)
=[x (e xa) x v x0).

on

Combining the following identity

(axe;) % (ej xb)=—(axb), Va,becR?
1

3
Jj=

671

(2.47)

(2.48)

(2.49)

(2.50)
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with (2.43), we obtain

/ I-((e; xy) x (v xv)) / (e; x ej) X (v X y;v))
Ye) oA

l- (ezxe] zxxij))
l- (ezxej esz/)@)

- ( /(z X v), D. (2.51)

o9

I
Mw i Mc,o

Il
_

J

Mw

.
I
—

For any given f € C?(£2), let

I;:/wxyw«quw4uxvﬂ»

o0

f still denoting the function defined in (2.41), we have that

I= r eZ ) % (ej ) vj
;aé X 1) Xy X )
i:{/rxe] ((ezxy) quf)}—l—zS:{/rxy (ezxej) (quf))}

=12 =1 2

j=1

—&-i{/rxy (ezxy)x(ejxaij))}.

j=1

[

Using again (2.50), we obtain

i{/ezxy (Txe]) (e]fo }—/(rxy)~(ei><Vf)
J=1 \n A

eZ ) x rot(Vf)
+! y) X y) X )

r X
(e; X y) - Tfo /rxy eszf
o)

b\

r~((eixy)fo)—/r(yx(eifo))

0

T.{(eixy)fo-l-yx(eixvf)}

r{exwx Vi) = [ (rxwxvi) =[x wx ..

(e} [210)

b\ b\ b\
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where we used Jacobi identity
x(bxec)+bx(cxa)+ex(axb)=0  Va,bcecR
Letting f = @ in the above expression yields
[ texn xwxm= [ oxwx o).
o0 o0

Gathering together (2.46), (2.48), (2.49), (2.51)), and (2.52) yields

3

Jor = Z fi/(VXy)¢i+7*i/yxygo —|—Zw]/1/><y

=1L\ gn 90 =l 50

+ zm:wj 23: (li /(Vsbi X Y)x; + i /(Vsoz Xy xj) pr/ (Vop X y)x;
= 982

J=1 =l a0 o9 =

Z(Zi/¢iV+Ti/90iV)+§:wp/1/’pV
=l a0 o9 =l 50
(li/(yXV)@-i-Tz‘/yXV )+pr/y><V p

on o0 on

— 71X

-

i=1

— 7 X Jor.
Combining (2.45) and (2.53) with the definitions of the matrices in (2.23)—(2.30), we obtain
mol = =Ml — Ni-— CMi— > w, {L) 1+ RY'r + W w}
1<p<m
—r x (Ml + Nr+ CMw) — mgr x 1,
Joi = =N*I—Ji = C— > w, {L)1+ R)r + W w}
1<p<m
—~I x (Ml + N7+ CMuw)
—r X (N*I + Jr + C7w) —r x Jor.

This completes the proof of Proposition 2.3.

2.4. Equations for the position and attitude

673

(2.52)

(2.53)

(2.54)

(2.55)

Now, we look at the dynamics of the position and attitude of the rigid body. We shall use unit quaternions.
(We refer the reader to the Appendix for the notations and definitions used in what follows). From (1.7)

and (1.16), we obtain
Q' =5(Qr)Q =QS(r),
with Q(0) = Id.

(2.56)

Assuming that Q(t) is associated with a unit quaternion ¢(t), i.e. Q(t) = R(q(t)), then the dynamics of ¢ are

given by

o1
= —q*T
q 2q

(2.57)
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(see e.g. [26]). Expanding ¢ as ¢ = qo + ¢ = qo + q1@ + q27 + g3k, this yields

. L 1, 4
Go+q==(—q-r+qr+gxr)

2
and
qo 9 —q1 —q2 —q3 0
| _ 1@ 90 —a ¢ 1
G2 2|le a3 90 —a o
q3 3 —q q1 Qo 3

From (1.15), we see that the dynamics of h are given by

it) = Q) ).
Again, if Q(t) = R(q(t)), then (2.60) may be written as
h=qxlxq".
Expanding ¢ as ¢ = qo + ¢ = qo + q1¢ + q2j + g3k, we obtain

h=(q+@*1*(q—q) =l +2q7x 1+ (1 -7)7—Fx1xq.

and )
hy @+ —a-a 2(q192 —q043) | 2015 + q042) I
he | = 2(q2q1 +qo93) @5 —ai + @ — a5 2(q293 — qoq1) la
hs 2031 — qoq2)  2(q3q2 + qoq1) @ — ¢ — B+ 43 l3

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

For ¢ € 5%, ¢ may be parameterized by ¢, and it is thus sufficient to consider the dynamics of ¢ which read

L 1 = .
7= 5(V1=IqIPr+qxr).
The dynamics of h are then given by
h= Q=110+ 21~ [I7IPTx 1+ (- DT~ TxIx T

(Alternatively, one can substitute v/1 — (¢? + g2 + ¢2) to go in both (2.59) and (2.62)).

2.5. Control system for the underwater vehicle

Using (2.57), (2.61), and Proposition 2.3, we arrive to

h o =qx*lxq*,

/

q

()

where (h, q,1,7,w) € R? x §3 x R3 x R x R™,

rr=-( 0 ) (o

S(l) S(r

)-e)-

—q *
2(1 T

j_l(cw/ + F(l,’l",'lU)),

NgE

Wp

M M M
L, l—l—Rp r+ W, w

L LIl + Rjr + W w

(2.63)

(2.64)

(2.65)

(2.66)
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C:_(€ﬁ>. (2.67)

For q € S% (i.e. Q € O), one can replace the two first equations in (2.65) by (2.64) and (2.63), respectively.
This results in the system

and

B o= Q=g+ 21 = lqIPdx 1+ q)7—qx1xq,
(.?/ = %(V 1_ HJHzT—’_JXT)? (268)

(l)/ _ JY(Cw + F(l, 7, w)).

r

3. CONTROL PROPERTIES OF THE UNDERWATER VEHICLE

3.1. Linearization at the equilibrium

When investigating the local controllability of a nonlinear system around an equilibrium point, it is natural
to look first at its linearization at the equilibrium point.

To linearize the system (2.65) at the equilibrium point (h, ¢, {, r,w) = (0, 1,0, 0, 0), we use the parameterization
of S by ¢, and consider instead the system (2.68).

The linearization of (2.68) around (h,q,l,r,w) = (0,0,0,0,0) reads

o=,

(i) =J 'Cw'.

Proposition 3.1. The linearized system (3.1) with control w' € R™ is controllable if, and only if, rank(C') = 6.

(3.1)

Proof. The proof follows at once from Kalman rank condition, since (h,2q,1,7) € R'? and

i (100) (314) (%) ) = 2raicy g

Remark 3.2. Tt is easy to see that the controllability of the linearized system (3.1) implies the (local) con-
trollability of the full system (2.68). The main drawback of Proposition 3.1 is that the controllability of the
linearized system (3.1) requires at least 6 control inputs (m > 6).

3.2. Simplifications of the model resulting from symmetries

Now we are concerned with the local controllability of (2.68) with less than 6 controls inputs. To derive
tractable geometric conditions, we consider rigid bodies with symmetries. Let us introduce the operators S;(y) =
y — 2ye; for i =1,2,3, i.e.

Sl(y) = (_yla y27y3)7
Sa(y) = (Y1, —y2,y3), (3.2)
S3(y) = (y1,y2, —y3)-

Definition 3.3. Let i € {1,2,3}. We say that (2 is symmetric with respect to the plane {y; = 0} if 5;(£2) = (2.
Let f: 2 CR?® — R.If f(Si(y)) = €’ f(y) for any y € 2 and some number £} € {~1,1}, then f is said to be
even (resp. odd) with respect to S; if 63} =1 (resp. e; =-1).
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The following proposition gathers together several useful properties of the symmetries S5;, whose proofs are
left to the reader. d;, denotes the Kronecker symbol, i.e. §;, = 1 if i = p, d;, = 0 otherwise.

Proposition 3.4. Leti € {1,2,3}. Then

SiSi(a) = a, Ya € R3.

Si(a)- S;(b) =a-b, Va,b € R3.

Sz(a) X Sz(b) = —Si(a X b), Va,b € R3.

If Si(£2) = 2, then v(Si(y)) = Si(v(y)), Yy € 052.

1 £(Si(y) = ef (y) with e € {£1}, then [(Sim)(Si(y)) = 5./ (), ¥y € 992.

If Si(£2) = £2, then S;(y) x v(Si(y)) = —=Si(y x v(y)), Yy € 912.

Assume that S;(£2) = (2, and assume given a function g : 92 — R with g(S;(y)) = eg(y) for all y € 012,
where e € {£1}. Then the solution f to the system

N Ut W=

Af=0, in £,
of
=9 on 092,

Vf(y) —0, as|yl — oo,

which is defined up to an additive constant C, fulfills for a convenient choice of C

f(Si(y) =<ef(y), Vye L,
VF(Si(y)) =eSi(Vf(y)), Yyeo.

8. Let f and g be any functions that are even or odd with respect to S, for some p € {1,2,3}, and let h(y) =
f(y)0vg(y). Then

h(Sp(y)) = efegh(y), (3-3)

: p __ P_p
Le. by, = el
9. Let f and g be as in (8), and let hi(y) = 0;f(y)Oug(y), where i € {1,2,3}. Then

hi(Sp(y)) = (—1)%wehebha(y), (3.4)

ie. €} o, = (—1)5@6?65.
10. Let f and g be as in (8), and let hi(y) = (y X Vf(y))i0vg(y), where i € {1,2,3}. Then

hi(Sp(y)) = —(=1)"*ehebhi(y), (3.5)

: p _ Sip P
Le. €y v 0,y = —(—1)7rekel.

Applying Proposition 3.4 to the solutions ¢;, ¢;, ¢ = 1,2, 3, of (2.20)—(2.22), we obtain at once the following
result.

Corollary 3.5. Assume that (2 is symmetric with respect to the plane {y, = 0} (i.e. Sp(£2) = §2) for some
p € {1,2,3}. Then for any j € {1,2,3}

, _Joiy) i iFp
sissn) ={ 20, § 7y (36)

(=1)% ¢5(y), (3.7)
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Le. ey = (—=1)%, and

, _ I =vily) i i#p,
eitson ={ 7 197 (59)
= (1), (39)

ie. el = —(—1)%.

The following result shows how to exploit the symmetries of the rigid body and of the control inputs to
simplify the matrices in (2.23)—(2.30)

Proposition 3.6. Assume that {2 is symmetric with respect to the plane {y, = 0} for some p € {1,2,3}. Then
1. M;; =0 ifsf;isgj = —1, ie.

dip+0jp =1 (mod 2); (3.10)
2. Jij =0 if&tgisi’,j =—1, ie.
dip+djp =1 (mod 2); (3.11)
3. Nz'j =0 if&gi€€,j = -1, ie.
dip +6; =0 (mod 2); (3.12)
4. (CM)yy=0ifef b = —1, ie.
(—1)%r = —€? ; (3.13)
5. (C7)ij=0ifebeb =1, ie.
(—1)%r =& ; (3.14)
6. (Lgh)ij =0 if (—1)%weg &b = —1, ie.
(_1)6i17+6.717 — _&*];(q; (315)
7. (RYD)ij = 0 if (=1)°rel el = —1, i,
(—1)%w 0w = gb (3.16)
8. (WM)ij =0 if (—1)%web &b = —1, ie.
(—1)% = —eb &b ; (3.17)
9. (Ly)ij =0 if =(=1)%ref b = —1, ie.
(_1)5ip+5j17 — 51)2(1; (318)
10. (R))ij = 0 if —(=1)%wel ef = —1, ie.
Sip+djp .
(-1 =—eh; (3.19)
1. (W)i; =0 if
Sip
(—1)% =eb b | (3.20)

. M ~J TM pM yyM 7J pJ J :
where the matrices M, J,N,C",C”, Ly*, Ry*, W, Ly, Ry and W,/ are defined in (2.23)—(2.30).
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From now on, we assume that (2 is invariant under the operators Sy and Ss, i.e.

and that ef =1, i.e.
x1(5p(y)) = x1(y) Yy € 092,Vp € {2,3}. (3.22)

In other words, the set S and the control x; are symmetric with respect to the two planes {y2 = 0} and {ys = 0}.
As a consequence, several coefficients in the matrices in (2.23)—(2.30) vanish.

More precisely, using (3.21)—(3.22) and Proposition 3.6, we see immediately that the matrices in (2.33) can
be written

M1 0O 0 Jii 0 0
M= 0 My 0 |, J=| 0 Joy 0 |, (3.23)
0 0 Mss 0 0 Jss
00 0
N=|[0 0 No |, (3.24)
0 N3 0
(CM)1y 0
CMey = 0 , Cleg=1[0], (3.25)
0 0
(L 0 0 0 0
LM = 0 (LM 0 , RM=10 0 (RM)y (3.26)
0 0 (LM)s3 0 (RM)3, 0
(WM, 0 0 0
(WM)e, = 0 , Li=(10 0 (L) |, (3.27)
0 0(L{)s2 0
and
(R))1n 0 0 0
R{ = 0 (Rf)x O , Wler=10]. (3.28)
0 0 (R{)ss 0

3.3. Toy problem

Before investigating the full system (2.68), it is important to look at the simplest situation for which h; = [; =
Ofori=2,3,J=0,r=0,and w; = 0for j =2,...,m. Indeed, since the control appears in (2.68) together with
its time derivative and through bilinear terms, the investigation of the controllability of (2.68) is challenging.
The same issue is however well understood for the “toy problem” above (see [12]), which is important in its own
right for two reasons: (i) it corresponds to a straight motion along the main axis of the vehicle (surge); (ii) it is
used to generate the trajectory along which the system will be linearized when applying Coron’s return method
to prove the controllability of system (2.68).

Lemma 3.1. Assume that (3.21)—(3.22) hold, and assume given some functions hy,li,w; € C([0,T]) satis-
fying

W= 1
(3.29)
1= aw)| + Bliwy + y(wr)?,
where u o o
—(C —(L —(W.
PP i) 5 el €7 | S Dl UL W0V
mo + M1 mo + My mo + M1
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Let h := (h1,0,0),
solves (2.68).

= (0,0,0), I := (11,0,0), r := (0,0,0), and w := (w1,0,...,0). Then (h,q,l,r,w)

2y

Proof. Let us set h = hiey, ¢ = 0,1 = lie;, r = 0 and w = (w1,0,...,0), where (h1,{1,w;) fulfills (3.29).
From (3.23)—(3.25), we have that

mo + My
0
T(1) =nge =1 0 (3.30)
r) =4 €1 =10 0 ) .
0
0
and
(€M1
0
Cw =wiCer = —wn 8 (3.31)
0
0
This yields
S(r) 0 !
<J(T) - CW) =0. (3.32)
S(1) S(r)
Replacing in (2.66), we obtain
m LY1+ RY v+ WMw
F(lvrvw) - Z Wp
= J J J
p=1 Ll + Ryr + Wy w
LY+ wiMw
= _wl
(L) (Wi
0 0
0 0
=—wi | I 0 + w1 0
0 0
0 0
We conclude that (h,q, 1,7, w) is a solution of (2.68). O

Remark 3.7. If v + a3 = 0, then it follows from [12], Lemma 2.3 that for any 7' > 0 we may associate with
any pair (hY, hT) in R? a control input wy € C§°(0,T) such that the solution (hy(t),1;(t)) of (3.29) emanating
from (hY,0) at t = 0 reaches (hT,0) at t = T.

3.4. Return method

The main result in this section (see below Thm. 3.10) is derived in following a strategy developed in [12] and
inspired in part from Coron’s return method. We first construct a (non trivial) loop-shaped trajectory of the
control system (2.68), which is based on the computations performed in Lemma 3.1. (For this simple control
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system, we can require that wi(0) = 0, but we cannot in general require that w(7") = 0). Next, we compute
the linearized system along the above reference trajectory. We use a controllability test from [12] to investigate
the controllability of the linearized system, in which the control appears with its time derivative. Finally, we
derive the (local) controllability of the nonlinear system by a standard linearization argument.

From now on, we suppose in addition to (3.21)—(3.22) that

a#0. (3.34)

This is equivalent to saying that x; satisfies

p1x1 # 0. (3.35)
o0

Note that for an ellipsoidal vehicle, (3.35) reduces to [, y1x1 7# 0 by (4.9) (see below).
3.4.1. Construction of a loop-shaped trajectory

The construction differs slightly from those in [12]: indeed, to simplify the computations, for the function Iy
(defined in (3.36), see below), we impose here that all the derivatives of order larger than two vanish at ¢t = T'.
For given T' > 0, let £ € C*°(RR; [0, 1]) be a function such that

Oﬁt<§,
1 lf t> ?

Pick any Ag > 0 and let A € [—Xg, Ao] with A # 0. Set

M) = MOE -T2 L) =T, teR (3.36)

Note that
h1(0) = hi(T) =1,(0) = [, (T) = 0, (3.37)
Lry=2r#0, 7(T)=0 for k> 2. (3.38)

Next, define w7 as the solution to the Cauchy problem

wl (ll — ﬁllwl 7@%), (339)
w1 (0) (3.40)
Noticing that for A = 0 we have w; = 0 on R*, we infer from a classical result on the continuous dependence of
solutions of ODE’s with respect to a parameter (see e.g. [13]) that the solution @; of (3.39)—(3.40) is defined
on [0,T] provided that )\ is small enough. Set h = (h1,0,0), ¢ = (0,0,0), @ = (w1,0,...,0), l = (I1,0,0) and

7 =(0,0,0). According to Lemma 3.1, (h,q,{,7,w) is a solution of (2.68), which satisfies

8.4.2. Linearization along the reference trajectory

Writing R
h=h+h,
7=q+4q (3.41)
[ =1+1,
r=7T+T7,



CONTROL OF UNDERWATER VEHICLES IN INVISCID FLUIDS. I. 681

expanding in (2.68) in keeping only the first order terms in fAL,E’, [ and 7, we obtain the following linear system
7 =3
2 (3.42)

where the matrices A(t) € R6%¢ and B(t) € R®*™ are defined as

A0 = (G 070,00 | 500,70, w0 ) (3.43)
BU) = 92 11),7(0), (1)), (3.44)
Setting R
b=27, (3.45)
we can rewrite (3.42) as A o
Boo=1-Txp,
1?/ / =7 ) (3.46)
(i) ( (é)%—B w—l—C’w)
(3

Obviously, (3.42) is controllable on [0, T7] if, and only if, (3.46) is. Letting

= (8). w=(1). 1-w

we obtain the following control system

(k) - (Dét) 7 w) (£)+ (1) 7+ (o )£
(Z)H&’ )f +Cf. (3.47)
(675

We find that

_sd (00 0
D= > with S7) = [ 00 ~1; |,
0l; 0
0 0 _ [ LMey|Ley| - |LMey WMe |[WMey|- - |[WMey
B=( _ Jo-wmwhrw!)-1, |2 —wm | ° ,
S(l) 0 L‘{el L‘2]61 e L;]n61 Wl‘]e1 W2J€1 e W;,{Lel
and that
—(L 0 0 0 0
0 (LM) 99w, 0 0 0 Agg
A o 0 0 —(L1 )3311}1 0 A35 0
- 0 0 0 —(R{)uw, 0 0
0 0 A53 0 Ngzll — (Rl‘])zgwl 0
0 Aga 0 0 0 —Nosly — (R1 )33@1
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with

Age = —(mo + M11)ly — ((CM)11 + (R )23) w1,

Aszs = (mo + M)l + ((CM)11 — Rl 32) W1
Asz = (Mss — Mn)E ((C 11+ (L{)23) w1
Ago = (M1 — Ma)ly + ((CM)11 — (L{)32) w1

8.4.8. Linear control systems with one derivative in the control

Let us consider any linear control system of the form
&= A(t)x + B(t)u + Cit (3.48)

where € R™ is the state (n > 1), v € R™ is the control input (m > 1)% A € C*([0,T];R"*"), B €
C>=([0,T];R™™), and C € R"*™. Define a sequence of matrices M;(t) € R"*™ by

Mo(t) = B(t) + A(t)C, and M;(t) = M;_1(t) — A)M;_1(t),  ¥Vi>1, YVt €[0,T). (3.49)
Introduce the reachable set
Ru0)y=o = {zr € R™;3u € H'(0,T;R™) with u(0) =0 such that
xp = x(T), where z(-) solves (3.48) and z(0) = 0}.
Then the following result holds.

Proposition 3.8. [12] (Prop. 2.4 and 2.5). Let ¢ > 0, A € C¥((—e,T + €);R"™") and B € C¥((—e,T +
e);R™ ™), and let (M;);>0 be the sequence defined in (3.49). Then for all ty € [0,T], we have that

Ru0y=0 = CR™ + Span{¢(T', to) M;(to)u; u € R™,i > 0}, (3.50)

where ¢ denotes the fundamental solution associated with the system & = A(t)x.

Recall that the fundamental solution associated with # = A(t)z is defined as the solution to

o9

ot = A(t)¢(t,8),
(s, s) = Id.

For notational convenience, we introduce the matrices
AW = T 1AM, B =T 'B), C=TC, Myt) = (1%3) (3.51)

where A(t) € R8>S B(t), C, Uy (t), Vi(t) € RS*™. Then

Uo(t)\ C
() = (o awe ) (352
while
Us(t)\ _ (Ui () = D)Us—1(t) = Viea(t)

(%6) = ("0 e ) (3:5%)

In certain situations, half of the terms U;(¢) and V;(¢) vanish at ¢ = T. The following result, whose proof is
given in Appendix, will be used thereafter.

42 and u should not be confused with the space variable and the fluid velocity in (1.1)—(1.9).
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Proposition 3.9. If C € R*™ is given and A, D (resp. 3) denote some functions in C°([0,T]; R6*®) (resp.
in C°°([0,T]; RS*™) fulfilling

ACYQTY=DE(T)=0 and B (T)=0 VIieN, (3.54)

then the sequences (Us)i>o and (V;)i>o defined in (3.52)—(3.53) satisfy

Ve (1) = Ve V(1) =0, kL €N, (3.55)
UGy (T) = UG (1) =0, VkleN (3.56)

The following result, which is one of the main results in this paper, shows that under suitable assumptions
the local controllability of (2.68) holds with less than six control inputs.

Theorem 3.10. Assume that (3.21), (3.22) and (3.34) hold. Pick any T > 0. If the rank condition
rank(C, Mo(T), M1(T), Mo(T),...) =12 (3.57)

holds, then the system (2.68) with state (h,q,l,r) € R'? and control w € R™ is locally controllable around the
origin in time T. We can also impose that the control input w € H?(0,T;R™) satisfies w(0) = 0. Moreover, for
somen > 0, there is a C* map from Bg24(0,n) to H*(0,T;R™), which associates with (ho, o, lo, r0, hr, Gr, T, 1)
a control satisfying w(0) = 0 and steering the state of the system from (ho, o,lo,10) at t =0 to (hy,dr,lp,rr)
att="T.

Proof.

Step 1. Controllability of the linearized system.
Letting ty = T in Proposition 3.8 yields

Rfo)0 = CR™ + > " M;(T)R™.

i>0

Thus, if the condition (3.57) is fulfilled, we infer that Rs)—g = R'2 j.e. the system (3.46) is controllable. The
same is true for (3.42).

Step 2. Local controllability of the nonlinear system.
Let us introduce the Hilbert space

H :=R"2 x {f € H*(0,T;R™); f(0) =0}
endowed with its natural Hilbertian norm
G, £ = llallgae + 1 1720, -
We denote by By (0,6) the open ball in H with center 0 and radius d, i.e.
By (0,0) ={(z, f) € H; (=, f)ll5, <0}
Let us introduce the map

I: BH(O,5) — R24
((hOa(TOaZOaTO)af) = (hOv(ﬁ)alOvT()ah(T)vJ(T)al(T)vT(T))a
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where (h(t),q'(t),1(t),r(t)) denotes the solution of
h A= NgIP)+2y/1=[lg[Pg=x 1+ - q)7— =1 xq,
7 = 3(VI=qIPr+qxr),

< > =J NC@ + f)+ F(l,r,w+ f)),
(h(0),41(0),1(0),7(0)) = (ho, 40, lo,T0)-

Note that I" is well defined for 6 > 0 small enough (provided that Ao has been taken sufficiently small). Using
the Sobolev embedding H?(0,T;R™) c C*([0,T]; R™), we can prove as in ([25], Thm. 1) that I" is of class C*
on By(0,6) and that its tangent linear map at the origin is given by

dr (0)((ho, @y lo. 7o), /) = (ho, @y, lo, 0. W(T), G (T). {(T), #(T)),
where (h(t), qf’(t), I(t),7(t)) solves the system (3.42) with the initial conditions

(7(0), (0),1(0),7(0)) = (ho, Gy, lo. 7o)-

We know from Step 2 that (3.42) is controllable, so that dI"(0) is onto. Let V := (ker dI'(0))* denote the
orthogonal complement of kerdI"(0) in H. Then dI'(0)|y is invertible, and therefore it follows from the inverse
function theorem that the map I'|y- : V — R?* is locally invertible at the origin. More precisely, there exists a
number § > 0 and an open set w C R?* containing 0, such that the map I' : B(0,5) NV — w is well-defined,
of class C'!, invertible, and with an inverse map of class C'. Let us denote this inverse map by I"~!, and let us
write I'"Y(xg, z1) = (z0, f(z0, 27)). Finally, let us set w = w + f. Then, for n > 0 small enough, we have that

w € C'(Bgzs(0,n), H*(0,T;R™)), (3.59)

and that for ||(ho, 40, lo, 70, A1, @1, L1, r7)||R2a < 1, the solution (h(t),q(t),I(t),r(t)) of system (2.68), with the
initial conditions

(3.58)

< o~

~—

)

(h(0), 4(0),1(0),7(0)) = (ho, Go, lo, 7o),
satisfies
(h(T),q(T),(T),r(T)) = (hr, Gr, 7, 7T)-
The proof of Theorem 3.10 is complete. g

We now derive two corollaries of Theorem 3.10, that will be used in the next section. We introduce the matrices

A= (AL‘AR), (3.60)
where
—(LY) 1 0 0
0 —(L1")22 9\4
_ 0 0 —(L1")s3
Ap = 0 0 0 , (3.61)
0 0 a(Mss — Myy) — (L] )23 + (CM)11)
0 (M — M) — ((L{)s2 — (CM)11) 0
0 0 0
0 9\4 —(R)2s
0 —(R{")32 0
AR - _(RlJ)ll 0 0 ) (362)
0 N3y — (R{)22 0
0 0 —aNz3 — (R{ )33
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0 L{”el Léwel s L%el le\/l
B = —« _
—aS(e)CM Liei|Liey | --|L) e wy

(3.63)
W1M61 W2Me21~~-W,],\{[el
W1J€1 W2‘161 e WT‘£61
and
0 —aS(e
D= (0 0( 1)). (3.64)
The first corollary will be used later to derive a controllability result with only four control inputs.
Corollary 3.11. If both rank conditions
rank(C,B+AJ'C) =6 (3.65)
and .
rank (C, Eij_lC +B+ Aj—lo) =6 (3.66)

are fulfilled, then the condition (3.57) is satisfied for any T > 0, so that the conclusion of Theorem 3.10 is valid
for any T > 0.

Proof. We distinguish two cases.

Case 1. v+ af = 0. .
We begin with the “simplest” case when v + af = 0. Pick any T" > 0 and let {1,w; be as in (3.36)
and (3.39)—(3.40). Let g, :=l; — aw;. It is clear that §; = Sw1g,, hence g, = 0. We infer that

T(T) = a 'R0 = 0 for keN\ {1},
T (T) = a T (T) = 2\ /a # 0.
It follows that

AWy =0, B®(T)=0, D®(T)=0 for ke N\ {1}, (3.67)
A’(T)=W( )JA, B'(T)=w\(T)B, D(T)=w(T)D. (3.68)

Applying Proposition 3.9, we infer that

rank (C, Mo(T), My1(T), M2(T)) = rank ((g) , (B(T) EA(T)CJ ’ <V1(()T)) ’ (UQ(()T)>) '

On the other hand, it is easily seen that

Vi(T) = V(1) = 7' B/(T) + 7' A1) 'C = w(T) (7' B+ 'AT'C),
Uo(T) = ~D'(T)Uy(T) — 2V{(T) = ~W,(T)[DITC + 27" (B + AT 'C)].

It follows that
rank(C, Vi (T)) = rank(C, B + AJ ~'C) = 6,
A 1
rank(C, U2(T)) = rank(C, 5JDJ_1C +B+AJC) =6,
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and
rank (C, Mo(T), M1(T), M3(T)) = 12.

Thus (3.57) is satisfied, as desired.

Case 2. v+ aff # 0. We claim that for 7" > 0 arbitrary chosen and Ay small enough, we have for 0 < A < g,
rank(C, Mo(T), M1(T), Ma(T)) = 12.

First, [|1 [lw2.o (0,7 = O(A) still with [y (T') = [;(T) = 0. From (3.39)—(3.40), we infer with Gronwall lemma (for
Ao small enough) that w; is well defined on [0, 7] and that ||y ||z, = O(A). This also yields (with (3.39))
|[@1 || w20 (0,1) = O(X). Next, integrating in (3.39) over (0,T') yields w1 (T) = O(A?). Finally, derivating in (3.39)
gives w1 (T) = O(A\?). We conclude that

(A(T), B(T), A(T), B(T)) = O(\*), D(T) =0,

while
(A(T), B(T), D(T)) = (23/a)(A, B, D) + O(X"),

for i1(T) = awy(T) + O(\*). Tt follows that
rank (C, Mo(T), M1 (T), Mz(T))

~ ank 0 Jc 0 JHIDIIC+2(B+ AT 1O
- j—lc ’ 0 ’ j_l(B-i-Aj_lC) ) 0
=12,
for 0 < A < A\g with A\g small enough, as desired. O

The second one is based on the explicit computations of M;(T") for ¢ < 8. It will be used later to derive a
controllability result with only three controls inputs.

Corollary 3.12. Let E := B+ AJ'C. If the conditions
rank(C,E, A7 'E, (AT ')’E,(AJ ')°E) =6, (3.69)

and

rank (C, %jDJ*lc +E,(JDJ ' + 2Aj1> E,

BIDI ' +11AT HAT'E, (17JDJT ! + 64AT (AT H?E) =6, (3.70)
are fulfilled, then the condition (3.57) is satisfied, so that the conclusion of Theorem 3.10 is valid.
Proof. The proof is almost the same as those of Corollary 3.11, the only difference being that we need now to
compute M;(T) for i < 8. In view of Proposition 3.9, it is sufficient in Case 1 (v + o8 = 0) to compute V;(T)

for i € {1,3,5,7} and U;(T) for ¢ € {2,4,6,8}. The results are displayed in two propositions, whose proofs are
given in Appendix.

Proposition 3.13. Assume that the pair (hi,l1) is as in (3.36), that Wy is as in (3.39)—(3.40), and that
v+ af =0. Then we have

Vi(T) = Vo (T), (3.711)
V3(T) = —3A"(T)Vy(T), (3.72)
Vs(T) = 15A"(T)*Vy(T), (3.73)
Vz(T) = —105A"(T)*V(T) (3.74)
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Proposition 3.14. Assume that the pair (hy,l1) is as in (3.36), that Wy is as in (3.39)—(3.40), and that

v+ af =0. Then we have

Ux(T) = =D'(T)Uo(T) — 2Vg(T),

Us(T) = 4(D'(T) + 24"(T)) V5 (T),

Us(T) = =3(8D'(T) + 11A/(T)) A"(T) V5 (T),
Us(T) = 6(17D'(T) + 64A'(T)) A (T)*Vy(T)

4. EXAMPLES

This section is devoted to examples of vehicles with “quite simple” shapes, for which the coefficients in the
matrices in (2.23)—(2.30) can be computed explicitly. We begin with the case of a vehicle with one axis of
revolution, for which the controllability fails for any choice of the flow controls.

4.1. Solid of revolution

Let f € C'([a,b]; R) be a nonnegative function such that f(a) = f(b) = 0, and let

S= {(yl,sf(yl)cos@,sf(yﬂsin@); y1 € [a,b], s€[0,1], 0 € [O,27r]}.

In other words, S is a solid of revolution (see Fig. 1).
Assume that the density p depends on y; only, i.e. p = p(y1). Clearly Jy = diag(J1, J2,J2). On the other

hand,

002 = {(yl,f(?h)cos@,f(yl)Sinﬁ); y1 € [a,b], 0 € [0’277]},

and the normal vector v to 02 is given by

1

v(yi,0) = —2<f'(y1), —cos@,—sin@) ,

so that

(y xv)(y1,0) =

It follows that

Replacing in (1.24), we obtain

L+ (f'(y1))

LG (50, cons)
O

(yxv)-e =0.

J17."1 = (J()’I") ce1 = —(r X J()’I") e = JQ’I"QT;; — JQ’I"QT:; = 0,

(4.1)

which indicates that the angular velocity 71 is not controllable for the nonlinear system (2.33), for any m > 1
and any choice of both the x;’s and the w;’s for 1 < j < m. Note also that the linearized system (3.1) fails to
be controllable, according to Proposition 3.1. Indeed, we infer from (4.1) that ¢1 = 0, and hence

and rank(C) < 5.

(C), :/a e1x; =0, 1<j<m,
2
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e
=

T
'S 1
E:Fr =1
Ly mwmy

FIGURE 1. A solid of revolution.

4.2. Ellipsoidal vehicle
We assume here that the vehicle fills the ellipsoid

S={yeR’ (n/c1)’+ (y2/c2)® + (ys/c3)* <1} (4.2)

where ¢; > ¢o > c3 > 0 denote some numbers. Our first aim is to compute explicitly the functions ¢; and ;
for i = 1,2, 3, which solve (2.20)—(2.22) for

Q={yeR% (y/c1)®+ (y2/c2)® + (y3/cs)* > 1}.

4.2.1. Computations of the functions ¢; and p;

We follow closely [18], page 148-155. We introduce a special system of orthogonal curvilinear coordinates,
denoted by (A, p, V), which are defined as the roots of the equation

Vi, v o, v
d+60 E+0 3+0

~1=0 (4.3)

viewed as a cubic in . It is clear that (4.3) has three real roots: A € (—c3,+o0), u € (—c3,—c?), and v €
(_C% —C%).
It follows immediately from the above definition of A, u, v, that
vt v3 v3 (A= 0)(u—0)(v—0)

1= .
216 2107 2+0 EENICEDICEY)

This yields

o @rNa+mdasy) 1 m
! (3 —=ci)cg —cl) 7 2(3+2)’
2 2 2
o (53 +XN)(c5+p)(cs+v) P 1y
- ) )\y =3 9 (44)
: (@& —3)(E - T 2(3+ N
2= GHNGnEGry) 1 s
N (3 —3)e3—¢c3) 7 2(c3+N)
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We introduce the scale factors

- 1\/( O —p) )

2 O+ A+ AN+ A
. :1\/ (1= v)(n =)
P2\t A+ At 3 (4.5)

X :W (v =N —p)
2V v+ ) v+ )

and the function

FO) =+ A+ B+ ).
If € is any smooth function of A, then its Laplacian is given by

s
A=A -v)

according to [18], (7) page 150. We search ¢; in the form ¢;(y1, y2,y3) = v:&i(y1, y2,y3). Then

AL = FVOA(F(AN)ONE). (4.6)

0=A¢; = yi AL + 20i&;. (4.7)
Assuming furthermore that & depends only on A, we obtain that

20;¢; _ 205yi Ox&i _ 1 O\Ei _ 412(N) 0N _ (48)
vi vi hY G+ R GHAA—p(A-v) '

Combining (4.7) with (4.6) and (4.8), we arrive to

0= O\(F(NOE) +

mf(/\)ax\fia

which is readily integrated as

+o00
A ds
§ee / @rare

We choose the constant C' = 0 for (2.22) to be fulfilled. As 942 is represented by the equation A = 0,
then (2.21) reads

Y LN = AYi

7 7

O = Vi © &

We infer that C; = c1eac3/(2 — ), where

400 q
S
Q; = C1C2C3 / 7(022 + s)f(s)
0

Il 1S eaSy sSeen lha‘
2 2
Co2C3 < < C1C2

a
2 =% =g
3¢t 3cs
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It follows that if ¢, o, c3 are sufficiently close, then «; is different from 2, so that C; is well defined. We conclude
that

Q;
$iy) = —5— oV Yy €08 (4.9)

Let us now proceed to the computation of ¢;. We search ¢; in the form ¢;(y) = 2222 (y), where & depends
only on A\. We obtain

50,6 > 1
AG+2 Y B =08 (fNG) + | Y. @ | fVaE =0,

, 2
j=1g#i 77 =11 +2)
and hence
+o0 9 n
~ i+ s
I
f3(s)
A
From (2.21)—(2.22), we infer that

~ cicacs(cd — c3) 5 9 I ds
Ci=——=° = cicoc3(c; + ¢ / )
Y B E YD

(- ) T

~ c1C2€3(C3 — €7 2 2 S
Cy=——~= -7 = cicoc3(c3 + ¢ / )
’ 2~ s = aealGra) ) (E+9)(d+9)f(s)

( 9 2) +o0 d

~ C1C2C3(CT — G 2 2 S
O3 = ——————=, = cicacs(ci +c / .
SRR A RN

Note that at the limit case ¢; = ¢ = ¢3, we obtain @1 = (2 = B3 = 4/5. Therefore, if ¢1,ce and c3 are near but
different, then [3; is different from 2, and therefore C; is well defined. We conclude that

+oo
~ c? +s Y1Y2ys3
0

4.2.2. Controllability of the ellipsoid with siz controls

Assume still that S is given by (4.2). Note that S is symmetric with respect to the plane {y, = 0} for
p =1,2,3. Assume given six functions x;, j = 1,...,6, each being symmetric with respect to the plane {y, = 0}
for p=1,2,3, with

—1p=1 1 p=1 1 p=1
61921: 1p:2’€§<2: _1p:2’€§3: 1l p=2,
1 p=3 1 p=3 —1p=3
1 p=1 —1p=1 —1p=
L =4 -1p=2,el =< 1 p=2,e8 =¢ —-1p=2. (4.11)
—1p=3 —-1p=3 1 p=

To obtain this kind of controls in practice, we can proceed as follows:

e We build six tunnels in the rigid body, as drawn in Figure 2.
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FicURE 2. Ellipsoid with six controls.

e We divide the six tunnels in three groups of two parallel tunnels; that is, we put together the tunnels located
in the same plane (see Fig. 3).
e Let w; and w2 denote the effective flow controls in the two tunnels located in the plane {y3 = 0}. They may
appear together in (1.21) as w1 x(y1,y2,y3) + Wax(y1, —y2,y3), where x € C*°(942) is some function with
Supp x C {y2 > 0}, 8; =-1, and ei =1.

We introduce the (new) support functions

X1(y1,Y2,¥3) = x(W1,y2,¥3) + X (Y1, —Y2, ¥3),

X6 (Y1, Y2,Y3) = X(Y1,Y2,¥3) — x(Y1, —Y2,Y3)

and the (new) control inputs

W1+ W

wl—Ta

w1 — Wo

wg = ————-
2

(see Fig. 4). Then (4.11) is satisfied for y; and xg, and

W1X (Y1, Y2, Y3) + W2 x (Y1, —y2,y3) = wix1(y1, Y2, ¥3) + we X6 (Y1, Y2, Ys3)-
The same can be done in the other planes {y; = 0} and {y2 = 0}.
We notice that C' is a diagonal matrix:
C= _diag<017 CQa C3a 047 057 Cﬁ)a
with
Ci= /¢iXi> i=1,23, and Ciu3= /%‘XHS, i=1,2,3.
o0 o0

From (4.9)—(4.10), there are some constants C; # 0, i = 1,...,6, which depend only on ¢1, ca and c3, such that

C;=C; / yixi(y), Cits =Cits (_ylg;yg

902N (0,+00)3 902N (0,+00)3

> Xi+3(y)a t=1,2,3. (412)
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FicURE 3. Independent controls in each plane.

= >
Wy + We
< wl ) 2 >
= ~ > = =>
w1
< Wa >
=S =
= =
w1 — Wa

FIGURE 4. Definition of the new controls in the plane {ys = 0}.

By (4.12), we have that C; # 0 for ¢ = 1,...,6, and hence rank(C) = 6 if, in addition to (4.11), it holds

xi#0,i=1,...,6, (4.13)
Xi > 0o0n 902N (0,+00)% i=1,...,6. (4.14)

By Proposition 3.1 and Theorem 3.10, it follows that both the linearized system (3.1) and the nonlinear sys-
tem (2.68) are (locally) controllable.

Remark 4.1. Since e}, = (=1)%1 = —1, we have that (LM);; = (WM);; = 0, and hence 3 = v = 0. Thus
v+ af = 0. Proceeding as in [12], Theorem 2.2, one can prove that, under certain rank conditions, two arbitrary
states of the form (h, ¢, 0,0) can be connected by trajectories of the ellipsoid in (sufficiently) large time.
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) (BB D

C

FIGURE 5. Two ways to generate xg.

In the following sections, we shall be concerned with the controllability of the ellipsoid with less controls
(namely, 4 controls and 3 controls). If, in the pair (x1,xs), only x¢ is available, then xs can be generated
as above by two propellers controlled in the same way (Fig. 5 left), or by only one propeller by choosing an
appropriate scheme for the tunnels (Fig. 5 middle). In what follows, to indicate that the flows in the two tunnels
are linked, we draw a transversal line in bold between the two tunnels (Fig. 5 right).

4.2.8. Controllability of the ellipsoid with four controls

We consider the same controllers x1, x4, X5 and xg as above, still satisfying (4.11), (4.13), (4.14). (see Fig. 6).
If the density p is scaled by a factor ), i.e. p(x) is replaced by p*(z) = Ap(z) where A > 0, then the mass and
the inertia matrix are scaled in the same way; that is, mg and Jy are replaced by

my = Amo, Jg = Mo.

Thus, if A — oo, then m) — oo, [J§]~! — 0, and [J*]7! — 0. (Note that large values of A are not com-

patible with the neutral buoyancy, but they prove to be useful to identify geometric configurations leading to
controllability results with less than six control inputs).

Note that the matrices M,J,N,CM C7, LIZ)W, Ri,w, sz”, L;, R}{, WPJ keep constant when A — oo. In
particular,

1
Jim AJ'C =0, lim Eij_lC =0.
— 00
Let B> = lim B. Then B> and C' are given by

A—00
000 O Ci; 0 00
00 0 Bsg 0 0 0 O
w  looBso ~loooo
B> =- 000 O , O = 0Cy 0 0 |
000 O 0 0C50
000 O 0 0 0 Cs

with
By = [ (Vo Vis)m, Bo= [ (Vor- Vo)

on a0
Thus, if Bs # 0 and Bg # 0, we see that (3.65) and (3.66) are fulfilled, so that the local controllability
of (2.68) is ensured by Corollary 3.11 for A large enough. We note then that the matrix in R6*6 obtained by
gathering together the four columns of C and the last two columns of B™ is invertible. Let Ry(\) € R6*6
(resp. Ra()\) € R%6) denote the matrix obtained by gathering together the four columns of C with the last two
columns of B + AJ~1C (resp. with the last two columns of %jDJ‘lC + B+ AJ1C). Then for A > 1, we
have

det R1(A) #0 and det Ra(A\) #0.

Since the coefficients of Rq(\), R2(\) are rational functions of A, we infer that the equation

det Rl(/\) - det RQ(/\) =0
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Control x1 Control 4

F1GURE 6. Ellipsoid with four controls.

is an algebraic equation in A. Therefore, it has at most a finite set of roots in (0, +00), that we denote by Acritical-
We conclude that for any A € (0, +00) \ Acritical, the local controllability of (2.68) still holds. In particular, we
can consider values of A arbitrary close to the value A = 1 imposed by (1.10). The issue whether 1 € Agitical
seems hard to address without computing numerically all the coefficients in our system.

4.2.4. Controllability of the ellipsoid with three controls

Assume that x1, x4, x5 and xg are as above (satisfying (4.11), (4.13), (4.14)), and consider now the controls
supported by x1, x4 and X5 = x5 + X6 (see Fig. 7).
Doing the same scaling for the density, and letting A — 0o, we see that the matrices B> and C read

00 0O
00 Bs
00 Bs
00 0O
000
00 0O

sy

B® = — ,C=—

coocococl

coQooo
DN ococoo

where the coefficients Bs, Bg, C1,Cy, Cs, Cg are as above. For simplicity, we assume that the principal axes of
inertia of the vehicle coincide with the axes of the ellipsoid. Then the matrix Jy is diagonal (see [4]) with entries
J1, J2, J3. Notice that the first and fourth coordinates are well controlled (using x1 and x4), and that the other
coordinates are decoupled from them, at least asymptotically (i.e. when A — o0). Let A® = limy_.. A (i.e.
A is obtained by letting o = 0 in A). Let K € R*** denote the matrix obtained from A by removing the
first and fourth lines (resp. columns), and let b € R* (resp. ¢ € R*) denote the vector obtained from the last
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Control y1 Control y4

FicUrkE 7. Ellipsoid with three controls.

column of B> (resp. C') by removing the first and fourth coordinates, namely

—(L{")22 0 0 —(R")2s
K— 0 —(L1")33 —(R{")32 0
0 —((L{)23 + (CM)11) =(R{)22 0 ’
—((L{)z2 = (CM)11) 0 0 —(R{)ss
Bg 0
Bs o
b= o | c= s
0 Cs
Let finally
000 -1 mgt 0 00
{0010 0o omgt 0 0
F=1oo0oo0 | ®dG=1 ¢ g 5 o
0000 0o 0 0 J!
Then, keeping only the leading terms as A — oo, we see that (3.69) holds if
rank(c, b, KGb, (KG)?b, (KG)?b) = 4 (4.15)
while (3.70) holds if
rank (c, b, [(CM) 11 F + 2K]Gb, [8(CM) 11 F + 11K]GKGY, [17(CM) 11 F + 64K]G(KG)?b) = 4. (4.16)

Note that (4.15) is satisfied whenever
rank(b, KGb, (KG)?b, (KG)?b) = 4, (4.17)
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which is nothing but the Kalman rank condition for the system & = KGx + bu. However, it is clear that we
should take advantage of the presence ¢ in (4.15). As previously, this gives a controllability result for A > 1, but
such a result is also valid for all the positive A’s except those in a finite set defined by an algebraic equation.

APPENDIX A

A.1. Quaternions and rotations

Quaternions are a convenient tool for representing rotations of objects in three dimensions. For that reason,
they are widely used in robotic, navigation, flight dynamics, etc. (see e.g. [1,26]). We limit ourselves to intro-
ducing the few definitions and properties needed to deal with the dynamics of h and Q. (We refer the reader
to [1] for more details).

The set of quaternions, denoted by H, is a noncommutative field containing C and which is a R-algebra of
dimension 4. Any quaternion ¢ € H may be written as:

q=qo+ qii + q2j + g3k,

where (qo,q1,q2,q93) € R* and i,5,k € H are some quaternions whose products will be given later. We say
that go (resp. qii + q2j + gsk) is the real part (vesp. the imaginary part) of ¢. Identifying the imaginary part
q1i + q2j + qzk with the vector ¢ = (q1, g2, q3) € R3, we can represent the quaternion ¢ as ¢ = [qo, §], where
qo € R (resp. § € R3) is the scalar part (resp. the vector part) of q. The addition, scalar multiplication and
quaternion multiplication are defined respectively by

[p()aﬁ] + [qov(j‘} = [pO +q07ﬁ+ (7]3
t[QOacﬂ = [thatcﬂv
[P0, D] * [q0, 7] = [Pogo — P~ ¢ Pod + qop' + P’ X ¢,

(2] »

where is the dot product and “x” is the cross product. We stress that the quaternion multiplication * is
not commutative. Actually, we have that

ixj=k, j*xi=—k,
jxk=1, kxj=—i,
kxi=7j, ixk=—j,
P2 =52 =k=-1.

Any pure scalar gy and any pure vector ¢ may be viewed as quaternions

qo = [q()a(_j}v J: [Ov(j‘}v

and hence any quaternion ¢ = [qo, ¢] can be written as the sum of a scalar and a vector, namely
q=qo+4q.
The cross product of vectors extends to quaternions by setting
1 LS
pxq=5p*q—qxp)=[0,5xql.
The conjugate of a quaternion ¢ = [qo, ¢] is ¢* = [qo, —¢]. The norm of ¢ is

- 1
llall = (laol* + 11711*)=.
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From
* * 2
axq" =q *q=|lq|I%,

we infer that .

-1 q
q = —.
Ilql[?

A unit quaternion is a quaternion of norm 1. The set of unit quaternions may be identified with S2. It is a group
for *.
Any unit quaternion ¢ = [qo, ¢] can be written in the form

q= cos% + sin %E, (A1)

where o € R and @ € R? with ||]| = 1. Note that the writing is not unique: if the pair (o, @) is convenient, the
same is true for the pairs (—«, —@) and (o + 4km,u) (k € Z), as well. However, if we impose that o € [0, 27],
then « is unique, and @ is unique for |go| < 1. (However, any @ € S? is convenient for |go| = 1).

For any unit quaternion ¢, let the matrix R(q) € R**3 be defined by

R(q)¥ = qxT*q" VieR. (A.2)
Then R(q) is found to be

@+aE—a—-a 2(q192 — qos) | 2(4143 + qodz)
R(q)=| 2(¢2q1+q0a3) a5 — a7 +a5 — a5 2(q2q3 — qoq1)
2(g3q1 — q0q2)  2(¢3q2 + Q1) @B — G — B+ 43

For ¢ given by (A.1), then R(q) is the rotation around the azis Ri of angle «.
Note that R(q1 * q2) = R(q1)R(q2) (i.e. R is a group homomorphism), hence

R(1) = Id, R(q")=R(q)"".

We notice that the map ¢ — R(q) from the unit quaternions set S® to SO(3) is onto, but not one-to-one, for
R(—q) = R(q). It becomes one-to-one when restricted to the open set

5% :={q=[g0.7) € H; ||¢|| =1 and go > 0}.

Furthermore, the map R is a smooth invertible map from Si onto an open neighborhood O of Id in SO(3). On
the other hand, the map

q—q=lq,q] = [v1-I7]q]
is a smooth invertible map from the unit ball B1(0) = {¢ € R?; ||{|| < 1} onto S%. Thus the rotations in O
can be parameterized by ¢ € B1(0).

A.2. Proof of Proposition 3.9
Let us prove by induction on k € N that

Vi Ty=0 WVieN. (A.3)
The property is clearly true for & = 0, since
VU(T) = BE)(T) + AC)(T)C = o,
by (3.54). Assume that (A.3) is established for some k € N. Then by (3.53) applied twice, we have

Voo = Vay, — 24V3), — A'Vay + A%V,
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hence
l l i i A
VAED(T) = VP2 — 2( AV, ) BO(T) — (A'Var)PD(T) + (A2Viy)2D(T). (A.4)

The first term in the r.h.s. of (A.4) is null by (A.3). The second one is also null, for by Leibniz’ rule

(Avg) (T ZCPA(p) TV P0(T)

and AP)(T) = 0 if p is even, while V(zl p+1)( T) =0 if p is odd. One proves in a similar way that the third and
fourth terms in the r.h.s. of (A.4) are null, noticing that for p odd we have

(A%®)(T) = 2(AA)YP=Y(T) = 0. (A.5)

From (A.3), we infer that
Vg1 = V() — (AVay) BH(T) = 0.

Let us proceed to the proof of (3.56). Again, we first prove by induction on &k € N that
Ul (T)=0  WieN (A.6)
Tt follows from (3.52), (3.53) and (3.55) that
U (@) = U () - (DU BNT) - Vo (T) =0 VkEN.
Assume that (A.6) is true for some k € N. Then, by (3.53) applied twice,
Usids(T) = U7 (T) = (DUaiyn) T (T) = Va2V (T) = (DUais) (1) = ViZh (T). (AT)

Using (3.54), (3.55) and (A.6), we see that all the terms in the r.h.s. of (A.7), except possibly (DUgp2)?)(T),
are null. Finally,

(DUsir2) *N(T) = (DUg 1) ®N(T) = (D*Uni1) *)(T) — (DVarr)®)(T).

Using Leibniz’ rule for each term, noticing that in each pair (p, ¢) with p+q = 2I, p and ¢ are simultaneously even

or odd, and using (3.54), (3.55), (A.5) (with A replaced by D), and (A.6), we conclude that (DUsy )Y (T) = 0,
so that U2,2€23( ) =0.

Finally, U(2l+1)( T) = 0 is obvious for k = 0, while for k > 1
20+1 2042 214+1)
U (1) = UG (1) = (DUe) 2H0(T) = VA (1) = 0
by (3.54), (3.55) and (A.6) (with 2k + 1 replaced by 2k — 1). The Proof of Proposition 3.9 is complete.

A.3. Proof of Proposition 3.13
From (3.51), (3.52) and (3.67), we obtain successively

Vi(T) = VJ(T) = B'(T) + A(T)C = a7 (T) (T 'B+ T AT 'C)
V3(T) = Vy(T)

= (V] = Avy)(T)

= (Vg — AVy)"(T) — (AV1)(T)

= V5"(T) = 24/(T)V3(T) — A'(T)W(T)

= 34" (T)Vy(T).
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Successive applications of (3.52) yield

Vs(T) = Vi2!(T) — Y (Avy)4=0(T),

s.
o 1 Mw
[}

Vo(T) = Vi (T) = Y (Avy)6=)(T).

N
I
<
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(A.8)

(A.9)

Since Vo(k) (T) = 0 for k > 2, it remains to estimate the terms (AV;)4~)(T) and (AV;)©~9(T). Notice first that

by (3.67) and Leibniz’ rule
(AV)® (1) = KAV (D).

Thus, from (3.67) and (3.72), we have that

(AVa)D(T) = 44 (T)V3(T).

Since ) ) R
Vo=V — AV, =V — (AVp)' — AV,

we obtain with (3.67) and (A.11) that
Vi) = V() — (AVe) D (T) — (Avy) (T = 64" (T)*Vg(T),

hence

On the other hand,

where we used (3.52) and (3.72)—(3.73). Finally,
(AV2)"(T) = 2A/(T)V](T) = 2A"(T)V5(T') = 304" (T)*V;(T)

and

(AV5)(T) = A'(T)V5(T) = 154" (T)Vy(T).

(Avp) (1) =0,

(AVD)®(T) = BA(T)V]'(T) = BA"(T) (Vy(T) — (AVp)"(T)) = —6A"(T)*Vy(T),
(AV2)"(T) = 2A(T)V3(T) = 24 (T)V3(T) = —6 A (T)?V3(T),

(AV3)(T) = A(T)V5(T) = —3A'(T)*Vy(T).

A.10
A1l

A2
A13

—~ o~~~
— — ~— —

(A.14)
(A.15)
(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

Gathering together (A.9) and (A.14)—(A.20), we obtain (3.74). The Proof of Proposition 3.13 is complete.
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A.4. Proof of Proposition 3.14
From (3.52)—(3.53), we have that

U=C, U=U_,—DU_1—V;y, VYi>1. (A.21)
Thus

Us(T) = (U] — DU, — Vi)(T)
= (0 — (DUy)" = Vg)(T) = Vi(T)
= —D'(T)Uy — 2V5(T)

where we used successively (A.21), (3.56) and (3.71).
Successive applications of (A.21) yield

3
=3 [ (DU;)B~D 4 v 3~ ’)]( ). (A.22)
=0
Using (3.67), we obtain that
3 2 _
>_(DUNET) = 3 (3~ i) DT (T)
=0 =0

= 2D'(T)(Ux(T) + Vi(T)) + D'(T)Vy(T)
T)(D'(T)Uo + 2Vy(T)) + 2D'(T) Vg (T)
Vi(T) (A.23)

where we used (3.71), (3.75) and the fact that D'(T)? = 0.
On the other hand,

D VETHT) = (V) — AV)'(T) + V(1) + Va(T)

= —24(T)V(T) + 2V3(T)
= —8A'(T)Vy(T) (A.24)

by (3.72). Combining (A.22)—(A.24), we obtain (3.76).
Let us now compute Ug(T'). Successive applications of (A.21) yield

5
=-> [ (DU~ 4 v~ ’)}( ). (A.25)
1=0
We have that ) \
S (DUNEI(T) = (5 - ) D (1)U,
=0 =0

Let us estimate the terms Ui(4_i) (T) for i = 0,...,4. Obviously, U(g4) (T') = 0 by (A.21), while by (3.67)

Ui(T) = ~(DUo) (1) = Vg (1) = 0, (A.26)



CONTROL OF UNDERWATER VEHICLES IN INVISCID FLUIDS. I. 701

Next we use (A.21) to obtain successively
Us(T) = Ua(T) + V5(T), (A.27)
Uy (T) = Us(T) + (DU2)'(T) + V3(T)

Us(T) + V5(T) + D'(T)Us(T) + V5(T).

It follows that

4
> (DU)PNT) = 3D"(T)(Ua(T) + 2V5(T) + D' (T)Us(T)) + 2D (T) (U(T) + V5(T)) + D'(T)Ua(T)
=0
= D'(T)(6U4(T) + 8V5(T))
= 24D/(T)(D'(T) + 2A'(T))Vy(T) — 24D'(T) A'(T) V5 (T)
= 24D'(T)A'(T)V{(T). (A.28)

On the other hand, using (A.15)—(A.18) and (3.72)—(3.73), we have that

4
S VE@) = vIO(T) + VD) + V(1) + V(D)
=0

= 64 (T)2Vy(T) + 2V5(T) + A/(T)V5(T)

= 33A/(T)*V{(T). (A.29)
(3.77) follows from (A.25)—(A.29).
Finally, we compute Ug(T'). We see that
7 .
--3 [ (DU + VF‘“] (T). (A.30)
i=0
Then
7 6 _
D_(DUYTINT) = 3 (7 =)D (1)U (T)
i=0 i=0

60/ (1)U (1) + 5D/ (1)UL (T) + 4D (1)UL ()
+3D/(T)UF(T) +2D'(T)US(T) + D' (T)Us (7).

Using (3.67), (A.21) and (A.26), we readily see that

Next, successive applications of (A.21) give

UL(T) = Us(T) + V5(T),

UY(T) = U§(T) + (DUL)'(T) + V{(T)
= Ug(T) + D'(T)Us(T) + 2V5(T).

U (T) = UJ(T) + (DUs)"(T) + V3'(T)

— (Us(T) + D'(T)UL(T) + 2V (T)) + 2D (T) (Us(T) + Va(T)
+V(T) + A(T)Va(T).
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S (DU T(T) = 4D/(T) (Us(T) + 3D/ (T)UA(T) + 2V5(T) + 2D/ (T)Va(T) + A'(T)V3(T))

+3D(T) (U, ( )+ D'(T)Us(T )+2V5(T))
+2D(T)( T)+ Vs(T)) + D'(T)Us(T)
D(T)[10 U ( ) +16V5(T) + +4A ( WVs(T)]
D'(T)[-240 D'(T)A"(T) V5 (T) — 330 A'(T)V(T)
+240A( )*V(T) — 124"(T)* V3 (T)]
= — 102 D'(T)A'(T)*V5(T). (A.31)

It remains to compute ZZ:O V;W_i) (T). It is easy to see that
Vo () = Vi) = V;"(T) = 0.

Successive applications of (3.52) give

where we used (A.18). Thus

ZV" = BVA(T) + 10A"(T)Vs(T) + 3A'(T)?V5(T)

= —384 A/(T)*V{(T). (A.32)

Then (3.78) follows from (A.30)—(A.32). The Proof of Proposition 3.14 is achieved.
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