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PERTURBATION AND ENERGY ESTIMATES

BY NICOLAS LERNER

ABSTRACT. - We prove in this paper that given a first order pseudo-differential operator P satisfying Nirenberg-
Treves condition (-0), there exists an L2-bounded operator R so that P + R is solvable. Solvability occurs with
the loss of two derivatives. We prove along the way a natural factorization result for operators satisfying condition
('0). © Elsevier, Paris

RfisuMfi. - On demontre que pour un operateur pseudo-differentiel P de symbole dans la classe standard S\ ̂
satisfaisant la condition (^) de Nirenberg-Treves, il existe un operateur pseudo-differentiel R de symbole dans la
classe S^^ ̂  (done borne sur L2), de sorte que 1'operateur P + R soit resoluble. On obtient la resolubilite au
prix de la perte de deux derivees, c'est-a-dire des solutions u de regularite H8"1 pour 1'equation (P + R)u = f,
avec / dans H5. Ce resultat est stable pour des perturbations classiques, i.e. P + R + N est resoluble pour tout
operateur pseudo-differentiel N de symbole dans la classe 5? o- L'element-cle de la demonstration est un resultat
de factorisation pour des operateurs satisfaisant la condition (^). © Elsevier, Paris
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1. Introduction and main results

Let p be a complex-valued homogeneous symbol defined on the cotangent bundle of a
smooth manifold. We assume that p is of principal type, which means that the Hamiltonian
vector field Hp is such that Hp A L / 0, where L is the Liouville vector field. We shall
assume that p satisfies condition (^), i.e. that Imp does not change sign from — to +
along oriented bicharacteristics of Rep. This was conjectured in the early seventies by
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844 N. LERNER

Nirenberg and Treves and it is still an open problem that condition ('0) for p is equivalent
to solvability for operators with principal symbol p . We refer the reader to [H2] for a
historical perspective on the study of this problem.

This condition was proved necessary for solvability by Moyer in dimension two and by
Hormander in the general case (Corollary 26.4.8 in [HI]). On the other hand, it was shown
that condition (^) implied solvability for differential operators (Nirenberg and Treves
([NT]) used an analyticity assumption, removed by Beals and Fefferman in [BF]), and
also when the total dimension is two ([LI]) or in various special cases ([H2], [L2], [L5],
[L6]). One can note that in all these cases, condition (^) implies "optimal" solvability
(solvability with a loss of one derivative), that the existence of H84'01^1^"1 solutions for
equations Pu = / with / G IP. It was proved in [L3] that (^) does not imply optimal
solvability: one should not expect solvability in its optimal version expressed above as
a consequence of the geometric condition (^). The paper [L3] disproved various earlier
claims on this matter.

Dencker ([Dl]) was able to prove that the counterexamples of [L3], although not
optimally solvable, were in fact solvable with a loss of two derivatives: he proved the
existence of QS^01!'derp-2 solutions for equations Pu = / with / G IP, where P is the
operator constructed in [L3]. He had to overcome several specific difficulties with handling
these very weak estimates. First of all an a priori estimate yielding solvability of P with
loss of two derivatives should be of the type

(1.1) ||P*n||^ > C|H|^+m-2, rn = order P, C "large constant",

and is not obviously invariant by pseudo-differential perturbation of order m — 1. Since the
operator P is assumed of principal type and acting on functions, lower-order terms do not
carry geometric significance since the subprincipal symbol is defined only on the doubly
characteristic set which is the empty set here. Thus inequality (1.1) has to be invariant
under classical pseudo-differential perturbations of order m — 1: to prove this, one should
somehow produce a different proof for each perturbation P + R with R pseudo-differential
of order m — 1. Next, a very disturbing feature, clearly linked with the previous one, is
that microlocalization of (1.1) does not automatically provide a local estimate. In fact the
partitions of unity are made with operators of order 0 and thus generate commutators of
order m — 1. It is the same difficulty as above and one has to compensate the weakness of
the estimate by some regularity of the multiplier in the energy method. A generalization of
the results of [Dl] is given in [L7]. Another difficulty is that the counterexample [L3] could
probably be modified to yield the existence of a first-order pseudo-differential operator P
with principal symbol satisfying condition (^) and a L^bounded operator R such that
no estimate of type (1.1) could be true for P* + R even if s + m — 2 is replaced by
5 + m — N , N >_2. We shall neither prove nor use this here, but one should keep in mind
that to preserve a weak estimate of type (1.1) by a perturbation of order m — 1 (say by
an L^bounded operator if s = 0 and m == 1) one has to be very careful in choosing the
type of perturbation. On the one hand, if the perturbation is a classical pseudo-differential
operator of order m — 1 the estimate must be preserved, and on the other hand, there are
perturbations of "order"m — 1, (e.g. L^bounded operator if s = 0 and m = 1) which
could ruin any estimate of type (1.1).

In the present paper, we prove the following theorem.
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PERTURBATION AND ENERGY ESTIMATES 845

THEOREM 1.1. - Let P be a principal-type pseudo-differential operator of order 1 -whose
principal symbol satisfies condition ('0). There exists an ̂ -bounded operator R such that
the equation (P + R)u == / has a local solution in H~1 for f in L2.

This is in fact a consequence of the more precise theorem which follows.

THEOREM 1.2. - Let q(t^ x^ ^) be a real-valued continuous function defined on R x R77' x R77'
such that

(1.2) q{t,x^)>0 and s>t ==^ q{s,x^)>0.

We assume that q is smooth with respect to x^ and that for all a, {3,

sup|^^f^^0|(l+|^|)- l+l /31<oc.
t,x^

Then there exists a positive constant C and a symbol r(t, x^ ^) satisfying

(1.3) sup %<9fr(^0|(l+|^|)^^ <oo,
t,x,^

such that for any u E Cg°((0, (7- l),L2(Rn)) fDi = -i9t and a(^D^) is the operator
with symbol a{x^)),

(1.4) C \ \DtU-^-i{q+r)(t,x,D^u\^^dt> sup|n(t)|H-i(^).
JR ten

We note that the symbol r(t, •) is in the Calderon-Vaillancourt class 5^/2,1/2 an^
in particular is I^-bounded. Moreover (1.2) is the expression of condition ('0) for the
operator Df - iq(t,x,Dx). We shall see below (section 8) that the proof of theorem 1.2
follows the lines of the proof of the following theorem, expressed for pseudo-differential
operators with large parameter.

THEOREM 1.3. - Let q(t,x^,A) be a real-valued continuous function defined on
R x R71 x R" x [1, +oo). We assume that (1.2) is satisfied (for each A) and that

(1.5) sup ^^(^^IA-^I < oo.
t,x,^,A

Then there exists a positive constant C and a symbol r(^ x^ ̂  A) satisfying

(1.6) supl^fr^^A^A^^ < oo,
t,a^

such that for any u (E Cg°((0, C-^L^R71)),

(1.7) C /> |D^+%(g+r)(^a; ,D^)^|L2(R-)d^>A- l / 2sup|^) |L2(^).
Jn *eR

Let us observe that the power A~1/2 amounts to a loss of only 3/2 of derivatives and is
thus slightly better in these terms than theorem 1.2. Theorem 7.1 below gives also some
stability properties of the estimate (1.7) by pseudo-differential perturbation of order 0.

ANNALES SCIENTIFIQUES DE L'^COLE NORMALE SUPERIEURE



846 N. LERNER

The main step in the proofs of these theorems is to establish the following factorization
theorem (see theorems 7.1 and 8.3):

THEOREM 1.4. - Let q be a symbol satisfying the assumptions of theorem 13. There exist
selfadjoint operators ^l(f)^J(t) on L^R") -with

(1.8) Id < ^(t) < Aid, 11^)11^2) < 1, (^2) - ̂ i))(^2 -^i) > 0

and there exists an operator R(t) in £(L2) such that

(1.9) q{t,.,., A)" = 0(1) J(t) + R(t) = J(tW) + I?*W,

where q^ stands here for the operator -with Weyl symbol q.
The factorization (1.9) is rather natural for functions q satisfying (1.2): as a matter

of fact, property (1.2) is indeed true for nondecreasing functions of the variable t,
and also stable by multiplication by a nonnegative function. So all functions of type
q(t,x^) = a{t,x^) b(t,x,^) with a > 0 and 9b/9t > 0 satisfy (1.2). In fact such a
factorization is true for operators satisfying condition (P) (ruling out any change of sign of
Imp along the characteristics of Rep): in this case, the operator J ( t ) above could be chosen
independent of t. A very important feature of this factorization is that it is a consequence
of a symbolic calculus which can be expressed in terms of a metric as introduced in [HI]
(section 18.6). We have already used some properties of this new metric to handle some
L2 inequalities in [L6], improving results of [L5]. In particular the perturbation R(t) is in
a substantially better class than the 5'0^ ̂  set °^ symbols and belongs in fact to 5(1, g),
where g is an "admissible" metric on R271 with some asymptotic properties, i.e. such that
g <€ g^ at some places (see definition 3.1 below).

Let us describe briefly the contents of the paper. We want to use energy inequalities for
D^ + iq(t^x^Dx) where q satisfies the assumptions of theorem 1.3. Using condition (-0)
for the adjoint operator (i.e. (1.2)) we find a sign function s{t^ x^ ^) for q(t^ x^ ^) increasing
with t: the product sq is \q\ and 9s /9t > 0. To quantify this function s(t^ •), we use
a positive quantization which amounts to regularizing s by convolution with a Gaussian
function prior to using WeyF's formula. Thus we begin with Section 2, devoted to the study
of Gaussian mollifiers for characteristic functions. We study Gaussian regularizations of
sign (/?) where (3 is a coordinate (d/3 ̂  0). In section 3, we introduce a new metric g^
defining a pseudo-differential calculus on R27^ for each real t. This metric is a refinement
of the Calderon-Zygmund metric defined by Beals and Fefferman in [BF1. In section 4, we
show that our function q(t^ •) behaves like a symbol with respect to this metric. In section 5,
we introduce the Wick quantization. Let F be a positive definite quadratic form on R2"'
and a be a bounded measurable function ; one defines the Wick(r) quantization of a as the
operator with Weyl symbol a * 7^ exp —27iT. For a suitable choice of r we show that the
Wick quantization of s ( t ^ ' ) is the nondecreasing operator J(t) appearing in theorem 1.4.
The more technical and lengthy section is the sixth one, in which a precise factorization
property for the symbol q is proved. We give a factorization (see theorem 1.4) for the
operator Q(t} with Weyl symbol q(t,x^) so that Q(t) = ̂ {t)J(t) + R(t), where R(t)
is an L2-bounded operator (in fact with symbol in S(l^g^)) and ^2(t) is positive. One
should think of the operator >Q(^) as "almost" scalar ; for instance, the bracket [^2(^), J(t}\
is an L2-bounded operator. The seventh section is devoted to proving energy estimates
for a perturbation of Q{t), i.e. for ^t(t)J(t). We use the energy method, i.e. we compute
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PERTURBATION AND ENERGY ESTIMATES 847

2Re{'DtU^-i^(t)J{t),iM(t)u) with a carefully chosen multiplier M(t). Some specific
technicalities at this stage are linked to the loss of derivatives and to proving stability of
our estimates by a class of zeroth-order perturbations. Section 8 deals with perturbations
of operators with homogeneous symbols. It turns out that some substantial work remains
to be done, even though the large parameter case was thoroughly investigated.

2. Gaussian molliflers for characteristic functions

For ^ £ R, we set

(2.1) cro(0 = / signC^^e-^-^d^ [^^e-^dt.
Jn Jo

Note that (TQ is odd, 0-0 (+00) =• 1 and its derivative (T'Q is in S(R) and is positive. We
consider now a smooth real-valued function b(x, A) defined on R^ x [1, oo), in the symbol
class ^(A^Jdx^A"1). It means that b satisfies the estimates

(2.2) sup |<9^(x,A)|A-^ =^k{b) < oo.
xeff^, A>I

for any integer fc. We omit below the dependence of b on the parameter A and refer to
7fc(b) as the semi-norms of b. We set up then, for (x,$) G R^ x R, /? G R,

(2.3) j(x,0 = I t sign (r; + 6(y)) 2^16-2^x-^2+l^^dydr^j JR'XR

(2.4) a(/3,x)=/'<ro(/3+b(x+y)-&(x))5(y)dy, 2(y) = 2d/2e-27^1yl2.

Thus we have

(2.5) .7'(x,0=(r(^+6(x),x).

Moreover,

(2.6) Bo(x, y) = &(x + y) - &(x) = &'(x) • y + o;o(x, y)y2A- l/2,

where the bilinear form o;o(x, y) = ^(1 - 0)b"{x + 6'y)Al/2d6' satisfies the estimates

(2.7) |c^o;o(x,y)| < A-^7fc+i+2(&),

following from (2.2). We have from Taylor's formula and (2.4), (2.6),

(2.8) <7(/3,x) = /(TO^X) •y+a;o(x,y)y2A-l/2)5(y)dy

+ /3 // <^o(^ + &(x + y) - 6(x))S(y)dyd0,

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE
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which implies, since 0-0 is odd,

(2.9) a(Ax) = \-1/2 Jj^ a,(b\x) . y + ^o(x,y)y2A-l/2)a;o(x,y)y2S(y)dyd0

+/?// (7o(0/?+JBO(x^))s(y)dyd0•
On the other hand, from (2.4), (2.6), we get

(2.10) a(/?,x)=ao(/:0+/7 ^(/0+0Bo(x,y))Bo(x,y)5(y)dyd0.

LEMMA 2.1. - Let b be a symbol satisfying (2.2). Then, if a is defined by (2.4), we have

(2.11) a(/?,x) = /3ai(/3,x) + A^^x) = ao(/3) + ̂ (M,

w/z6?r6? ro G ^(IJdx^A"1) with semi-norms depending only on the 7^ in (2.2). Moreover
<7i(/3,x) > 0 and for all k,^,,l nonnegative integers

(2.12)

f sup |(^^)(^x)|Afc/2=7L<oo,
• ^(E^xelF^

A>1

sup \f3\1 K^a^x)^/2 = 7 ,̂ < oo,
/^e^xeR^

^ A>1

depending only on the ̂  in (2.2). Moreover, there exists a positive constant Co depending
only on d,^(b),^(b), such that, for all positive C,

(2.13) inf alC^x^coe-47^2.
\(3\<c^eRd

Proof. - From (2.9-10), (2.6), to get (2.11) one can take

(2.14) ro(x) = ff^ ^(^(x) •y+^o(x,y)y2A- l/2)^o(x,y)y2S(y)dyd^

(2.15) ai(/3,x) = /t/1 ao(0/3+Bo(x,y))2(y)dyd0,

(2.16) ^(Ax) = /7 ao(/?+0Bo(x,y))Bo(x,y)S(y)dyd0.

Leibniz and Faa de Bruno formulae yield the first property in (2.12) from (2.1-2) and (2.7).
From (2.15) and the positivity of a^ one gets the nonnegativity of ai. The second property
in (2.12) follows from the identity (Bo is given in (2.6))

(2.17) /?a2(/3,x) = ff (/3+^o(x,y))<7o(/3+^o(x,y))Bo(x,y)3(y)dyd0

- ff ^o(/?+^o(x,y))0(Bo(x,y))25(y)dyd0.

4e SfiRIE - TOME 31 - 1998 - N° 6



PERTURBATION AND ENERGY ESTIMATES 849

Since 2?o(-,y) C 5'((1+lyl^Jdx^A"'1) and the functions S(TQ (5), a^s) are bounded with
all their derivatives, we obtain (2.12) using induction on I to write /3^2(/3,x) in a way
similar to (2.17). On the other hand, from (2.15) and (2.1), using the nonnegativity of
o-o, assuming \(3\ <, (7, we get

^i(Ax) > ( ( l(m < 1) ao(0/?+Bo(x,y)) 2(y)dyd0,

so that, using \0/3 + Bo(x,y)| <, C + 71 + 72 and the monotonicity on R+ of
0-0(5) = 23/2e-27^s2 we obtain (2.13), with

(2.18) ^^-47^(7l+72)22(3+d)/2 /l e-^I'dy.
J\y\<^

The proof of lemma 2.1 is complete.
D

LEMMA 2.2. - Using the same assumptions and notations as in lemma 2.1, we have

rA l /2 /3=a(^xMAx)4-r(Ax)
(2.19) { with inf ^(/^A-1/2^! +1)"1 > 0,

1 ^(ER^CR^
A>1

f sup (^^(A^IAVO+I^D-^OO,

(2.20) , A>1

sup |(^r)(Ax)|Afc/2<oo,
fteR^e^\>i

where these quantities depend only on the 7^ in (2.2). Moreover there exists c\ > 0,
depending only on the 7^ in (2.2) such that for \f3\ >_ c\

(2.21) <T(/3,x) |> a^^ )>0.

Proof. - Let po be in Cg°(R), nonnegative, identically 1 on [—1,1], supported in [—2,2].
Using the first equality in (2.11), we have for an arbitrary positive c,

A^^/claC^x) = A^/WAOaiC^x) + ro(x)po(/3/c).

Thus using (2.12-13), which gives

(2.22) Yo^172 < A^iC^x)-1 < A^co'e16"02 if|/3| ^ 2c,

we obtain

(2.23) X^MP/c) = ̂ (MA^aiG^-^oOa/c) - ̂ (x)^^^)-1^^/^.

Moreover, using the second equality in (2.11), one gets, with pi = 1 - po, using o-o odd

^iCO/OaC^x)^'2/? = ̂ AOA1/2/?^/?) + (7209, x))
(2 24) ^ = pi{(3/c)\1/2^ sign /?(ffo(l/3|) + sign MAx))

^AV^^sign^Ld^D+il^^l.c /3/c

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE
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Using the second inequality in (2.12), we note that, on the support of pi, where \/3\ > c,
the term between brackets satisfies

(2.25) ao(|/3|) + m(T2^ ^ <To(l/3|) - ̂ l|^(/?,x)| > <ro(c) - ̂ n ^ ̂

if c is large enough (in fact if c<ro(c) ^ 2'7ooi: from (2.1) we can assume this from now
on for a fixed c = ci). We obtain from (2.24)

(2.26) ^(/VciM/^A1/2/^^!) + l^l'72^)] 1 = A1/2/^/?/^) sign /3,cT—^/c—J -' wu
Ci ^5 / C"i

that is

(2.27) AV^^/cQ := a(^,x)^(/3/Cl)Al/2|/3| L(|/3|) + l'̂ ^
L ^ P/ci

Adding up (2.23) and (2.27) we get

^A1 /2 /? = a(^,x)(Al/2al(/3,x)-lpo(/3/Cl)+

(2-28) - Pl(/?/Cl)AV2|/3|L(|/5|)+il^^
-i^

L c! P/CI J-^(x^ic^xr^oos/ci),
so that setting-up

ra;(/3,x)=Al/2(7l(/3,x)-l/)o(/?/Cl)
w [ ^(./^AV^lLd.D+l^MI-1,

I L c! pM J

(2.30) rC0,x) = -ro(x)ai(Ax)-^o(/3/ci),

we obtain (2.19), which follows from (2.29) and (2.12). The estimates (2.20) are direct
consequences of the estimates for ai in (2.12-13), of (2.25) and the estimates for r-o in
lemma 2.1. Moreover from (2.11), (2.25) we have for \/3\ ^ ci

(2.31) |a(/3,x)| > ao(|/3|) - Lm^^ > ̂ (c.) - 2^ ^ ̂ x).

The proof of lemma 2.2 is complete.
D

We examine now to which extent the previous results depend on the choice of the positive
definite quadratic form appearing in the integral of formula (2.3). This will not be used
before section 8 of the paper and could be omitted before the reader gets there. Anyhow it
clearly belongs to this section and we want to discuss this problem here. We set up then,
for (x, ̂ ) e R^ x R, and a positive definite (d + 1) x (d + 1) matrix A with determinant 1

(2.32) A=^ a},

46 SfiRIE - TOME 31 - 1998 - N° 6



PERTURBATION AND ENERGY ESTIMATES 851

where M is a d x d (positive definite) matrix, n is a column-vector in R^, a > 0. We
define also
(2.33)

^A(x,0=

I f sign (ry + 6(y)) ^^e-^^^-^-^-^^-^-^^-^^^-^^dydry.
^JRdxR

Using

My • y + 2n • yrj + a?72 = (a172^ + a"172]! • y)2 + (M - a^n^i) y • y,

^ " ? '

taking as new variables C = cr1/2^ + a"1/2!! • y and z = Ai'^y we get from the
homogeneity of the sign and from det A = 1

JA(X,0=

I f sign (C - a-^A^n . z + a1/2^ + ̂ /^(A^z + x)) 2^e-27r^+lz•2)dz dC.
JJndxR

Using (2.1) this gives

(2.34) JA(X,O

= / aoL^^+^A^z+^-a-^n.z^^^-^^'dz.
JR^ 1- v /-1

We note that, according to (2.6-7), we have

6(A^z + x) - &(x) - a^A^n . z =
[6'(x) - a-1!!] . A^'z + a;o(x, A^ /2z)(A^ /2z)2A- l/2,

so that

(2.35) jA(x,$)= / ao[M]2^-27^1zl2dz,
JR^

/?

where [M] = [a^ffT^+t&^x) - a^n] . A'/'z + a;o(x,A^2z)(AV2z)2A- l/2)].
This is in fact a slight modification of (2.4) where a-o is replaced by the (still odd with
positive derivative) (TO o a172. A simple inspection of the proofs of (2.8-9) yields the
result of lemma 2.1 for

(2.36) ^(x,0=aA(Ax)

with
(2.37)
^A(M=

/ (ao o a1/2) ((3 + [(/(x) - a-1^ . A^z + ̂ (x, A^zKA^z)^-1/^^-27^1^.
JR^ v /

We could repeat lemmas 2.1-2 for a A but we shall need only the following

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



852 N. LERNER

LEMMA 2.3. - Let Abe a positive definite {d + 1) x (d + 1) matrix given by (2.32) and b
be a symbol satisfying (2.2). Then, if a A is defined by (2.37), we have

(2.38) OA(/?,X) = /3aiA(M + A-^ru^x) = (ao o a1/2)^) + ̂ (Ax),

w/^r^ roA € fi^lJdxPA"1) w^ semi-norms depending only on the 7^ m (2.2) and on the
norms of A, A-1. Moreover aiA(/3,x) > 0 ̂ /or a// fc

sup K^O^^^IA^/^CX),
^eiR^eR^

A>1

sup |/3|^|(^a2A)(^x)|A fc/2<oo,
^ei^xeR'^

A>1

depending only on the 7^ m (2.2) ̂  on the norms of A,A~1.

3. An admissible nonconformal metric

Let n be an integer and R27" = R^ x R^ be the standard phase space with its symplectic
form

<;= ^ d^-Ad^-.
Kj<n

We equip the phase space with a positive definite quadratic form F such that P- = Y: it
means that there is a symplectic basis of R271 in which the matrix of F is the identity (see
(3.13) below or (18.5.7) in [HI] for a general definition of P-). We consider now a smooth
real-valued function q(X,A) defined on R2'1 x [l,oo), in the symbol class ^(A^A"1?).
It means that q satisfies the estimates

(3.1) sup ^(X^IrA-1^ = ̂ {q) < oo,
XeR271^!

for any integer k (the norm of the multi-linear form 9^ q is evaluated with respect to F).
As in the previous section, we omit below the dependence of q upon A as well as the
index F for the norms of multilinear forms.

DEFINITION 3.1. - Let X C R271 t-^ gx be a mapping from R271 to the set of positive
definite quadratic forms on R27". The metric g is said to be admissible ifg is slowly varying,
temperate (see [HI], chapters 1 and 18) and such that, for each X e R271, gx < 9 x '

The proper class of the symbol q is defined by the following metric, conformal to F,

(3.2) G^ = AW-^, A(X) = 1 + \q\X)\^ + |g(X)|.

The metric G^ is known to be admissible with constants depending only on 7^ k = 0,1,2
in (3.1) ([HI], section 26.10). Moreover q belongs to 5(A, G^) with the same semi-norms
as q in ^(A^^F). We define a new metric by

(3.3) g^T)= ^W-^2 + HT) -t2n
v / yx { ' \(X) + |g(X)[2 ' A(X)V2 + \q(X)\ • re

We drop the superscript [q\ for g and G in the sequel of this section.
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LEMMA 3.2. - Let q be a symbol satisfying (3.1). IfG is defined by (3.2) and g by (3.3),
we have for A > 1,

(3.4) 7ol(g)-lA-l^ < G^ <, 2g^ ^ 4F = 4H ^ 8^ ^ 16G^ < 167oi(^)Ar,

w^/z 701(9) == 1 + 7i((?)2 + 7o(^)- Moreover, g is slowly varying and temperate.
In fact (3.1) implies A(X) < 701 (g)A, which gives the first inequality in (3.4). Moreover,

from the expression of A in (3.2), one gets 1 < A(X)1/2 + \q{X)\ ^ 2A(X) and
^'(X)]2 ^ A(X); this implies the second and third inequality in (3.4). The other inequalities
follow then from the definition of ^. Let us prove now that g is slowly varying: let r be
a positive number and assume g^ (X — Y) < r, that is

\q\X}{X-Y}\2 F{X - Y)
A(X)+|g(X)|2 + A(X)V2+|g(X)| - r'

Since G < 2g, and since G is slowly varying, we can assume that r is small enough
(say 2r < To) to ensure that Gx ~ Gy, i.e. the ratios (^(rVGyCr) = A(V)/A(X) are
bounded above and below by constants depending only on the 7^ in (3.1). From Taylor's
formula and (3.1), we have

KZ)| < \q(Y)\ + \q\X).(Y - X)\ + ̂ WY - X)/2.

Then we obtain, from gx(Y — X) < r,

\(X)^+\q{X)\^
C7iA(y)1/2 + \q{Y)\ + rV^AW1/2 + |g(X)|) + 72(9) r(A(X)1/2 + \q(X)\)/2,

where C\ >_ 1 depends only on the 7^ in (3.1). This gives

(3.5) 2r^min(l/2,l/72(g),r-o) ̂  A^X) + |g(X)| ^ W^^Y)+\q(Y)\).

We have then, under this condition on r,

m < fi4r-2 [^(^•^^^(g)2^-^)^) r(T)
gy(T) ̂  64Gi —————A(X)+|g(X)|2————— + ̂ AV^X) + \q(X)\

<, 64C7? 5x(T) + 64^(g)2r(Al/2^^ggj^^(^) ^ (64C,2 + 12872(g)2r),x(T),

thus proving that 5 is slowly varying.
We must now verify that g is temperate. Going back to (3.3), we check

f /^ < jgm^+^ixx-nrcr) /A(y)+|g(v)|2^
ffxv / - A(y)+|g(y)|2 VA(Z)+|g(X)|2^

f36) < r(T) ^(y^+lg^)!^
' / 1 '\{Y)^+\q{Y)\\X{X)^+\q(X)\}

<n mh^ny ^^A(r)+lg(y)12 i i^rsmr)(i+r(x-y))(^^-^^+ij^,+
where C'2 depends only on 72(9)- Moreover, we have, using (3.1), (3.2) and Taylor's
formula (first order for q ' , second order for q),

A(y)+|g(v)|2 = i+i^y^+i^i-n^y)? < (AW+igWi^i+rpc-y))2^,
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where Cs depends only on the 7^. Thus we obtain immediately from the above inequality
and (3.6) that

^<C4(i+r(x-y))3 ,

which implies, from the third inequality in (3.4), that

^<^(i+2^(x-y))3,

which is the temperance of the metric g (C^ depends only on the 7^). The proof of
lemma 3.2 is complete.

D

Remark 3.3. - The metric G separates the phase space into specific regions, depending
on the fact that the dominant term in the expression (3.2) of \(X) is \q{X)\, \q\X)\2

or 1. In fact, following lemma 26.10.2 in [HI], one gets (^-elliptic regions in which
C7|g(X)| > A(X). In such places, the metric g is equivalent to G, i.e. the ratios
gx(T)/Gx(T) are bounded above and below by fixed constants. This is also the case
for the G-negligible regions, in which \{X) is bounded above. In fact, in both cases
\(Xy/2 +\q{X) | is equivalent to A(X) and since \q\X) • T|2 ^ 7l2A(X)^(^), we get the
equivalence of g and G there. The metric g is not equivalent to G on G-non-degenerate
regions, that is on places where ^'(JQI2 is the dominant term in (3.2). For instance,
if q were the linear form A172^, the metric g would be, with symplectic coordinates
Cri^X') e R x R x R2"-2,

^ \W_ Id^p+ldZf |dX|2 ^
' 1 + ^ ' A^a+l^il) A

when |^i | < A1/2.

LEMMA 3.4. - Let g / 2 be the admissible metric defined in (3.3). We define the positive
numbers p, by

(3.7) ^(X)2=4i^f[<^(^)/(7x('^)].

We have, with a constant C depending only on the 7^ in (3.1),

(3.8) 1 ̂  ^(X) < 4A(X),

(3.9) |<?(X)| + 1 > A(X)/2 ̂  Gx <, 2gx < 4(1 + 4^)Gx,

(3.10) \q\X)\2 > \(X}/2 and \q{X}\ < A(X)1/2 ̂  C-1 <, ^—— <, C,

(3.11) \q'(X)\2 > \{X)/2 and \q{X)\ > A(X)V2 =^ C-1 ^ . .^xr , < C,
Ig ' ^A^I - 'A^A)
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(3.12) \q(X)\ < CAW1/3^:)2/3, \q\X) . T| < CAW1/3^)2/3^)1/2.

Proof. - The inequality (3.8) follows from (3.4), and (3.9) from (3.1^). To get (3.10),
we note that the linear form L =-- (/(JQA^)"172 has a F norm in [2~l/2,1]. Let ei be
the unit vector (for F) such that L(ei) = \\L\\. Since F = P-, we can identify F with
the matrix I^n and <; with the matrix

Take now ei = <;ei; this is a unit vector orthogonal to e\. Moreover, the space
V = (span{ei,(,ei}) r is a symplectic space for the restriction of <; since it is invariant
by <;: for x € V one has (<^,ei)p = -(a;,<;ei)p = 0 and <<;a:^ei)p = (^,ei)p = 0. One
can then choose in V a symplectic basis € 2 , . . . , e ^ , 6 2 , . . . , e ^ , orthonormal for r. The
matrix of <; in the basis ei, ei, 6 2 , . . . , e^, e ^ , . . . , e^ is then

0 1
-1 0 0

0 In-i
-In-l O

In fact, we proved the more invariantly stated lemma:

LEMMA 3.5. - Let {E^) be a 2n dimensional symplectic space, i.e. <, : E —> E* with
(;=-(;* and <; non degenerate. Let F be a positive definite quadratic form on E, i.e.
r : E —> £* with r = r* and {Fx,x)^ ̂  > Qforx ^0. We define

(3.i3) r = <.*r-1^ or {rT^T}^E= ^P W^)^
{ru^u}^,E=1

and we assume that F is symplectic, i.e. T^ = F. Let ei e E such that (Fei, ei)^. ^ = 1.
Then there exists a basis of E (ei, 6 2 , . . . ,Cn,e^,e^... ,e^) orthonormal for T and
symplectic, i.e.

{<.€j,ek}E^E = ^^^ {^J^^E^E = 0' {^J^^E^E = 0'

The argument is the same as above with ei = ^-l<;el.
Going back to the proof of (3.10), we get that (X is fixed), using (m^i^W) as

coordinates in the base (ei, ei, 6 2 , . . . e^, € 2 , . . . e^),

- XL^L r ^ IWAHLH2 Id^+ld^+ldr/p+lch/ l 2

9X~ A + | 9 1 2 + A 1 / 2 + | 9 1 A + | 9 l 2 A ^ + i g i

so that, since 191 < A, the metric g is equivalent to g:

^ -Î Î .̂ ^F, y^
with symplectic coordinates (^1,2/1, Y ' = (y^rf)); this gives (3.10) and (3.11). The
inequalities (3.12) are obvious if (3.9) is satisfied. Moreover, from the definition of A in
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(3.2), \q\ + 1 < A/2 implies \q'\2 > A/2. If (3.10) is satisfied, we get the first part of
(3.12), and to check the second part, we note from (3.3), that

(3-15) k'W • T\2 < gx{T){\{X) +|^W|2).

If (3.10) is satisfied, this gives (3.12). If (3.11) is satisfied, then ig^A-1 is equivalent to ^
which gives \q\ equivalent to A1/3^2/3. If (3.11) is satisfied, since (3.15) is a consequence
of (3.3), it is enough to check that A1/2 + \q\ is controlled by A1/3^2/3, which is obvious
since \q\ > A1/2 and \q\ is equivalent to A1/3^2/3 there. This gives (3.12) under (3.11).
The proof of lemma 3.4 is complete.

D

4. Symbol classes

LEMMA 4.1. - Let qbea symbol satisfying (3.1). Ifg is defined by (3.3), A by (3.2), ^ by
(3.7), then q G ^(A^3^273^) with the same semi-norms as q in (3.1).

Proof. - We have to find constants Ck such that, for all X,T in R2'1,

(4.1) ^(X)^! ̂  XW^^X^g^T^Ck.

This is obvious if X is a G-elliptic or a (7-negligible point, i.e. if (3.9) is satisfied since
q C S(X,G). If X is a G-non degenerate point, i.e. if (3.10) or (3.11) are satisfied, (4.1)
follows from (3.12) for 0 < k < 1. Let us check (4.1) for k > 2 when (3.10) or (3.11)
are satisfied. We know from (3.1) that

^(JQr^i < A^rcr)^2 7^.

Moreover, from (3.3), we have

fe/2 IW/2

yx{ ' - (AV2+ |g | ) f c /2 -

It suffices then to prove, for k >_ 2, that

7fcA l-^C7,A l/V/3(A l/2+H)-fc/2,

that is, to verify

(A172 + [gl)1"1 (A172 + M) < At-^/V/3^/^.

Since f c - 2 > 0 a n d | ^ | ^ A <, A^oi (see lemma 3.2), it is enough to check that A1/2 + \q\
is controlled by A1/3/^2/3. When (3.10) is satisfied it amounts to controling A172 which is
there equivalent to p.2 being equivalent to A173/^2/3; when (3.11) is satisfied it amounts to
controling \q\ which is there equivalent to A173/^2/3. The proof of lemma 4.1 is complete.

D
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LEMMA 4.2. - Let f be a bounded smooth function of one real variable so that f belongs
to the Schwartz. space S(R). Let q be a symbol satisfying (3.1) and g be the metric defined
in (3.3). Take A(X) G S(\{X),Gx) so that \(X) > doA(X) for some positive constant
do (e.g A(X) = ^1+kWI^+I^W ^ have

(4.2) a(X) = J(A(X)-1/2 ^W) e 5(1^),

w^/z semi-norms depending only on those ofq in (3.1), on the L°° norm off, on semi-norms
of f in <5(R) and on do.

Proof. - The fact that ^/Y^-\q\X)\^ +|^(X)|2 belongs to 5(A,G) is a standard
consequence of the slowly varying property for G. Since q G 5(A, G) and // € <?(R),
the estimates implying (4.2) are trivially satisfied when (3.9) is satisfied. Assuming
thus that X is G-non-degenerate {i.e. that (3.10) or (3.11) are satisfied), we set
B(X) = A(X)~1/2 q(X) e S'(A1/2^) and we start from Faa de Bruno's formula,

^(X)^ = y , fc! . .^(B) B^T11 . . . B^T1-
, ~ , r \ l ^ . ' - ' l r \
l^ + . . . + lr = k

l j > 1

that is
(4.3)

7 1
a^^X^ = V _ _ f ^ W (B/(Z).^)SB(^S+1)^L3+1 ... B^T1^

1 r s+l' '4 = .. • = 4 — 1
s + L,+i + . . . + lr = k

Ij >2 if j ^ 5 + 1

Consequently, from B C ^(A172,^), one gets
(4.4)
la^X)^! <

E . fc! ; , I-^^W)! IWW A.-^...A.-^ r(T)^.z^.x-^^r^""-
5 + L,+i + . . . + lr = k

Ij > 2 if J > s + 1

We obtain thus
(4.5)
[^(X)^! <

A^

V „ fc! ,, I/^^W)! l^ffl.ri8 A^A-^-) r(r)^
_ ^'•^s+l- ' ' ' i r -

t'l = ' ' • = 4 == 1

5 + L,+l 4- . . . + lr = k

Ij > 2 if J > s + 1
<^ ^ |/^(B(X))| i^'w.ri8 A^ r(r)

1 <'r< fc
0 < s < r

k ^ s + 2(r - 5)
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Since k ^ s + 2(r - s) = 2r - s, i.e. since r——— < 8——, the inequality (4.5) implies,
with dk depending only on k,

(4.6) la^wr^i < d, ^ \f^{B(x))\ iBWTTA^rcr)^.
0<s<r<fc, r>l

Let us assume first that |B(Z)| < 1 : from (3.10) and (3.14) we get that gx(T)1/2 is
equivalent to

|B/(x).^|+^(^2,

so that (4.6) gives the estimates for (4.2) in this case. When \B(X)\ > 1, we saw in (3.14)
and (3.11) that gx^T)112 was equivalent to

\B\X).T\ r(T)1/2

\B(X)\ "^A1/4!^)!1/2'

Since // is in the Schwartz space S(R) and r > 1 in (4.6), we can control any power of
B and get (4.2). The proof of lemma 4.2 is complete.

D

5. Wick quantization

Before defining the Wick quantization, we recall the usual quantization formula,

a{x, B^u(x) = H e^^a(x, 0^(Qd^ u(^) = f e-^^u^dy,

and the Weyl formula

a^x) = [[e^-y^af^^^u^dyd^
J J \ z /

It may be useful at this point to notice that the definition of the Weyl quantization of
the phase space E C ̂ *, where E is a n-dimensional real vector space (the configuration
space), can be given without further structure. Although it is clear with the formula above,
we can use as well the following definition of the Weyl quantization, due to Unterberger
[Un]: for a <E S\E C ^*)

(^ = ( a(X)2naxdX,
JEQE*

where the phase symmetry ox is defined as the unitary and selfadjoint operator on L^JS)

axu(y) = u(2x - ̂ )e-4^-^)^*, where X = (x, Q.

Naturally the symplectic structure on E C £'* is given by the standard relation

[X.Y} = (^y)^ - (^^E,E^ ^r X = (rr,0, Y = (y^),
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and the measure dX on the phase space is chosen as the n^ exterior product of the
symplectic form divided by n!, which is also the tensor product of any Haar measure on E
with its dual measure on £'*. A tempered distribution a can be quantized since it is easily
checked that X e E e E* ̂  {axu.v)^^ <E S{E e £'*) if u,v G S(E).

On the other hand the definition of the Wick quantization below requires the introduction
of a symplectic norm (as defined in lemma 3.5) on the phase space. So as in section 3
and 4, we assume that the phase space R2^ is equipped with a symplectic norm r. The
following definition is a regularization of the formula above for the Weyl quantization and
contains also some classical properties.

DEFINITION 5.1. - Let Y = (y,rj) be a point in R2". The operator S^ is defined as
[^e'"27''1^'"^]^. This is a rank-one orthogonal projection: T^.u = (Wru)(Y)r^ with
{Wru)(Y) = (n?T^ (^)L2mr^v where y(x) = ^n/4^-Tr\x\ ^j ̂  ^ ^ metaplectic ajfine
transformation quantifying the affine symplectic map X i—^ F1/2^ — Y) (when F = Id,
T^ .(p(x) = (p(x - y)e2^7v(x~]s^). Let a be in L^R27"). The Wick quantization of a with
respect to F is defined as

(5.1) ^ick(r) ^ f ^Y)^dY.
Jn^

PROPOSITION 5.2. - Let a be in L^R271). Then a^^) = W^a^Wy and lwick(^) =
IdL2^) where Wy is the isometric mapping from L^R^ to L2(R2n) given above, and a^
the operator of multiplication by a in L^R271). The operator TT^ = WrW^ is the orthogonal
projection on a closed proper subspace H o/L^R271). Moreover, we have
( ^ 9\ || Wick(r)|| ^ I I l l n(Y\ > 0 ^^ ^wick(^) > 0
(0^) ||a [[^(L2^71)) -^ l l a l l L O O ( R 2 T ^ ) ? a ^ A ^ ^ u ̂ ^ a ^ u?

( r , o\ |i^r^r|| ^ ^n -i-r(r-z)
[b'6) 112JY2Jzll/:((L2(R7^))) -^ z e 2

Proof. - This proposition is classical and easy, except possibly for the last property.
For V, Z G R271 a straightforward computation shows that the Weyl symbol of S^S^ is,
as a function of the variable X G R271,
(5,4) ^-tr(y-z)^-2z7r[x-y,x-z]^-27rr(x-^-^

where [', •] stands for the symplectic form. Since for the Weyl quantization, one has
II^II^L2^)) ^ ^lUll^R^:? we g^ the result

D

PROPOSITION 5.3. - Let p be a symbol in 5(A, A^F) (see (3.1) for the definition of a class
of symbols with a large parameter K). Thenp^^ = p^+r^)"^, with r(p) G 5(1, A"^)
so that the mapping p \—> r(p) is continuous. Moreover, r(p) = 0 ifp is a linear form or
a constant.

Proof. - From the definition above, one has j^101^) = p^ with

' p ( X ) = / p(X + V) e-^^dV =
Jn^

(5>5) ' p(x) + f f (l-6>y /(^+6'y)y26-27^^(y)2ndyd(9.
Jo Jn^

r(p)(X)
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Thus, from the estimates on p, we get that,

W^WI ̂ +2(p)A1-^ / lyPe-^^-My,
7R2rz

which implies r e 5(1, A-^). The last point in the proposition follows from (5.5), which
shows that r(p) depends linearly on j/''.

D

6. A factorization result

We consider in this section a smooth real-valued function q(t,X,K) defined on
Rt x R^ x [l,oo) which satisfies (3.1) uniformly in ^, ;.e.

(6>1) sup l^g^X^lrA-^l = 7,(g) < oo,
te^XeR^A^l

where F is a symplectic norm on ^(see §3). Moreover, we assume that r - iq satisfies
condition (^) (from now on, we omit the dependence of q on A),

(6.2) g(^ X) > 0 and 5 > t =^ q(s, X) > 0.

Let us consider, for t fixed, the function

(6>3) ^X)=1+|^X)|+^(^X)|^

We have, according to (3.2),

((u) q^X) G s(\^X^———— = G^\
\ A[.i^) /

Following section 3, the metric G^ ̂  is slowly varying on R^, satisfies the uncertainty
principle (G < G^\ and is temperate. All the metrics G^(*,-)] are conformal and have the
same "median symplectic" norm F, according to lemma 3.2. The metric G^'^ defines
the proper class of the symbol q(t,.) : this is a metric on the phase space R271, depending
on t G R. We shall refer below to G^^ as the proper metric of the symbol q at the level
t. We define now the bounded measurable functions

(6.5) e(X) = J"^ e (-1. +1). ̂  x) > °} if this set is not empty,
1 1 if this set is empty,

and

( 1 ift>6{X),
(6.6) 3e(t,X)= 0 in=0(Z),

-1 ift<0(X).

We get from (6.2) and (6.6) that for s = se, for all t.t^t^ e (-1,1),X (E R2",

(6.7) q^X)s^X)=\q^X)\^s(t^X)-s(t^X))^-t,)>Wt^X)\ < 1.
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LEMMA 6.1. - Let s be any measurable function satisfying (6.7). We define J ( t ) as the
operator (depending on the function s and on the symplectic norm F )

(6.8) J(t) = (^X))^^ = (J^X))^J^X) = ( s^Y) T e-^-^dY^
J|R2n

where the Wick quantisation is given in (5.1). The symbol J(t,X) belongs to S(1,T) with
semi-norms bounded by constants depending only on the dimension n. The operator J(t}
is bounded self adjoint on L^R") and such that

(6.9) \\J(t)\\c^W) < ̂  t^t2=^ W ^ J{t,).

The expression of the Weyl symbol in (6.8) follows from definition 5.1. The convolution
formula in (6.8) implies readily the statement on the symbol class. Property (5.2) implies
the first statement in (6.9) and J is selfadjoint since its Weyl symbol is real-valued. Since
the function s(t,X) used in the lemma satisfies (6.7), it is nondecreasing as a function of
t and we have that ti < t^ implies that for all X € R271, s(t^X) < s(t^X}. Since the
Wick quantization is nonnegative (second property in (5.2)), we obtain that

(^^-^i^^^O.

The proof is complete.
D

Note. - We could have taken s = se for the proof of the lemma and the remaining part
of this section. However, we want to emphasize the fact that only property (6.7) is used.
This fact will be important in section 8 when the symplectic metric will be allowed to
vary. From now on in this section, we suppose that the variable t is fixed. We consider a
partition of unity subordinated to the metric G^'')] defined in (6.4). The following lemma
is classical for an admissible metric (see section 18.4 in [HI]).

LEMMA 6.2. - Let t be a number in (-1,1). There exists a sequence (X^eN of points
in the phase space R271 and positive numbers TQ, No, such that the following properties are
satisfied (G, = A^F, A, = A(X,), will stand for G^ defined in (6.4)). We define
U^, U^U^ as the Gy balls with center X^ and radius ro, 2ro, 4r*o. There exist two families
of nonnegative smooth functions on R2^ (x^)^eN. (^)^€N such that

(6.10) ^^(X) = 1, supp^ C U^^y ^1 on U^, supp^ C U^.
v

Moreover, Xv^v € S(1,G^) with semi-norms bounded independently of v (in fact
depending only on the ̂  in (6.1)). The overlap of the balls U^ is bounded, i.e.

pi [/;* ^ 0 =^ ̂  < No.
v^

Moreover, Gx ~ G^ all over U^ (i.e. the ratios Gx(T)/G^(T) are bounded above and
below by a fixed constant, provided that X G U^), so that ̂ q C 5'(A^ G^) uniformly (in
fact with semi-norms depending only on the 7^ m (6.1)).
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It should be kept in mind that the partition (^) as well as ̂  and the choice of X^
depend on t ; we omit this dependence for simplicity of notation. We shall prove also the
following convenient lemma, a version of which is given in [BC] (lemme 7.9) and which
appears essentially as a consequence of Collar's lemma (see e.g. lemme 4.2.3 in [BL]).

LEMMA 6.3. - Let G be an admissible metric on R271 and ^^ X^(^ 0 = 1 be a partition
of unity related to G as in the previous lemma. There exists a positive constant C such
that for all u € L^R")

(6.11) ^IMI^) < E ll^lliw < Wfwy
v

The right inequality is indeed a direct consequence of Collar's lemma so we leave it to
the reader and provide a proof of the more involved left inequality. Let us recall first (see
Theoreme 3.2.2 in [BL] or (18.6.10) in [HI]), using notations of lemma 6.2, that for
(6.12)
A^ = 1 + (^ A GW-; - U:-) = 1 + 2 inf^ [G^Y, - T) + G^T - V,)],

TGR
Y^CU^\Y^U^

there exists NQ > 1 such that

(6.13) sup ̂  A^° = Co < +00.
^ v

The fact that G is temperate and the so-called confinement estimates of Theoreme 2.2.1 in
[BL] are useful to get that for all N >_ 1, there exists CN such that

(6.14) 11x2^11^)^^^

Now since the \y are real-valued and a partition of unity, we obtain with L^IF^) norms
and dot products
(6.15)

(Ru^ u)

mi2 = E <^>^» < E (A^ ÎÎ IIIÎ II + E to>^),
vu ^ ^y^7 .̂

with A^5- with A^>c.

where a is a positive parameter to be chosen later. We check now the self-adjoint operator
R defined above: from Collar's lemma

(6.16) \\R\\c^ < sup ^ \\XVX^\\1^ -sup
withll0.^.^^^

and since

|| w w w w\\^ ^ II w w ]| II w w\\ II w II II w w\\ ||.yW||
((^ 1 '7\ IIA/J,Q A^gA/^ A-v' II/^('L2'\ — 1 1 A fj,y A, Vy II 1 1 A p, A i/ II \\A.p,o II IIAi/oA^II IIA^II

^ ̂ A;^^A^^A^sup||x^||2,
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we get that for N / 4 , = No

II^II.(L-) < ̂ supll^ll172 sup A^f^A^A^/4]
withl'^>c. v^

(6.18) < C^supllx^ll^a-^^A^EA^/4] < ̂ 4 sup \\^ a-^C^
^ v

We choose now the parameter a so that C^ sup||^^||1' a'^C^ = 1/2 and we get
from (6.15) and (6.18) that

(6.i9) |H|2 < ;̂ (^^i i^i i i i^i i + W.
l^p, ^^/-A^7 ^

With A^a

The kernel A^° is of Schur type on ^(N) from (6.13) and thus we obtain

(6.20) ll^^o^Co^ll^ll2,
i/

which is the statement of the lemma. The proof is complete.
D

Let us now fix notations for the symbol q(t^ •) in its proper class G^' ' )J defined in
(6.4). We use the notations of lemma 6.2 and sum-up below a construction due to Beals
and Fefferman [BF], using the terminology of Hormander (lemma 26.10.2 in [HI]). Let
^i < 1/2 be a positive number. We shall say that

- v is an elliptic-plus index {y G E^. for short) whenever q(t^X^) > r^\y,
- v is an elliptic-minus index (y G £L) whenever q(t^X^) < —r^\y,
- v is a nondegenerate index (y G D) whenever

\q{t,X^\ < nA, and \q^(t,X^ ^ A,/4,
- v is an L2-bounded index (y G L) in the remaining cases whenever

\q{t,X^\ < riA, and \q'^X^ < A,/4
which imply from (6.3) that \y < 1 + 3A,,/4, i.e. \v < 4.

One can choose ri depending only on ro so that, with E-^ == E^, U E-,

^^ i f ^ e E±, for X G U;\ q(t,X} = ±\^{X)
v ; with eo. G 5(1, G^) and n/2 < eo^(X) < 2ri,

(6.22) Y'^eo^^)
with eo. e 5(1, G^) and 1/4 ^ eo.(X) ^ 4,

if v e ,̂ for ̂  G (7:*, g(^X) = Ay'^eo.(^)

where {x^x' ,^^} are linear symplectic coordinates in (R x H^1) x (R x IR7^1)
orthonormal for T (see lemma 3.5). Of course the semi-norms of e^y and by above
are bounded independently of v by constants depending on the semi-norms of q in (6.1).
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However the choice of coordinates in (6.23) depends on the box U^, but these coordinates
are deduced from the "standard" ones by a symplectic matrix also orthogonal for F. Note
also that we assume that by is defined globally on R271 which is easy to achieve by
multiplication by a suitable cut-off function.

Note. — In the sequel of this paper, the notation f3y will always refer to A,(X), that is
to the function defined on the phase space R2" given by (6.23). In particular, starting from
the functions uj and a- defined on R x R2n~l in section 2 (with d = 2n — 1) we define
below o;(/^,x) and o-(/^,x) as functions on the phase space R271 given respectively by
a;(/3,(X),x) and a(/3,(X),x).

We are now ready for the definition of the operator
(6.24)

(^T \ Wick(F) T - T-,\Wy = \yCy v , if v G E±,
»W=^X^^ with \Wy = K/^e^r+a^ if v C -D,

[Wy = Id, if v ^ L ,

where ^y and ^y are defined in lemma 6.2 ; the symbols Cy will be chosen later and we
assume only here that Cy G S(l^Gy) uniformly and is uniformly elliptic, i.e. satisfies for
all v, x,^, Cy{x, ̂ ) > Co > 0. The function uj^y, x) is defined in lemma 2.2 and (2.29) and
f3y is given in (6.23). The symbol a^y belongs to S{l,g), (g = g^^ is defined in (3.3))
and is given below; the metric g is given by (3.3) from q = q(t^ •): g is an admissible
metric on R^ depending on the real variable t. From lemmas 4.2, 2.2 and 3.6 there exists
a positive constant ci such that, for all v G D, the symbol

- ̂  ^y^Cy^y - C^2 (l + ^I^Cy^y
v ' belongs to 5'(A1/3^2/3,^) and is nonnegative.

The Fefferman-Phong inequality applied to this second-order (in fact A173/^2/3 < p,2 from
lemma 3.5) nonnegative symbol implies that there exists dy G S ( l ^ g ) whose semi-norms
depend only on those of ^y and by in (6.23), thus eventually only on those of q in
(6.1), such that

(6.26) < + Wy^ey^ - ̂ [{t^-^cy^ > 0,

and consequently

(6.27) [ay + 1]" + Wy^ey^yY > Id +ciA^[(l +^)l/2e,^]w.

Assuming as we may, using the ellipticity of Cy, that Cy^y = 02, with Oy G S(l^Gy)
uniformly, supp6y C U^, we get from (6.27)

(6.28) [ay+ir^-Wy^e^r > Id +ClAy2[(l+^)VX]w[(l+^) l /X]w+C.

where Ty 6 5(1, g}. We can then choose aoy in (6.24)

(6.29) ao.=a,+l+||r,||^2)

in such a way that for

(6.30) v e D^Wy > Id +ClAy2[(l +^2)V4^]W[(1 4-/3,2)1/X]W ^ Id .

Our main statement for this section is contained in the following proposition.
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PROPOSITION 6.4. - The Weyl symbol ^l(t,X) of the operator Q(f) defined by (6.24)
belongs to 5'(A1/3^2/3^), where g = g^'^ in (3.3) (cf. (3.7) /or ̂  definition of fi).
Moreover there exist positive constants Co, ci an^ a nonnegative constant Co such that

(6.31) ^{t) ^ co Id and ^(t, X) + Co > ciA(t, X)173^ X)2/3.

The Weyl symbol J ( t ^ X ) of the operator J(t} defined in lemma 6.1 belongs to S ( l ^ g )
and the Poisson bracket

(6.32) {^X),J(t,X)}e5(l^).

One can choose the elliptic symbols Cy in (6.24) so that

(6.33) q{t, X) - ̂  X)J(t, X) G 5(1^).

Eventually, with Q{t) = q^t.X^ one gets

(6.34) Q(t) = ̂ t)J(t) + R(t) = J(t)fl(t) + R^t),

where the Weyl symbol R(t^ X) of R(t) belongs to S(l^ g) and thus R(t) is L2 -bounded.

Proof. - Let o^ be the Weyl symbol of Wy. We note from (6.24), lemmas 4.2, 2.2
and (6.23) that

(6.35) ujy € S^A173^273,^) uniformly.

We compute, using the fact that self-adjoint operators have real Weyl symbols, setting
b = 2%7T

Xv^v^Xv = [x^^+^-{x^^^}+^]ttx^ = x^^+x^Re^+(^)2{{x^^^}^x^}+^^

and we notice that the remainder

^X.Rer^ + (^{{X.^}^} + ̂  ^ S{l,g),
v

since each term of the series is confined in Uy with respect to g, and belongs to 5(1, g).
Thus, we get that

(6.36) ^X) = ̂ xlW^(X) + ri(X),n G 5(1^).
v

From (6.35) and (6.36) we get that fl(t,X) G 6'(A1/3^2/3^). To prove the first part
of (6.31), we note that, using lemma 6.3, it is enough to prove the same for each Wy.
For y G D U L, it follows from (6.30) and (6.24), whereas for v G £±, we use only
Cy > CQ = Co Id. Moreover, from (6.24-25), there exists a positive constant ci
and a nonnegative constant C\ such that for X e U^,

^.(X) + Ci > dAW1/3/^)2/3
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so that (6.36) implies

^X) > W^^XY^c^lW^-r^X)^ G S^g)
v

which gives with (a positive ci) and a nonnegative Co

^(t, X) + Co ̂  ciA(X)1/3/^)2/3

which is the result of the second part in (6.31).
We check now the Weyl symbol of J(t), using the notations of (6.21-22). We note in

particular that, from (6.21-22) and (6.7) we get that the the L°° function s(t,X) satisfies

/g 3^ v e D, X G Uf\ =^ s(t, X) = sign /3,
v e E±,x e [/;*, =^ s(t,x) = ±1.

We have thus from (6.8)

J(t, X) = s * 2"e-27^^ = ̂  x. [s * 2"e-2T^]

= E ̂  KM * 2"e-2w^f+ ̂  X. [((1 - ̂ }s) * 2"e-27^^]

= ̂  X. [±^ * 2"le-27^^] + ̂  X. [(V'. sign (/?,)) * 2"e-21r^]
^G-K± i^e-D

+ E ̂  [(M * 2"e-27^^] + E ̂  [((1 - ̂ )8) * ̂ ""l •
= ̂  X. [±^ * 2rae-27^^] + ̂  x. [sign (/?,) * 2"e-27^^]

^e^± v^D
(6.38) + ̂  x. [((^ - 1) sign (/?,)) * 2"e-27^^] + ̂  x. [(M * 2"e-27^^]

+E^[(( l-^)s)*2"e-27^^]
V

±1

= ̂  X.^r^^^+^^tsign^)^^-2^]
^C^± ^6D

+ ̂  X. [±(^ - 1) * 2"e-27^^] + ̂  x. [((V'. - 1) sign (/?,)) * 2"e-27^^]
^c^± i/e£>

+ E ̂  t(^5) * ̂ "^l + E ̂  [((1 - ̂ s) *2rae-27rr] •
^C-L y

We shall give the same treatment to the third, fourth and sixth term in (6.38). We claim
that for any sequence Cy of uniformly L°° functions

(6.39) ^ ̂  [((1 - ̂ ) c,) * 2ne-2-^] G 5(A-°°, G) = f) 5(A-^, G).
l/ N>O

Since Gy = X^F, ̂  is supported in U^ and

(6.40) [((i-^c,)^^-2^] e5(i,r)
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uniformly, it suffices to estimate the following for all positive N:

(6.41) x^x.W / tc,(y)(l-^(y))2ne-27^^(x-y)dy .

Since in this expression

(6.42) V iUt, andZeE/. ,

we have

(6.43) r(X - V) > r^ which implies A^ < C(ro, AQ e^-^,

yielding the desired estimate for (6.41). The fifth term in (6.38) is easy to handle, since
for v G L we have that G^ ~ G^ ~ F and A^ ~ 1 in the sense of lemma 6.2 so that,
for all k ^ N we have

(6.44) sup | [(M * 2ne-^^}{k\X)Tk G^T)-^2^ < +00,
xeiR271

that is the estimates yielding

(6.45) ^ x. [(M * 2ne-27^^] G 5(A-°°, G).
i^eL

We have proved so far from (6.38-45) that
(6.46)
J(t,X)= ̂  ±^+^x4sign(^)*2ne-27^^]+r_^,withr_^e^(A-oo,G).

i/e£;± i^eD

According to (6.23) and lemma 6.5 below (it follows in fact directly from (2.3), (2.4),
lemma 2.1 and lemma 4.2) we have, using lemma 3.4,

(6.47) sign (A.) * 2"e-27^^ = a(^,x) e s ( l , df3v 0dA/ + r ^
1+K \^(1+\^\))'

so that

(6.48) ^^[signO^^e-2^] = ̂  x.(WA/,x) £ 5(l,ff).
^e£> ^€D

The identities (6.46-47-48) prove that

(6.49) J ( ^ X ) e S ( ^ g ) .

Let us verify now claim (6.32) in Proposition 6.4. Note that since J appears as an operator
of order 0 (i.e. with symbol in 5(1 = i^°,g)) and 0 as an operator of order 2 (i.e. with
symbol in 5'(/^2,^)), the symbolic calculus for the metric g would give a priori this
commutator in S'^1,^). The sequel will show that the very particular structure of the
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operators ^ and J yields the key improvement (6.32). From (6.24) and (6.36), we know
that the Weyl symbol of t1{t) is

^X)= ̂  ^WA.e,(X)+^^(X)c<;(/3^x)e,(X)+ro(X),
(6<50) ^€^± y^D

with ro G 5(1,^),

where o;(/?^x) is given in lemma 2.2 and (2.29) and e^ e S(l, G^) uniformly and is
uniformly elliptic, i.e. satisfies for all v,x,^ e^(x^) > GO > 0. The following identity
for Poisson bracket

(6-51) [X\ a} = 2b{x^ X^} + X[b, xa} + xa{x. b}

and (6.50) imply

f{^x),jo,x)}
= E {xlW\^(x)^j^x)}

veE±

+ E {^W ̂ -x) e,W, J(^^)} + {ro,J}
(6.52) ^ ^D

= ̂  ^ev[Xy,XvJ} ^Xv[^y^XvJ}-^XyJ[Xv^^y}
^eE±

+^2a;(/3^,.) e^{^,^j}+^{a;(/3^,.) e^,^J}
v^D

+X^J{Xi.^{^,') ey} + {ro,J}.

We can use the calculations in (6.38) giving ^(X)J(t,Z) = ̂ [s * 2ne-27^^] to obtain

(6.53) v e £± implies x.W^(^ ̂ ) = ±X.(^) + 5(A-°°, G),

(6.54) ^ e D implies ^(X)J(t,X) = ^(Z)a(/3,,x) + S{\-°°,G).

Looking now at (6.52) we have from (6.53-54) and (6.49)

f655) f for^e£±,
v / I A,e,{^,^J}=±A,e,{^,X.}+5(A-oo,C;)e5(A-oo,G),

(6.56) ffor v C E^,
\ Xv{^v,Xv3} = ±x^{^^,x^}X.[^e^x.J} = ±x.{^,x.} + 5(A-°°,G) G 5(1, G),

(6.57) ffor ^ G £'±,
t X.J{x^ A,e,} = ±x.{x., A,e,} + S(\-00, G) G 5(1, G),

[ for ^ e D,
I ^/L,.)

(6.58)
^(/?^') ^{^,X^} =^(A^-) ^^{^,a(/3„.)}+5'(A-oo,G),
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( ( , ^a\ Jfor i/ € D,
{ - ' \ X.M^,•)e.,x^}=X.{^(/3.,•)e.,x^(/3.,•)}+5(A-oo,G),

ffi fin) [iw v e p'v ' / 1 X^{x.^(/3.,•)e,}=x^(/3.,•){x.^(/3.,•)e.}+5(A-oo,G'),

(6.61) { ro , J}G 5(1,5).

To get (6.32), we only need to examine the Poisson brackets in the right-hand side of
(6.58-59-60). We shall first prove the following lemma

LEMMA 6.5. - The symbols o"(/3y., •) and a^(/?i,, •) defined in lemmas (2.1-2) and (2.11),
(2.29) with ̂  defined in (6.23) satisfy uniformly on U^*

(7(/?,,.)e5(i,(7,),
(6.62) o;(/3,, •) e 5(A^(1 + /^)1/2, ff,),

{(T(/?,,-),^(/?.,-)}e5(i,^),
with

/, ̂  d,^ 0 df3, F
^ gv = "iT^T + AV2(1+/3.2)V2•

We prove first the second statement in (6.62) (the proof has the same flavour as
lemma 4.2). Using the estimates (2.20) and (6.23) for b^, the derivative D^/^x)!^
is a sum of terms

(6.64) ^^^P^Tl(3{kl}...0(k^Tk-l with fci + . . . + kp + I = k,

which is smaller than the absolute value of

{ (d/5 • TR/?^1)... /^T^-^l -h l/?!)1-^1/2-^2!^/2

(6.65) ^+i,...,fep are all > 2
with j + fc^+i + . . . + kp +1 =k.

The absolute value of this term is bounded above by

/^l/2\P-3-(k-l-^-l

A V 2 ( i + | / 3 | ) ld/3-^ (l + \p\Y-P\l/2-k^2 .. ̂ -kp/^-i/^^-^2

which is

Al/2(l+ ' / 3 1 ) ̂ i^ (1 +l/3|)J-PA(p-fc)/2^(^)(fc-^/2

< x^(i+ l /? |) ^^f—lt^—V'^A^^d+i/?))-^^^A [ i + \ P \ ) ^^^|^^l/2(^j^[^ A ^+IPI)

fc4-j_2p

^A l/2(l+|/?|)^(^) fc/2f l+^) 2 ,
\ A / /
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which gives o;(/3,/, •) e 6'(A,1/2(1+/3;2)1/2,^) since from (6.65) we havej+2(p-j) ̂  k,
i.e. k + j — 2p ^ 0 and

(6.66) on V^* the ratio /3,,/A,1/2 is bounded.

To get the first statement in (6.62), one needs only to repeat a simpler version of the
calculations above using the first equality in (2.11) and (2.12) for |/3J <_ 1 and the second
equality in (2.11) and (2.12) for J/3J >_ 1. We compute now the Poisson bracket, using
{A/?} = 0,
(6.67)
{a(/3,x),o;(/3,x)}

{/3

^ [909/3 Oa_ 9x1 ["90/9/3 9o^ 9x1
- [9/3 9^ 9x ' 9^J [9/3 'Ox + 9x ' ftrj

9(r9/? 9a 9x1["90; 9/3 9m 9x
"[^^"^^'^

["^9/31 j"9o; 9x1
[9/?9^J ' [9x "9x\ +

\QUJ 9/31 ["9(7 9x

^^'^^'^J
'Qa_ 9x1 ["9^9^ 9o; 9x1
9x ' 9^J ' ['8f3~9x + 9x ' 9^J

___ _ _L"I _ ["9^ 9x1 r9<r9/3 9a 9x"
[9/39$"J ' [9x ' '9x\ ~ [9x "9^J ' [9^9^ + 9x ' 9x

ni iia na
["9CT9/?1 ["9^ 9x1 r9CT 9x1 [90; 9/31 [9o_ 9x1 [9^ 9x"
[9/3 9^J ' [9x ' 9a;J ' [9x ' 9CJ ' [9/3 9^J + [9x ' 9^J ' [9x ' ~9x\

_ ["9o;9/3l [9a 9x1 _ [9^ 9x1 [9^9/31 _ ["9o; 9x1 \Qa_ 9x"
[9/3 9^J ' [9x ' 9a;J [9x ' 9^J ' [9/3 9^J ~ [9x ' ~9£,\' [9x ' 9x

lie lie

We have from lemmas 2.1-2 and (6.23)

^{f^^^^ l6^'
' ^e5( ( i+ | /3 | ) , f f ) , ^^(i,ff)

niG5( i ,a ) ,

jl^A-1/2^, ^e5(i^),
(6.69) ^ ox ^

'l6^^'. I65'1.')
nae 5(1,9),

9x
t6^"^'.I Q ^ ~ v - - ; a / ) Q^ € " ( l i f f ) )

(6.70) ^x ^
[^ e 5((i +|/3|) ,ff) c ^AV2^), ^ e 5(1,5)

n3e5(i,5),

^^(A1/2,,). ||e 5(1,,),

.^e5(A-v2,,), ^^(i.,)
n4 65(l , f f) ,
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'^e5((l+|/3|),5). ||e5(l,ff),

^^((i+l/?!)-1^), He 5(1,5)
Il5€5(l,(7),

f^ e 5((i +|/3|),5), H e 5(i,ff), ̂  e 5(1.5) 1 ^

ll^^A-v^^ai+l/?!)-1.?), J ^
which gives (6.62) from (6.67). The proof of lemma 6.5. is complete.

nee 5(1,5),

D

Note also that from (6.68-70) above, one gets by direct computation

(6.71) MA/,-),X.} C 5(l,(?),{a(/?,,.).e,} £ ^(A-^l+l/?!)-1^).

Looking back at (6.52) and (6.58-59-60), omitting the index v of /?„, and writing for
each symbol its weight m in the class S(m,g), we see that using lemma 6.5, (6.23),
(6.66) and (6.68-71)
(6.72)

fc<;(/3,-) e^^{,\:^,(r(/3,-)}
, (1+1/31)-1 A-1 7 2 A-1 /2 A- 1 / 2 \-1'2

^^(i+W)
^-—^^\. , Qa Qxz, 9a8x Q^ 9<T Q^\

= c.(/3,x) e,x.[{x.,/3} ^ +^-9x^- -^9x^J e 5 ( l ' f f ) '

^{o;(/3,-) e^,^o-(/3,-)}
= {c<;,x^}o"erX«/ + Xv^^ {c-viXv}

(6.73)

(6.74)

A'/^l+l/?]) A-l

A-^^l+l/?!)-' 1

+ X^ {ei.,0-} + ^ei, {^,0-} e 5'(l,ff),

AV^I+I/?!)

Xr^(^-){x^^(^-) e^}
= X«/o-e^{xi/,^(/3,-)} + X«/o"^ {Xi/i^} € 5(1,5).

We reach the conclusion of (6.32).
From (6.36), (6.24) the Weyl symbol ^(t,X) of 0(f) is

(6.75)
fQ(t,Z)=

^ X^(^)A.e,(X) + ̂  x^^)^(/3- x)e,(X) + r, (with r G 5(1, <?)),
i/6£± i/e£>

so that from (6.49)
(6.76)
fl(t,X)J(t,X)

= ̂  x.(X)J(t,X)\^(X)x.W+^x.WJ(t,XW^x)e^X)x.(X)+r,,
v^E± v^D

(with ne5( l , f f ) ) .
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According to the calculations in (6.38^5), we have
(6.77)
for v e E±, ̂ WJ(t,X) = ±^+r,,and for v £ D, ^(X)J{t,X) = ̂ a{^,-)+r,,

in such a way that E^e^uo^ € S(l,g). Plugging (6.77) in (6.76) we obtain

(6.78) ^l(t,X)J(t,X)= ̂  ±A.e.(X)x.W2+^;<7(/3.,xM/3„x)e,(X)x.(X)2

veE^ veD
+r-2, with r-i e S(l,g).

Using (2.19) and (6.21-22), we get
(6.79)
^l(t,X)J(t,X)

= ̂  q(t,X)e^(X)-le^X)x^X)2+^q{t,X)e^(X)-le^X)x.(X)2+r3,
i^CE^ y^D

(with r3G5(l^)),

that is
(6.80)

^X)J(^X)

= q^ X) f ̂  eo.W-^W^X)2 + ̂  eo^X)-^,^)^^)2] + 7-3.
-^e^± ^e£> -J

Let us introduce the symbol

(6.81) a(X)=^W.
v

We have a, a-1 e 5(1, C?) since for X G R2", setting A/x = {^, ̂  G (7^}, we know from
lemma 6.2 that (A/x < N() which implies

1 = ̂ X.W = E ̂ W < t E X.W2]172^172 = aW1/2^1/2

i/€A/"x i/€A/x

^ a(^f) ^ ̂ -1 > o.

We can now choose the elliptic symbols e^ in (6.24) to be

(6.82) e,(X) = a(Z)-1 eo.(X).

From (6.82) and (6.80), we obtain
(6.83)
^t(t,X)J(t,X)

= q{t, X) \ ̂  a(X)-\.(X)2 + ̂  aiXr'X.W2 + ̂  a^)-^,^)2] + ̂
^€^± ^GD v^L -1

= ^(^^) + r^ with r4 G 5(1^),

which proves (6.33). The Weyl symbol of the selfadjoint operator Q.{t)J(t} + J(t)^l(t) is

(6.84) 2^(^ X)J(t, X) + 7-5, with rs G 5(1^),
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since fl(t,X) £ S ( ^ , g ) and J{t,X) £ 5(1,5). The latter implies also that the Weyl
symbol of the antiadjoint operator [^l(t),J(t)} is, up to a symbol in S ( l , g ) ,

(6.85) l{^t,X),J(t,X)}

But we have just proved above the assertion (6.32) that (6.85) was indeed itself in S{l,g).
Putting together this and (6.83-84), we obtain with Ro € Op(5(l,ff)) selfadjoint

fOM = ̂ W.J(t} + J(W)) + Ro(t)
(6.86) < 2 i

[ = ̂ {t)J(t) + Ro + ̂ [J(t)^(t)} = fl(t)J(t) + Ro{t) + iSo(t),

with Ro,So € op(5'(l,g)) selfadjoint. Eventually taking adjoints we get also

(6.87) Q(t) = J(t)^(t) + Ro{t) - iSo(t).

The proof of proposition 6.4 is complete.
D

Let PQ be a Cg°(IR) nonnegative function identically 1 on [-1,1], supported in [-2,2].
Using the notations of (6.24), (6.35) and (6.50), we define with pi = 1 - po, c chosen in
(2.25) (such that cao(c) > 27001, cf. (2.1)),

(6.88) 0(t,Z)= flw(t,X)+^w(t,X) with

(6.89) ^°\t,X) = ro(X) + ̂  ̂ (X)a;(^,x)e,(X)po(^/c),
vdD

(6.90) ^\t, X) = ̂  xlW\^(X) + ̂  xKXW^ x)e,(X)pi(/3./c).
v^E^ v^D

LEMMA 6.6. - The operator ^\t) whose Weyl symbol ^(t.X) is given by (6.89)
satisfies

\\^°\t)\\^<C^\

where A is given in (6.1) and Co is a semi-norm ofq in (6.1).
From (6.50) we know that ro G S ( l , g ) and thus r^' is L'^bounded. From lemma 2.2,

we know that |o;(/3^x)| < C\^(l +1/5^ 1). Since A^ < 7oi(9)A from lemma 3.2 and
^ ^ 5(1, G^) uniformly (cf. (6.24) and (6.82)), we obtain that

A-^M/We.WpoaWc) ^ 5(l,g)

uniformly, using lemma 4.2 to estimates the derivatives. Thus the operator whose Weyl
symbol is

A-172 ̂  x^M/^x)e,(X)po(A^)
^G.D

is bounded on L2. The proof of lemma 6.6 is complete.
D
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LEMMA 6.7. - With J ( t ) defined in (6.8) and ^{t) with symbol (6.90), the symbol
ofJ(t)^\t)J{t) is ^\t,X)J{t,X)2, up to a symbol in S{l,g). Moreover, there exist
positive constants C^,C^ depending only on the semi-norms ofq in (6.1) such that the
operator

J(t)^\t)J(t) - l^ ( l ) ( t ) + C2 > 0.
^l

Proof. - Using the calculations of (6.52), the identities (6.55-60) and (6.68-70), we
obtain that the Poisson bracket {J^JC),^1^^)} is in S{l,g) which gives readily,
using (6.49), that the symbol of J^^^J^t) is indeed ^l\t,X)J{t,X)\ up to a
symbol in S{l,g). Moreover, from the calculations in (6.38),

(6.91) v G E^, ==^ J(t, X)\^X) = x.{X) + r,(X),

where r^ G 5'(A-00^). From (6.38), (6.47) and lemma 2.2

(6.92) „ G D =^ J(t^X)\^X) = ̂ Wa(A,x)2 + r,(X),

where r^ G 5'(A~00^). Using (2.21) in lemma 2.2, we get that

J^XY^^X^-^^^X)
is bounded from below. The Fefferman-Phong inequality gives the result of the lemma.

D

7. Energy estimates for perturbations of operators with large parameters

In this section and the following one, we improve some estimates obtained by Dencker
in [D2] (Theorem A2). We keep using the notations of section 6. From (6.34) in proposition
6.4 we consider g^^ the admissible metric on IR^ defined for each t C R by (3.3)
for q ( t , ' ) and U = L^ffT)

(7.1) Q(t) = ̂ t)J{t) - Q{t) - R(t), with R{t) G Op(5(l^^)) C C{H).

We compute for u e Cg°(lR, H) with L^IR,^) dot products, T a real parameter,
Dt = -i9/0t,

Lu iMu

(7.2) 2Re { DtU + iQ(t)u(t), iJ{t)u(t) + ?(1/2)A-1/2 sign {t - T)u{t} }

= ^Ju,u) +A-l/2|u(^)|^ +2{J^Ju,u) + /soA-^Re^^uy

where 2Re (fiJ) = (W) + (^J)* = SU + Jfl and SQ = sign (t - T). We have, using
s^ = 1 and (6.31),

J^J+2soA- l/2Re(^J)
(7.3) = (J^/2 + soA-1/2^)^!^ + soA-1/2^1/2) - A-^

^ -A-1^.
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From lemma 6.1 the operator J ( t ) is bounded nondecreasing with t, although not a priori
differentiable. The term ^Ju^ u) in (7.2) should be understood as a distribution derivative.
It is an elementary matter (see e.g. lemma 2.3.1 in [LI]) to prove that for u E Cg°(IR,7^),

(7.4) 2Re {DtU, iJu} = ( j u , u\ = -2 [ (9tu{t), J{t)u{t))^ dt > 0.
x / Jn

From (7.2-4) we get

Lu.iMu) ^A-172!^)!^-1 /'A-1^)^),^))^ dt+^^Ju.u}.
I Z J 2

(7.5) 2Re^Lu,iMu) ^

From (6.88-90) and the estimates of lemmas 6.6 and 6.7, we get

U^^WuW^WY^dt
r r

=/A-^Q^^u^)^^)) dt+ \ ̂ (^{^uW.uW) dt
J \ I 1-i J \ I 1-i

S Co I A'^IKOII^ dt+ />A-lC7l/J(f)^(l)(t)J(^u(<),u(t)) dt
J J \ I ' H(7.6)

+ \ A-^iC^llu^)!!^ dt

= A-^^o + C'lC'aA-1/2) I \\u{t}\\^ dt
i7

+ / A-^i/J^^^^^J^)^),^)) d(.

Moreover from (6.88-90), lemma 6.5 and the estimate (6.9) we obtain

/./(t)^1^)^)^),^)) ={J(tWt)J{t)u(t),u(t)}^-h(t)!lw(t)J(t)u(t),u(t)\

^ {J{tW)J(t)u(t),u(t)}^ + C^^JWt^

(7.7) ^ {JWt)J(t)u(t),u(t)}^ + C'oAl/2||^(^||^.

From (7.5-7), we get

A-^Kr^+^J^J^u) ^ 1 /'A-^n^u^),^^))^ dt+2Re(£u,zMu\
Z Z J \ /

^ lA-v2(C7o+C'lC2A-l/2+(7oC'l) /'||u(t)||^dt+A—c'l{J«Ju,u}+2Re(L^^,^
2 j z \

iMu),

that is, with 0 standing for the diameter of the support of u, choosing T so that
u{T)\n = sup |^)|,
(7.8)

A-^sup^uW^l - 0(Co + CiC2 + CoGi)/2] + {^Ju,Ju}[3/2 - A-^i/^
< 2Re/Lu,iMu\.

We can now prove the following theorem, implying theorems 1.3 and 1.4 in the introduction,
and summarize the situation.
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THEOREM 7.1. - Let q be a symbol satisfying (6.1), Q(t) be the operator with Weyl
symbol q{t^ •) and L = Df + iQ(t) with D^ = —i9/9t. There exists an operator
R(t) 6 Op(S{l,g^t^)) such that

Q(t) := ^t(t)J(t) + R(t} = J{t)fl{t) + R^t)

where the nondecreasing operator J(t) is defined in (6.8), the positive operator ^l(t) is
given in (6.24) and their main properties are described in proposition 6.4 and lemmas
6.6-7. We set

L = Dt + ifl(t)J(t) = L - iR(t).

There exists a positive constant C depending only on the semi-norms of q in (6.1)
such that for all u G C^(H,T-i), with U = L2^), and assuming A > C and
6 = diameter (supp u) <, C~1,

(7.9) e-^-^M^^ ^ ̂ ^L^W
Moreover the estimate (7.9) is true under the same assumptions (with an a priori different
C) with L replaced by L + No(t) where the operator No(t) has a Weyl symbol No(t, X, A)
satisfying

(7.10) sup |^7Vo(^A)|rA^ < oo,
tG^XGR^A^l

where F is the symplectic norm occurring in (6.1).

Proof. - From (7.2) and lemma 6.1, we have, using A > 1, ||M(^)||^^ < 3/2. Assuming

(7.11) (9(Co + C7iC2 + CoGi) < 1 and A > C7i

we get from (7.8) the inequality

3 f\Lu(t)\H^t supu(t)\^
JR tCH

(7.12) [ > ̂ A-^supl^l^+^J^J^}
j 2 t€R

^A-^supK^I^
\ ^ ACR

which is

(7.13) 6 (\Lu{f)\^t > A-^supl^)]^.
JH tCR

The Cauchy-Schwarz inequality and (7.13) yield eventually

61MLW) > ll^llL.w^A-172^1,

which is the estimate (7.9).
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Let ao(t,X,A) and bo{t,X,A) be real-valued in 5(1, A-^) (i.e. satisfying (7.10)). We
shall use the notation

(7.14) ^A^A-^) = S^

for the class of symbols p(t,X,A) so that (7.10) is satisfied for A-^t.X.A). We set

(7.15) uo{t,X)=exp(- bo(s,X)ds^.

The symbols UQ and I / U Q belong to 5'° locally in t (i.e. (7.10) is satisfied for t in a
bounded set) with semi-norms depending only on those of bo. We calculate

(7.16) (uor^i (1/uor = D, - z (nor (^Y = D, - < + r^
\UQ /

where r_i G S'"1, with semi-norms depending only on those of bo. We have for q defined
in (6.1) (in particular q is real-valued),

(7.17) (^"(Dt+^+^+z^) (1/uor =D,+a^+(^o^(^w)(l/^o)w+Op(5- l)

Let us now recall the following simple formula from the Weyl symbolic calculus: for
pi;p2 e S^^S^2

/ i \w
(7.18) P^P^={pl^2r= (PlP2+^{P^P2}+P) . PG^^2-2, . = 2 Z 7 T .

\ Li /

From this we find, with obvious notations,
(7.19)

uM^= [uo^+^{no,^}+5- l]^+7{^o^^}+5- l=^+^{^o,g}+5- l.

real-valued

This implies from (7.17)
(7.20)
(^)^D,+^+^+<) (1/uor = D,+a^+z^+0p(5-1), aoi 0 5° and real-valued.

LEMMA 7.2. - Let ao be a symbol in 5(1, F). Then, using the above notations

(7.21) W^l/^o)" = < + A-^Op^l.r)).

In fact we apply proposition 18.5.7 in [HI] to ^i = A^F and g^ = F to obtain first
uo^ao = uoao + A-^ao, with o/o € 5'(l,r), so that applying the same proposition once
more and the calculus in the 5(1, F) class we get

uo^o tt l/'^o = ^o + A"172^, ao G 5(1, F),
5(1,r) 5(1^-^)

which concludes the proof of the lemma.
D

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



878 N. LERNER

Going back to L and No •= a^ + ib^ denned in theorem 7.1, we get

L= L-iR,

where R € S(l,g) c 5'(l,r) from lemma 3.2. Thus from (7.20) and lemma 7.2

(^))w(£4-<+z&o ;) (1/uo^
(7.22) = L - iR + ad + A-^Op^l, F)) + Op(5-1)

^Z+a^+A- 1 / 2^

where aoi is real-valued and belongs to 5'°, Roo has a symbol in 5'(l,r) which implies
in particular that it is I^-bounded. It suffices then to prove (7.12) for L + a^i since the
term A'^^Roo could be absorbed by shrinking the diameter of the support of the function
u. To prove this estimate, we need to go back to our proof at the beginning of the section
and check the structure of the multiplier M in (7.2). In fact one needs only to check from
(7.8) that the extra term introduced by aoi can be absorbed in the left-hand side. From
(7.8), under the assumptions (7.10) we have
(7.23)

A'^sup u{t)\^ < 4:Re(Lu,iMu\
ten

= 4Re/L-\-a^u,iMu\ - 4Re (a^u.iJu + ^A"172 sign(^-T) ani'u, zJu + -A ' sign i t — 1 )u^-ui- ^

Since aoi is real valued we have

4Re(aol^^Jn+J^-A- l/2 sign(^-r)n) = 2{[a^,J}u,u).
\ " I

Moreover, since J ( t ) has a symbol in S^l.g^^) C S(l,r) from lemma 3.2 and
aoi e S° = S(l, A"1]"), we apply the proposition 18.5.7 in [Hll to get that the bracket
[a^, J(^)]A1/2 is bounded on L2: shrinking the diameter of the support of the function
u, the inequality (7.23) implies

A"172 sup\u(t)\^ < 8Re(L+a^u,iMu\ < 12 ||(Z + a^)u\\^^ ̂  sup\u{t)\^,
teR x / ^ ' ^ ̂

that is

(7.24) A-^sup u{t)\n ^ 12 ||(Z+ aW\^^ ̂ .
tCR

Using (7.22) we would get the desired estimate for L + NQ if we were able to prove the
invertibility of u^ and (l/^o)^ Since the Poisson bracket {uo.UQ1} = 0, we have

(7.25) ^(l/uo^ = Id +A-2^ with ro G ^c

whose semi-norms depend only of those of bo. This ensures that u^ and (l/z^c^ are both
invertible operators with spectra in (1/2,2) provided A is large enough with respect to a
finite number of semi-norms of bo. The proof of theorem 7.1 is complete.

D
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8. Energy estimates for perturbations of operators with homogeneous symbols

Let M be a smooth manifold of dimension d = n + 1 and L a principal type
classical pseudo-differential operator whose principal symbol satisfies condition ('0) on
a neighborhood of a point 70 in the cosphere bundle. Let m be the order of L. We
know (see e.g. [HI], section 26.4) that there exists an elliptic pseudo-differential operator
E of order (1 - m), an invertible Fourier integral operator Uo of order 0, a classical
pseudo-differential operator R such that there exists a compact neighborhood KQ of 70
satisfying WF(R) H KQ = 0 with

(8.1) E/o^^o = Df + ̂ (^ ̂  0" + ro(^ .r, r, Q" + r(t, x, r, ̂ w + R

where (t,x,r^) are homogeneous symplectic coordinates ((t,r) G H2 are dual variables
as well as (x,^) G H271), 9 is a real-valued symbol of degree 1, ro is a complex-valued
symbol of degree 0, r is a symbol of order -1. Condition ('0) reads

(8.2) q{t,x^) > 0, s > t =^ q{s,x^) ̂  0.

Using the Malgrange-Weierstrass preparation theorem as in the remark following
theorem 26.4.7' page 103 in [HI], we can as well assume that ro in (8.1) does not
depend on r. This means that solvability of L* at 70 with loss of 1 + ^ derivatives (^ ^ 1)
amounts to proving under (8.2) and for ro of order 0 the existence of a positive C such
that for all u G 0^(1^) with diameter(supp u) < 1/C,

(8.3) ClKDt+z^^^r+^o^^^)")^!!^ > IHlH—

We consider now the classical admissible metrics on R2^^^

. ., Qx = \dx\2 + (i +|$l)-21^|2 = (i +la) - l^x,
v ) ^ x = ( l + l ^ l ) l c L ^ 1 2 + (1+|$|) 'Id^l2^.

We have the following equality of class of symbols referring to the standard S^:

5((i+i^ir^)-%, ^(i+ia)^) =5^1/2-
In fact it will be enough for our purpose to use as Q boxes the classical Littlewood-Paley
decomposition: one can find (^o, ̂  <^o, <^ ^o, ̂  ^ C^lf^) valued in [0,1] such that

^^)=1, (^) = ̂ -k} for k ̂  1, s u p p ( ^ c { l / 2 < | ^ | ^2},

(8-5) ^ ̂ ) = (^2-^) for fc > 1, supp0 C {1/4 < |$| < 4}, supp^ C ̂ (1),
[<^) =^(^2-^) f o r f c > 1, supp^> C {1/8^|$ | <8}, supp^ C ̂ (l).

Moreover we shall need some global versions of the metrics introduced in section 3.

PROPOSITION 8.1. - Let q(t, x, Q be a real-valued symbol in 5(1 +1$| ,Q) (uniformly with
respect to t ) satisfying (8.2) and let G^ and g^ be the metrics on R27" defined by (Tx
is defined in (8.4))

(8.6) GJ° = A^)"1!^ withX^X) = 1+|^X)| +|^v(^^)|^,
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(87} aW(T}- ^^X).T\2 F^{T)
( ) gx ( ) - W~X)+W.XW + \(t,X^+^t,X}\- T e R •
77^ metrics G^ and g^ are admissible (see definition 3.1).

It is a well-known fact for the metric (8.6) (see [HI], section 26.10) so we give the
proof only for (8.7). After lemma 3.2, the only point to be checked is the temperance of
g , that is the comparison of gx with gy. When Gx{X — Y) <^ 1, the proof of lemma 3.2
works. When Gx{X - Y) :^ 1, we have (X = (x^),Y = ( y , r ] ) )

r \v(^-mAW=l+ia and |^| < |^ -$ |+ |^ | < (1 +[^|)1/2^\'(^ - V)172 +|^|

which gives

A(Z)+A(V) < rv(^-y)+l+(l/2)(l+|^ |)+(l /2)rx(^-y)+|^ | ^ 3Fx{X-Y).

Using now lemma 3.2 we have (Ca 7 C^ are some semi-norms of q)

9x(T) 2r\'(T) ^r\y(T) ^ /. p .„ v^372

MT) < ̂ -^(V)-^^ < 6c72rv(z ~ ̂ TW) < ̂ ^ + rv(z - y)) -

which implies the temperance of g since from lemma 3.1, i\v is controlled by g^. The
proof of proposition 8.1 is complete.

Going back to section 5, we recall that we can define the Wick quantization with respect
to any symplectic norm. We shall consider the symplectic norms, slightly abusing notations
of (8.4) (here the index k is an integer)

(8.8) Fk = 2k\dx\2 + 2-^12, k G N

and refer to formula (5.1) for the Wick(r/,) quantization. One should notice that the metric
r is uniformly equivalent to I\ on the support of $fc. Since ̂  is identically 1 on the
support of (f)k, this implies that the metric G^^'^^-'^ (resp. g^^ -)9(t ' - ) ]) defined in (3.2)
(resp. (3.3)) is uniformly equivalent to G^ (resp. g^) defined in (8.6) (resp. (8.7)) on
the support of <^.

We use the definition (6.5-6) for s(t,X), and 0{X) defined with respect to q. We note
that since (6.7) is satisfied for s and q, it is also satisfied for s and q^ with (here ^(.r, ^)
stands for ^(Q)

(8.9) qk{t^X)=^k(X)q{^X).

The symbol qk satisfies the estimates (6.1) with F replaced by Tk and A = 2k. We set

(8.10) Jk(t) ̂ ^J^^1^.

Note here that the operators Jk(t) are the Wick(rfc) quantizations of the same function
s(t^X). We apply proposition 6.4 to q k ( t ^ ' ) to get with a positive constant 71 and a
nonnegative constant Co

(8.11) ^k(X)q(t^ X) = ̂  W,(t, X) + Rk(i^ X)
(8.12) ̂ X) e 5(A^/3^^^^-)^ ̂ X) + C7o > ̂ ^X^^X)2/^
(8.13) J^X) e 5(1, ̂ •(•)^-)^ {^X)^J^X)} e S^g^^)^
(8.14) Rk(t,X) € 5(l^^(-)^(t,-)]^
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where \k and ^ stand here for the functions A and fi defined respectively in (3.2) and
(3.7) with respect to the metric g^^-^^. In fact the constants co,ci and Co given by
(6.31) in proposition 6.4 depend only on the semi-norms of the symbol which is here
^>fc^(t, •). These constants can be chosen independently of k since the semi-norms of ^kQ
are bounded from above independently of k.

LEMMA 8.2. - Let Jk{t} be given by (8.10) and ̂  by (8.5). We define J{t) as the operator
(8-15)

j(t)=^^W€= (^'(^))^ J^x)=^W2Jk^x)+n^x)^
k>0 k>0

with U(t,X) G 5((1 +|$|)-1,^). The symbol J{t,X) belongs to 5(1, F) with semi-norms
bounded by constants depending only on the dimension n and on the choice of functions <^o
and (j) in (8.5). The operator J{i) is bounded selfadjoint on L^R") and such that

(8.16) II^)IL(L^)) < 6- t^t,=^ J(t^ < J{t,).

From (8.10), lemma 6.1, ̂ ^ = [(^(0^(0]w = 0 for fc > < + 4, ^^ real-valued and

^ ̂ (0 < 1 + ̂  i^-^i^i^^ ^ 6
fc>0 k>l

we get that J{t) is a bounded self-adjoint operator on L2^) nondecreasing with t
from (6.9). Since the Weyl symbol Jk(t,X) of Jk(t} belongs to 5(1, F^) the symbol
<^(Ott^(^^Ott<MO ^ S{l,Tk) belongs to 5(1,1^) and is rapidly decreasing outside
the support of <^ so that J{t,X) G 5(1, F). More precisely, we have with A^ = 2/c

ja, x)=y wMk \^kJk + ^{^ Jk. +}A,lr, B^k i 2i j

==E^^+(21)2^^-J^^^

modulo a symbol in 5((1 +|^|) -1,^). Since Efc{{^-4}^} itself is m ^^^ +
I^D'^r) , we get (8.15). The proof of lemma 8.2 is complete.

D

We have thus using (8.11-14) and (8.5),

J^X)

= E ̂ W (^W^ x) - R^ x) + COJk^ x)) ̂ k^ x) + corl + ̂ (^ x)

=^X)^^(X)(^(^X)+Go)-1

+ ̂  ̂ (X)(^(^ X) + Co)-\-Rk(t, X) + C7oJfc(^ ̂ )) + ̂  X).
fe

Since G^ and ^^^ are respectively equivalent to G^^'^^ and ^^^•)^^-)1 on the
support of (f)k, we can set

(8.17) A= [^IW^^+Co)"1] G^A1/3^2/3^)
1- fc -1
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so that

J{t,X) = q(t,X)A(t,Xr1 + ̂ (A-1/3^-2/3,,?) + 5((1 +|^|)-1,^)

which gives

A(t,X)J(t,X)
(8-!8) = q(t,X) + S{l,g) + S((l+^\)-l\l/3^3,^)

=q(t,X)+S(l,r).

With Jo = J - 'R (see (8.15)), we take now a look at the Poisson bracket

{A, Jo} = A^J^A-1} - A2^ {^?1 + C7o)-1}
k,l

=^2 E W^^^i+W+W^^i+c,)-1}^
\k-l\^4

=^2 E W^^i} ^t+C,)-\+A2 ^ {^+Go,^Jfc}(^+C'o)-2^,
l^-^4 S(A-I,(,) ^(A-1/3^-2 ' '3^) \k-l\<4

since <?'>(: = ^(^A^1) and

{^.^2}=^{^^2}++J.^2^=-^ ̂  . ^ .

es'(i,5r) e5(A-i,^)

The first term in factor of A2 above is an element of ^(A1/3^2/^-1^) c 5'(1,^) since
A and ^ are bounded above by A. We thus get that modulo S ( l , g )

{^ Jo} = A2 ^ {^, ̂ J,}(^ + C7o)-2^
| f c - Z | < 4

=A2 ^ {^^2,} ^^+Cy_^+^l2 ^ {^,J4(^+C7o)-2^2.
^ - ̂ ^(Al^/^A-l.^) 5(A-2/3^-4/3^) I f c - ̂ |^4

The first term is thus in S ( l ,g ) . Eventually, we obtain modulo S { l , g )

{A,Jo}:= ^ {^^^ffi+Go)-2^^^.
l fc-^4 v ^ /

If we go back now to the definition (8.10) of J/, we get that, for \k - l\ ^ 4 the operator
Jk(t) is defined as s(t, .^W^ where the norm i\ is equivalent to Fi. Using the
calculations (6.38-46) this does not affect Ji except for the term with sign (3^ in (6.46)
which is convoluted with a different Gaussian function with an equivalent profile I\
instead of ^^ Using lemma 2.3, we get the identity (6.54) with a replaced by (TA where
A = ̂ i r^ . Since |fc - /| < 4 the norms of A and A~1 are bounded above by
24. Eventually we obtain that

(8-19) {A^o} e 5(1^).
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We check now using Jo G 5(1,^) and (8.17-19),

s(i,r)

A(t,X)ttJ(t,X) = A{t^ X)tW, X) + A{t^ X)i?Z(t, X)
= A^X)J^X) + ^{A(t,X),.7o(^)} + 5(1,^) + 5(1, F)
=^,X).7o(^)+^r)
= ̂ , x}j(t, x) + 5(1, r) = q(t, x) + 5(1, r).

We obtain

(8.20) q(t^ •)" = [A(t, •) + C^J{t,.)" + Op(5(l, r)),

where C\ is a constant such that A(t^ '^-^C^ > 0 which follows from the Fefferman-Phong
inequality (applicable here since A1/3^2/3 < fi2). We can now prove the following theorem

THEOREM 8.3. - Let q be a symbol satisfying the assumptions of proposition 8.1, Q{t) be
the operator with Weyl symbol q(t^ •) and L = D^ + iQ(f) with Di = —i9/0t. There exists
an operator Tio{t) G Op(5(l,r)) (see (8.4)) such that

Q{t)=A,{t)j(t)+no{t)

where the nondecreasing operator J{t) is defined in (8.15), the positive operator

(8.21) Ai(t) = Ai(t, •)" = A{t, •)" + C7i > Id

is given in (8.17), (8.20). In particular from proposition 8.1

(8.22) A^X) (E ^(A1/3^/3,^) C 5(1 +|C| , F).

We set

L = Dt + iAi(t)J(t) = L- zTZoW.

There exists a positive constant C depending only on the semi-norms ofq such that for all
u G Cg^R^1) with 0 =diameter(supp u) <_ C~1,

(8.23) C||£'u||yi/2^+i^ > | | t fc | |^_i/2^n+i) ,

Proof. - It remains only to prove (8.23). We shall essentially repeat the arguments of
section 7. We set U = L^R) and we compute for u <E Cg°(R,^) with L^R,^) dot
products, T a real parameter, A = [(1 + l^l2)172]^ Q(t) = Q(t) - 7Zo(t),

iM.u

(8.24) 2Re ( D^ + iQ(t)u(t), iJ(t)u{t) + ̂ (l^A"1 sign (t - T)u{t) )

= ( j u , u\ + A-^i^T) [^ + 2{JAiJu, u} + (soRe {K^A^u, u),
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where 2Re (A-^i^) = (A-1^^) + (A-^i^)* = A^A.J + jMiA-1 and 5o =
sign(^ - T). We have, using s^ = 1 and (8.21),

JA^J^2soRe(A-lA^J)
(8.25) = (JAi172 + .oA-W72)^1/2^ + ̂ Ai^A-1) - A-^iA-1

> -A-^liA-1.

From lemma 8.2 the operator J ( t ] is bounded nondecreasing with t so that arguing like
in (7.4) we get that

Ju^ u} > 0.

From (8.24-25) we get
(8.26)

2Re {Lu^ zMu) > IA-V^T) |2, - J ̂  (A-^^A-1^)^))^ d^+ |(̂ î  n).

Since Ai is a pseudo-differential operator with symbol in ^(A173^2/3^) c S(l +|^| ,r)
(cf. (8.17) and proposition 8.1), we obtain

/(A-^iA-1^)^))^

- / (A-^A.A-^A-^uW^ A-^u^

<C720sup|A-1/2^)!2,.
H

We eventually get, with 0 standing for the diameter of the support of u,

^-^(T^+^JA.Ju^u) < c^sup\A-l/2u(t)\^+2Re(L^^Mu\^z ^ t \ /

so that choosing T so that lA-1/2^)!^ = supjA-1/2^)^,

(8.27) suplA-^2^)!^!-^/^ <2Re/£^zA /(^y
tGR \ /

Assuming OC^ ^ 1, we get from (8.27),
e0p(5(i,r))

4 f^LuW^dt sup A-^A^AV2 A-1/2^) > sup|A-1/2^)!2.
^R ten •H f^Mten 1 1-^ t^n

The operator A-1/2A^(^A1'/2 has a symbol in 5(1, F) for each t since it is the case for
J(t} (lemma 8.2); its semi-norms are also bounded from above independently of t since
it is true for J{t}. Consequently we obtain

(8.28) Cs l\A^Lu(t)\^t >sup|A-1/2^)^.
Jn ten

The Cauchy-Schwarz inequality gives

Cl f^LuW^dt > I A-1/2^)!^-2,
JR JR

4e SERIE - TOME 31 - 1998 - N° 6



PERTURBATION AND ENERGY ESTIMATES 885

which implies

(8.29) C3\\Lu\\^/,^+^ > e~l\\u\\^-l/2^+l^

which is (8.23). The proof of theorem 8.3 is complete. To get theorem 1.2 in the
introduction, one needs to add the following

Remark 8.4. - It is indeed possible to find for each real number s € [0,1] a perturbation
/C,(t) with symbol uniformly in Op(5'(l,r)) such that

(8.30) C\\Lu + ^HH.(^+I) ^ r llHlH-l(R-+ l)•

For this purpose, we write (8.28) as

(831) Cs [^{L-in^-^u^Hdt >sup A-1/^-1/2^)]^
v Ju ^R

and we note that

A^L-zTZo)^-172

^^1/2-^_^^-1/2

= A^D, + zQ{t) + ztA1/2-^]^-1/2 - A^-zTZoA5-1/2).

The operator [A1/2-8, Q] has a symbol in 5((1 +|^|)1/2-^0) defined in (8.4) whereas the
symbol of A^-'TZoA6"172 is in 5(1, F) defined in proposition 8.1. We define then

K, = z[A1/2-8, QIA-1/2 - A1/2-^^^-172 G Op5(l,r).

The inequality (8.31) and the previous identities give for any real s

(832) ^3 /IA^L+K:,)^)!^ ^suplA8-1^)!^,v / JR ^

yielding (8.30) for 1 > s > 0.
Remark 8.5. - One could prove as we did in theorem 7.1 that the estimates (8.30) are

stable by a perturbation with symbol in 5(1, G). The proof follows the lines of lemma 7.2.
It seems also possible to reduce the loss of derivatives from 2 to 3/2 as it is done in
theorem 7.1. This would prove that the perturbation JCs of the previous remark could be
chosen independently of s.
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