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SPECTRAL ANALYSIS IN A THIN DOMAIN WITH PERIODICALLY
OSCILLATING CHARACTERISTICS

RITA FERREIRA!, M. LUISA MASCARENHAS? AND ANDREY PIATNITSKI® 4

Abstract. The paper deals with a Dirichlet spectral problem for an elliptic operator with e-periodic
coefficients in a 3D bounded domain of small thickness §. We study the asymptotic behavior of the
spectrum as ¢ and 0 tend to zero. This asymptotic behavior depends crucially on whether ¢ and ¢
are of the same order (§ = ¢), or € is much less than § (§ = €7, 7 < 1), or ¢ is much greater than
§ (6 =¢", 7>1). We consider all three cases.
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1. INTRODUCTION AND MAIN RESULTS

When considering stationary Schrodinger’s equation, the wave function i associated to a particle in a three-
dimensional space is given by:

A Vi = B,
2m

where i := h/27, h being Plank’s constant, m is the mass of the particle, A is the Laplace operator, V is the
potential energy and E' is the energy of the system with wave function .

We consider the particle confined to a certain domain © C R?, but otherwise free; then the potential function
takes the form V(z) := 0 for x € 2, and V(x) := +oo for 2 & Q, and the problem of finding the spatial wave
function 1 and the energy levels E reduces to solving the following eigenvalue problem for the Laplace operator:

—Av = v, in €,
v =0, on 0f),

where we identified ) = v and A = QT’"E . The goal of this paper is to address the above eigenvalue problem under

the assumption that the domain has a very small thickness § and the medium presents very small e-periodic
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FIGURE 1. Thin and periodically oscillating media.

heterogeneities (see Fig. 1). We prove that the asymptotic behavior of the energy levels depend strongly on the
ratio between small parameters § and e.

Under this motivation we consider an elliptic operator with e-periodic coefficients and the corresponding
Dirichlet spectral problem in a 3D bounded domain of small thickness 6. We study the asymptotic behavior
of spectrum of this problem as both positive parameters € and § tend to zero. In the cases e = § (§ = ¢) and
ek (6 =", 7 <1), the corresponding results have been announced in [8]. In the present paper we provide
detailed proofs of the statements formulated in [8], and also study the case e > ¢ (6 =7, 7 > 1).

More precisely, let w be a bounded domain in R? and let § be a positive parameter. Consider the thin domain
Qs := w x 01, where I := (—1/2,1/2). In what follows the Greek characters a and (3 take their values in the set
{1,2} and we will often write Z instead of (x1,zz). Given a function f:R? — R, d € {2,3}, Vf stands for the
vector (Of /0x1,0f/0x2), while V3f and Asf stand for 0f/0x3 and 02 f/0x2, respectively. If @ = 1, (0,1;)
is an interval in R?, we say that f is Q-periodic if for all x € Z and for a.e. x € R? one has f(z + sl;e;) = f(z),
where {e;}i=1,..q is the canonical basis of R4, A matrix is said to be Q-periodic if each of its components is
a Q-periodic function.

Let Y := (0,1)? and let A = (aj)1<i j<s € [L>=(R?)]>*3 be a real, symmetric and Y-periodic matrix, for
which there exist ¢, € Rt such that for all £ € R? and for a.e. j €Y,

cligl® < (A(@)ele) < nllgll®. (1.1)

In order to simplify the notations, we will often write AS¢ in place of (AE|€). For each € > 0 define af;(7) :=
aij (%) and A. := (afj)1<i7j<3. Notice that, by construction, A, is also a real, symmetric and €Y -periodic matrix,
satisfying (1.1). Our goal is to characterize the asymptotic behavior, as ¢ — 0% and § — 07, of the eigenvalues
Ao associated with the spectral problem

—div(A.-VE2) = X058, a.e. in Q, 12)

0 € HE(Q). '
We also assume that a,3 = 0 a.e. in R?, thus we admit that the planar flux associated to the wave function
depends exclusively on the behavior of this function in the cross-section w. This hypothesis enables us to
decouple the limit problem, simplifying a lot our computations. We denote by A and A. the 2 x 2 matrices
A= (aap) and A: = (af ), respectively.

It should be noted that instead of three-dimensional thin domain one can consider problem (1.2) in a thin
domain in dimension d+ 1 with d > 1. In this case Q5 = w x 61 with w C R%. The results obtained in the paper
for d = 2 can be adapted for d > 1. We leave the details to the reader.

Since €25 is bounded, the spectrum ¢ of problem (1.2) is discrete and can be written as ¢ := {)\g,i eRT:
i € N}, where 0 < X9, < M\, < ..o < A, < ... — 400. As the thickness of the domain goes to zero

’ ’ ’ 11— 00
(6 — 07), all the eigenvalues go to infinity. A detailed characterization of the asymptotic behavior of O'g is
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given in Theorem 1.1 for the case € =~ §, in Theorem 1.2 for the case ¢ < §, and in Theorems 1.4 and 1.8 for
the case € > 4.

Our analysis relies on I'-convergence and asymptotic expansions techniques for spectral problems. Some of
our arguments are based on the Vishik-Lusternik lemma (see [18]). For the definition and main properties of
I'-convergence we refer to [7] and to the references therein; concerning the method of asymptotic expansions in
spectral problems we refer to [4,5,18].

The homogenization of spectral problems, supported by a large bibliography, was first treated in [11,12,17].
The methods of analysis of spectral problems in terms of operator convergence have been elaborated in [3,16].
Other homogenization approaches in spectral problems and related topics have been studied in [1,2]. The
homogenization of singularly perturbed operators have been considered in [13,14] and some other works.

Consider the quadratic energy Eg . L*(w x 0I) — [0,+00] associated with the self-adjoint operator
—div(A: V) from L?(w x 61) into itself,

() = /wm A (Vo (2?)Vo(2?) da?, if € H(w x 81), (13)

400, otherwise.

As it is usual in the dimension reduction framework, the first step is to perform a rescaling and a change of
variables in order to transform problem (1.2) into an equivalent one defined in the fixed domain w x I. To
each point 2% = (7%, 23) € w x 61 we associate the point x = (Z,73) = (2°,6 '23) € w x I, and we define
v € Hi(w x I) by v(z) := 9(2°) whenever & € H}(w x §I). Accordingly, we rescale the energy in (1.3) by
dividing it by ¢ so that the new energy becomes E? : L?(w x I) — [0, +-oc],
/ A (Z)Vo(x)Vo(x) + ag3—®|v v(x)*de, if ve Hi(wx I)
Eg (v) = wxI : §? ’ ’ 0 ’
+00, otherwise.

(1.4)

The rescaled spectral problem reads

€
— divz (A Vo)) — %Agvg =0 ae inwxI, (15)

v) € Hi(w x I).

We stress that problems (1.2) and (1.5) are equivalent.

Before stating our main results, we will introduce some notation. Since we are interested in the cases € = 9,
e < § and € > 4, we consider § = €7 for each 7 € (0,+00), and we introduce the L?(Y')-normalized first
eigenpair (ul o, ¢ ) for the bidimensional periodic spectral problem

{ —e2=D div(AV¢T) + assm?¢l = pl¢l, a.e. inY, (1.6)
oI € H#(Y) :
We recall that C°(Y) (resp. Cy(Y)) represents the subspace of C*°(R?) (resp. C(R?)) of Y-periodic functions
and H;ﬁ (Y) the closure of Cy (V) with respect to the H'(Y)-norm. Furthermore, the eigenvalue pL o is real,
positive and simple, and the associated L?(Y)-normalized eigenfunction ¢7 ; belongs to HL(Y)N C’;’S(Y), for
some 0 < s < 1, and may be chosen to be a strictly positive function (see [9]).

We will distinguish three cases: 7 =1, 7 < 1 and 7 > 1. Notice that if 7 = 1 then problem (1.6) does not
depend on ¢, and for that reason we simply write (1o, o) to denote its L?(Y)-normalized first eigenpair.

Let us also introduce the following unidimensional spectral problem on the interval I:

—0" =¢#, a.e.in I,
0 e H(I),
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whose nth L?(I)-normalized eigenpair is represented by (gn, 0,,), with (gl, 61) = (72, \/icos(mcg)), x3 € I. The
following statement characterizes the behavior of o9 in the case § ~ ¢.

Theorem 1.1 (¢ ~ §). Under the above hypotheses, let (Aak,ve,k) be a kth eigenpair associated with prob-
lem (1.5) for § =&, and let (vi, 1) be a kth eigenpair associated with the bidimensional homogenized spectral
problem on the cross section w

—div(B"V¢) = vy, a.e. in w,
p € Hy(w),

where the 2 x 2 constant matriz B" is the homogenized limit of the family of €Y -periodic matrices {Be}eso,

= [ ()] 0 )

Be = (bi5) with
Then, there exists a self-adjoint operator A. : H. — H., where H. coincides algebraically with L*(w x I)
endowed with the scalar product (-|-). defined by

2

(ulv)e := /wx] [(bo (?)} u(z)v(x)de, w,ve Li(w x I),

such that D(A.) = Hi(w x I) and

0 _ z _ _
ek = g—Q + Ve ks Ve k (T, 23) = o (E) Ue (T, x3), a.e (T,x3) Ew X1, (1.8)

where (Ve i, Ue k) i a kth eigenpair of A., that is,
1
Ue i € Ho (W X 1)7 -Aaua,k = Veg,kUg ky Vel < Vg2 <--- < Ve k <-ee (ua,klua,l)a = 0p.

Furthermore, v — vg as € — 01 and, up to a subsequence that we do not relabel, ucj — wui weakly in
HY(w x I) as € — 0T, where uy, is the product of an eigenfunction associated with vy and 01. Conversely,
any product of eigenfunctions ux = @iy is the weak limit of a particular sequence of eigenfunctions associated
with Ve k-

We next provide the characterization of ¢ when e < §. For j € Ny := NU {0}, define
o= [ am)vy(o)do, (19)

where 19 =1 in Y and, for j > 1, ¢; are the solutions of the recurrence problems in H;& (Y)

j—1
— div(A(y) Vi) = —ass ()71 + > 0etbj-1-1, /ij (%) dy = 0. (1.10)
=0

Theorem 1.2 (¢ < §). Suppose that the above hypotheses are fulfilled and that in addition a.z are uniformly
Lipschitz continuous in Y. Let ()\Eyk,’u&k) be a kth eigenpair associated to problem (1.5) for &6 = &7 with
some 7 € (0,1), and let (ul o, ¢l o) be the L?(w)-normalized first eigenpair of (1.6). Let i € N be such that
% <7< i_%l, and let (vi,pr) be a kth eigenpair associated with the bidimensional homogenized spectral
problem on the cross section w

(1.11)

—div(A"Vy) = vy, a.e. in w,
p € Hy(w),
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where the 2 x 2 constant matriz A" is the homogenized limit of the sequence {A.}e~o. Then, Heo —
72 [y ass(y) dj = 0o as € — 0%, ¢7o(Z/e) — 1 = g uniformly in w as ¢ — 0T, and there exists a self-
adjoint operator A. : H. — H., where H. coincides algebraically with L?(w x I) endowed with the scalar product

(-]-)- defined by
2

(ulv)e = /wx[ [ o (Eﬂ u(z)v(z)dr, wu,v€ L*(w x I),

5
such that D(A.) = Hi(w x I) and

~__ o . ) A :
Ae ke = Z m + oL+ ek, V(T w3) =Pl (E) Ue (T, 23), a.e (T,x3) EwXxI, (1.12)
=0

where (Ve i, Ue k) i a kth eigenpair of A., that is,
1
Ue,k S HO (W X I), Asus,k = Ve, kUg k, Vel < Ve 2 <. < Ve k <. ’ (Us,k|us,l)s = 5kl-

Furthermore, pT — 0 as e — 07, ve, — v as e — 07, and, up to a subsequence that we will not relabel,
ue k — ug weakly in Hi(w x I) as € — 0T, where uy, is the product between an eigenfunction associated with
v, and 61. Conversely, any product of eigenfunctions ui = @61 is the weak limit of a particular sequence of
eigenfunctions associated with v. j.

Remark 1.3. If the series >, [[1]l2(y) converges, the same happens with > .~ ;|o;| and we obtain

Zj > 005 = Ho, Zj > 0¥ = ¥, where ¢ = ¢o/ fy ¢ody and (po, ¢o) is the L?(Y)-normalized first eigenpair
of (1.6) for 7 = 1. Moreover, since =2 < 7 < —= it can be checked that the convergence of >_i > oloj| implies

PR
that, for fixed e >0 and as 7 — 17,
P}
o7 (2j+2)—2j o2
j=0
This convergence shows that, as 7 approaches 1, development (1.12) approaches development (1.8) (see Appendix
for the proofs).

The case e > ¢, say § = 7 with 7 € (1, +00), seems a lot more difficult to handle due to the degeneracy of the
corresponding problem (1.6). Indeed, in the case 7 > 1 the asymptotic behavior of ul ; depends strongly on the
behavior of the potential ags (see, for instance, [13,14]). An interesting case is when the potential ags oscillates
between two different values, as it is the case of a two media mixture. In that direction we introduce new
hypotheses on a33. In Theorem 1.4 we identify the asymptotic expansion of the first eigenvalue. In Theorem 1.8
we provide a characterization of the limit spectrum in the sense of Kuratowsky.

Theorem 1.4 (¢ > 0). Under the general hypotheses stated above, assume in addition that ang are smooth
functions and that there exists an open and smooth subdomain Q of Y, Q CC Y, such that ass coincides with
its minimum, amin, on Q and is a smooth function strictly greater than ami on Y\Q. Let (v9,qo0) be the
L?(Q)-normalized first eigenpair for the bidimensional spectral problem on Q

—div(AVq) = vg, a.e. in Q,
q € Hy(Q).

Let o, := {)\.; € RT: i € N} be the spectrum of problem (1.5) for § = €™ for some 7 € (1,4+00). Let k € N
be such that k > =25, and let (ul o, 97 o) be the L*(Y)-normalized first eigenpair of (1.6). Then puly — aminT?,
L0 — qo weakly in Hiﬁ (Y) as e — 0, where we identify qo with its extension by zero to the whole Y, and

(1.13)

2
Gmin7 o -3
et = —o—+ = 4"

> £27 22 [ Ek(T?DiQuk + p:sr + V;—,la
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where p;, i € {1,...,k}, are well determined constants, |pI| < Cett+2)7=(+3) 0 as e — 0F, for some
constant C' independent of €, and

viq = inf /
YEHG (w) w

||¢;,0(?)w||L2(w):1

ozo (%) Avuvi as

9

vanishes as € — 0.

Remark 1.5. Theorem 1.4 is valid under weaker regularity hypotheses on the coefficients. In fact, as it will
become clear within the proof, instead of smoothness it suffices to assume that a,g are C**2 functions and that
on Y\Q ass is also a C**2 function, where k is the smallest natural number satisfying k > % In particular,
the smaller 7 — 1 > 0 is, the more regularity of the coefficients is required.

Remark 1.6. Hypotheses of Theorem 1.4 cover the important case where az3 oscillates between two different
values, but rule out the case where ass is constant. Nevertheless, it is easy to see that under the general
hypotheses stated at the beginning of Section 1, if ass is constant, then for any 7 € (0, +00), Peo = assm? and
¢Lo = 1. Moreover, as it will become clear from our arguments, if (Aa,m Ve, k) is a kth eigenpair associated with
problem (1.5) for § = ¢7, then

a33772
)\E k=

’ 527

+V6,k‘7

where v, — vj;, and, up to a subsequence that we do not relabel, v, — vi = 6 weakly in HY(w x I) as
e — 0T, being (vk, @) a kth eigenpair associated with (1.11).

Remark 1.7. Tt is important to mention that the cases where a3 is constant in @, continuous in Y (no jump
on 9Q) and has linear or quadratic growth in the vicinity of 9Q) are very similar to the case presented here:
constant in @ with positive jump on 9@ and continuous on Y\Q (see Rem. 5.3). However, the case of an
isolated minimum of a3 is rather different and more serious modifications are required.

Finally, under quite more general hypotheses than those of Theorem 1.4, the next theorem characterizes the
limit spectrum in the sense of Kuratowsky.

Theorem 1.8 (¢ > §). Assume the general hypotheses stated at the beginning of Section 1 and, in addition,
assume that ass attains a minimum value, amin, at some gy € R2 such that aqp and ass are continuous on some
neighborhood of §o. Then,
lim (52706) = [aminﬂ'Q, +oo] , (1.14)
e—0t
where the limit in (1.14) is to be understood in the sense of Kuratowsky, that is, [aminWQ, +oo] is the set of all
cluster points of sequences {\}e>0, Ae € €270,

The paper is organized as follows. In Section 2 we prove some auxiliary results. Section 3 is devoted to the
proof of Theorem 1.1, while Section 4 to the proof of Theorem 1.2. Finally, in Section 5 we prove Theorems 1.4
and 1.8.

2. PRELIMINARY RESULTS

In this section we present preliminary results that play an important role on the subsequent sections. The
first result concerns the convergence of eigenpairs associated with a sequence of densely defined self-adjoint
operators, whose proof can be found in [6], Theorem 3.1.
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Proposition 2.1. Let A. : H. — H. be a sequence of densely defined self-adjoint operators, where H. coincides
algebraically with a fized Hilbert space H endowed with a scalar product (-|-)e such that

c1l|ull? < (u|u)e < callull?, for suitable positive constants ci, ca, (2.1)
lim+(u5|’ug)E = (ulv) whenever u. — u and ve — v in H as ¢ — 0T, (2.2)
e—0
where (-|-) stands for the scalar product in H and || - || the correspondent norm. Let G. : H — (—o0, +00]

be defined by G-(u) = (Aculu)e, if u € D(A:), and Ge(u) := +00, otherwise. Assume further that the three
following conditions hold:

(1) Ge(u) > —collul|?, for a suitable constant co > 0 independent of ;

(il) Ifsup Gc(u:) < 400 and sup ||uc|| < 400, then the sequence {uc}tesq is strongly relatively compact in H;
e>0 e>0
(iil) {Geleso T-converges to a certain functional G.

Then, the limit functional G determines a unique closed linear operator Ag : H — H with compact resolvent
such that G(u) = (Aoulu), for all u € D(Ap). Furthermore, the spectral problems associated with A. converge
in the following sense: let { (Ve k, ue k) then and {(vi, ur)}ren be such that

Ue K S D(As)a Asus,k = Ve,kUeg ky Vel < Ve 2 < < Ve k § Tty (Us,k|u6,l)€ = 5kl;
ur € D(Ap), Aour = vpug, Sy < Sy < (ur|ur) = Ont,

where di; denotes the Kronecker symbol. Then v, — v ase — 0. Moreover, up to a subsequence that we will
not relabel, {uc i }e>0 converges as e — 0% to an eigenfunction associated to vi,. Conversely, any eigenfunction
uy, 15 the strong limit of a particular sequence of eigenfunctions of As associated with v .

Remark 2.2. We recall that condition (iii) in Proposition 2.1 is equivalent to saying that the following two
conditions are satisfied:

a) If uc, u € H are such that u. — v in H as € — 07, then G(u) < limir+1f Ge(ue);
e—0
b) Given u € H, there exists {uc}eso C H such that u. — w in H as e — 01, and G(u) = lim G (ue).

e—0t

The next proposition regards a classical change of unknowns (c¢f. [17]; see also [2]). In the cases € = ¢ and
e < ¢ it will allow us to transform the energies (1.4) into functionals for which Proposition 2.1 applies.

Proposition 2.3. For fized 7, > 0, consider the functions u and v related by

v(z) = go(§>u(x), for a.e. x = (Z,23) €Ew X I. (2.3)

Then v € Hi(w x I) if and only if u € Hi (w x I). Moreover, if v € Hi(w x I), then

Lxlﬁs(f)?v(w)%(x)+ G%T(f)ﬁlv(m)ﬁ _ e ) de = /M[ ;O(i)rAe(z)vu(z)vu(z)dx. (2.4)

527'
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Proof. We proceed in two steps.
Step 1. We begin by proving that equality (2.4) holds for every u € Hi(w x I) N L>(w x I).

Since ¢ € Hy(Y) N Cgf(Y), for some 0 < s < 1, then for any u € Hg(w x I) N L>(w x I) the function v
defined by (2.3) also belongs to H}(w x I) N L>®(w x I). For u € C§°(w x I) we have

/ A (7)Vu(x)Vo(x) + a?;?’f)w2|v(x)|2 — %h}(m)ﬁ dz
wx T

= [ om0 (B) utapdive { L@ [z (£) ui)] } +

wx I

T z 2 as (i.),]r27‘u;‘
620 (2) [ u() P22 az, (2.5)

527'

where divz stands for the divergence in the variables z1, x2. Considering the definition of ¢;0(;), it can be
checked (see also [10]) that

— Lo (g) divg {Ae(f)? [ 0 (g) u(x)}} + |#2 0 (x) ’QMU(@

Combining this relation with (2.5) and integrating by parts in w yields (2.4) for all u € C§°(w x I). In order to
show that (2.4) also holds true for all u € Hj(w x I) N L>®(w x I), it suffices to approximate such a function u
by a sequence of C§°(w x I) functions and to pass to the limit in (2.4).

527'

oo (2) [ A@vue)}.

€

Step 2. In this step we prove that if v € HJ (w x I), then the function u given by (2.3) belongs to HJ(w x I)
and

To (g) }2/_16 (z)Vu(z)Vu(z)dr. (2.6)

/ A (z)Vo(z)Vo(z) + Mwﬂv(m)ﬁ _ P lo(z)*dz > /
wx T

527 527 wxl

Let v € Hy(w x I) be an arbitrary function. Since ¢7, € Hj(Y)N C&S(Y) is strictly positive, the function

v(x)

u(z) = —,  ae.r=(T,r3) EwxI,
Fo(2)
is well defined and belongs to L?(w x I). Moreover, Vau € L?(w x I).
Let {vp }nen be a sequence in C§°(w x I) such that v, — v in Hj(w x I) as n — co. Setting u, := v, /@I, we
have u,, — v and V3u, — Vsu in L?(w x I) as n — oo. Furthermore, for alln € N, u,, € H} (wx I)NL>®(w x I),
and so, by Step 1,

/ Ae(2)Vop (z)Vuy,(z) + %3T(Tx)w2|vn(m)|2 - H%f|vn(x)|2 dz = /
wxI € € wx I

The convergence v, — v in H}(w x I) yields
n—oo

s oo 527- 527'

i [ A (2) V0 (@) Toa(x) + B 221 2~ 220} ()P da
wXxT

= /XI A (2)Vo(x)Vo(z) + aé;—(f)ﬂﬂv(x)ﬁ - @|v(x)|2dx, (2.8)

527'
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which, together with (2.7), implies that

sup {/
neN wxI

Consequently, since there is a constant ¢. > 0 such that ¢7 ;(-/¢) > ¢z, from (1.1) we get sup,, [|Vin|| 12w x 1;r2) <
+00. Therefore, u € Ha(w x I) and u,, — u weakly in H}(w x I) as n — oc.

Using the sequential lower semicontinuity with respect to the weak topology of L?(w x I;R?) of the convex
functional F : L?(w x I;R?) — R defined by

F(w) = /
wx T
we conclude that

lim inf/
n—oo wX I

From (2.7)-(2.9) we deduce (2.6).
Changing the roles of u and v we conclude that if u € H}(w x I) then v also belongs to Hg(w x I), and the
converse of (2.6) holds true. O

fo (D)) AT 0 @) Tunte) ar < 4ox,

Ty (f) ‘QAE(:E)w(:c)w(:c) dr, we L*(w x I;R?),

T (f) ‘QAE(:E)VU(:E)VU(:E) de.  (2.9)

20 (i) ‘QAE(:E)Vun(m)V“"(Z) dr = /wXI

We now recall a classic result of homogenization (see [7], Thm. 13.12), which will be particularly useful in
the cases € &~ ¢ and ¢ < §; namely, to prove that a convenient sequence of functionals satisfies condition (iii) of
Proposition 2.1.

Proposition 2.4. Let B € [L>°(R?)]2*2 be a 2 x 2 real, symmetric and Y -periodic matriz satisfying bounds (1.1)
with 0 < ¢ <. For each € > 0, define B.(-) := B(E) Then, there exists a 2 x 2 constant matriz B" such that
the sequence of functionals {J:}e~0, where Je : Hi (w) — R is given by

[-converges as € — 0%, with respect to the weak topology of Hi(w), to the functional J : H} (w) — R defined by
J(p) = / B"V(2)Vip(z)dz.

The matriz B" is called the homogenized limit of the sequence {Be}eo.

Unfortunately, the lack of a positive uniform lower bound for {¢] j}e>o when 7 > 1 will prevent us from
using Proposition 2.4, and consequently Proposition 2.1, in the case € > §. To treat this last case we will make
use of an alternative result that shows that the spectrum ¢ associated with the tridimensional problem (1.5)
equals a countable union of spectra associated with certain bidimensional problems.

Proposition 2.5. Let B € [L>°(R?)]2*2 be a 2 x 2 real, symmetric and Y -periodic matriz satisfying bounds (1.1)
with 0 < ¢ < n. Let b € L®(R?) be a Y -periodic function such that ¢ < b(y) < n for a.e. y €Y. Givenn € N,

let )\2") be the kth eigenvalue for the bidimensional spectral problem

—div(B(Z)Ve,) + b(Z)sn@n = A@n, a.e. T € w,
{ (B(z) (@) (2.10)

“n € HOI(W)a
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where, we recall, (s,,0,) is the nth eigenpair for problem (1.7). Then {)\,(:)}k nen Can be written as a nonde-

creasing sequence {S\m}meN, where eigenvalues are repeated according to their multiplicity, which coincides with
the spectral sequence of the tridimensional spectral problem

{ —div(B(z)Vv) — b(Z)Azv = \v, a.e. (F,23) €w x I, (2.11)

ve Hi(w xI).

In particular, A\ = = )\gl).

Proof. Denote by ()\,(cn),@,(cn)) a L?(w)-normalized kth eigenpair for problem (2.10). Then, it can be checked
that:
(1) The family of functions {v,i") = cpé") (2)0n(x3),n =1,2,..., k =1,2,...} is an orthonormal basis in
L?(w x I);
(2) ()\;"),U,(cn)), k,n € N, are eigenpairs of (2.11).
Since the operator (— div(B(z)V) — b(Z)A3), whose domain is a linear subset of Hg(w x I) dense in L*(w x I),
is a coercive self-adjoint operator in L?*(w x I) with a compact resolvent, in view of (1) and (2) and using the

This completes the proof. [

Fredholm Theorem, we conclude that all its eigenvalues belong to {)\,(Cn) }k neN”

3. PROOF OF THEOREM 1.1 (¢ =)

In this section we prove Theorem 1.1. Let us recall that (uo,¢o) is the first L?(Y)-normalized eigenpair
for problem (1.6) with 7 = 1, while (s1,61) = (72,v/2cos(mx3)) is the first L?(I)-normalized eigenpair for
problem (1.7). Since we are expecting the asymptotic behavior mentioned in (1.8) for the shifted spectrum
0. — &4, instead of the energy defined in (1.4) for § = &, we consider the functional I, : L*(w x I) — [0, +oc],
defined by

A ( Vi as; (j) 2 Mo 2 . 1
L(v) = /WXIAE(QL')V’U(CL')V”U(CL') + 32—2|V3v(z)| -2 v(z)|?de, if v e Hj(w x I), (3.1)

400, otherwise.

Using Proposition 2.3 with 7 = 1, we conclude that I.(v) = Gc(u), where G. : L?*(w x I) — [0,+00] is the
functional given by

B_(Z)V Y, 53(7) 2 2 2 . 1
G.(u) = /wx]BE(Z)VU(x)VU(m) + 35;2 (|V3u(:c)| — 7 |u(x)] )dx, ifu e Hy(w x I),

400, otherwise,

(3.2)

where, a.e. T € w,

2 2

o (&) 1= [ (2)] n (2)

Remark 3.1. Notice that since ¢g € Hi# Y)n Cgﬁ’s(Y), for some 0 < s < 1, is strictly positive, we have that
B = (¢O(é))2AE is a 3 x 3 real, symmetric and €Y -periodic matrix, satisfying a condition of the type (1.1).

B(x) = (B(2) € 22 1) = [o0 (2]

In order to prove Theorem 1.1, we must check that the sequence {G.}.s( satisfies the hypotheses of
Proposition 2.1.
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Proposition 3.2. Let G. be the functional in (3.2). Then the sequence {Ge}o>0 I'-converges, with respect to
the strong topology of L*(w x I), to the functional G : L*(w x I) — [0, +0o0] defined by

G(u) - /WBhvcp(j)vcp(j) dja 1fu(a"c,:c3) = 90(3—3) 61 (1’3)a pE H&(W),

400, otherwise,

where the constant matriz B" is the homogenized limit of the sequence {BE}5>0. Moreover, G. also satisfies
conditions (1) and (ii) in Proposition 2.1.

Proof. We will proceed in two steps.

Step 1. We prove that if uc,u € L*(w x I) are such that u. — w in L*(w x I) as ¢ — 0T, then G(u) <
lim ir+1f Ge(ue). Furthermore, conditions (i) and (ii) in Proposition 2.1 are satisfied.
e—0

We start by observing that if w € Hg(w x I), then for a.e. Z € w, w(¥, -) € H}(I). Thus, since ¢; = 72 is
the first eigenvalue associated with problem (1.7), we have, a.e. T € w,

/ (IVsw|* — 7*|w|?) dzz > 0. (3.3)
I

The uniform ellipticity of B. (see Rem. 3.1) and (3.3) ensure that G. > 0 in L?(w x I). Hence, condition (i) in
Proposition 2.1 is satisfied.

Let u.,u € L?(w x I) be as in the statement of Step 1. Up to a subsequence (which we will not relabel), we
may assume without loss of generality that

liargérlf Ge(ue) = 51—i>%1+ Ge(ue) < +00.
Then {ue}eso C Hi(w x I) and sup, G- (u:) < +oc. Using (3.3), the uniform ellipticity of B and the uniform
bound of {u.}eso in L(w x I), we get

/ |Vu|? dz < C, / |Vaue | de < Ce? + 71'2/ lue|* dz < C, (3.4)
wx T wx T

wx I

where C and C are constants independent of e. Consequently, sup, [well 13 (wx 1) < +00 and u. — u weakly in
H}(w x I). The sequential lower semicontinuity of the L?-norm with respect to the weak topology and (3.4)
yield

/ (IVsul?> — 7%[ul?) dz < 0.
wx T

Hence, taking into account (3.3), [(|Vsu|? — 7*|u|?)dzs = 0, a.e. € w, from which we deduce that there is
a function ¢ € H}(w) such that u(Z,z3) = ¢(Z) 61(x3), a.e. (T,23) € w x I.

Using Fubini’s theorem, Fatou’s Lemma, Proposition 2.4 (see also Rem. 3.1) and the condition |61/ z2(;) = 1,
we obtain

liminf Ge(ue) > liminf/mdBg(f)vue(m)vue(m)d:c > / [/thVu(m)Vu(m)d:Tc dzs = G(u).

e—0+ e—0+ T

Finally, to conclude Step 1, we observe that if sup, Gc(uc) < +00 and sup, ||uc||12(wx 1) < +00, then (3.4) holds.
Consequently, condition (ii) in Proposition 2.1 is also satisfied.

Step 2. We prove that for any u € L?(w x I), there exists a sequence {u.}eso C L?(w x I) satisfying u. — u
in L?(wx I)ase — 0", and G(u) = lim, Ge(ue).
e—0
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Given u € L?(w x I), the only nontrivial case is when u(Z, x3) = ¢(Z) 61 (x3), with ¢ € H}(w), otherwise,
considering Step 1, it’s enough to take u. = u.
By Proposition 2.4, there exists a sequence {¢.}.~0 C Hj(w) converging in L?(w) to ¢ and such that

lim Be(f)?goa(j)vape(fc)df:/Bhvgo(:z)vgo(:i)dj.

e—0t J,

Recalling that [, (16;|>—72(61|?) dzs = 0, in order to obtain the intended equality it suffices to define u.(z, z3) :=
e (Z) 01 (z3). This concludes Step 2 as well as the proof of Proposition 3.2. O

We are now in position to prove Theorem 1.1.

Proof of Theorem 1.1. Let H. be the Hilbert space H := L?*(w x I) endowed with the scalar product (-|-)e,
where

(ulv)e == /wx] [qbo(g)ru(x)v(x) dr, wu,ve€ L*(w xI).

Since ¢¢ € H#(Y) N C’;’S(Y) is a strictly positive function, there exist 0 < ¢; < ¢ such that for all § € Y,
c1 < ¢o(J) < ca. Moreover, by Riemann-Lebesgue’s Lemma,

[d)o(é)r i/y\qso(g)fdg: 1 ase — 0, weakly-x in L®(R?).

Hence conditions (2.1) and (2.2) hold. On the other hand, for each € > 0, G, defined in (3.2) is a nonnegative
lower semicontinuous quadratic form in L?(w x I). Consequently, the associated operator, A, is a self-adjoint
operator in H. (see [7], Thm. 12.13). Let {(ve i, ue k) tren and {(vk, ©k) }ren be such that

1
Ue ko € HO (w X 1)7 -Aaua,k = Vg, kUg k, Vel < Vg2 <---< ES e, (Ue,klua,l)a = Ols

Ve,
or € Hj(w), —dive(B"Ver) = vk, i <o <<y <--e (¢rler) = Ok,

where (+]-) represents the standard scalar product in L?(w).

By Propositions 2.1 and 3.2, v, — v, as € — 07. Moreover, up to a subsequence that we do not relabel,
ue k — ug weakly in H}(w x I) as e — 0T, where uy, is the product between an eigenfunction associated with
v, and ;. Conversely, any eigenfunction ugi = @6, is the weak limit of a particular sequence of eigenfunctions
associated with v .

To finish the proof of Theorem 1.1 we are left to show that (1.8) holds. Considering for each k € N, u, € R
and functions wj and Wy such that

wg(z) = q§0(£>ﬂ1k($), a.e. r = (Z,x3) €Ew X I,
€
Proposition 2.3 implies that wy belongs to H(w x I) if, and only if, @, belongs to Ha(w x I), and also that
the equalities

Ge(g) = (Acp|Wg)e = pr(Wr|Wr)e, (Wk|W1)e = O

hold true if, and only if, the equalities
v (AT a3s Ho
I (wi) = | = dive(A: V) — — Agwg — E_ka‘wk = pr(we|wg),  (wilw)e = 6

are satisfied, where (-|-) represents the standard scalar product in L?(w x I) and I. is the functional in (3.1).
Replacing g by ve i, wi by ve r and Wy by u. i, we conclude the proof of (1.8). U
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4. PROOF OF THEOREM 1.2 (& < 0)

This section is devoted to the proof of Theorem 1.2. The arguments are similar to those of Theorem 1.1,
however, in this case problem (1.6) does depend on ¢, this compels us to study the asymptotic behavior of its
first L?(Y)-normalized eigenpair (ul o, ¢I,) as e — 0. Throughout this section we assume that 7 € (0,1) is
fixed, and that § = ¢”.

Proposition 4.1. Assume that, in addition to the hypotheses made in the beginning of Section 1, a.p are
uniformly Lipschitz continuous in Y. Let {(0j,%;)}jen, be given by (1.9)-(1.10), and let i € N be such that
% <7< 5. Then ¢Lo(-/e) — 1 =g uniformly in w, and pZ, behaves as follows:

pio = 0o+ 2 g+ 4 20T g 4 o(e2(17T)). (4.1)

Proof. Let us start by proving that pul, — 00 = 2 fY as3(y)dy > 0, and that all the others eigenvalues of
problem (1.6) tend to +o0 as e — 0. By Rayleigh’s formula for u ,

o= min | [ s AT Vo) + anmriol)ar). (12)

PEHL(Y)
161l 2y, =1

Using (1.1) and ¢ = 1 as a test function in (4.2), we conclude that (7% < plo < 0o- In particular,
limsup, g+ pul g < 0. Since ¢7  is a minimizer for u7 o, using again (1.1) we deduce that [[V¢T ollp2v) — 0.
Consequently, ¢7  — 1in Hy(Y). In turn, this implies lim inf__o+ p o > liminf. o+ [y as3(9)7%|¢Z o (9)[* Ay =
0o. Therefore, pul o — 0o as e — 0F.

Similarly, using Rayleigh’s formula for ji.; and admitting that the latter is bounded, we are led to a contra-
diction, since we would conclude that any minimizing sequence of eigenfunctions must converge on the one hand
to the constant function g = 1 and on the other hand to a function having zero mean (by the orthogonality
condition). So, except for the first, all the eigenvalues of problem (1.6) tend to +oc as e — 0.

We now prove the statement on the asymptotic behavior of ¢ ;. If, in addition, we suppose that asg are
uniformly Lipschitz continuous in Y, then (see, [9], Thm. 8.8) {¢] (}c0 is uniformly bounded in H2(Y). Due
to the compact injection of H*(Y) in C°(Y), we conclude that ¢7 ;(7) — 1 uniformly in Y as e — 0F. Finally,
the Y-periodicity of ¢, ensures that ¢ (-/e) — 1 uniformly in w as ¢ — 0.

We are left to establish (4.1). It is based on the Vishik-Lyusternik Lemma (see [16,18]): Let L : H — H be
a linear compact self-adjoint operator in a Hilbert space H, and suppose that A > 0 and f € H are such that
|Lf—Mfllzr <, for some constant v € RT. Then there exists an eigenvalue A of L such that |A — | < 7| f[| -

For the sake of simplicity we will present the proof only for ¢ = 1, the argument being easily generalized
for i > 1. Considering H = L%(Y), and setting € := €277 e = pul b(y) := w2ags(y) and Ao =
—+div(A(9)Ve) + b(y)e, ¢ € H(Y), we apply the above result to L. : L (Y) — L3(Y) such that L.g = ¢,
solution of Acp = g, to fo := Actbe, Ve := Yo + ey + €%1hy, and to A\e = (0o + €01) L.

Since L fe — Aefe = e — AeActhe =: we, using (1.9)—(1.10) we conclude that

We = (62((b —00)th2 — 01¢1) — 63011/12) (00 +eo1) ™.

In view of the condition gy > 0, we deduce that for all ¢ > 0 small enough and for a constant ¢ independent
of €, ||we|]|m < €?c. Consequently, there exists an eigenvalue \. satisfying [\ — (0o + €01) ! < €2c, for some
other constant ¢ independent of €, where we used the fact that || Ac)c|]|lm — 00 > 0. Since all the eigenvalues
of L. tend to zero, except for the first, which converges to oy 1> 0, we conclude that for all € small enough,
Ae = ut. Hence, |pe — (00 + €01)| < €2c, for some other constant ¢ independent of e. This concludes the proof
for i = 1. (]
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As it was already mentioned, the main ideas of the proof of Theorem 1.2 are those of Theorem 1.1. We are

expecting the asymptotic behavior referred in (1.12) for the shifted spectrum o, — ‘;gf (see also (4.1)), and so

instead of the energy defined in (1.4) for § = €7, we consider the functional I7 : L?(w x I) — [0, +0c0], defined by

() = /wXI A (z)Vo(z)Vo(z) + %;T(:c)|v3v(x)|2 - %|U($)|2 de, if v € H} (w x 1),

+o0, otherwise.

By Proposition 2.3, we have that I7(v) = GZ(u), where GT : L?(w x I) — [0, 4+00] is the functional given by

/ BI(z)Vu(z)Vu(z) + 1)33{’5—2@) <|V3u(:n)|2 - 7r2|u(:£)|2) dz, if u € H}(w x I),
wx T

GI(u):= (4.3)

~+00, otherwise,

and, a.e. T € w,

Br(e) = (0501) €% 03300 = [o5 ()] ans (2) 00 = [o70 (2)] o (2):

The analogue to Proposition 3.2 reads as follows.

Proposition 4.2. Let GI be the functional in (4.3). Then the sequence {GT}.~o I'-converges, with respect to
the strong topology of L*(w x I), to the functional GT : L*(w x I) — [0, +00] defined by

GT(U) .7 /w[lhvcp(j)vcp(j) dja 1fu(:2,:£3) = QD(IZ') 91(1'3); pE Hol(w)a

400, otherwise,

where A" is the homogenized limit of the sequence {A.}e~o. Moreover, GT also satisfies conditions (i) and (ii)
in Proposition 2.1.

Proof. The proof is very similar to that of Proposition 3.2, however we outline the main differences.

Step 1. We prove that if u.,u € L?(w x I) are such that u. — u in L?*(w x I) as ¢ — 07, then G"(u) <
liamérlf GI(uc). Furthermore, conditions (i) and (ii) in Proposition 2.1 are satisfied.

Without loss of generality we may assume that liminf, g+ GI(us) = lim. o+ GI(ue) < 4o00. Then, us-
ing (1.1) and the uniform convergence ¢7 4(-/¢) — 1 in w (see Prop. 4.1), we conclude that (3.4) holds. Con-
sequently, u. — u weakly in H}(w x I) as ¢ — 07, where u(Z,z3) = ¢(%)01(x3) for some ¢ € H}(w), a.e.
(T,x3) € wx I.

Fix 0 < 7 < 1. Then for all ¢ sufficiently small, | ;0(~/5)}2 > 1 — . Therefore, Fubini’s Theorem, (1.1),
Fatou’s Lemma, Proposition 2.4 and the condition [|0y | z2(;y = 1 ensure that

liminf GI (u.) > liminf BI(Z)Vue(x)Vue(z) de

e—0t e—0% JoxT

e—0*t

> (1-+) /1 [Hminf / A (@) Ve (2) Ve (@) dz | dag > (1— ) G (w),

from which we conclude that G™ (u) < 1im(i)1+1f GI(u.) by letting v — 0T,

To prove that GI satisfies conditions (i) and (ii) in Proposition 2.1 it suffices to repeat the correspondent
arguments in Step 1 of Proposition 3.2. This concludes Step 1.
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Step 2. We prove that for any u € L?(w x I), there exists a sequence {u.}eso C L?(w x I) satisfying u. — u
in L2(wxI)ase— 07, and G"(u) = lim G (uc).
e—0

Given u € L?(w x I), the only nontrivial case is when u(Z,z3) = () 0 (z3), with p € H}(w), otherwise,
considering Step 1, it’s enough to take u. = u.
By Proposition 2.4, there exists a sequence {¢: }e>0 C Hj(w) converging in L?(w) to ¢ and such that

lim [ A(

e—0t J,

\E:zl
<
hS)
m
O
<
S
m
O
o,
I
Il
e~
b
>
<
pS§
@
<
pS§
\E:zl
o,
I
-
=

8l
=

>
=
—

8
w
T

Fix v > 0. Let g9 > 0 be such that for all 0 < e < &, [qﬁ;o(-/s)f < 1+ 7. Define uc(Z, z3) = ¢ (
Recalling that [, (/01> — 72|01]%) dzs = 0, from (4.4) and (1.1) we conclude that

limsup G7 (u:) = limsup/ BI(Z)Ve(z)Vp(r)dx

e—0t e—0t
< (147) / A"V p(2) T 0(2) i = (1+ ) G (w).

Letting v — 0™ and using Step 1, we conclude Step 2 as well as the proof of Proposition 4.2. O

Proof of Theorem 1.2. Replacing G- by GT, (o, d0) by (11,%ZI), and recalling Propositions 4.1 and 4.2, the
proof of Theorem 1.2 is analogous to that of Theorem 1.1. O

5. PROOF OF THEOREMS 1.4 AND 1.8 (¢ > 0)

Throughout this section we assume that 7 € (1,400) is fixed, and that 6 = 7. As we mentioned before,
the lack of a positive uniform lower bound for {¢I }.~0 will prevent us from using Proposition 2.1. So, in
order to prove Theorems 1.4 and 1.8, we will take advantage essentially of Propositions 2.3 and 2.5, and of the
asymptotic behavior of the eigenpair (u o, #7 o) introduced in (1.6), which is the aim of the following lemmas.

To simplify the statements and the proof of the lemmas, we introduce some notations: b := (a33 — Gmin)7>,

-
HZ 0~ OminT

2
€:=e" pe = =5 —, ¢ == ¢L . Problem (1.6) then reads

__ b
— div(AVé.) + 6—2@ =piede, ¢ € Hy(Y), |ellr2vy=1. (5.1)

The asymptotic behavior of (., ¢.) depends strongly on the behavior of the potential b. As we referred in the
Introduction, an interesting case is when b oscillates between two different values and this justifies the present
hypotheses on the coefficients.

Lemma 5.1. Under the hypotheses of Theorem 1.4 and using the above notations, let (vp,qo) represent the
L?(Q)-normalized first eigenpair for problem (1.13), and consider qo extended by zero to the whole Y. Let also
te,1 Tepresent the second eigenvalue for problem (5.1) and vy the second eigenvalue for problem (1.13). Then
{¢e}e=0 converges in mnorm to qo in L?(Y) and weakly in H*(Y). Moreover,

+
€ b € M M
We — Vo, fe1— V1 ase—0 (5.2)

Proof. We will only prove the first convergence in (5.2), since the second one is analogous having in mind that
the orthogonality condition [, ¢gody = 0 reads |, o $90dy = 0.
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Step 1. We prove that p. < 1.
Noticing that b vanishes in @, the eigenvalue p. is given by the Rayleigh’s formula

o 1
fe = inf {/YAquW)dy—i—e—Q/Y\QbWde}. (5.3)

BEHL (Y)
Il 2y =1

Using in (5.3) test functions ¢ € Hj(Q), with |[|¢|[12(g) = 1, extended by zero to the whole Y, we obtain

aeHY(Q)
lall L2 (gy=1

pe < inf {/ AVqVq dgj} = 1y, (5.4)
Q

which concludes Step 1.

Step 2. We establish the convergence of {¢¢}e~o.
In the previous step we proved that

__ _ 1 __ _
pe= [ A9oTocdg+ 5 [ bolay<m= [ AVaTands. (5.5)
Y € JIn\Q Q

Consequently,
[ A0S0 [ AVaTwds [ dody < (56)
Y Q Y@

Using (1.1), from the first estimate in (5.6) we conclude that [|V¢c|[12(yy is bounded independently of €. Hence,
up to a subsequence, {@, }e~o converges to some g € H#(Y) weakly in H'(Y') and strongly in L2(Y). A lower
semicontinuity argument then yields

/ AV o0 g < / 960560 dg < liminf / AV, dy < / AVa0¥a0 dg. (5.7)
Q Y e Y Q
Fix ¢ > 0 such that b(-) > ¢ on Y\Q. Then, in view of the second estimate in (5.6),

2

€
¢€2 _:/ ¢62dg§_1/0—’0-
R L 2

e—0*t

Thus ¢o = 0 a.e. in Y\Q. Consequently, ¢o € H}(Q) and [[¢oll12(g) = 1. Finally, from (5.7) and since ¢o
is admissible in the variational definition of vy, we obtain ¢g = qg, as well as the convergence of the whole

sequence {@¢}eso-

Step 3. We prove that pu. — 19 as € — 0.
By (5.5), we have

o 1 -
He = / Av¢ev¢e dy + 5 / b|¢e|2 dy > / Av¢6v¢€ dy,
Y € Jv\Q Y

and so, in view of (5.7) and since ¢y = qo,

liminf g, > / AVqoVqo dg = 1o,
Q

e—0t

which, together with (5.4), concludes Step 3. O
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Lemma 5.2. Under the hypotheses of Theorem 1.4 and using the previous notations, the L*(Y)-normalized
first eigenpair (e, ¢e) for problem (5.1) has the following asymptotic behavior for any integer n € N:

fre = vo + €1 + € g+ + i+ pac,

where p;, i € {1,...,n}, are well determined constants and |pp | < cne”"‘%, for some positive constant c,
independent of €, and

e =qo + €¢1,e + €2¢2,e +-+ €n¢n,e + Tne,
where ¢, i € {1,...,n}, are well-defined functions in L*(Y) and ||rp c||p2(v) < en€™ T2 for a certain positive
constant ¢, independent of €.

Proof. The proof is based on the asymptotic expansion technique. We will detail the proof for n = 1, being
clear how to extend it for the higher orders.

For v > 0 we define Q- := {g € Y : dist(7,Q) < v}. Let o > 0 be such that the outward normals to 0Q
of length 27y do not intersect. Consider a system of local coordinates (s, ) on Q2-,\Q, where 6 represents the
local coordinate on 9Q) and s € [0, 2v) stands for the distance to dQ in the outward normal direction. In this
local coordinates, equation (5.1) in Q2-,\@ reads

—div(A*Vp) + b - Vi, + e%% = [LePe, (5.8)
for a certain uniformly elliptic matrix A* = (a,
a certain vector b* = (b7, b3), where b%, b5 are also smooth functions of s and 6.
In the sequel we will deal with different coordinates on different sides of Q. For the sake of simplicity we
will abusively identify f(g) with f(g(s,0)) or, conversely, g(s, 6) with g(s(7),0(7)).
For small € > 0 we search for ¢. and pu. with the following development

3) with smooth coefficients as functions of s and ¢, and for

fe = Vo + €1 + 1o+ -, (5.9)
be = qo+ €pre + o+, (5.10)
where, we recall, (g, qo) is the L?(Q)-normalized first eigenpair for problem (1.13), and ¢; ¢, i > 1, have the
form
¢; (y), in@,
Die(§) == 4 &F (279), in Q24,\Q, (5.11)
0, in Y\Q2n,-

In view of the regularity assumptions on the coefficients a,s and b and on the domain @, the following Taylor
expansions for 6 fixed hold true

. . dal, Qag s2 0%;6 s3
aaﬁ(sae) - aaﬁ(oao) + 6 (0 9) 952 (0 9) 953 (5(5);9)5, (512)
0b 0%b 2 83b 3
b(s6) = b(0,0) + 5-(0,0)s + 55 (0,0) % + 55 (n(s).0) 37 (5.13)

Setting 7 = s/e, T € [0,27p/€), substituting (5.9) and (5.10)—(5.11) in (5.8), using expressions (5.12)—(5.13) and
collecting like powers of €, we obtain in QQ’YO\Q7 for the power €1, that ¢ must satisfy

2¢+
oT?

—ai;(0,0) +5(0,0)¢1 =0,

where 6 is a parameter.
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Denote by wf the solution, for fixed 6, of
oy
oT?
lim ] (7,0) =0,

70‘91(1 (07 9) + b(Ov G)Q/Jfr =0,

oy 1

o 0=
11\Y,

Then

1 L ICH Ry
Ui (7,0) = Y A
a)lkl (07 9)1)(0, 9)

Y

and we define -
Qﬂ_ (Ta 0) = — [(AV(JONQ)(Q(Q 9))} wii_ (T7 9)7

where ng represents the outward normal to 0Q at (0, 6), so that we may have

.
(a1, %5 ) (0.6) = (g (310,

Also, ¢ must satisfy

{ —div(AVe;) = voo; + Hiqo, ae. in Q, (5.14)
1 100 (5(0,0)) = 7 (0,6), '
and, from the compatibility condition
/ (AVqong)o{ do = ,ul/ g0 d7,
2Q Q
we obtain
- - 2
1 = / (AVgong)of do = f/ |AVqong| ¢ do < 0. (5.15)
aQ 0Q
So, ¢ is uniquely defined as the solution of (5.14) with p; given by (5.15), and satisfying
/ Qod dg = 0. (5.16)
Q
Collecting the terms of order € we obtain in Q2+, \@ that (b;' must satisfy
* 62¢; -
—aj;1(0,0)—= +0b(0,0)¢5 = R(7,0)

or?

where R(7,0) is a finite sum of functions of the type f(6)7e=¢9)™ with f and ¢ > 0 being bounded functions
of 6. Therefore, problem

. 0%¢5
70‘11((); 9)— + b(Ov 9)50 = R(Tv 9)7

or?
+
Tim 65 (r,0) =0, a11(0.0)22(0,0) = (AV61 nQ)(30,0)),

has a unique solution ¢J , which is smooth in (7, ) and decays exponentially as 7 — oc.
We now define ¢5 in @) as the solution in @ of

—div(AVe, ) = vooy + p1d; + paqo, a.e. in Q,
93 100 ((0,6)) = ¢35 (0,6),
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with
142 ::/ (AvqonQ)qS;r do
0Q

so that the compatibility condition is satisfied.

Now, in order to make the function ¢, and its derivatives continuous at 9Q), we introduce a smooth function
¥y, defined on @, such that v, 55 = 0, AVipyng = —AVe¢,ng. Consider also a cut-off function ¢, €
C*>(R;[0,1]) such that ¢, (s) =1, if s < 9, and ¢,,(s) =0, if s > 2.

Finally, we set

q0(9) + e¢1 () + €203 (9) + € ¥ (9), if g€ Q,
we(y) = (eqbf (&f),e(y)) + 207 (“?y),e(y))) b2 (5(7)), if T € Qo \ @, (5.17)
0, if 7€ Y\Qay,
and
Aei=vo + epg + €2 po. (5.18)

Then, it can be checked that for suitable constants ¢y and ¢; independent of €, the following estimates hold true
[wellL2vy < 14 coe?, (5.19)

< €32, (5.20)

= 1
H— div(AVw,) + —bwe — Acwe
€ L2(Y)

Indeed, from (5.16) and the fact that go vanishes outside @ it follows that ¢ . is orthogonal to ¢o. Thus,
considering the normalization ||qo||z2(y) = 1, we obtain

|\QO+€¢1,6||%2(Y) = 1+€2H¢1,6H%2(Y)' (5.21)

This implies in particular that [[go +€¢1.c[[z2(yv) > 1 and [|go +€d1,e|l L2(v) < [lqo +e¢175|\%2(y). Therefore, (5.19)
is a consequence of (5.21).

To justify (5.20), we use (5.17) and (5.18) and the definitions of all functions qo, ¢, ¢, 1, and ¢.,. After
straightforward rearrangements we obtain

€'ro (@), yeq,
L 1 -
—div(AVw,) + 6_2wa —Aewe = er? (s(y), 0(g), s(e_y)) Vi 7€ Qo \@, (5.22)
0’ 1f g € Y\QQ’YU)
where
7o ll2q) < e and  |rf(s,0,7)] < czrie 7 (5.23)

with positive constants ca, 3, ¢4, and j € N, independents of €. It follows from the second upper bound in (5.23)
that for some positive constant cs,
P17 2r\@) < cse. (5.24)
Then, in view of the first upper bound in (5.23) and thanks to (5.24) and (5.22), we obtain estimate (5.20).
In order to obtain the announced estimates we notice that, by Lemma 5.1, we can find ¢y > 0 such that for all

€ < € the ground state . and the second eigenvalue g 1 of problem (5.1) satisfy the inequality pe—pe1 > ¢ > 0.
So, using Vishik-Lyusternik Lemma (see [16,18]), from (5.19) and (5.20) we get

[Ae — pie| < c6€%?,  |lwe = @ellp2(v) < cre®’?, (5.25)
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for some positive constants cg, ¢y independent of €. Considering the definitions of w. and A. we conclude,
from (5.25), that

e — (Vo + €p1)| < cs€®’%, ||de — (qo + €d1,e) |l L2y < coe®?,

for some constants cg > 0 and cg > 0. This completes the proof for n = 1. (|

Remark 5.3. If the potential b is constant in @, continuous in Y and has linear or quadratic growth in the
vicinity of 9Q, i.e. b(y) = a(y)d(y) or b(y) = a(y)d*(y), for § € Q,\Q, where a(-) > 0 and d(-) = dist(-, 0Q),
the techniques are similar to the case treated in Lemma 5.2. In the linear growth case we obtain, for n = 1,
e =19 + 62/3u1, and in the case of quadratic growth, also for n =1, p. = 1y + 61/2u1.

We now prove Theorems 1.4 and 1.8.

Proof of Theorem 1.4. By Proposition 2.5, the first eigenvalue A 1 of the tridimensional problem (1.5) coincides
with the first eigenvalue, )\Sf, of the bidimensional problem in H}(w),

—div(A.(2) V) + %@w%@é” =2AVpM | ae few.

Also, the correspondent L?-normalized eigenfunctions v, ; and 1) satisfy the following relation
) 5 905,1

ve1(x) = cpilf (2)01(z3), ae. z=(T,r3)€wxI,
where 6 is the first L?(I)-normalized eigenfunction of problem (1.7).

On the other hand, recalling the proof of Proposition 2.3, relation (2.4) holds true if we restrict (2.3) to v
and u only depending on Z. Using (2.4), for ¢,v € H}(w) satisfying

we obtain

, (5.26)

:U/E,O . 9
= o7 mlf() 12
13 YeEH} (w _
A [ae(3)] wap
w
#g,o .
- 527' +V€al'

Using Lemma 5.1 and recalling the notations introduced at the beginning of this section, we get u ; — vo and
To — qo weakly in Hj(Y) as ¢ — 0%, and

2
GminT o -3
B + =+ e’
e“T )

)\E,l =

e TR 4 pT 0,

where [p7| < Cetk+2)7=(+3) 0 ase — 0F,
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To conclude the proof of Theorem 1.4 we are left to prove that 17, — 0 as e — 0%. Construct a sequence
{th:}es0 in H}(w) as follows: for each e > 0 let K. := {k € Z?: e(k +Y) C w}, and define

T. :=int ( U e(ki —|—7)> .

reK.

Consider the cut-off function ¢, introduced in Lemma 5.2 in the definition of w, (see (5.17)). Extend ¢, to

the whole R? by Y-periodicity, and define 1. by ¥-(Z) := ¢, (%), ifz €T, and ¥ (z) :=0, if T € w\Tk.
Using the definition of 1] ;, taking 1. as test function, using the uniform bounds in (1.1), the usual change

1z, together with the Y-periodicity of ¢, and ¢7 o, and since we have 1V, lLvy < ¢/v0, we

OV e O e o [, ol a

Osvii< . _ <
Vo q &2 /TE [d)g,o (g)r‘é% (g) ‘Qdi 52’73 /Q|¢Z,o(z7)|2dg

Using Lemma 5.2 with k& = n and recalling the definitions and the estimates therein, we obtain, for § = (s, 0) €

Q2'YO \Q7

of scales y = ¢~
obtain

(5.27)

To(y(s,0)) = 71 P(s,0) + 1y (5.28)
where, since 7 > (k + 2)/k,
el 2oy < Eret™DEFD) < et (5.29)

and P satisfies the following pointwise estimate

k .
S\Jm _,
[P(s,6)? < Zlam(g) et (5.30)
for some positive constants a.,, b,, and for some j,, € N, independents of .
Consequently, putting together (5.28), (5.29) and (5.30), and in view of (5.27), we conclude that
c 2 e
T T 7 37 T—1=Jm— m’Y_O im
0SV€,1§§(/\¢5,0(:U)| dy) > apeT Ime / s’ ds
Q m=1 Q270\Q70
c 2 - 1
+§(/ |60 dﬂ) e2H%), (5.31)
Q

for some constant ¢ independent of . Having in mind that, from Lemma 5.1, fQ \¢g,0(g)|2 dy —lase— 0T,
we may pass in (5.31) to the limit as € — 0% to conclude the proof of Theorem 1.4. O

Proof of Theorem 1.8. We start by observing that we may assume without loss of generality that 0 € w.
In view of the definition of A. 1 (see (5.26)), we deduce that

Gmin
)\a,l > w2

27 ?

and so

: 2T 2
Elggﬂ (e*702) C [amin™, +00). (5.32)

To prove the opposite inclusion we fix ¢ > 0 and recall the notations of Proposition 2.5 with B, b and )\Ecn)
replaced by A., g%ﬁ and )\ink) , respectively. Let also O'gn) = {)\ink) ' n e N}.
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For fixed € > 0 we have that 527)\21,1 — 400 as k — oo. Using a diagonal argument we can find a sequence
{Ac}e>0 C 0. such that \. — 400 as ¢ — 0", Thus,

+ 00 € lim (¢*70.). (5.33)

e—0t

Moreover, by Proposition 2.5 one has

We claim that
lim (5270(1)) [ammWQ, +00). (5.34)

e—0t

Assume that (5.34) holds. Then the inclusion o, D ol yields

: 2 : 2 1 2
Elirél (5 TO—E) - elirg)L (E TU( )) [aminﬂ ’+OO)7

which, together with (5.32) and (5.33), establishes (1.14).
In order to show (5.34) we first perform a change of variables that will transform problem

div Vel a“(x)ﬂ'Q PO ), a.e. T € w,
{ ( ( )Vpe ) Pe e Pe (5.35)

e € HO (w),

into an equivalent one allowing us to pass to the limit as ¢ — 0. Recall that problem (5.35) corresponds
to (2.10) for n = 1, with B replaced by A. and b replaced by 232 32,
Let w, := & — Ef -, where g is a point of minimum of ass. Notice that if B C R? is a bounded set, then

for all ¢ > 0 small enough, B C w,, since 0 € w and 7 > 1. Associating to each function ¢ € H}(w) the
function ¢ € H}(w.) defined by (2) := p(¢7Z + o) and using the change of variables z := =7z — 1~ 7,

(5.35) becomes

{ div(D.(z )V?/}(l)) + de(i)d)gl) = pS)wS), a.e. Z € we, (5.:36)
M e Hy(w.), '
where pgl) = 527)\21), while D, and d. are defined by
D.(2) := A" '2 4+ 50), do(2):=as3(e” 2+ g0)n%, Z€R? (5.37)
respectively. In view of (1.1), for all ¢ € R? and for a.e. z € R? one has
CllEN? < (De(2)€16) < mligll®, ¢ < d=(2) <. (5.38)

Hence, up to a subsequence that we do not relabel, the sequence {DE}E>0 G-converges to some matrix Dy
(see [7,15]) and the sequence {d.}.~o weakly-x converges in L>°(R?) to some dy € L>(R?). On the other
hand, since a,s and asz are continuous in a neighborhood of 3o, D. — A(yo) and d. — ass (yo)ﬂ' uniformly
on each compact subset of R? as ¢ — 0T. Thus, by definition of H-limit, we conclude that Dy = A(o) and
do = a33(Jo)7? = aminm2. In particular, the whole sequences {D.}.~o and {d.}.~¢ converge.

Let S. represent the self-adjoint operator — div(D.V:) + d.- from L?(w.) into itself. Then its spectrum is

o(S:) = 2o, Therefore, proving (5.34) is equivalent to proving

lim o(S;) D [do, +00). (5.39)

e—0t



SPECTRAL ANALYSIS IN A THIN DOMAIN WITH PERIODICALLY OSCILLATING CHARACTERISTICS 449

Consider now the inverse operator, S-!, of S, i.e. the compact self-adjoint operator from L?(w.) into itself
that associates to each f. € L?(we), S- 1 f. := 1., where 1. € H}(w.) is the solution of

{ —div(D:Vye) + detpe = feo, ae. in we, (5.40)

e € HY (we).
For the sake of simplicity we will not distinguish a function in H{ (w.) from its zero extension to the whole R?.

Let us also introduce the self-adjoint operators from L?(R?) into itself, S := — div(DyV-) +dp- and its inverse
operator S™1, that associates to each f € L?(R?), S~ f := 1, where ¢y € H'(IR?) is the solution of

—div(DoV¥) + dotp = f, a.e. in R, (5.41)
Y € HY(R?). :
Since Dy is a positive definite constant matrix and dy > 0, o(S) = [dy, +00). Hence, if we prove that
lim o(S:") Do(S7), (5.42)

e—0t

it follows that lim. g+ 0(S:) D o(S) = [do, +00), which is precisely (5.39). In order to show (5.42), we start by
proving that S-! converges strongly to S~% as e — 0F; more precisely, if f € L2(R?), then S-1fy,. — S71f
in L2(R?) as e — 0%,

Let f € L*(R?), and define f. := fxo. € L?(w:). Let 1. := S-'f. (extended by zero outside w.) and
1 := 81 f. Thanks to (5.38), we have, up to a subsequence that we do not relabel, 1. — ¢ weakly in H*(R?)
as ¢ — 0T, for some ¢ € H'(R?). Moreover, since . is the solution of (5.40), if ¥ € C°(R?) then we have, for
all € > 0 small enough, supp? C w. and

D. V. V9 dz + / dovdz= [ fodz (5.43)
R2 R? R?
Letting ¢ — 0™ we obtain
DoVpVidz + / dop) d5 — / F9dz. (5.44)
R? R? R?

Since ¥ € C°(R?) was arbitrary, we deduce that ¢ = 1 a.e. in R%. Thus, ¢. — ¢ weakly in H!(R?) as ¢ — 0T
and so, to establish the strong convergence in L?(R?) it suffices to prove that

li |2 dz = 2dz.
Jim [ ppfaz= [ upas

Let L := liminf. o+ [p. [1he|* dz. Without loss of generality we may assume that the inferior limit defining L is
actually a limit, otherwise we would extract a subsequence. By the sequential lower semicontinuity of the norm
with respect to the weak topology of L*(R?), L > [o, [¢]* dz.

To prove the converse inequality, we start by observing that in view of [7], Theorem 13.12, if ¢ € R is such
that inf. d. > ¢ > 0, then the sequence of functionals {F.}.~o, where F. : H'(R?) — [0, 4] is defined by

/ D.(2)Vu(2)Vu(Z) + (d-(2) — c)|v(2)[?dz, if v € H (w.),

400, otherwise,

F.(v) :=

[-converges as ¢ — 07, with respect to the weak topology of H!(IR?), to the functional Fy : H(R?) — [0, +o<]
given by

Fo(v) == . DoVu(2)Vu(2) + (do — c)|v(z)*dz.



450 R. FERREIRA ET AL.

Thus, since 1. — ¢ in H'(R?) as e — 0T,

liminf [ D.V.Vio + (de — Q)|ve|*dz > / DoV + (do — ¢)|2p|* dz, (5.45)
]R2

e—0t we

for any 0 < ¢ < ¢. Furthermore, using, in addition, the strong convergence f. — f in L?(R?) as ¢ — 0%, and
the fact that (5.43) holds for all ¥ € Hj(w.) and (5.44) holds for all ¥ € H!(R?), we deduce that

DV V. + d5|z/15|2d2:/ Fu.dz ?/ fwdzz/ DoV + dol|? dz.
We we E— R2 R2

Consequently,

e—0t e—0t

lim inf / DV V. + (d = Q)2 dz = lim ( / Dawawe+de|wal2dz) -

/ DoVoVe + ol dz — CL, (5.46)
]R2

where we also used the definition of L. From (5.45) and (5.46) we deduce that L < [o,|)[*dz. Hence,
L= [ |¢?dzand ST f. =9 —» ¢ =8 ! f in L*(R?) as e — 0T,

Finally, we prove (5.42). Assume by contradiction that there is v € o(S~!) which is not a cluster point of
o(81). Then there exist ¢ > 0 and g > 0 such that for all 7. € o(S-!) with 0 < & < g9 one has

|ve — | > ¢

Let f € L?(R?), and set f. := fxo. € L?(w:). If 7. € 0(S-1) with 0 < € < &g, then

HSa_lfa - 'YfaHL?(R?) = Hse_lfe - erHL?(ws) > |’Ya - ’Y|||f6HL2(ws) > chaHL2(R2)- (5-47)

Using the strong convergence of S-! established above together with the strong convergence f. — f in L?(R?)
as e — 07, and letting ¢ — 0T in (5.47), we get

ISV = v fllz2@e) = cll fllz2ee),

which contradicts the fact that v € o(S™!) since f € L?(R?) was taken arbitrarily. Thus (5.42) holds, and this
finishes the proof of Theorem 1.8.
U

A. APPENDIX

We prove the results announced in Remark 1.3. From (1.9) we obtain that |p;| < C||v;]|z2(y), where C' is
a constant independent of j. On the other hand, the sum on the right hand side of (1.10) is the general term
of the Cauchy convolution of the series ¢ := Zj>0 Y and p = Zj >0 Pj- Summing (1.10) in j > 0 and passing
to the limit, we get
—div(AVY) + asz3 w2 = pap, ae. in Y,

e HY(Y), /Yw ag =1,

which implies 1) = ¢o/ [ pody and p = po (see (1.6) for 7 = 1). Finally, in order to obtain the convergence

as 7 — 17, we fix ¢ > 0 and consider, for an arbitrary § > 0, jo € N such that >, [pj| < é. As 7
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is of order H_Ll, to obtain the desired convergence it is enough to prove that
LT
J
lim Esiﬂ = p = Uo. Al
i oo £ Pj =P = Ho (A.1)
i=

, ‘2G4 NPTereY) ‘L 2G4 ‘L 2G4 O 2G4
Since E g pj = E e v pi+ E e L pj, E et pi| < E lp;l <0 and zllgloo g e L pj =
J=0 J=0 Jj=jo+1 J=jo+1 J>Jo Jj=0
Jo
g p;, the arbitrariness of § yields (A.1). O

=0
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